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Abstract: This study theoretically investigates the temperature and velocity spatial distributions
in the flow of a copper—water nanofluid induced by a rotating rigid disk in a porous medium.
Unlike previous work on similar systems, we assume that the disk surface is well polished (coated);
therefore, there are velocity and temperature slips between the nanofluid and the disk surface. The
importance of considering slip conditions in modeling nanofluids comes from practical applications
where rotating parts of machines may be coated. Additionally, this study examines the influence
of heat generation on the temperature distribution within the flow. By transforming the original
Navier—Stokes partial differential equations (PDEs) into a system of ordinary differential equations
(ODEs), numerical solutions are obtained. The boundary conditions for velocity and temperature
slips are formulated using the effective viscosity and thermal conductivity of the copper-water
nanofluid. The dependence of the velocity and temperature fields in the nanofluid flow on key
parameters is investigated. The major findings of the study are that the nanoparticle volume fraction
significantly impacts the temperature distribution, particularly in the presence of a heat source.
Furthermore, polishing the disk surface enhances velocity slips, reducing stresses at the disk surface,
while a pronounced velocity slip leads to distinct changes in the radial, azimuthal, and axial velocity
components. The study highlights the influence of slip conditions on fluid velocity as compared
to previously considered non-slip conditions. This suggests that accounting for slip conditions for
coated rotating disks would yield more accurate predictions in assessing heat transfer, which would
be potentially important for the practical design of various devices using nanofluids.

Keywords: copper-water nanofluid; polished rotating disk; velocity slip; temperature slip; effective
viscosity; heat source

MSC: 35Q30; 55P05; 76M45

1. Introduction

Nanofluids, as a research area, have attracted much attention over the past couple
of decades due to their widespread applications. From modern drug delivery systems
to advanced domestic and industrial temperature control systems, nanofluids find use in
almost all activities of life. In particular, nanofluids are largely applied in microbiology
and medicine due to their extraordinary and targeted thermophysical, chemical, and anti-
bacterial properties [1]. Advanced synthesis mechanisms for nanoparticles have enabled
us to achieve the precise thermophysical characteristics required for specific processes.
Pioneering work by Choi and Eastman [2] on modeling the thermal properties of nanofluids
has been largely extended by a number of studies, including those by Buongiorno [3] and
Tiwari and Das [4]. Further, Nield and Kuznetsov [5] proposed a revised model for the
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thermal instability of nanofluids. Abbasi et al. [6,7] suggested a few promising models for
efficient drug delivery systems using a peristaltic flow of nanofluids. Recently, different
artificial intelligence (AI) methods have emerged as powerful tools in nanofluid research,
offering new avenues for modeling, prediction, and optimization. Recent studies [8,9]
have explored the application of Al techniques to various aspects of nanofluid research,
strengthening the application of nanofluids in emerging technology. Al algorithms, such
as machine learning, deep learning, and neural regression, have been utilized to analyze
experimental data, predict nanofluid behavior, and optimize the choice of parameters. By
leveraging Al methods, one can overcome traditional limitations in modeling nanofluids,
leading to more efficient and reliable nanofluid-based technologies [10-16].

Among other important scenarios, the dynamics of nanofluids in flows generated by
the rotation of a circular disk has been intensively studied in the literature. The analysis of
flows generated by a rotating disk was initiated by classical work by Von Kérman [17], who
used the radial symmetry of a steady flow to propose so-called similarity transformations
for the flow velocity. Modifications to Kdrméan’s work were made by Cochran [18]. Stu-
art [19] studied the flow due to a porous rotating disk. Turkyilmazoglu [20] presented an
analysis of the flow of a nanofluid over a rotating disk. Turkyilmazoglu [21] analyzed the
flow due to a rotating and vertically moving disk. Mustafa [22] considered the flow due to
a rotating disk using “Buongiorno’s model” with slip effects, i.e., the scenario with relative
movement between the disk and the fluid. The mentioned study assumed a constant
magnetic field applied to the nanofluid. Among other conclusions, the authors reported
that all the velocity components of the nanofluid should be decreasing functions of the
slip parameter.

Despite a general appreciation of the importance of the slip boundary conditions
in modeling nanofluids ([23-26]), there is still a major gap in our understanding of the
behavior of their velocity and temperature distributions, even for classical scenarios of
generating flow, such as in the case of a uniformly rotating disk. The current theoretical
study is designed to partly bridge the above-mentioned gap. Namely, we simulate the
velocity and temperature fields of a system of copper—water nanofluid in a flow generated
by a polished (coated) rotating disk. Copper—water nanofluids have important practical
applications, particularly in thermal conductivity [27-30]. The smoothness of the disk
results in velocity and thermal slips. The nanofluid is assumed to be flowing through
a porous medium possessing uniform porosity, and we also consider the effects of the
generation of heat within the flow.

Mathematically, we reduce the original 3D system of Navier—Stokes PDEs to a set of
ODEs using the similarity transformations devised by Von Karman for a steady flow. Then,
we apply numerical simulations to solve the obtained boundary value problem for realistic
values of parameters corresponding to typical copper—water nanofluids, taken from the
literature. We find that the velocity and temperature slip parameters have a considerable
impact on the spatial distribution of the temperature and velocity in the porous media. We
also obtain that for the slip condition scenario, the fluid velocity demonstrates a distinct
dependence on some key model parameters (e.g., the nanoparticle fraction), as compared
to the previously considered non-slip condition for the same system of rotating nanofluids.
Possible applications of the current investigation might involve the implementation of
nanofluids in turbine engineering, rotor—stator systems, rotational air filters, chemical
engineering, centrifugal pumps, and aerospace engineering, where the coating of rotating
disks occurs.

2. Materials and Methods
2.1. Model Equations

We consider the flow of a nanofluid composed of copper nanoparticles of a spherical
shape uniformly distributed in water on the top of a circular disk. The physical model and
the boundary conditions are shown in Figure 1. The volume fraction of the nanoparticles
is denoted by ¢. The disk rotates at a uniform circular velocity, w, in its own plane, and
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this causes the fluid to flow. A uniform, porous medium possessing porosity p; fills the
space above the disk and perturbs the fluid flow. The disk is assumed to be rigid; hence,
no flow occurs across its surface. Importantly, the surface of the disk remains at a uniform
temperature, T;, and is polished in a manner so that there exist velocity and temperature
slips between the nanofluid and the surface of the disk.

VA
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T_T5=L1an 9z B il

v

Figure 1. Schematic diagram of the present model along with the boundary conditions.

A cylindrical coordinate system (r, ®, z) is chosen for modeling the given system,
with the disk rotating in the z = 0 plane and fluid occupying the space z > 0. A 3D
velocity field of the form V = [u(r,©, z),v(r, 0, z), w(r,©, z)] is generated due to the
rotation of the disk (we assume the flow to be steady). The radial symmetry of the flow
is assumed; therefore, all variables become independent of the ® coordinate. The flow is
assumed to be steady. The governing equations for the flow configuration stated above are
given as follows [17-22]:

;a(ur) t5, = 0, (1)
(0CP) s (u%f +wg§> = an% +9. 5)

Here, p denotes the density, p the pressure, K the thermal conductivity, Cp the specific
heat,  the dimensional heat generation/absorption, and y the viscosity. The subscript ‘nf’
stands for the nanofluid. The temperature of the nanofluid, T, is assumed to vary in the
axial direction alone since the surface of the disk is maintained at a uniform temperature.

To be able to solve the given fluid dynamics problem, we need empirical relations
for the density, viscosity, heat capacity, and thermal conductivity of the copper-water
nanofluid, which are taken from previous studies [6,13,14,20].
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. k(Ko 20(k— k) 2K,
nf = — —1)os, pnf = ——~5=, (0C)nr = (pC - —1)(pC)y, = ’ 6
Onf = Pp¢ = (¢ = 1)og, png A= (0C)uf = (PC)p¢ — (¢ — 1) (pC) ¢ K (Kp_¢<Kp_Kf) ey (6)

Here, the subscripts ‘p” and ‘f” denote the nanoparticles and the fluid phase, respec-
tively. We consider spherical-shaped nanoparticles with a size of less than 100 nm. The
values of thermophysical quantities of copper and water are given in Table 1.

Table 1. Thermophysical properties of copper and water [24].

p(kg.m~3), KW.m.K)™ 1), Cp(.(kg.K)™h),
Density Thermal Conductivity Specific Heat
Copper 8933 401 385.0
Water 997.1 0.613 4179

The fact that the surface of the disk is rigid facilitates the existence of a slip both in
velocity and temperature. Mathematically, this is described by the following boundary
conditions. For the radial component of velocity,

ou Jw
u:ﬁl‘unf(azwLaz), asz — 0, (7)

for the azimuthal component of velocity,

v—rw:ﬁlynf(&(;z), asz — 0, (8)
for the axial component of velocity,
w=0, asz— 0, 9)

for the temperature,

oT
T — T :LlK”f(az)' asz — 0, (10)
and far away from the disk (i.e., as z — o0), we have
u=v=w=0,T=Te. (11)

Here, B and L, are the dimensional velocity slip and thermal slip parameters, respec-
tively. The velocity slip parameter, 31, is the relative motion, or slip, between the fluid
and the rotating disk surface, which measures how far the fluid’s surface velocity and the
rotating disk’s velocity diverge. The temperature slip parameter describes the variation
in temperature between the fluid and the disk surface. In particular, it shows how far the
fluid temperature is from the disk surface temperature.

We would like to stress that despite there being few available studies accounting
for the slip effects of the flow of nanofluids over a rotating rigid disk (e.g., [26-29]), as
mathematically formulated above, the effects of the effective viscosity and thermal con-
ductivity of nanofluids have not been duly investigated. On the other hand, the coating
(polishing) of rotating disks occurs in a large number of real-world situations. Thus, the
present study is supposed to partly fill the existing void and serve as a reference point for
future investigations related to similar flow configurations.
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2.2. Similarity Transformations

As per Karman’s deductions, 7, 7, and w become functions of the axial coordinate

alone. We apply the following similarity transformations [17-22]:

(u,v,w) = (er(g), rwG(Q), (wvf)% H(C)),

(12)
(. T) = (poo = wisp(@), Toot (Ts = T)6(0) )-

1
Here, ¢ <: z <%) 2) is a new dimensionless variable, and F({), G({), and H({) are

dimensionless functions of ¢. By invoking Equation (12), Equations (2)—(5) can be reduced
to the following form:

AF"(§) = A2(F() + HOF (§) — G2(§)) = AMAIF(§) =0, (13)
A1G"(§) = A2(2F(0)G(§) + H($)G'(§)) — AA1G(Q) =0, (14)
A1H" (¢) = P'(0) — A2H(Q)H'(¢) — AALH(Q) = 0, (15)
A30" (Z) — PrA4H(2)6' () + Pre = 0, (16)

Vs . . . . vf (P Cp ) £\
where A = ( -~ ] is a dimensionless porosity parameter, Pr = | —¢— | is the Prandtl
pw f

number, and € = (W) is a dimensionless heat generation parameter. Substi-
tuting (12) into the continuity equation, Equation (1), suggests that F({) = — H/Z(C) .

The boundary conditions become

F(Z) =aA1F'(Q), H(y) =0, G(Z) =1 =aA;G'(), 0(0) — 1= BA30'(Z), asn — O,

and F(0), G(0),0(7) — 0asy — co. (17)

Here, « and f3 are the dimensionless velocity slip and temperature slip parameters,
respectively. The heat transfer rate and stresses at the surface of the disk are quantities of
interest. Therefore, numerical values are presented for such quantities in Tables 2 and 3
for variations in different parameters whose ranges are taken from some related previous
studies, such as [22,23,31].

Table 2. Impacts of different parameters on heat transfer rate at the surface of the disk.

w ¢ A B A30'(0)
0.00 0.1 1.0 0.05 13.93110
0.05 - - - 14.13065
0.10 - - - 14.30566
0.05 0.00 - - 6.620913

- 0.05 - - 6.671877

- 0.10 - - 6.68163

- 0.10 0.0 - 5.81848

- - 0.5 - 6.383257

- - 1.0 - 6.681631

- - 1.0 0.00 6.928744

- - - 0.05 6.681631

- - - 0.10 6.4515373
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Table 3. Impacts of different parameters on stresses at the surface of the disk.
« ¢ A A1F (0) —A1G(0)
0.00 0.1 1.0 0.30917 1.35526
0.05 - - 0.25372 1.273895
0.10 - - 0.21088 1.199551
0.05 0.00 - 0.25847 1.02623
- 0.05 - 0.25349 1.14358
- 0.10 - 0.24705 1.284292
- 0.10 0.0 0.44130 0.70957
- - 0.5 0.31896 1.019131
- - 1.0 0.247055 1.284292

The coefficients A; (i =1, 2, 3, 4) are given by

1 Pp
Al = —=, Ay =1— — (),
Ky, +2¢( K, — K¢ ) +2K C
poe (2 K) 220 G "y (p-1)(p0).
Kp — (P(KP — Kf) +2Kf (pC)f

2.3. Solution Methodology

The system of (13)—(17) is difficult to solve exactly; hence, numerical simulations were
applied. Computationally, for the considered boundary value problem, we implemented a
combination of the shooting method with the fourth-order Runge—Kutta algorithm to solve
the ODEs at each step. Technically, we implemented Mathematica’s NDsolve function.
We should stress that the considered pairing of the shooting method with fourth-order
Runge-Kutta integration is frequently chosen since it provides both speed and precision
in several fluid flow problems; see, for instance, [32,33]. Additionally, NDsolve already
has built-in support for this approach, making it straightforward to use. When used in
conjunction with Mathematica’s NDsolve function, the shooting method and fourth-order
Runge-Kutta integration have several benefits, including high precision and stability in
solving fluid flow equations, adaptability for handling a wide range of problems, speed,
and efficiency in computation. The step size was taken to be 0.01 for all computations.

The results of the simulations were compiled in the form of graphs and tabular data.
The values of the following model parameters were fixed as ¢ = 0.1, A =1.0, ¢ = 1.0,
Pr = 62,0 = 0.05, and B = 0.05, unless stated otherwise. For the sake of the validity of the
adopted numerical procedure, a brief comparison of a reduced case of the present study is
provided with the results reported by Wahed and Emam [34]; see Table 4. This comparison
was carried out using the thermophysical properties of CuO (copper oxide) instead of Cu,
and both slip parameters were set equal to zero. This approach was adopted due to the
unavailability of a study specifically related to copper, so we made use of the material
properties of CuO for comparison purposes. It is important to note that we only utilized the
values of material parameters corresponding to CuO, while the underlying mathematical
expressions remained consistent for both copper and CuO. This approach allows us to
draw meaningful comparisons even in the absence of direct data for copper nanofluids.

Also, it is noteworthy that the effective viscosity contribution in the porous medium
term was neglected for the sake of comparison (i.e., assuming A; — 1). Ignoring this
term does not give rise to the correct impacts of the porosity parameter on the velocity or,
hence, the temperature. For nanofluids, where the viscosity is altered by the nanoparticles’
volume fraction, this volume fraction also appears as a factor within the porous medium’s
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dimensionless equations. These factors were accounted for in the present study to give rise
to more accurate results and provide a reference for future research in this direction.

Table 4. Comparison of a reduced case of the present study using CuO nanoparticles with the study
by Wahed and Emam [34] for A = 0.5.

Studies F(0)
M = m = 0 from Wahed ar}d Emam [34] 029667
for CuO nanoparticles.
« = 0 and B = 0 for the present study, considering CuO nanoparticles and 0.296266

neglecting effective viscosity effects on the porous medium

3. Results

This section presents the results of our numerical simulation, which are shown as
graphs (Figures 2-15) and tables (Tables 2—4). The figures show the temperature and
velocity components as functions of coordinates for the variations in the key parameters.
The tables present an analysis of the heat transfer rate and stresses at the surface of the disk.
A short summary of the obtained results, the considered ranges of the parameters, and a
list of the corresponding figures are present in Table 5.

Table 5. Summary of the theoretical investigation of the dependence of the temperature and velocity
components on key model parameters (for details related to each figure, see the text).

Parameter

Range Its Effect is Examined on: Illustrations

Temperature 6(¢) and velocities

Velocity slip parameter, & 0<a<0.15 Figures 2 and 7-9
yewe F(g), G(), H() &
Temperature slip parameter, 0<B<015 Temperature 6({) Figure 3
Porosity parameter, A 0<A<0.06 Temperature 6(¢) and velocities Figures 4 and 13-15
F(¢), G(2), H(D)
Heat generation parameter, € 0<e<?2 Temperature 6({) Figure 5
Nanoparticle volume fraction, ¢ 0<¢<0.09 Ize(gpere(ltt)lre 9(( )) ¢) and velocities Figures 6 and 10-12
12F° ) ! ! !
10+
8 L
~ a=0.15, 0.10, 0.05, 0.0
o 6
N’
NS
4 .
2 L
0 L

Figure 2. Impact of the velocity slip parameter («) on the dimensionless temperature. The other
parameters are ¢ = 0.1, A =10, € =10, Pr =6.2, and g = 0.05.
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12

10+

£=0.15,0.10, 0.05, 0.0

4()

Figure 3. Impact of the temperature slip parameter () on the dimensionless temperature. The other
parameters are ¢ = 0.1, A = 1.0, e = 1.0, Pr = 6.2, and a« = 0.05.

3_

A=0.00, 0.02, 0.04, 0.06
ey ]
o
-

)
1t
u_
0.0 0.5 1.0 1.5 2.0 25

'

Figure 4. Impact of the porosity parameter (A) on the dimensionless temperature. The other
parameters are ¢ = 0.1, ¢ = 1.0, Pr = 6.2, « = 0.05, and = 0.05.
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Figure 5. Impact of the heat generation parameter (€) on the dimensionless temperature. The other
parameters are ¢ = 0.1, A = 1.0, Pr = 6.2, « = 0.05, and B = 0.05.

#=0.00, 0.03, 0.06, 0.09

0.0 0.5 1.0 15 2.0 25 3.0 3.5

Figure 6. Impact of the nanoparticle volume fraction (¢) on the dimensionless temperature in the case
of heat generation (¢ > 0). The other parametersare A = 1.0, € = 1.0, Pr = 6.2, « = 0.05, and § = 0.05.
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0.05-

0.04F a=0.15, 0.10, 0.05, 0.0

~
\, 0.03¢
N’

0.02} :

0.00-

Figure 7. Impact of the velocity slip parameter («) on the radial velocity component. The other
parameters are ¢ = 0.1, A =1.0, e =1.0, Pr = 6.2, and p = 0.05.

1.0
0.8} \v°)

0.6-

G()

a=0.15, 0.10, 0.05, 0.0

0.4

0.2

0.0F

Figure 8. Impact of the velocity slip parameter (¢) on the azimuthal velocity component. The other
parameters are ¢ = 0.1, A =1.0, e =1.0, Pr = 6.2, and = 0.05.
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0.00~

-0.05-

-0.10+

H()

-0.15-

a=0.15,0.10, 0.05, 0.0

_020- el e ]

Figure 9. Impact of the velocity slip parameter («) on the axial velocity component. The other

parameters are ¢ = 0.1, A = 1.0, e = 1.0, Pr = 6.2, and § = 0.05.

0.07

0.06-

0.01-

0.00-

1 ! ! 1 1 1

0.0 0.5 1.0 1.5 2.0 25

4

Figure 10. Impact of the nanoparticle volume fraction (¢) on the radial velocity component. The other

parameters are A = 1.0, € = 1.0, Pr = 6.2, « = 0.05, and g = 0.05.
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1.0— T T T T T T T

0.8-

0.2) #=0.00, 0.03, 0.06, 0.09

0.0r

0.0 0.5 1.0 1.5 2.0 25 3.0 35

Figure 11. Impact of the nanoparticle volume fraction (¢) on the azimuthal velocity component. The
other parameters are A = 1.0, e = 1.0, Pr = 6.2, « = 0.05, and = 0.05.

0.00+

-0.05-

-0.10+

H(s)

-0.15-

-0.20-

0.0 0.5 1.0 15 2.0 25 3.0 35

Figure 12. Impact of the nanoparticle volume fraction (¢) on the axial velocity component. The other
parameters are A = 1.0, e = 1.0, Pr = 6.2, « = 0.05, and B = 0.05.
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0.15-

0.101

A=0.00, 0.02, 0.04, 0.06

F()

0.05-

0.00~

0.0 0.5 1.0 1.5 2.0 25

Figure 13. Impact of the porosity parameter (1) on the radial velocity component. The other
parameters are ¢ = 0.1, e = 1.0, Pr = 6.2, « = 0.05, and 8 = 0.05.

100 T T T T T

0.8

0.6F

G()

0.4

A=0.00, 0.02, 0.04, 0.06
0.2

0.0r

0.0 0.5 1.0 15 2.0 25

¢

Figure 14. Impact of the porosity parameter (A) on the azimuthal velocity component. The other
parameters are ¢ = 0.1, e = 1.0, Pr = 6.2, « = 0.05, and = 0.05.
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Figure 15. Impact of the porosity parameter (1) on the axial velocity component. The other parame-
tersare ¢ = 0.1, e = 1.0, Pr = 6.2, « = 0.05, and B = 0.05.

The Results section is divided into two subsections demonstrating the heat transfer
analysis, which shows the temperature and heat transfer rate (Section 3.1), and the flow
behavior analysis for the determination of the velocity components and stresses at the
surface (Section 3.2).

3.1. Heat Transfer Analysis

We found that the slip boundary condition is pivotal in shaping velocity and tempera-
ture distributions in the nanofluid flow problem, particularly near the interface between
the fluid and the disk surface. Grasping these effects is imperative for precise predictions
of fluid behavior and heat transfer characteristics. Figures 2 and 3 illustrate the spatial
distribution of temperature and demonstrate the impact of the slip parameter. In rela-
tion to temperature distributions, slip boundary conditions significantly influence heat
transfer rates between the nanofluid and the disk surface. The temperature profiles near
the surface depend on the slip parameters. As illustrated in Figure 2, temperatures are
lower in the absence of a velocity slip, but they increase with a higher velocity slip. While
this increase may seem relatively minor, it could be of concern in scenarios demanding
precise simulations and practical applications. Enhanced convective heat transfer, resulting
from an increased velocity slip parameter, contributes to this rise in temperature. The
temperature of the nanofluid increases with a rise in the temperature slip parameter (see
Figure 3). This increase is more pronounced compared to the effect observed with the
velocity slip parameter and is particularly influential near the surface of the disk. Variations
in the temperature slip parameter have an impact on temperature distributions, potentially
altering thermal boundary layer thicknesses and heat transfer rates.

Figure 4 depicts that a nanofluid flowing through a uniform porous medium possesses
a higher temperature than that in the absence of such a medium. Moreover, the temperature
rises as the porosity of the medium increases. From a physical point of view, the increase in
the porosity parameter causes an increase in viscous dissipation, which leads to heating of
the fluid and an increase in the temperature. Figure 5 highlights the influence of the heat
generation parameter on the temperature. One can see from this figure that the temperature
of the nanofluid is largely influenced by heating. We also theoretically explored the
influence of the nanoparticle volume fraction on the temperature of the nanofluid. The
results of the simulations are shown in Figure 6. One can see that the temperature of the



Mathematics 2024, 12, 1555

15 of 19

nanofluid decreases for a higher volume fraction of nanoparticles in the presence of a
heat source.

Table 2 presents numerical values for the heat transfer rate between the surface and
the fluid adjacent to it. The results depict that the heat transfer rate at the surface increases
with a rise in the velocity slip parameter, the nanoparticle volume fraction, and the porosity
of the medium. Such an increase is more dominant in the case of the porosity parameter.
The heat transfer rate is seen to decrease considerably for higher values of the temperature
slip parameter.

3.2. Analysis of the Velocity and Stresses

Figures 7-15 illustrate the behavior of the fluid velocity components as key system
parameters are varied. Particularly, Figures 7-9 depict the variations in the radial, az-
imuthal, and axial velocities with changes in the velocity slip parameter. The slip boundary
conditions at the nanofluid—disk interface significantly influence the velocity profiles near
the disk’s surface. Typically, the presence of slip conditions results in an increase in the
radial velocity, while the azimuthal and axial velocity components decrease. This effect is
most pronounced near the disk’s surface, where the slip effects are most influential. Away
from the disk, the impact of the slip conditions on the velocity distributions diminishes.
This can be attributed to the decreasing influence of slip effects as the distance from the
disk increases.

The nanoparticle volume fraction has a considerable impact on the radial and axial
components of the velocity, while it has only a minor influence on the azimuthal component
(see Figures 10-12 for detail). The radial component of the velocity exhibits a considerable
decrease for higher volume fractions of copper nanoparticles. From a physical point of
view, an increase in the nanoparticle volume fraction signifies that the mixture becomes
more viscous, and hence the velocity of the flow diminishes. On the other hand, the axial
component shows an increase for larger values of ¢. Such an increase becomes more
pronounced at large distances from the disk.

We find that a nanofluid flowing through a porous medium possesses a lower radial
velocity (see Figure 13) due to the increase in the resistance of the flow due to elements
of the porous medium, but it has a slightly higher axial velocity (see Figure 15). Thus, it
is important to note that with an increase in the nanoparticle fraction, the magnitude of
the radial component of the velocity decreases, reaching its highest value near the disk at
the same axial distance but remaining lower than the non-slip case reported in previous
studies [23]. Additionally, the velocity tends to decrease as the distance from the disk
increases, achieving zero magnitude earlier compared to the non-slip conditions [23]. This
behavior is mainly attributed to the increased viscosity due to the higher nanoparticle
volume fraction, resulting in centrifugal effects near the disk, propelling the fluid outward
in the radial direction with higher velocities near the disk compared to farther locations.

On the other hand, the decrease in the azimuthal velocity is less prominent (see
Figure 14) for higher values of the porosity parameter, suggesting very little impact on
the velocity in the azimuthal direction. Importantly, the impact of the porosity parameter
on all the velocity components is also perturbed by the nanoparticle volume fraction.
We conclude that ignoring the impact of the effective viscosity along with the porosity
parameter in mathematical models of nanofluids would give rise to less accurate results,
as in this case, where the impact of the porous medium on the fluid’s velocity is not
perturbed by the nanoparticles. The magnitude of the axial velocity becomes higher with
an increase in the nanoparticle fraction, and it significantly decreases as the distance from
the disk increases, following a similar trend as in the non-slip case [23]. However, the axial
velocity reaches a uniform pattern earlier than in the case of non-slip conditions [23], after
a considerable reduction.

Finally, Table 3 specifies our simulation results on how the stresses at the surface
are influenced by the velocity slip parameter, the porosity parameter, and the volume
fraction of nanoparticles. The outcome of the simulation reveals that an increase in the
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velocity slip parameter leads to a reduction in both radial and azimuthal stresses. From the
physical point of view, the slip at the surface occurring due to the polished disk surface
reduces the stresses and hence can aid in reducing wear at the surface of the disk. Moreover,
such stresses behave oppositely when the nanoparticle volume fraction and the porosity
parameter are assigned higher values.

4. Discussion

Here, we theoretically explore heat transfer in the flow of a nanofluid generated
by a rigid rotating disk through a uniform porous medium in the presence of a heat
source. The novelty of this study is the assumption that the disk surface is well polished.
Polishing the surface of the disk facilitates the slip, and hence it reduces the stresses at the
surface of the disk, which was missed in some previous studies of nanofluid modeling.
Mathematically, the above-mentioned assumption signifies that we need to implement the
velocity and temperature slip boundary conditions using the effective viscosity and the
thermal conductivity. In our computer simulations, we used the physical parameters of
the copper-water nanofluid system, which has important practical applications in physics
and engineering [23-26]. We should stress that despite a few existing studies including
slip effects for the flow of a nanofluid over a rotating rigid disk (e.g., [27-30]), the effects of
viscosity and thermal conductivity of nanofluids have not been well addressed. Therefore,
this study was supposed to partly fill the existing gap in knowledge and provide a reference
point for future investigations of similar flow configurations of nanofluids. The modeling
results could potentially help in optimizing heat transfer processes in diverse engineering
systems, particularly in thermal engineering, to create more accurate and efficient heat
transfer systems. The major outcomes of this study are the following.

For the slip boundary conditions considered, the axial velocity increases with a larger
value of the nanoparticle fraction. However, it decreases significantly with the distance
from the disk, similar to the trend observed in the non-slip case studied in [23]. Moreover,
the axial velocity reaches a uniform pattern earlier than in the non-slip conditions after
a considerable reduction. Increasing the nanoparticle fraction leads to a decrease in the
radial component of velocity, with its highest value observed near the disk at the same axial
distance, yet it remains lower than in the non-slip case [23]. The axial velocity diminishes
as the distance from the disk increases, approaching zero magnitude earlier than in the
non-slip conditions. This is primarily due to an increased viscosity resulting from the higher
nanoparticle volume fraction, which induces centrifugal effects near the disk, causing the
fluid to move outward, with higher velocities near the disk compared to distant regions.
The simulation shows that the radial velocity component shows an increase, whereas the
azimuthal and axial velocity components depict a decrease as the velocity slip parameter is
assigned higher values, for example, due to an increase in the nanoparticle fraction in the
porous medium.

Our model-based observation is that the temperature of the nanofluid increases with a
corresponding increase in the velocity and temperature slip parameters, as well as the poros-
ity of the environment, although the observed increase is somewhat minor. Importantly,
adding nanoparticles to the system results in a decrease in the temperature, especially in
the presence of a heat source. The physical explanation for this effect is an increase in heat
transfer across the system due to the higher conductivity of the fluid. In this case, the
outflow of energy from the location with the maximum temperature becomes faster. This
finding, however, differs from the one reported in a previous study of a similar system of
copper—water nanofluids, where increasing the number of nanoparticles generally caused a
temperature increase [23].

The above-mentioned discrepancy between the results indicates that adding nanopar-
ticles to a fluid may produce various outcomes in terms of alterations in the spatial tem-
perature distribution. This, unfortunately, does not provide us with some simple and
unambiguous conclusion regarding what exactly one should expect after adding nanoparti-
cles: whether it has a positive or a negative impact on the temperature distribution. This is



Mathematics 2024, 12, 1555

17 of 19

quite contrary to previous studies, which have suggested the temperature effects of nanoflu-
ids to be fairly straightforward [8,13,34]. Therefore, although the addition of nanoparticles
technically enhances the heat transfer rate, whether there is an increase or a decrease in
the temperature would depend on a particular scenario (slip/non-slip conditions), the
presence of heating sources, as well as the temperature of the external environment. More
studies would be needed to elucidate this problem.

We also found that the impact of the nanoparticle volume fraction on the temperature
largely depends on the intensity of the heat source. In particular, an increase in heating
results in the occurrence of a pronounced maximum temperature at an intermediate dis-
tance. We revealed a combined effect, where the impact of the variation in the nanoparticle
volume fraction on the temperature’s spatial distribution was strongly influenced by the
presence of a heat source and the strength of heating.

As a possible limitation of this study, we should mention the following. The mod-
eling results obtained for copper—water nanofluids might not be directly applicable to
systems of other nanofluids possessing distinctly different thermal and fluid dynamic
behaviors. For example, well-known carbon nanotube (CNT)-water nanofluids exhibit
distinct characteristics due to the unique properties of carbon nanotubes. It is known that
CNTs can form networks or agglomerates within a fluid, affecting its rheological properties
and thermal conductivity [35]. Additionally, the aspect ratio and surface chemistry of
carbon nanotubes can influence their dispersion and interaction with a fluid, leading to
different flow and heat transfer behaviors compared to copper-water nanofluids. Therefore,
a separate investigation of heat transfer is required for network-forming nanofluids.

5. Conclusions

In our study, numerical simulations were conducted to analyze heat transfer in the
flow of a copper—water nanofluid induced by a rigid rotating disk through a uniform
porous medium in the presence of a heat source/sink and velocity and temperature slip
conditions. The key findings of the study are summarized as follows:

e  The temperature of the nanofluid exhibits an increase with higher values of velocity
and temperature slip parameters.

o  The effective viscosity and thermal conductivity of the nanofluid play a role in ac-
counting for the slip effects within the system.

e  The influence of the nanoparticle volume fraction on the nanofluid’s temperature is
expected to be particularly notable in the presence of a heat source.

e  Higher values of the velocity slip parameter lead to an increase in the radial velocity
component, accompanied by a decrease in the azimuthal and axial velocity components.

e Increasing the nanoparticle fraction results in a decrease in the radial velocity compo-
nent, with peak values observed near the disk at the same axial distance, which are
lower than those under non-slip conditions. Additionally, the velocity decreases as
the distance from the disk increases, reaching zero magnitude sooner than under non-
slip conditions due to heightened viscosity resulting from an increased nanoparticle
volume fraction. This induces centrifugal effects near the disk and results in higher
fluid velocities near the disk compared to distant regions.

e  The axial velocity reaches a uniform pattern earlier than under non-slip conditions,
following a considerable reduction.

Overall, we conclude that explicitly taking into account the slip boundary conditions
for a well-polished rotating disk should provide more accurate results in predicting velocity
and temperature fields, as they have previously been obtained while assuming a simplified
non-slip boundary condition for most nanofluids. This concerns both the quantitative
accuracy of predictions and the understanding of the dependence of the temperature and
velocity fields on key parameters (e.g., the volume fraction of the nanofluid, the porosity of
the medium, the heat generation rate).

Possible important extensions of this study might include considering other types of
base fluids with thermal properties that vary with temperature. Moreover, one can also
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consider unsteady, non-symmetric flows of nanofluids to include possible critical effects
which might be missed in this study when considering a simple steady flow with radial
symmetry. Finally, it was reported earlier that the thermal conductivity of nanofluids is
generally affected by the shape of nanoparticles [36]. Also, in the case where particles
form irregular nanoclusters, cluster size and morphology may have strong effects on
the temperature of the boundary layer and heat transfer in nanofluids. For example,
smaller clusters usually have higher surface-to-volume ratios, which can potentially lead
to enhanced interactions with the surrounding fluid and potentially increase heat transfer
rates. Therefore, it would be important to explore other shapes of nanoparticles (here, we
considered particles of a spherical shape) and the effect of the presence of nanoclusters on
the heat transfer characteristics of copper—water nanofluids.
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