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Abstract: This paper proposes estimating linear dynamic panels by explicitly exploiting the
endogeneity of lagged dependent variables and expressing the cross moments between the endogenous
lagged dependent variables and disturbances in terms of model parameters. These moments, when
recentered, form the basis for model estimation. The resulting estimator’s asymptotic properties
are derived under different asymptotic regimes (large number of cross-sectional units or long time
spans), stable conditions (with or without a unit root), and error characteristics (homoskedasticity
or heteroskedasticity of different forms). Monte Carlo experiments show that it has very good
finite-sample performance.
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1. Introduction

It is well known that the standard fixed-effects or within-group (WG) estimator for
linear dynamic panel (DP) models suffers from the issue of bias (Nickell 1981) when the time
series dimension T is small. Alternative estimators include those based on instrumental
variables (IVs) (Anderson and Hsiao 1981), the generalized method of moments (GMM)
(e.g., Arellano and Bond 1991; Holtz-Eakin et al. 1988), the maximum likelihood (ML)
approach (e.g., Alvarez and Arellano 2003, 2022; Blundell and Smith 1991; Hsiao et al. 2002;
Lancaster 2002), those that correct the score function in the ML framework (e.g., Alvarez
and Arellano 2022; Breitung et al. 2022; Dhaene and Jochmans 2016), and those that directly
correct the bias of the WG estimator (e.g., Bao and Yu 2023; Bun and Carree 2005; Dhaene
and Jochmans 2015; Everaert and Pozzi 2007; Gouriéroux et al. 2010; Hahn and Kuersteiner
2002; Kiviet 1995).1

This paper proposes estimating linear dynamic panels by recentering the cross moments
between the lagged dependent variables, which are endogenous, and the error term in the
model by their non-zero expectations.” The resulting estimator is named the recentered
method of moments (RMM) estimator accordingly. These recentered moments are functions
of model parameters and, together with moment conditions from other exogenous regressors,
if any, form the basis for model estimation. Essentially, it is based on the idea that the
best “instrument” for any of the endogenous lagged dependent variables is itself. As
such, one does not need to search for IVs and can avoid issues of weak instruments
and many instruments that exist in the GMM framework. It is closely related to the
bias-correction literature, but there is no correction procedure involved. In particular,
Appendix B illustrates that the estimator proposed in this paper is numerically equivalent to
the indirect inference (II) estimator, as introduced by Bao and Yu (2023). However, they are
motivated very differently. The strategy of Bao and Yu (2023) starts with a biased estimator,
but this paper does not have a biased estimator to begin with and designs recentered
moment conditions directly by expressing the cross moments between the endogenous
lagged dependent variables and disturbances in terms of model parameters.® Furthermore,
there are three major contributions in this paper that are absent elsewhere.
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First, it allows for more general assumptions regarding the data-generating process
(DGP). Specifically, the most general form of error heteroskedasticity, arising from cross-
sectional units, time, or both, is considered. Breitung et al. (2022) focus primarily on
the situation of cross-sectional heteroskedasticity.* Alvarez and Arellano (2022) consider
only time-series heteroskedasticity. Bao and Yu (2023) discuss a robust version of their
IT estimator that is valid under both forms of heteroskedasticity, though falling short of
deriving its asymptotic distribution. They focus instead on the case when there is only
time-series heteroskedasticity. Bun and Carree (2006) derive the asymptotic bias of the WG
estimator when both forms of heteroskedasticity are present and propose bias correcting
the WG estimator when T is fixed for the first-order DP (DP(1)) model. Juodis (2013) points
out that the bias-correction procedure of Bun and Carree (2006) is, in fact, inconsistent
and designs a consistent one for a higher-order DP.® Note that both Bun and Carree (2006)
and Juodis (2013) estimate the temporal heteroskedasticity parameters so that they can be
plugged into the bias expression of the WG estimator for the purpose of bias correction.
However, they do not provide insights on how to conduct asymptotic inference on the
resulting bias-corrected estimator. In contrast, Alvarez and Arellano (2022) jointly estimate
the temporal heteroskedasticity parameters and model parameters and also derive their
joint asymptotic distribution.

Second, this paper explicitly includes the case when there is a unit root. If the time span
is short, this may not matter, as the inference procedure is under the large-N asymptotic
regime, where N is the number of cross-sectional units. Bun and Carree (2006), Juodis
(2013), Alvarez and Arellano (2022), and Bao and Yu (2023) all consider short panels. But
for long panels, the issue of unit root cannot be simply ignored. Dhaene and Jochmans
(2015) do not consider the unit-root case, and their jackknife method is developed under
the rectangular-array asymptotic regime (namely, both N and T are large). Breitung et al.
(2022) also present some results under the rectangular-array regime, but do not explicitly
consider the unit-root case.

Third, asymptotic distribution results are derived that, in general, do not require
both N and T to be large. The asymptotic distribution of the proposed RMM estimator
under large T resembles the familiar ordinary least squares (OLS) result in traditional
regression analysis, and its asymptotic variance achieves the efficiency bound under
homoskedasticity. Similar to time series literature, the convergence rate of the estimator
of the autoregressive parameters is different when there is a unit root under large T, but
the standard t-test procedure carries through when one is conducting hypothesis testing.
Under homoskedasticity, Han and Phillips (2010) report a unified asymptotic distribution
result for their first difference least squares (FDLS) estimator for DP(1) when the unit-
root case is allowed. In their setup, the fixed effects disappear under the unit-root case.
Hayakawa (2009) derives the asymptotic properties of the IV estimator for higher-order
DP models, with neither heteroskedasticity nor exogenous regressors present, when the
panel is dynamically stable under large N and large T, though he remarks that it should
also hold under other asymptotic regimes.

The plan of this paper is as follows. The next section introduces the model and notation.
Section 3 presents the RMM estimator under the baseline set-up of homoskedasticity,
though it is further shown that the estimator is robust to cross-sectional heteroskedasticity
as well. An important message here is that when T is large, there is no asymptotic bias,
standing in contrast to the consistent WG estimator that may possess an asymptotic bias.
Section 4 introduces a robust estimator under cross-sectional and temporal heteroskedasticity.
Section 5 illustrates the good finite-sample performance of the proposed estimator by
Monte Carlo experiments. The last section concludes and discusses possible future research.
Technical details, including lemmas that are used for the proofs of the main results in this
paper, together with some extended discussions and additional simulation results, are
provided in the appendices. Throughout, matrix/vector dimension subscripts are typically
omitted unless confusion may arise. A subscript 0 is used to signify the true value of a
parameter that is to be estimated.
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2. Model, Notation, and Assumptions
The p-th order linear dynamic panel model, DP(p) for short, is
F / /
Vit = Y OeYir—o + X+ 0 + ujp = w0 + o + sy, 1)
=1

i=1,---,N,t=1,---,T, where the dependent variable y;; is related to its lagged values,
up to order p, fixed effects w;, the k x 1 vector of exogenous variables x;; = (xj11, -+, Xitx)',
and an idiosyncratic disturbance term u;;. The vector wj; = (y;;—1,- - r]/i,tfp,xft)’ collects
all the right-hand side variables and 8 = (¢’, ), where ¢ = (¢, ,¢p)’. For each
ilety; = (i, vir) Yoy = Wineeo o Yir—0) s Yi = W1y Yiopy) Xi =
(xi1, -+ xir)', Wi = (Y4, X)) = (wp, -+ ,wir)’, and w; = (w1, ,uir)’. Stacking over
i, one has & = (a1, ,an), y = (y’l,"' ,yﬁ\,)’, Yoy = (y’l,(_g),' e ,y’N,(_g))’r Y =
(Y, YN = Yy Y ) X = (X, XN), W = (Y, X) = (W), , Wy),
and u = (u),--- ,u}y)’. Let ® denote the matrix Kronecker product operator and 1 = 17 be
a T x 1 column vector of ones. Then, in matrix notation, (1) can be written as

y=Wo0+a®1l+u 2)

Suppose there exists a matrix A such that when pre-multiplying it to (2), the fixed
effects are wiped out, namely,
Ay = AW + Au. 3)

The NT x NT matrix Iy ® M1 comes as a natural choice for A, where Mt = I+ — T~111' = M,
and Iy (I1) denotes the identity matrix of size N (T). In this case, applying the OLS
procedure to (3) yields the WG estimator. For a given A, the regression model (3) contains
endogenous lagged dependent variables y_,), - - -, y_,,) as regressors and E(WA'Au) # 0.
The IV/GMM literature focuses on using various instruments for Yi—p (or its various
differences). The best “instrument” for Yy is of course itself, though it violates the
definition of instrument. Nevertheless, if one can explicitly analyze how y_ is correlated
with u, subject to the transformation induced by A, then this piece of information can
be used to estimate model parameters. This is essentially the idea of this paper. In the
sequel, A = Iy ® M is used (and thus, A’A = A), and the following assumptions are made.
Different assumptions about the idiosyncratic error term are deferred into the next two
sections when different forms of heteroskedasticity are discussed.

Assumption 1. The series of fixed effects w;, i =1, -+, N, is i.i.d. across individuals with finite
moments up to the fourth order.

Assumption 2. The error terms u; and fixed effects w; are independent of each other for any
i=1---,Nt=1,---,T.

Assumption 3. The regressors X, if present, are either fixed or random and (NT) 1X'AX
converges (in probability) to a nonsingular matrix as NT — oo. When they are fixed, x;; = O(1).
When they are random: (i) they are strictly exogenous with respect to error terms; (ii) x; = Op(1)
with finite moments up to the fourth order; (ii) E(a! x;fls) = O(1) and Cov (a;! x;tzlsi, oc]r.l x;tzlsj) =0,
r+rn<4r>0rn>0i#jij=1--- ,N,s,si,s]- =1,---,k

Assumption 4. The initial valuesy; _;,i=1,--- ,N,s =0,1,-- -, p, are either fixed or random.
When they are fixed, y; _s = O(1). When they are random: (i) y; s = Op(1) with finite moments
up to the fourth order; (ii) E(a;'y> ) = O(1) and Cov(aj'y® , a]r.ly;’z_s) =0,7r+1r <4,
rn>0rn>01i#jij=1---,N,s=0,---,p; (iii) Cov(y; s, uyt) =0,s =0,---,p,
t=1,---,T,i=1,---,N.
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Without loss of generality, in what follows, the analysis in this paper is conditioning on
X for ease of presentation. No distribution assumption is made, so long as some moment
conditions hold. Assumption 3 does not rule out the possible correlation between X and the
fixed effects, but rules out correlation among the products of them. For simplicity, the strictly
exogenous regressors contained in X are bounded (in probability). For the estimation
strategy to be introduced in the next section, the inclusion of explosive exogenous regressors
can affect the convergence rate of the associated parameter estimators, but does not affect
the convergence rate of those associated with the lagged dependent variables. Assumption 4
does not spell out how the initial values are generated, except that there are restrictions on
how they may be correlated with the fixed effects and idiosyncratic errors. The panel under
consideration is not restricted to be dynamically stable. The fixed effects in Assumption 1
are treated as randomly generated from some distribution. This assumption itself is
not needed for the purpose of estimation, since the recentered moment conditions to be
presented wipe out the fixed effects. However, it is used, together with Assumptions 2—4
and Assumption 5 or 6, to ensure that the (scaled) moments and the associated gradient
have properly defined probability limits (see, for example, Lemma A5 in the Appendix C),
which in turn are used to establish the asymptotic distribution of the RMM estimator.® When
there is a unit root, the asymptotic behavior of the RMM estimator to be introduced depends
on the fixed effects, so for the sake of tractability, they are assumed to be deterministic by
following Hahn and Kuersteiner (2002).”

In the next two sections, the asymptotic properties are derived of the RMM estimator
under homoskedasticity and heteroskedasticity, without or with a unit root. Under large N
and finite T, the asymptotic distribution is of the same form, whereas under large T, subject
to the appropriate scaling factors, the asymptotic distribution resembles the OLS result in
traditional regression analysis.

Note that, as established in Bao and Yu (2023), the vectors of lagged observations from
model (1) (at the true parameter vector 6y) for each cross-sectional unit can be written as

(-1 p—1
—1rr¢ (—1— (—1—
Yi(—0) = @, [L(u; + a1+ X;By) + SZO DL ey, s + S_Z‘z D L ‘e1yi ), (4)

¢=1,---,p,where Lisa T x T strict lower triangular matrix with 1’s on the first sub-
diagonals and 0’s elsewhere, e; = (1,0,---,0)"isa T x 1 vector, ®, = ®,(¢,), Py(¢) =
I—¢1L—---—¢pL?, and ®(,_,,) = Ps(¢y) — ®,(¢,).° Then, stacking over index 7, one
has, for{ =1,---,p,

y o= In®®,'LYu+ (Iy2 @, L) XB, + (In @ ®, ' L'1)a

/-1 p—1 ®)
-1 —1— -1 1—1—
+ 0(11\] X (I)P @ L 581>Y(_s) + Z£<IN ® ‘Dp CI)(S_p)L sel)y(_s),
S= s=
where y(_;) = (y1,-s,-** ,Yn,—s)" is an N x 1 vector collecting initial cross-sectional
observations at time —s =0, - - - ,1 — p. This representation of Yo isin terms of u, X, «,

and initial conditions, so W’ Au essentially boils down to linear and quadratic forms in the
random vector u. This facilitates the derivation of the expectation of W' Au, which forms
the basis of the moment conditions in this paper for estimating model parameters. When
u;; is independent and identically distributed (i.i.d.) across i and t, moments of quadratic
forms in # can be found in Bao and Ullah (2010), and in the presence of heteroskedasticity,
results are provided in Appendix A.7 of Ullah (2004).

3. The Baseline Set-Up

This section presents the estimator under the framework when the idiosyncratic errors
are homoskedastic across i and ¢.
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Assumption 5. u;,i=1,--- ,N,t =1,---,T,isiid. acrossiand t , E(u;) = 0, Var(u;) = 0,
and has finite moments up to the fourth order.

3.1. Estimation

Given Assumptions 1-5 and using the representation (5), one has, at 6y,

No?tr(M®,'L!) 1®,'L1
: No? :
E(W'Au) = - = : , (6)
2 -1 T Iy —1
Notr(M®,'L?) 19,11
0 0

where tr(-) is the matrix trace operator. The first equality in (6) follows when one
substitutes (5) into W = (y(fl), Yy X ) and takes expectation of quadratic forms in

u and the second equality follows from tr(M<I>;1Lﬁ) = tr(<I>;1L‘)) - T’ll'dJrleZl, where,
since L* @, 1is strictly lower triangular, tr(®, Ity =o.

This set of moment conditions additionally involves the variance parameter o. Since
E(u'Au) = N(T — 1)¢?, one can define the following

Snr(8) = =W/ A(y — W6) + < (y — W6)'A(y — Wo)h(), @)

where h(0) = [T(T —1)] 71 (1'®, (¢)L1, - -- ,1'®, " (¢)L"1,0,), such that E(gy1(60)) = 0
Thus, an estimator can be defined as 8 = arg,{g\1(0) = 0}. Appendix B discusses several
closely related estimators that are motivated very differently. The traditional method of
moments (MM) or GMM is based on moment conditions that have expectations (or the
probability limits) equal to zero exactly, where these moments are usually defined as cross
moments of exogenous regressors or instruments and disturbances in the model under
consideration. Here, the cross moments pertaining to the endogenous lagged dependent
variables have non-zero expectations and the moment conditions g (6) = 0 for estimation
are designed by recentering the cross moments by their non-zero expectation parts. For
this reason, 8 is named the RMM estimator in this paper.
Note that one can equivalently write the set of moment conditions (7) as

gnr(0) = [(wir — w;)eir(0) + (€i+(0) — &;(0))eir (0)h(0)]

~ ~
= 111=
T

Il
—
-
Il
-

1=z
1=

[(zit(8) — 2i(0))eir(6)],

where €;4(0) = y;; — w),6, z;;(0) = w;; + h(0)e;(0), w; = T~ Zt 1 wir, and &;(0) and z;(6)
are defined similarly. It turns out that T~ Y7 [(2;;(8) — %;(8))€;;(8)] is the same as m; ()
in Breitung et al. (2022).” They show that mr;(8) has the property of E(mr;(6)) = 0 under
cross-sectional heteroskedasticity, namely, E(u%) = o?. Essentially, this is because, in this
case, 02,(6) = (T )’ Yr 1 (€ir(80) — &i(8p))eir(8p) is an unbiased estimator of o7 and
thus (T —1)"1yN =1 YL (ei(80) — E:(60))€ir(8g) = (T — 1)~ 'u’ Au is in fact an unbiased
estimator of Y | 2. In other words, if Assumption 5 is modified such that E(u%) = ¢2,
then it is still the case that E(gy(6p)) = 0 and the estimation procedure does not change.
This is invalid, however, when there is time-series heteroskedasticity (E(u2) = ¢7) or both
forms of heteroskedasticity (E(u%) = 02). Remark 2 of Breitung et al. (2022) suggests
that mr;(6) may still be considered a valid set of moment conditions when both forms
of heteroskedasticity are present, in the sense that the limit of mr;(0) (as T — c0) goes
to zero, provided that: (i) there is no unit root and (ii) T is large. In the next section, a
robust estimator is introduced such that it is based on a set of moment conditions having
exact expectation zero under the most general form of heteroskedasticity without imposing
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the two conditions. To fix ideas, various results in this section are presented by assuming

homoskedasticity.
Obviously,
0 0
Gnr(0) = 7%15/( )
(8)
= m[(y —W0)A(y —WO)H(6) — W AW —2h(0)(y — WO) AW],
where ® 9)
oh(0 1 Ry(¢p) O,uk
H(0) = = ! Pt ), 9
T T(T—l)( Oy Oy ) ®)

and Rp(¢) is a p x p matrix with 1'®," (¢)L’®, " (¢)L 1 in its (£,5)-th position, {,s =
1,---,p. Inlight of (5), one notices that both gy = gnr(80) = (NT) " [W'Au + o' Auh]
and Gyt = Gn7(089) = (NT) '/ AuH — W AW — 2hu’ AW)] are in terms of linear and
quadratic forms in u, whereas h = h(¢,) and H = H(¢,,) are purely functions of ¢,. From
Lemma Al in Appendix C, regardless of N and T, under homoskedasticity,

AT-1), (T-1)

2
T "2 hh' = Onr,  (10)

1
Var(VNTgyr) = mVar(W’Au) —ot

where 7, is the excess kurtosis of u;;."”

At the true parameter vector 8y, when there is no unit root, —(NT) " 'W/AW = Op(1),
Th = O(1), TH = O(1), N"\//AW = O(1) + O,(N~/2T'/2), and (NT) s/ Au = O,(1),
s0 Gnt = Op(1) + [O(T2) + O, (N~/2T73/2)] 4O, (T~ !). When T is large, G is obviously
dominated by the O, (1) term, namely, —(NT) " 'W’'AW. (When there is a unit root, the
properly scaled Gyt has the scaled —W’AW as its leading term.) From Lemma A6 in
Appendix C (or Lemma A14 when there is a unit root), the estimator is locally identified in
large samples. When T is finite but N is large, it is still very likely that —(NT) " 'W'AW is
relatively large compared with the other two terms of finite order in Gy7. In finite samples,
one can always check numerically whether G (0) is singular against a grid of values of 6.
This is similar to the approach adopted by Gospodinov et al. (2017) and Bao and Yu (2023).
In this section and the one to follow, it is implicitly assumed that the estimator is (first-order)
locally identified. A general statement about sufficient conditions for identification would
be desirable but extremely difficult.!!

3.2. Inference under Large N

If N — oo and T is finite, by writing gy = (NT)"' TN, (W/Mu; + u!Mu;h) =
(NT)~' LN, g;, where g, is independent (across i) with mean 0 and variance O(1) under
Assumptions 1-5, one can apply Lyapunov’s central limit theorem to N~'/2g,,;. This
straightforwardly gives the following result.

Theorem 1. Under Assumptions 1-5, if T is finite and G = plimy_, GnT and Qr =
limpn_,e0 QN7 exist and are nonsingular, then as N — oo,

A d _ _
VN(® - 8y) 5 N(o, GTlnTGTl’). (11)

For practical inference, while Gt may be consistently estimated by Gt = (NT)~![(y —
WO)A(y — WO H — W AW — 2h(y — WB) AW] with i = h(d) and H = H(9), it is
not advisable to use a plug-in approach to estimate (1. Recall Qn7 (see (10)) contains
Var(W’Au), which, as shown in Bao and Yu (2023), has a very complicated expression
involving further the skewness and kurtosis of u;;, fixed effects, and possible interactions
between the fixed effects and initial conditions. Given these complications and the fact that
W;M u; + ugM u;h is independent (across i), a White-type (White 1980) estimator is natural
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for estimating Q7 in this asymptotic regime of large N and finite T. In consequence, a
consistent variance estimator of the asymptotic variance of v/ N(6 — ) is

NP 11 X o\ Al
V() = Gr N Y 88T |Gr (12)
=1

where g7, = T~ (W/Miy; + it;Mi;h) with Mi;; = M(y; — W;0).

One can show that G is equal to plimy,_,  Vmy7(6p) in Breitung et al. (2022), which,
in turn, is equal to limy o N~ YN, E[Vmr;(6g)], where Vimyt(0) (= dmyt(0)/06') and
E[Vmr;(0)] are given in Appendix A of Breitung et al. (2022). Further, Qr is the same as
plimy, , JN'YN, my;(69)mri(6g) . Thus, V(8) is asymptotically the same as the fixed-T
consistent variance matrix estimator of Breitung et al. (2022) (see their equation (6)). Again,
despite the discussion in this section being under the set-up of homoskedastic errors, it also
applies to the case of cross-sectional heteroskedasticity.

3.3. Inference under Large T

If T — oo, regardless of N, upon substituting (5), one can check that the term yz_ K)Au,
¢=1,--,p,in W Au will be dominated by #'A(Iy ® ®,'L")u + u'A(Iy © @, L") X B,
When there is a unit root, #’A(Iy ® <I>51LZ 1)w is also a dominating term. In the following,
the stable and unit-root cases are discussed separately, since the leading terms in yz_ o Au
are of different orders. The relevant matrices in the quadratic forms are uniformly (in
T) bounded in row and column sums under the stable case, but not under the unit-root
case. These differences create different distribution results for 8 that are mainly in terms
of the scaling factors. In what follows, let A,, ¥ = 1, - - -, p, denote the inverse of roots of
1—¢1z—--- —¢pz’ = 0 when ¢ = ¢. The stable case refers to the situation if |A,| < 1,

r=1,---,p, and without loss of generality, the unit-root case refers to the scenario when
AM=Tland A <1, 7r=2,---,p.

3.3.1. Stable Case

In this case, the matrix M<I>,71LZ inuA(Iy ® <I>;1Lz)u +u'A(Iy ® CDglLé)XﬁO =
u' (I ® M<I>;1L€)u +u' (I ® MfiI>rleé)X[3O is uniformly (with respect to T) bounded in
row and column sums. This boundedness property also holds for Iy ® M <I>,71Lé and thus
the central limit theorem of Kelejian and Prucha (2010) on linear and quadratic forms can

be invoked.!? That is, as T — oo, 01_11\]/%2 VNTgyr 4, N(0, I) (see Lemma A7), in which

2 2!
1 (o4Nr1+ar2 o?F} ) (13)

Nt = g7 o2F, 2X'AX

where I'y and I'; are p X p matrices, consisting respectively of elements tr[(®, LY'M ®, 19
and By X'[In ® (leLﬁ)’MCI);lLS]X,BO, l,s=1,---,p,in their ({,s)-positions, and F; is
k x p with X'(Iy ® M<I>;1L£)Xﬁ0, ¢=1,---,p,asits {-th column. Note that ) y is not
the exact variance of vNT gn7, which is Qnr as defined by (10). It is better interpreted
as an approximation, namely, 01yt = Qnt + 0(1). It follows that nglT/ 2/NT INT =
Qf 11\]/T2 VNT SnT T 0p (1), regardless of N. In contrast to the exact variance matrix Qpr, the

variance matrix {4 yT involves 6y, X, and 02, but not the fixed effects, initial conditions, or
the skewness and kurtosis of the error distribution.

Theorem 2. Under Assumptions 1-5 and that DP(p) is dynamically stable, if plim_, Gyt and
im0 O NT exist and are nonsingular, then as T — oo,

T—o0 T—o00

-1 Y
VNT(0 - 6)) &N (0, <plimGNT> ( lim QLNT> (plirnGNT) ) . (14)
—00
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If N is finite, one could have replaced the convergence rate v/NT by v/T and denoted
plim;_, Gyt by Gy and limr_,o, 1 T by Q1 n. But since there is no restriction in
N (except that the probability limit of Gyr and the limit of O 7 are well defined
when T — o0), which may be finite or also diverge as T — oo, no attempt is made
to implement such replacements here (and also in the next (sub)sections).'> Lemma A6
gives plim;_, (NT) " 'W/AW = limr_,o 020 y7. Combining all these results, one has
the following.

Corollary 1. Under the conditions in Theorem 2, as T — oo,

VNT(8 - 6))
4N

1 -1 1 -1
lim—— W AW lim O lim—— W AW 1
(0. (prmsgzwaw) (gm0 ) (pimgwraw) ") 0
-1
£>N<0,U4<lim QLNT> > (16)
T—o0
4 N[ 0,02 plim— W' AW . 17)
’ T~)ooNT

The asymptotic variances in (15)—(17) resemble the variance formula of a consistent
OLS estimator. Recall that the WG estimator, which is also named the least squares dummy
variable (LSDV) estimator, is essentially an OLS estimator and is consistent under large
T, though it may still possess an asymptotic bias, depending on the divergence rates of N
and T. The asymptotic distribution result (17) is the same as Theorem 1(ii) of Breitung et al.
(2022) that is derived under cross-sectional heteroskedasticity.14 In view of Theorem 3 in
Hahn and Kuersteiner (2002), the asymptotic variance (17) achieves the efficiency bound.

In practice, the asymptotic variance may be estimated by (A}X,lTﬂLNTG;]lT/, where
Oy Nt = QO n7(0) and Gyt = Gn1 (), with O replacing 6y in Qg yT and Gy, respectively,
or (WAW/NT) 1O (WAW/NT)"!, or 674()1‘}@ or 72(W/ AW/NT)~!, where 62 =
(y — W) A(y — W8)/[N(T — 1)]. The last choice is perhaps the easiest one to use.

Whenk =0and p =1, Qi nr/0* = tr[(@'L)YM®'L]/T =1/(1 - ¢2) + O(T™Y),
S0

VNT($ — o) %5 N(0,1 - ¢3), (18)

as T — co. This is also the asymptotic distribution of the bias-corrected WG estimator in
Hahn and Kuersteiner (2002).

3.3.2. Unit-Root Case

When there is a unit root, the leading terms in W’ Au are linear forms in u. The matrices
in quadratic forms in u that appear in W’ Au are no longer uniformly (in T) bounded in
row and column sums, but they are of lower order compared with the leading linear forms.
Thus, define the scaling matrix

3
v [ NI, Op )
Okxp NTI

Correspondingly, define g5 = Y ' [W/Au — E(W’Au)] and

X _y-122( To+T3(e) Fi+Fy(a) \y-172
where I'; and F; are defined in (13), I'3(«) has 1’(¢;1L€)’M¢;§1lea’a in its (¢, s)-position,
l,s=1,---,p,and Fy(a) has X'(Iy ® M(I>;1L€1)tx as its /-th column, t =1, --- , p. Note
that the matrix OF yr(a) involves the fixed effects. If the fixed effects are deterministic
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and of finite magnitudes, then QF yr(«) can be interpreted as the approximate variance
of Yl/Zg?\IT, namely, Qf y7(&) = Var(Yl/Zg?\[T) +0(1). Lemma A15 in Appendix C shows
that QﬁvlT/z(a)Ylmg*NT 4 N(0,I) as T — 0. Denote Gyt = Gy7(60) with Gy (0) =
Y /2{3[W'A(y — WO) — E(WA((y — W8))] /06’ } Y 1/2.

Theorem 3. Under Assumptions 3-5 and that DP(p) has a unit root, assume that the fixed effects

are deterministic and of finite magnitudes. If plim_, . Gy and imr_,e QF 7 (&) exist and are
nonsingular, then as T — oo,

T—o0 T—o0

-1 -1
Y'/2(8 — 6y) 4 N(O, (plimG}‘\]T> (11520 Q{,NT(lx)> (plimG’f\]T> ) (20)

This, together with Lemmas A13 and A14, implies the following.

Corollary 2. Under the conditions in Theorem 3, as T — oo,

Y26 —6y)
-1 1
LN o, | plimy~ /2w’ awy-1/2 (lim o)) NT(«)) plimY 12w Awy-1/2 (1)
T—s00 T—oo 77 T—oo
-1
4N | 0,02 ( plimY~1/2W AWY~1/2 . 22)
T—o0

When there are no fixed effects (« = 0), but there are still relevant exogenous regressors
contained in X, the asymptotic distribution result still holds as T — co. When there is no X
and p = 1, the leading term in W AW = YN | y;,(q)Myi,(—l) isYN,a?1Le; VM® ' L1.

AsT — 0o, T31VLO; VM@ 'L1 — 1/12 and T~*Var(W'Au) — 02 YN, a?/12.
Corollary 3. Under Assumptions 4 and 5, if further k = 0, p = 1, ¢po = 1, the fixed effects are
deterministic and of finite magnitudes, and « % 0, then as T — oo,
T SR 120 )
VNT3(p — ¢p) — N(O, N iga ) (23)

This echoes Theorem 5 of Hahn and Kuersteiner (2002). If N — oo also, then the
asymptotic variance in (23) is replaced accordingly with 1262 / (limy _,eo N~ '&&) (assuming
that the limit exists).”

It should be pointed out that unit-root situation considered here is different from
those in Han and Phillips (2010) and Kruiniger (2018), both focusing on DP(1) and ruling
out trends due to the fixed effects and/or exogenous regressors. The specification in
Han and Phillips (2010) is yi = ¢yis—1 + (1 — ¢)a; + uj. Their FDLS estimator has a
unified convergence rate of \/N(T — 1) for ¢p € (—1,1] and the limiting distribution is
Gaussian for any N /T ratio as long as N(T — 1) — oco. The model in Kruiniger (2018) is
Vit = ¢yir—1 + x,(B— ¢B) + (1 — ¢p)a; + u;;. He shows that the modified ML approach
(Lancaster 2002) is undesirable in the unit-root case since ¢y is first-order unidentified and is
only second-order identified under the large-N-finite-T asymptotic regime. His generalized
modified ML estimator, on the other hand, exists in the large-N-finite-T asymptotic regime
with probability approaching 1; it is uniquely identified with probability 1 if it exists, and
the asymptotic distribution of the estimated autoregressive parameter is non-Gaussian with
a convergence rate of N'/# in the unit-root case. In this paper, it is assumed that either there
are always fixed effects or when the fixed effects do not exist, there are relevant exogenous
regressors. In this framework, the convergence rate of the RMM estimator is different only
under large T for the unit-root case and the asymptotic distribution is still normal.
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4. Heteroskedasticity

This section considers the situation of heteroskedastic idiosyncratic errors. Assumption 5
is modified accordingly such that both forms of heteroskedasticity are allowed.

Assumption 6. The series of error termsuy,i=1,--- ,N,t =1,---, T, is independent across i
and t, E(uy) = 0, Var(uy) = o2, and has finite (4 + 17) -th moments, 1 > 0.

Let Var(u;) = £; = Dg(03, - -+ ,0%), where Dg(-) denotes a diagonal matrix with its
arguments in order on the diagonal. (When Dg(-) has a matrix argument, it collects, in
order, the diagonal elements of the matrix and forms a diagonal matrix.) It is obvious that

tr(M®, 'L'Z;)

M=

Il
MR

E(W'Au) = 1 24
(W) tr(M®, ' LVE;) 24

0x
Following Bao and Yu (2023), define

T -1 ¢
Yil9) = TTzDg(M‘I’_l(tP)L") t((TA{?;(;(P_)Z))I

Then, using tr(M@;lLEZi) = E(u/MY¥;Mu;), where ¥, = ¥/(¢,), one may define the
moment vector as

Yi (—)yM(y; — Wib) — (y; — Wi0)' M¥1(p)M(y; — W:6)

gnr(0) = = ‘
TUNT S|y, My, — W) — (y; — WiB) MY, (9)M(y; — W;6)
X[M(y; — Wi6)
1 N
:N—;g-(ﬂ) (25)

such that E(gyr) = 0. Note that this set of moment conditions is still valid under
Assumption 5. In the previous section under homoskedasticity, o2 is treated as a nuisance
parameter, and it is replaced with u’Au/[N(T — 1)] as if it were estimated. (It has also
been emphasized that #’ Au/[N(T — 1)}, in fact, is unbiased for estimating Y- o? under
cross-sectional heteroskedasticity.) Under the most general form of heteroskedast1c1ty, there
is no feasible way of estimating all the variance parameters unbiasedly. So this section does
not seek to estimate X;. Instead, the set of moment conditions (25) is designed such that it
is robust to heteroskedasticity.

Denote QnT = Var(\/m gnt) as before, but its expression is different, see (A9) in
Appendix C. The gradient (evaluated at 6y) now becomes

2uMY1MW; —y, | MW,

1 N :
GNT = == ), :
NTZH| 2ulM¥,MW,; — Vi (MW,
—XQMWI» (26)
ugM‘I’HMui ufM‘IﬁpMul- O;(
1 N
_ﬁi; MY, Mu; - u/MY¥p,,Mu; 0, |’

[)k e Ok Ok
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where

tr(M®,'L°®,, ' L")
(T—-1)(T-2)

_a‘llf(eo) _ T ~lysg—171¢
Y, = s = T—ZDg(M(Dp L (I)p L )

1. 27)

By substituting (4), one can see that y;,(f E)Mul- — u!MY¥ /Mu; that populates g;(6)
is in terms of linear and quadratic forms in u; (see (A10) in the proof of Lemma Al in
Appendix C). This structure is to be exploited for one to study the asymptotic distribution
of the resulting RMM estimator from the set of sample moment conditions (25).

4.1. Inference under Large N

Given any finite T, foreach / =1, - -, p, one can verify that the Lyapunov condition
holds by checking N~y N, Var(ygr(_é)Mui — MY /Mu;) = O(1) (see Lemma Al in
Appendix C for the expression of Var(ygl(_z)Mui — ;MY ,/Mu;)) and E(|y§,(_Z)Mui -
ugM‘I’gMui\ZH) < oo for some § > 0. The Lyapunov condition also holds for u!MX;,
since N1 YN, Var(u/MX;) = NN, tr(MX;X!ME;) = O(1) and E([u/MX;>*°) <
co. Moreover, for any linear combination of yg,(q)M”i —u/MY 1 Mu;, ---, y;/(fp)Mu,' -

u;MY¥,Mu;, and u;MX;, the Lyapunov condition holds as well. Thus, with Qnt and Gy
updated, one has the same asymptotic distribution result as in Theorem 1, and to save
space, it is not listed explicitly as a separate theorem.

4.2. Inference under Large T

As in the previous section, cases without and with a unit root are discussed separately,
since the orders of various dominating terms in Gyt and Qpr are different.

4.2.1. Stable Case
Note that, forany £ = 1,---,p, y! (_pyMu; is dominated by u§M<I>;1L€(ui + XiB,)-

Dg(M <I>;j1LZ) has diagonal elements of order O(T~!) (see Lemma A2 in Appendix C).
Therefore, ?/2,(_14)M”i — u.MY¥;Mu; is dominated by u§M<I>;1LZ(ui + XiBy)-

Theorem 4. Under Assumptions 1-4 and 6 and that DP(p) is dynamically stable, if plim;_, . GNT
and limt_, o Q4 Nt exist and are nonsingular, then as T — oo,

-1 -1
VNT(d - 6)) &N (o, (plimGNT> ( lim QLNT> <plimGNT) > (28)
T—o0 T—eo T—c0
where )
1 (14T F) )
Qe L 29
LNT = NT ( F, YN, X'MIMX; (29)

in which Ty and T, are p x p matrices with, respectively, YN | tr(E;LY ®, YMz,M ®, 1L5) and
YN, [36X§L”d>;l’MZiM<I>;1L5Xi[SO in their (¢, s)-th positions, £,s = 1, -+ ,p,and Fyisk x p
with X;MZZ'Md);lLEXi,BO as its (-th column, £ =1,-- -, p.

In view of Lemmas A9 and A10 in Appendix C, one also has the following corollary.

Corollary 4. Under the assumptions in Theorem 4,as T — oo,

VNT(8 — 6))

-1 -1
d . 1 v . . 1 /
N|{O, | pim—W AW lim Q) lim—W’'AW
- ( (?fSNT ) (jm, o) <‘T’321NT > ) 0
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-1 -1
q i L ! . / ; L /
— N (O, (};1_1)12 NTW AW) <}T)1_1>ror; NT ; W, MZ,MW; ) <phm NTW AW . (31)

i T—o0

The asymptotic variance (31) resembles the OLS variance result under heteroskedasticity
in cross-sectional regressions. In practice, for meaningful inference, one needs to estimate
the meat part of the sandwich form of the asymptotic variance. From the proof of
Lemma A8, gy is dominated by (NT)~' N 1(yl Mul, e ,y;,(fp)Mui, uMX;) =

(NT)™! Efil W/Mu;. Therefore, as T — oo,

plim !

T_WNTZWMuuMW = lim NLZE WiMu;u;MW;)

T—co
=1 VN
s Var(VNTgyr)

= lim Ql NT-
T—oo ’

But still, #; is not observable. Given that Mu; = M(y; — W;6p) = Mv;, one may be
tempted to use Md; = M(y; — W;0) = M[u; + W;(8p — 8)]. By substitution,

N
= Zw;Muiu;Mw+ ZW’MW(B 80)(8 — 60) WIMW;

N
N 1 N
NT Z W MW;(0 — 69)u MW, — NT 2 Wi Mu;(6 — 0))W:MW;,

where 8 — 8y = 0,(1/vV/NT), WIMW; = 0,(T), and WiMu; = O(1) + O,(v/T/N). If it
is also the case that N diverges, then (NT)"' YN, W.MW;(8 — 00)u!MW; = 0,(1) and
(NT)"'2N, WMW, (6 — 8) (89 — 8) W MW, = o0,(1).

Therefore, if N, T — oo, a feasible consistent estimator of the asymptotic variance is

A

V(0) = NT(WAW)~ <2w M) w,-)(w’Aw)l. (32)

The asymptotic distribution result (31) with the the variance matrix estimated by (32)
resembles Theorem 3 of Hansen (2007). Appendix D discusses the asymptotic distribution
of (NT)"' YN, WiMw;2! 0;MW; if N is fixed and its implication on asymptotic inference

when one is usmg (32). In particular, the \/N/(N — 1)ty_1 approximation proposed by
Hansen (2007), where fxn_q is the ¢ distribution with N — 1 degrees of freedom, may be
used to approximate the asymptotic distribution of the ¢-statistic.

4.2.2. Unit-Root Case
In this case, the diagonal elements of M<I>;1L€Zi = <I>;1LEZI- — T’lll’d);lLZZi are
O(1), since @, 1LY, is strictly lower triangular and T~111'® ’1LZ has O(1) elements.

Further, ¥, is dominated by (T — 2)_1TDg( JIL'L). As before, the scaling matrix Y
is used such that the set of moment conditions gn7(0) and gradient matrix Gy;1(0) are
defined accordingly. Specifically, g%;(8) is Y} [NTgy7(0)] with g57(8) given by (25) and
GY7(0)is Y V2 [NTGynT(8)Y /2] with Gyr(8) given by (26).
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Theorem 5. Under Assumptions 3, 4 and 6 and that DP(p) has a unit root, assume the fixed
effects are deterministic and of finite magnitudes. If plim_, . G}r and imr_,, OF yr(a) exist
and are nonsingular, then as T — oo,

-1 -1
Y'/2(8 — 6y) AN <0, <plimG*> (Tlim (OH NT(:x)) (plimG*) ), (33)
—o0

T—o0 T—o00

where («) ) ! (a)
_ I'; 4T3 F, 4+ F5(« _
* ® :Y 1/2< 2 1 2 >Y 1/2’ 34
it () Fi+Fy(e) YN, X!MIMX; (34)
in which Ty and Fy are defined in (29), T3(a) is p x p with Y 15, LY@,V ML;M®, " L*1a?
in its (¢,s)-th position, £,s =1,--- ,p, and Fy(a) is k x p with YN , X;MZZ-M<I>;1L€11XI» as its
l-th column, £ =1,-- -, p.

Based on Lemmas A17 and A18, one also has the following result.

Corollary 5. Under the assumptions in Theorem 5,as T — oo,
Y!/2(8 - 69) 4N(0, V), (35)

where V = (plimy_, Y V2W AWY~V2)"Tplim, , Y V2(yN, WMZ,MW,;)Y /2
(plim;_, Y V2WAWY 1/2)~1,

Similar to (32), for practical inference, one needs N, T — o so that W;M Y, MW, can
be replaced with W;M#;0!MW, in (35) and the probability limits are replaced with the
sample analogs to form an estimated asymptotic variance.

5. Monte Carlo Evidence

In this section, Monte Carlo simulations are conducted to assess the finite-sample
performance of the proposed estimator. Bao and Yu (2023) provide simulation results for
the first- and second-order models when the idiosyncratic errors are either homoskedastic
or temporally heteroskedastic. Recall that under the baseline framework, the proposed
estimator in this paper is also robust to cross-sectional heteroskedasticity. This section
considers a third-order model, and for one to get a comprehensive spectrum of possible
heteroskedasticity, four scenarios are included: homoskedasticity (across i and t), cross-
sectional heteroskedasticity (across i only), temporal heteroskedasticity (over t only), and
double (both cross-sectional and temporal) heteroskedasticity.

The following DP(3) is used:

Vit = & + P1Vip—1 + $2Yir—2 + P3Yir—3 + P1X1,ir + BaXoi + Uit,
X1,it = PxX1,ii—1 T G1it,  px = 038, (36)
Xp,it = Pitti + G2t

where «; is i.i.d. (across i) following a standard normal distribution, p; is i.i.d. (across i)
uniformly on the interval [0, 1], {7 ;+ is ii.d. (across i and t) following a standard normal
distribution, and &; j; is similarly defined. The initial value of x7 ; is set to be &y ;/+/1 — p2,
where § ; isi.i.d. (across i) following a standard normal distribution. The initial observations
on y; are simulated as a;/ (1 — ¢o1 — o2 — ¢po3) + x, By + it/ Var(é;) if there is no unit
root and «; + x/, B, + u;; otherwise, where §; follows a stationary zero-mean third-order
autoregressive (AR(3)) process with coefficients ¢g1, o2, and ¢p3, and its shock term is a
unit-variance white noise.
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Let ej; be ii.d. (across i and t) with mean 0 and variance 1. The error term u;; is
simulated as follows in the four different scenarios (homoskedasticity, cross-sectional
heteroskedasticity, temporal heteroskedasticity, and double heteroskedasticity):

Cit

VZieit zi ~ U[0.5,1] or x3, if U[0.5,i] > 100

Vzier  zi ~U[0.5, %] or x3, if U[0.5, 2] > 100

Vziteir  zi ~ U[0.5,1] - U[0.5,#2] or x3, if U[0.5,1] - U[0.5, 2] > 100

Ujp = (37)

where, for example, z; ~ U[0.5,1] or x3, if U[0.5,i] > 100 means that z; is independently
(across i) drawn from a uniform distribution on the interval [0.5,], and if the realization
is no smaller than 100, then it is redrawn from a chi-squared distribution with 10 degrees
of freedom. ¢;; is simulated from a normal distribution, but results under non-normal
distributions are available upon request and the conclusions in this section are largely
consistent across all distributions.!®

In reality, data themselves rarely reveal clearly the lack or presence of heteroskedasticity,
so estimation results from the estimator using the recentered moment conditions (7) and
the robust one using (25), referred to as RMM and RMM,,, respectively, are presented.
When the empirical rejection rates of a 5% two-sided t-test of the relevant parameter equal
to its true value are reported, for WG and GMM, also included are their empirical sizes
from t-ratios using the White-type robust standard errors (clustered at the individual
level, referred to as WG(h) and GMM(h), respectively). There are different choices for the
GMM estimator, depending on what and how many instruments are used. Breitung et al.
(2022) show that the one-step estimator of Arellano and Bond (1991) is very comparable
to other popular choices (Ahn and Schmidt 1995; Blundell and Bond 1998), so the GMM
estimator used in this section is the one-step one.!” Different combinations of N and T are
experimented with: [100 10; 50 20; 50, 50; 25 40; 20 50; 10 100]. Regardless of N and T,
one can always use the estimator in this paper, but in reality, in a situation like N = 25,
T = 40, to conduct inference, there is typically no convincing evidence for one to favor one
asymptotic regime over the other. So in what follows, in addition to the bias and root mean
squared error (RMSE), all out of 10,000 simulations, also reported are the empirical sizes
using standard errors constructed under different asymptotics. In particular, RMM(N) and
RMM,(N) denote the empirical sizes from t-ratios using the large-N standard errors (see
Sections 3.2 and 4.1) for RMM and RMM,,, respectively. Likewise, RMM(T) refers to the
empirical size from the t-ratio when the large-T standard errors from (17) (or (22)) are used
for RMM. Furthermore, RMM,(NT) means when the feasible variance (32) (or its version
under unit root) is used for RMM,, which is valid if both N and T are large. On the other
hand, RMM,(T) does not mean that a different ¢-ratio is used and instead, it signals that, for
the RMM;, f-ratio when the feasible variance is used, the /N /(N — 1)ty_1 approximation
developed by Hansen (2007) under large T is used for conducting hypothesis testing.

Included for comparison are the bias-corrected estimators of Bun and Carree (2006) (BC
for short) and Juodis (2013) (BCJ for short).'® As Juodis (2013) points out, BC is consistent
under homoskedasticity and cross-sectional heteroskedasticity, but invalid under temporal
heteroskedasticity. BCJ, on the other hand, is robust to both forms of heteroskedasticity.
Neither Bun and Carree (2006) nor Juodis (2013) derives the asymptotic distributions of
their bias-corrected estimators, so only their bias and RMSE results are reported in this
section. Included also is the half-panel jackknife (HP]) estimator of Chudik et al. (2018),
where errors can be heteroskedastic across both i and t.

In the experiments, B, = (1,1)" and three sets of parameter configurations of ¢, are
used: (0.3,0.3,0.2)’, (0.3, —0.2,—0.1)’, and (0.3,0.6,0.1)". The first configurations reflects a
situation when the degree of time-series correlation is relatively strong in the sense that the
cumulative partial effect of a past shock, measured by powers of ¢p; + ¢Po2 + o3, can be high.
The second set corresponds to a case of zero past effect, and the last one is a unit-root case
where the past effect never dies out. To save space, only results related to ¢g1 + ¢z + ¢o3
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under the first set of parameter configuration (0.3,0.3,0.2)" are reported, whereas results
under the other two parameter configurations are contained in Appendix F.'

Table 1 reports the bias and RMSE, both multiplied by 100, and empirical rejection rate
of the two-sided 5% t-test related to ¢g1 + ¢o2 + ¢o3 when u;; is homoskedastic. One sees
clearly the superb performance of both RMM and RMM,,, with the smallest bias and lowest
RMSE. GMM performs reasonably well, but its bias and RMSE peak at (N, T) = (50, 20).
The WG estimator performs the worst when T is small but improves as T gets relatively
larger, but is still more biased even when T' = 100 compared with RMM or RMM,,.. BC and
BCJ report larger bias and higher RMSE than GMM on many occasions, though there are
also cases where they are much better than GMM. Note that BC and BCJ bias-correct the
WG estimator, which is in fact consistent under large T. Table A1 in Appendix F reveals
that when there is a unit root, BC and BC] give a much larger bias than WG, even when T
is relatively large. So, in this case, the action of bias-correction gives more biased estimates.
HPJ is the most biased and possesses the highest RMSE among all the consistent estimators
at (N, T) = (100,10), namely, when the panel is relatively short. Its performance improves
quickly as T increases, though still quite a bit below RMM/RMM,;.

Table 1. Simulation results: ¢, = (0.3,0.3,0.2)’ under homoskedasticity.

(N, T) (100,10)  (50,20) (50,50) (25,40) (20,50) (10,100)
Bias (x100) WG -5.75 226 066 091  —0.70 -0.33
GMM -1.59 220 -066 -091  -0.70 -0.75
BC 0.50 2.15 0.92 1.23 0.89 0.26
BCJ 0.44 2.15 0.92 1.23 0.89 0.26
HPJ 3.45 1.10 0.23 0.35 0.21 0.06
RMM -0.01 -002  -0.01  -003  -0.04 -0.04
RMM, -0.01 -0.02  -0.01  -003  -0.04 -0.04
RMSE (x100) WG 6.06 2.60 0.88 1.34 1.15 0.87
GMM 2.48 2.55 0.88 1.34 1.15 1.52
BC 2.33 2.71 1.11 1.66 1.33 0.86
BCJ 2.31 2.70 1.11 1.66 1.33 0.86
HPJ 4.65 2.23 0.75 1.32 1.17 0.91
RMM 1.93 1.31 0.57 0.98 0.92 0.81
RMM, 1.95 1.31 0.57 0.98 0.92 0.81
Size(5%) WG 88.54 4409 2095 1580 1231 6.98
WG(h) 86.78 4401 2213 1865 1552 12.47
GMM 13.32 4210 2093 1572 1221 8.64
GMM(h) 14.37 4312 2256 1939  16.32 16.76
HPJ 21.36 8.96 451 4.68 422 3.87
RMM(N) 5.70 6.45 6.13 7.49 8.17 10.52
RMM(T) 6.45 6.25 5.50 5.70 5.56 5.34
RMM,(N) 5.74 6.50 6.14 7.47 8.13 10.52
RMM,(NT) 6.65 6.98 6.62 7.84 8.41 10.52
RMM,(T) 6.01 5.98 5.23 5.56 5.53 4.40

Note: WG is the within-group estimator; GMM is the one-step estimator of Arellano and Bond (1991); BC is the bias-
corrected estimator of Bun and Carree (2006); BCJ is the bias-corrected estimator of Juodis (2013); HPJ is the half-panel
jackknife estimator of Chudik et al. (2018); RMM and RMM,, are, respectively, the recentered method of moments
estimator in this paper and its robust version. For the size performance, WG(h) and GMM(h) are based on clustered
standard errors at the individual level, RMM(N) and RMM,(N) are based on the large-N standard errors, RMM(T) is
based on the large-T standard error, RMM, (NT) is based on the standard error that is valid under large N and large T,

and RMM,(T) is based on the /N /(N — 1)tx_1 approximation. Reported are the bias and RMSE (both scaled up by 100)
out of 10,000 simulations of the estimated ¢o1 + ¢o2 + $o3 and the empirical size of the 5% two-sided t-test for testing the
sum of the autoregressive parameters equal to its true value. The DGP follows (36) and (37).

Now, consider the size performance of the associated two-sided 5% test from the
different estimators. From Table 1, one sees severe size distortions of the WG-based
inference when T is relatively small, but its empirical size is close to the nominal size
when T = 100. The GMM-based inference performs really poorly. The t-test based on HP]
severely over-rejects when (N, T) = (100, 10), but its size distortion goes down quickly
when the panel has longer spans. The large-N-based inferences from RMM and RMM,,,
namely, RMM(N) and RMM,(N), give empirical sizes close to 5% when N is relatively
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large. On the other hand, RMM(T) delivers a reasonably good size performance even when
T is relatively small. Results from RMM,(NT) and RMM,(N) are mixed: when they work,
they may perform slightly worse than RMM(N) and RMM(T), but their performances
get worse when N is small and T is large. Finally, the size result from RMM,(T), namely,
using the \/N/ (N — 1)ty_1 approximation for the asymptotic distribution of the t-ratio,
is good in almost all cases. Recall that the /N /(N —1)ty_1 approximation is valid
under homoskedasticity. These results are not surprising, given that homoskedastic
errors are simulated and that, for the robust estimator, the feasible standard errors based
on (32) (or its version under unit root) require both N and T to be large. In fact, when
(N, T) = (50,50), the size distortion from RMM,(NT) is the smallest compared with other
(N, T) combinations with relatively smaller N or T.

Table 2 reports results under cross-sectional heteroskedasticity. Relative performances
of these different estimators largely stay the same. Notably, BC and BC] perform really
poorly when (N, T) = (100, 10), though they are designed to bias-correct the WG estimator
under large N and fixed T. In contrast to the homoskedastic case, HPJ gives a smaller bias
and lower RMSE than RMM/RMM,; when (N, T) = (100, 10), but usually performs worse
in other cases. In terms of hypothesis testing, when N is relatively large, both RMM(N)
and RMM, (N) work well; when T is relatively large, both RMM(T) and RMM,(T) provide
empirical rejection rates close to the nominal size. Recall that the RMM estimator designed
under homoskedasticity is also valid under cross-sectional heteroskedasticity, and so is the
related inference procedure. There is pronounced size distortion from HPJ for the unit root
case (see Table A2 in Appendix F), but its size performance is reasonably good under the
other two parameter configurations when T is not relatively small.

When there is time-series heteroskedasticity, the robust estimator usually dominates
all the other estimators in terms of bias and RMSE, as demonstrated in Table 3 (and Table A3
in Appendix F). In terms of hypothesis testing, the large-N RMM, t-ratio delivers very good
size performance when N is relatively large, whereas the \/N /(N — 1)fy_1 approximation
(RMM,(T)) provides good results when T is relatively large. The large-N-large-T RMM,-
based inference reports upward size distortions in almost all cases.

Finally, Table 4 provides results under double heteroskedasticity, namely, when both
cross-sectional heteroskedasticity and time-series heteroskedasticity are present. RMM,, is
the least biased, except when (N, T) = (100, 10), where HP] is slightly better. On the other
hand, RMM, which ignores temporal heteroskedasticity, reports very small bias on many
occasions, especially under the second and third parameter configurations (see Table A4
in Appendix F). In terms of RMSE, BCJ and RMM;, are comparable. In terms of the size
performance of the associated t-test, the story is very similar to that reported when there is
temporal heteroskedasticity only, namely, under large N, RMM,(N) is most trustworthy
and RMM,(T) is the one under large T. GMM has the most size distortions in almost all
cases, and HP] gives severe size distortions when there is a unit root.

Summarizing all the simulation results, one can learn the following. (i) When there
is no heteroskedasticity, the proposed estimator can be safely used, either the one based
on (7) or the robust one based on (25), regardless of N and T. When heteroskedasticity
in the time dimension is present, then the robust version is the best. (ii) The presence
of a unit root or not has no substantial impact on its performance. (iii) In terms of
inference, when N is relatively large or is of comparable size relative to T, the large N-based
inference from RMM, has very good size performance, regardless of heteroskedasticity.
When T is relatively large, the large T-based inference from RMM gives reliable inference
under homoskedasticity and cross-sectional heteroskedasticity. (iv) When T is large,
the \/N/(N — 1)ty_1 approximation for the t-ratio from RMM, with the feasible robust
variance usually has good size performance, regardless of heteroskedasticity.
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Table 2. Simulation results: ¢, = (0.3,0.3,0.2)" under cross-sectional heteroskedasticity.

(N,T) (100,10)  (50,20) (50,50) (25,40) (20,50) (10,100)
Bias (x100) WG -3947 1410 451 418  -2.78 -0.84
GMM -21.83  -1408 451 418  -2.78 ~1.89
BC -10.21 -301 -113 069  -035 -0.03
BCJ -1024  -301 -113 069  -035 -0.03
HPJ 0.69 3.07 112 1.26 0.82 0.15
RMM 118 010 -010 013  -0.12 -0.09
RMM, .00  -008 -010 013  -0.12 -0.09
RMSE (x100) WG 39.87 14.57 4.82 4.74 3.41 157
GMM 23.05 14.57 4.82 4.74 3.41 2.89
BC 12.56 5.09 2.03 235 2.00 1.33
BCJ 12.59 5.09 2.03 235 2.00 1.33
HP] 9.66 6.70 2.59 3.40 2.77 1.54
RMM 11.14 457 1.77 2.32 2.01 1.34
RMM, 11.08 4.61 1.77 2.32 2.01 1.34
Size (5%) WG 100.00 9925 8405 5252 3341 9.73
WG(h) 100.00 9768 7830 5004 3499 15.40
GMM 89.51 99.14 8402 5228 3322 14.19
GMM(h) 85.70 9755 7896 5170  36.68 23.15
HPJ 8.00 1317 10.04 8.42 7.02 4.20
RMM(N) 6.47 5.78 6.84 7.65 8.48 10.35
RMM(T) 42.66 1690  10.09 8.36 7.60 6.09
RMM,(N) 6.37 5.64 6.83 7.67 8.42 10.38
RMM,(NT)  24.67 11.40 8.46 8.35 9.07 10.22
RMM,(T) 23.20 9.63 7.09 6.17 5.92 4.27

Note: See Table 1.

Table 3. Simulation results: ¢, = (0.3,0.3,0.2)’ under temporal heteroskedasticity.

(N,T) (100,10)  (50,20) (50,50) (25,40) (20,50) (10,100)
Bias (x100) WG -3439 -1957 -578 -818 601 -2.37
GMM -2239  -2005 -578  -818  -6.01 -6.23
BC -376  -574  -206  -318 227 ~0.64
BCJ -446 =571  -206  -317 227 ~0.64
HPJ 937  -321 0.74 0.17 0.63 0.43
RMM 1784  -201  -062 -116  -0.82 -0.27
RMM, 0.22 022 -011  -024  -030 -0.20
RMSE (x100) WG 34.84 19.92 6.04 8.70 6.63 331
GMM 23.86 2041 6.04 8.70 6.63 7.41
BC 7.45 7.56 273 449 3.63 2.38
BCJ 7.68 7.55 273 449 3.63 2.38
HPJ 13.59 6.98 2.59 437 3.98 2.86
RMM 18.62 5.27 1.94 341 3.03 2.36
RMM, 6.84 5.39 1.91 3.44 3.05 2.36
Size (5%) WG 100.00  100.00 9476 8508  64.10 18.74
WG(h) 100.00 9997 9251 8163 6222 23.52
GMM 8478 10000 9476 8494 6395 45.46
GMM(h) 81.94 9996 9285 8273  64.03 4542
HPJ 2421 13.71 9.41 8.92 8.36 6.40
RMM(N) 0.32 10.69 8.00 9.49 8.96 11.01
RMM(T) 92.02 17.16 967  10.68 8.74 7.00
RMM,(N) 5.57 4.94 6.36 6.92 7.71 10.93
RMM,(NT)  9.26 12.81 964 1175 1044 11.41
RMM,(T) 8.61 11.24 8.18 8.15 7.07 4.90

Note: See Table 1.
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Table 4. Simulation Results: ¢, = (0.3,0.3,0.2)" under double heteroskedasticity.

(N, T) (100,10) (50,20) (50,50) (25,40) (20,50) (10,100)

Bias (x100) WG -37.33 -16.83 —4.58 —6.95 -5.18 -2.29
GMM -17.49 -16.50 —4.58 —6.95 -5.18 -5.89
BC -9.98 -4.70 -1.22 -2.31 -1.66 —-0.63
BCJ -9.81 —4.66 -1.22 -2.30 -1.66 —-0.63
HPJ -0.37 1.46 1.27 1.47 1.21 0.42
RMM —6.25 -2.71 -0.31 -0.88 -0.58 -0.30
RMM, 0.91 0.13 —-0.08 -0.27 -0.24 —-0.25

RMSE (x100) WG 37.70 17.24 4.85 7.52 5.83 3.18
GMM 18.59 16.92 4.85 7.52 5.83 7.04
BC 11.84 6.48 2.02 3.73 3.15 2.28
BCJ 11.72 6.47 2.01 3.73 3.15 2.28
HPJ 8.91 6.35 2.57 4.46 3.92 2.75
RMM 10.11 523 1.68 3.13 2.82 2.26
RMM, 10.01 5.60 1.68 3.16 2.84 2.26

Size (5%) WG 100.00 99.94 87.27 77.04 56.65 18.48
WG(h) 100.00 99.71 83.81 72.77 55.02 24.20
GMM 83.66 99.91 87.22 76.84 56.45 42.85
GMM(h) 81.15 99.61 84.34 73.94 56.53 44.42
HPJ 9.01 12.02 12.82 11.46 10.67 6.20
RMM(N) 19.97 11.99 6.61 8.48 8.68 10.59
RMM(T) 45.32 22.73 8.55 10.64 9.04 6.57
RMM,(N) 6.18 4.62 6.28 7.32 8.36 10.53
RMM,(NT) 23.10 15.80 8.83 10.76 10.67 10.88
RMM,(T) 21.93 14.08 7.32 7.95 7.13 4.70

Note: See Table 1.

6. Conclusions and Directions of Future Research

This paper proposes an estimation strategy that does not rely on instrumental variables.
One can view the estimation strategy as using the endogenous lagged dependent variables
as their own instruments and then constructing recentered moment conditions by explicitly
exploiting the correlation between the endogenous variables and error term in the model.
The asymptotic properties of the new estimator are thoroughly investigated under various
conditions that relate to the sizes of cross-sectional units and time periods, heterogeneity
in the error variance, and the issue of whether a unit root is present. In general, the
asymptotic distribution does not require both N and T to be large. Under large T, it
resembles the familiar OLS result in traditional regression analysis and its asymptotic
variance achieves the efficiency bound under homoskedasticity. Similar to time series
autoregressions, the convergence rate of the estimator of the autoregressive parameters is
different when there is a unit root under large T, but the standard ¢-test procedure carries
through in hypothesis testing. Monte Carlo simulations demonstrate that it possesses good
finite-sample properties in various situations. All the theoretical results and Monte Carlo
evidence in this paper suggest two directions for future research.

6.1. Cross-Sectional Correlation

Note that cross-sectional correlation is not explicitly discussed in this paper. If there is
a weak cross-sectional correlation (in the sense that the covariance matrix of (11, - - -, unt)’
has a bounded norm as N — o0), then the estimation strategy proposed in this paper
still holds, see discussions in Appendix E. However, both N and T need to be large.
This form of cross-sectional correlation may cover situations where correlation arises
from spatial contiguity as in the spatial econometrics literature. Nevertheless, when
there are dominating units (Pesaran and Yang 2021) whose errors are always correlated
with those from other units, the assumption of weak correlation is violated. Another
situation of violation is when cross-sectional correlation is due to common factors. Under
homoskedasticity, for the case of DP(1), De Vos and Everaert (2021) augment the model
by the cross-sectional averages of the right-hand side regressors, which can be interpreted
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as proxies for the unknown factors. Then, they derive the asymptotic bias of the common
correlated effects pooled (CCEP) estimator of the main parameter vector under large N and
fixed T and design an estimator by matching the CCEP estimator with its asymptotic bias.”’
One could have directly focused on the endogeneity of the defactored lagged dependent
variables, namely, (IT — P)w;, where P is the projection matrix on the proxies, consisting
of cross-sectional averages (including 17). The exact expectation of Y w! (It — P)u; is
not easy to derive, but one can follow De Vos and Everaert (2021) to approximate it and
construct the resulting estimator. It is left for future research to extend the robust estimator
to cases when there is a strong cross-sectional correlation in addition to heteroskedasticity
in higher-order DP with the possibly of a unit root.

6.2. Inference under Heteroskedasticity for Long Panels

It has been observed from Section 5 that all the other estimators in the experiments
perform much worse in terms of bias under cross-sectional and temporal heteroskedasticity
than the robust estimator when T is not very small. On the other hand, non-negligible
size distortions using the feasible variance (32) are also documented and one may need to
resort to the approximation of Hansen (2007) for inference purposes, though one has yet to
show rigorously that the approximation is still valid in the presence of heteroskedasticity.
The re-sampling approach (Kapetanios 2008) may not be applicable under small N and
large T. In addition, if one re-samples the data across i (when N is large and T is small) or
over t (when T is large and N is small), there is the issue of heteroskedasticity or temporal
correlation that one needs to take into account. Designing a practical and reliable inference
procedure for the robust estimator in long panels is a second avenue for future research.
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Appendix A. Some Preliminary Results

Note that ®,(¢) is a lower triangular Toeplitz matrix with non-zero diagonals, so it is
always invertible and its inverse is also lower triangular Toeplitz. From Linz (1985, p. 172),
one has

1
by 1
@;1(4’) = by by 1 ,
br 4 by 1

where b; can be obtained from the recursion, by = Zi;é ¢r—sbs, t=1,---,T—1,byp =1and
¢t—s = 0 for t —s > p. This defines a p-th order difference equation for the series {bt}tT;(}.

The solution of the p-th order homogeneous equation by — ¢1by 1 — -+ - — ¢ppbt—p = 01is
p
bt = Z ar/\ﬁ, (Al)
r=1
where A;’s are the inverse of the roots of 1 — ¢1z — - - - — ¢pzP = 0, and a,’s are constants

determined by the first p initial conditions, where, without loss of generality, it is assumed
that all the A;’s are distinct.”!
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For any £ > 0, let the (i, j)-th element of the T x T matrix ®, 'L’ be denoted by
bij = O(1) with the understanding that bi_j—¢ = 0 wheneveri—j—{ <0. The (i,j)-th
element of the T x T matrix (I>;1L€Zk is then bi_]'_((flgj.

When the DP(p) is dynamically stable, the i-th element of 1/ <I>;1L€ is the sum of the
i-th column of d>;l LK, given by

T 4 T, B Qo ATl
Y o biie=Ya Y A :Za,l’iA, i<T+1-1 (A2)
j=i+t r=1  j=i+l r=1 —
The i-th element of 1’ <I>;1LZZk is
T ) ) 4 1— /\T-i-l—i—é
- T

j=i+l r=1

The i-th element of @, L1 is the sum of the i-th row of ®, 1L!, given by

i—t p i—0 i—j—t p 1— )\1 / )
; bi*j—f = Z ar ; )\r Z Ay—— 1 / <1 (AS)
j=1 r=1 j=1

The i-th element of <I>;1L€Zk1 is

it N
Zbl_]_go’k] - Zﬂr Z(Tk]/\r .
=1 j=1

r=1

The (i, j)-th element of (<I>;1L5)’<I>;1LZ is

Loy D oS it Loy
2 Z arlu}’z E Al’l A}'z = Z Z arlai’zwi,j,s,é,rl,rzr (A4)
r]:l 7‘2:1 j1:1 7’]11 7‘2:1
where
/\,er j—t /\T+1 i— s;&url j—t
n 2 : ;
1%)\,2 jHL<i+s<T+1
Wijslrry =
/\{L+[—i—s_/\T+1,1,SAT+1—/'—[
1 2l ) . .
=1, Ar, its<j+l<T+1

The (i, j)-th element of (<D;1L52k)’<D;1L€Zk is

o por
h—i=syp—j—C _ 2 2 N
‘7k1‘7k] 2 Z Ary ry 2 A A = 0ki0kj Z 2 Ary Ay Wij,s,0,r1,r2°

r= 17'2 1 71:1 7’2:l

When there is a unit root, let A; = 1 and |A;| < 1 be all distinct, 7y = 2,-- -, p. Now,

the (i, j)-th element of @, 1L is b;_ —jewithb; ;. g—al—i—zr 2 ArAy AST7! . Note that the i-th
element of 1'® plLZ is
-
Y b= Ya Y A
j=i+{ r=1  j=it{ (A5)
/\T+l i—/
=ay(T+1—i—/ +Zar T isT+1-L
- /vr

The i-th element of <I>;1L€ 1is
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i—f P i—/ iiip P 1 _/\1 14
Zbi,j,gzzarz/\,] =a(i— ¢ +2ar 0 ¢ <i. (A6)
j=1 =1 j=1

The (i, j)-th element of (erlLs)’CD;lLe is, wheni+s>j+/¢,
R u j1—i—=s,j1—j—¢
Z Z Ay, Oy, Z )\711 )\712
r=1rmn=1 j1=i+s

p T L
—A(TH+1—i—s)+m Y a, Y A7
rp=2 j1:i+s

+ay Zarl YA 2 Y a3 AT (A7)

j1=i+s =27ry=2 j1=i+s
’ p 1+ /\’JFS j—t 1 - AT+l-i—s
:a%(T—i—l—z—s)—i-alZa,( 4 1)7(}\ 4 )
r=2 r
+ Z Z AryOry Wijis,0,r1,rp7

21‘2

where wj js 11, r, is given by (A4), and wheni+s <j+/,

T L. ..
z z ana, Y ARTTEARLT

r=1r=1 j1=j+t

—B(T+1—j—0)+a Zarz Z PUN
=2 j ]H

+a Zarl Z ATy Z Z 4y, Z Ao ATt (A8)
n=2  ji=j+t =21r,=2 Ji=j+t

p 14 AHisy A THI-
:a§(T+1—j—£)+a12a,( 4 1>—(Ar . )

4 |4
+ Z Z Ar 8ry Wi jis,b,r1,rp-

r1 =2 T2:2

Appendix B. Discussion of Several Related Estimators

It is worth discussing several closely related estimators. Bao and Yu (2023) motivate
their estimator by matching the inconsistent WG estimator fyyg = (W AW) 1WAy =
0p + (W' AW) W’ Au, when T is finite, with its approximate analytical expectation. More
specifically, their indirect inference estimator is based on solving a random sample binding
function, namely, 8;; = argy{Owg = 0 + (W AW) LE[W’Au(0)]}, where Au(0) = A(y —
W) and E[W’Au(8)] is an analytical function of 0 (and ). Since, by definition, 8yyg —
8p = (W' AW)~1W’Au, their estimation strategy numerically amounts to matching W’ Au
with E(W’ Au), as considered in this paper, provided that (W’ AW)~! is nonsingular. Under
time-series heteroskedasticity, they introduce a robust estimator that matches E(W’Au)
with E(W'Au), where E(W’Au) is a function of 8y and W but not involving the variance
parameters. Their estimator is robust in the sense that the moment Conditions are valid
under time-series heteroskedasticity, and the variance parameters 07 = Var(u;;) are not
estimated explicitly.

Under temporal heteroskedasticity, Alvarez and Arellano (2022) consider explicitly
estimating o7, such that the whole set of moment conditions includes both first-order
conditions (of the log-likelihood function) with respect to 8 and those with respect to
the variance parameters. When there is no temporal heteroskedasticity, the estimator of
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Alvarez and Arellano (2022) is essentially based on moment conditions matching W’ Au
with E(W'Au) (without the variance parameter concentrated out) plus an additional
one for the variance. Under cross-sectional heteroskedasticity, namely, Var(u;) = o2,
Breitung et al. (2022) construct their estimator by matching the “numerator” of the profile
score function (associated with the the parameter vector ¢) with its expectation. This,
together with the exogeneity condition on X, constitutes the moment condition for their
estimator. As discussed in the main text, it turns out that the estimator arising from
matching W/ Au with E(W’Au) under homoskedasticity is, in fact, robust to pure cross-
sectional heteroskedasticity, and the estimator of Bao and Yu (2023) is equivalent to that of
Breitung et al. (2022). However, neither estimator explicitly allows for heteroskedasticity
in both cross-sectional and time-series dimensions. Breitung et al. (2022) mention this
extension under stringent restrictions, but do not proceed to formally investigate the
properties of the resulting estimator.

Bun and Carree (2006) and Juodis (2013) consider both forms of heteroskedasticity. In
their bias-correction procedure, the variance parameters are estimated and then plugged
into the bias expression to bias-correct the WG estimator. Notwithstanding, they focus on
short panels and do not derive the asymptotic distribution of their bias-corrected estimator.

Appendix C. Lemmas and Proofs

For the ease of presentation, let C, = Mcp;ll/, Cys = C,Cs, D, = Dg(Cy),B; =
C/—MY¥M, Cgy_y = M®,'®L"5!, and C(;_) s = M®,'®(_, L. Recall
that @y = @,(¢) = I — gL — - —dopL?, @(s_p) = Ps(¢g) — Pp(¢y), ¥ = (T —
2)*1TDZ — (T =2)~1(T = 1)"'tx(Dy)L. Denote L) = Dg(E(43)), - - ,E(u?,)) and £\*) =
Dg(E(u},) — 304, -+ ,E(u},) — 30%) when there is heteroskedasticity. dg(-) creates a

Column vector consisting of the diagonal elements in order of its argument, and © is
the matrix Hadamard (element-by-element) product operator.

Lemma Al. (i) Under Assumption 5 or 6, W' Au = Op(NT). (ii) Under Assumptions 1-5,
Var(VNTgyr) = (NT) 'Var(W/ Au) — 0*[2(T — 1) /T + vo(T — 1)?/T?| hl'. (iii) Under
Assumptions 1—4 and 6,

(o R & ) f,1
\/7 1 N . .
Vi NT = — : , A9
ar( gnT) NT l; Gt Cipp dﬁ,p (A9)
dip - dl-,p X;MZZ-MXi

where c; s = Cov(y! (—oyMui — u;MY¥ Mu,,y! (—syMuj — u.MY¥sMuj;) is given by the sum of
the 15 terms in (A11) and d; y = Cov (X Mu;, y. (J)Mui — u; MY Mu;) is given by (A12).

Proof. (i): Using moments of quadratic forms (e.g., Bao and Ullah 2010), one has E(#’ Au) =
0?Ntr(M) = ¢?N(T — 1) under Assumption 5 and E(u'Au) = YN, tr(MZ;) under
Assumption 6. Note that M is uniformly (in T) bounded in row and column sums
and X; has O(1) elements. Thus, using Lemma A2 of Bao et al. (2020), tr(MX;) =
O(T), leading to YN | tr(ME;) = O(NT) Further, Var(u'Au) = 0*N[2tr(M) + y,tr(M ©
M)] = 0*N[2(T — 1) +72(T — 1)?/T] = O(NT) under Assumption 5 and Var(u'Au) =
YN, [tr(Z, WoMoM ) + 2tr(E;MX;M)] under Assumption 6, where it is obvious that

tr():.f JoMoM ) = O(T). Using Lemmas A2 of Bao et al. (2020), again, one can claim
tr(Z;MX;M) = O(T). So in either case, one has Var(u’Au) = O(NT) and one can claim
that u’Au = Op(NT). (ii): See Supplementary Appendix D of Bao and Yu (2023). (iii): With
gy = (NT)TYN, (v}, Mu; — ulM¥1Mu;, -y} Muj — u/M¥,Mu;, ulMX;)’,
one can derive Var(\/i gn7) such that its top-left p x p block contains in its (¢,s)-

th position (NT)~! Z 1 Cov(y! (- Z)Mul- — u,MY /Mu;, y?,(—s)M”i — uMY¥sMu;), {,s =
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1,---,p, its lower-left k x p block consists of k x 1 columns like (NT) "1 yN, Cov(X/Mu;,
y;,(_é)Mui —u!M¥,Mu;),{ =1,---,p,and its lower-right k x kblockis (NT) ' _N , XM
X;MX;. Substituting (4) into (25), one has, for { =1,---, p,
Yi(—oMu — ;MY Mu; = uByu; + a;u;Ci1+ u;C X,
-1 p-1 (A10)
+ Y uiCiujeryij+ Y wiC(j—p)i—jeryij-
=0 j=¢

Thus, Cov(y;,(fg)Mui - ugM‘I’gMu,',y;’(fs)Mu,‘ — u;MY¥;Mu;) has the following 15 terms,

tr(z¥) © By © Bs) + tr[Z;B,Z:(Bs + BL)],

Var(a;)1'C)%;Cs1,
BoX;C/EiCsX By,
/-1 s—1 o
Y. Y EWi—ji¥i—3)eiCl oy ZiChys—jpet,
1=1j2=1
p—1p-1
! !
2 L B3 Yi- )1l p) o BiClip—p)a-pel
1=t jp=s
E(a;)[dg(E® © By)Co1+dg(£® @ By)Cy1),
dg(z?) © B,)C.X:B, + dg(="® ’@Bswx Bo.
s—1 —
E(y;j)dg(E\Y @ B))uiC;_jer + ZE vi)dg(EY © Bo)ulCiy_jer, (A11)
j=0 j=
p—1 p—1

E(y;,-)dg(E © BujC(j_ps jer + E (vi-)dg(E © BulC(j_p) - jer,

-.
I

E(Déi)(l CiZiCsXiBy +1'C.ZiCoX;By),

s—1 (-1
. E(yi ;)1 C)Z;Cjs ]el—i—ZE yi— ;)1 CLZ;Ci 0 jer,
]:
p—1 p—1
m]aﬂCﬂcomsﬂr%ZEyl]ﬂCZCUm;fL
j=s j=
s—1 ,
. E(y;, ])ﬂOX sz‘zcjs jé1+ ZE Yi,—j ﬁOX C.Z; iCj—jer,
j= j=
p—1 p—1
Y E(Yi—) BoXiCEiCj—p) s je1 + Z (Yi,—) BoXiCZiC(jp) o jer,
j=s
l—
Z ZE Yi—hlYi, ]2)81C]1/ ]12 C(]z p)s—j €1
j1=0ja=s
-1 p-1
+ ZO Z E(y;, i Yi,—j2 el ]1,5 ]1):' C(]z p)L—jp€1s
71=0jo=

and
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COV(XgMui,yg( o Mu; — u. MY, Mu;)
= X!Mdg(Z®® © By) + E(a;) X,ME;C,1 + X, ME,C,X;B, A1)
/—1 p—1
Y By XIME,Cyrjer + X EB(yi, ) XiMEC(j_p) 1 jer
jn) =t

in view of results on moments of quadratic forms (Bao and Ullah 2010; Ullah 2004). O

Lemma A2. For the stable case, namely, |A,| < 1forallr =1,---,p, the following hold for
ts=1,---,T: () 1®, L1 = O(T); (i) ®, ' L'®, L1 = O(T); (iii) 1'C4s1 = O(1) and
d'Cy1 = 0(1), whered = (dy,--- ,dr)" # 0 consists of O(1) elements; (iv) tr(C,Cs) = O(1);
() tr(Cy ® Cs) = O(T1); (vi) tr(Cys) = O(T); (vii) all the non-zero elements of dg(Iy ® Cy)
are O(T™1); (viii) 1CysCsp1 = O(1); (ix) tr(Cys ® Cys) = O(T); (x) tr(CysCsp) = O(T); (xi)
tr(CysCys) = O(T).

Proof. These results follow by substituting (A2) , (A3), and (A4) into the various terms
involved.

(i): Using (A2), one has

T+1-¢ AT+1 it p (T—é)(l—)\r)—}\r(l—/\,T*Z)
17®;1L1 = ar =Y a
: z; 2 r=1 (1 - )\r)z
P,
=T) - (1).
r=1

(ii):  Using (A2) and (A3), one has

i 1 T+1-¢ [ P 1_)\T+1 i—0 14 1_)\;’75
re,'L'e,'I'1= ) Zar p” Zﬂrﬁ

i=s
T+1-61 — AT-&-l i— 61 )\z s

|4
g Z Zarlﬂrz Z 1_/\71 1_)\?2

1’1*1 72*1 i=s

ay. ay
T 12 +0(1).
rlz] r;l Arl)(l - /\7’2)

(iii):  Without loss of generality, assume ¢ > s. First consider d = 1. Using (A3), one has

4 1— )U Y4 )\ifs
—17¢ -1 —
1(e,'L)®,'L*1= Z(Zar )(Zar .

)\z 61_)\1 s

Z Z Arylry 2 1— )\

r1=1r=1 1 r2

=T firyry o(1).
rf;lr;l( —An) (1= An) o

Further,

1, —17s 'a&d—171¢ 1 $ ar . ay
=1'® 1T, L'1==|T 1 T 1
Tl PLll P T 21_/\;’+O() 21—/\r+o()
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It follows that
1
-1 -1 -1 —17¢
1C1=1'(®,'LY)'®, L1 F1e,'I1 1, L1 =0(1).

For { =s,1Cyl = 1’(<I>;1Lé)'M<I>;1L£1 is the sum of square of elements of C,1.
This implies that, at most, some finite number of elements of C;1 can be O(1),
and all other elements are O(T~1). Thus, for any non-zero T x 1 vector d of O(1)
elements, d'C,1 = O(1).

(iv):  Inlight of the facts that T-11'®,'L’®, L1 = O(1) and T"'1'®, 'L‘®, L1 =
O(1) from (i), T~21'®,'L°1-1'®, ' L'1 = O(T ") from (jii), and tr(®,'L‘®,, ' L?)
= 0 since both <I>;1L£ and ¢;1Ls are strictly lower triangular,

_ _ 1 ) _
tr(C,Cs) = tr(®, 'L'M®, ' L*) — f1’<1>p 'L'M®,'L°1

1
“11lFH—175\ _ “1'&®&—11sdh—177¢
—tr((b][J L(Dp L®) T1<I>p L<I>p L1

1 e A tg—1ys 1 s ~1704
_TI‘DPL(D Ll—l-ﬁlq) L°1- 1(I> L1
—o(1).

(v):  Note that both @, 1LY and @, 1Ls are strictly lower triangular. It then follows
that tr(Cy ® C5) = T‘ztr(ll’d)fﬂ ©) 11’(I>;1L5), where the (i,7)-th element of
11/ <I>; 17%is the i-th element of 1/ <I>; 11!, Therefore, using (A2) and assuming ¢ > s,

1
tr(Cy ® Cs) = ﬁ1 ®,'L(@, L)1
T+1-¢ 1— /\T+1fi7€ 1— AT—&-l—i—s

- T2 Z Z i ), 111;\,1 1:2)m

rn= 11’2 1 i=1
Ay, Ay
= T 2 +0(1)
rlzlrzzl /\rl)(l 7)\72) (
—o(T Y.

(vi):  Note that tr(Cys) = tr((® 1Lf)’<1>,les) - T’11’<I>;1LS(<I>;1L[)’1, where, from (v),
T’ll’fbrles( S1LY)1 = O(1). Thus, using (A4) and assuming ¢ > s,

P r T
tr(cfs) = 2 Z Ar,0r, szzlsm,rz +O( )
ri=1ry=1 i=1
Afz s Az“]-i-l—i—é)\z;-&-l—i—s
= ar, a +0(1
rlgl rzzl e Z 1_/\”1)‘72 ( )
Ar, Ar, A r =S
:TZZ =2 - 4 0(1).
r1=1r= 1 Arl/\’?)

(vii): Since <I>;1Lé is strictly lower triangular, dg(Iny ® Cy) = —T~!dg(Iy ® 11’<I>rleZ).
From (A2), the diagonal elements of 11’<I>; 'L" are all O(1). Thus, one can claim
that all the non-zero elements of dg(Iy ® C;) are O(T~1).

(viii): From (iii), at most, some finite number of elements of C,1 can be O(1) and all other
elements are O(T~!). Also, all the elements of <I>;1LS(<I>;1LS)’ are O(1). Thus,

1CyCy1 =1(®, ' LYY M, L (&, Ls) M®, ' L1 = O(1).
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(ix):  The (i, j)-th element of Cs = (®,'L")'®,'L* — T~1(®,'L")'11'®, " L*, in light of

(A2) and (A4), is
1 (1AL (g p
Wij b5, f 1— Arl 1— /\72

Therefore, tr(Cys © Cy5) = O(T).
(x):  From the previous part, the (i, j)-th element of Cy, is Zflzl Zf2:1 Ay Ary Wi 0s,1,00 T
O(T~1). Thus, the i-th diagonal element of Cy,Cyy is

P P
Z Z Ay, Qr,

7‘1:1 7‘2:1

= 0(1).

T p P P 14
Z < Z Z arlﬂrzwi,j,f,s,ﬁ,rz) ( Z Z ar, arzwi,j,s,é,rl,Q) + O(T_l)

j:1 1’1:1 72:1 7’1:1 72:1

Z Z Z Z Ay Ay Ary Oy, (szjésrlrzwl,],sér3,r4> +O( )

ri=1r=1r3=1r=1

— o).

Therefore, tr(CysCsp) = O(T).
(xi): By similar reasoning as in (x), one can show that the i-th diagonal element of Cy;Cy,
is O(1), and then tr(CCys) = O(T). O

Lemma A3. For the unit-root case, namely, Ay = Land |A,| < 1,r =2,-- -, p, the following hold
fort,s=1,---,T: (i) 1’<I>;1Lgl = O(T?) and d'C/1 = O(T?), where d = (dy,--- ,dr)’ # 0
consists of O(1) elements; (i) 1'®, ' L'®, L1 = O(T®); (iii) 1 Cys1 = O(T?); (iv) tr(C,Cs) =
O(T?); () tr(Cy ® Cs) = O(T); (vi) tr(Cys) = O(T?); (vii) all the non-zero elements of dg(In ®
Cy) are O(1). (viii) 1'CysCop1 = O(T?); (ix) tr(Cys ® Cys) = O(T?); (x) tr(CysCsp) = O(T*);
(xi) tr(Cgngs) = O(T4).

Proof. These results follow by substituting (A5), (A6), (A7), and (A8) into the various terms
involved.

(1): Using (A5), one has

&t P TH1—C 1 _ \T+1-i~
1/¢;1L51:a1 Y (T+1—i—-0)+Y a Y 177)\
i=1 r=2 i=1 — Ar
(T t41)+ Y e T OA A = A=A
- 2 = r (1 _/\r>2

=3+ 2 -20 T+TZ

. +0(1).

_ )\r
Similarly, using (A6)
, 1ot T ) 1— )\Z 14
dq); L'Ialzdi(l* +Za72d11_
i=/
T
= 2 ldl — glll Zdl + O(T)
i=1 i=1

=m iidl- +0(T) = O(T?)
i=1

and thus, by denotingd = T~' Y., 4,
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(ii):

(iii):

@iv):

AM®,'L'1=d'®,'L'1-d1'®,'L'1+ O(T) = oy Y i(di—d) = O(T?),

which may retain a term of order O(T?), unless all the elements of d are the same.
So, in general, d'M®,'L‘1 = O(T?).

Using (A5) and (A6),
'd—11la—1
1o, L'®, L1
T+1—¢ )\T+1 i—¢ p 1_/\1 s
=Y |;(T+1-i—¢ —i—Za, 1 a1(i—s) +Z“r -
i=s - T
T+1-¢ P TH1-4 1 ATH1-i—¢
=af Y (T+1-i—0)(i—s)+a Y a Y. (i—s)lr_i/\
i=s r=2 i=s r
+a Za T%€T+1 i~ Ay oy Inry +0(1)
1 i
’ i=s 1-As r=2ry=2 (1_A71)(1_A72)

:%(T—£—s)(T—£—s+1)(T—£—s+2)

4 T? T[1—3A, —2(1 = A,) (£ +5)]
+alzar<1—/\r+ (1_)\;')2 >

r

4T Z Z A‘:S”(l;z_ ™~ +0(1)

27’2 2

2 p
_“1 5 1i(1—LC—s) , 2
= T T T 2

1_)\ (T)-

Without loss of generality, assume ¢ > s. First, note that

T p 1— Al—s _/\175
:a%Z(z—K)(z—s)—f—a z rz (i—40) L+ (i—s) r +0O(T)
i=( r=2  i=f 1-A 1-A
2 4
a5 aj(1—~4—s) , ” ;
—3T 5 T*+aT r:Z‘éliArJFO(T)

Further, from (i),

1y Aysq 1rgy—17¢
qu)p L1-1<I>;7L1
1|a;.p, m P, al.p a4 Py,
== |=T —(1—-25)T+T —T —(1-20T+T o(T
T|27 3l S)Jrr;zl—)x, PR )Jrr;l—A,Jr()

2 2 P
_ 4.3 ay(l-L—s) , 2 ar
=, +———T+aT ,§21—A,

+0O(T).
It follows that
1
I 111\ Fd—1 Iy —1 lagy—1717¢ 13
1C451—1((I>p L)<I>p le—T1<I>p L51'1<I>p L1—12T +O(T).

Using results from (ii) and (iii),
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tr(C,Cs)
1 ey Tyl Lore dysa—1r0q  Lora 1plq—17s
= 519,'L'1-1®, L1—T1<I> Lo, L 21'9,'L'9, L1
2
l 2 1
=ar T(1—C—s)+mT
iRl s)+m Z:1—/\7
a3 o
3T +a1T(1—£—s)+2a1T217)\r +0(1)
2
af o aj(1—L—5s) ar
SR I S Y o(1).
12 2 “ gl—/\rJr @)

(v):  Assuming ¢ > s,

tr(Cy © Cs)
= %1 @, 'L (@, L)1
1 T+1-s
== Y [m(T+1—i—0)+0)][a(T+1—i—s)+0(1)]
i=1

az
= §T+ o(1).

(vi):  Assuming ¢ > s,

1
tr(Cps) = tr((@,'LY) @, L°) — —1'®, L (@, L)1

T
T+1-4¢ ' p a 1_,'_/\(75 1—)\T+17i /
= Y [A(T+1—i-0+a ) A 1)(_A . *Z Z“rl’l’zwuésnrz
i=1 r=2 r =2r=
1 T+1-4 P ar(l _ /\T+1fifs)
- T4+1—i— S, E— T4+1—i—
T L a(T+1—i s)+; - m(T+1—i—2)
i=1 r=2
14 ar(l_ArT+1zl)]
r=2 1=Ar
2 2
M2 Mo
5 12— 3 T2+ 0(T)
22
éﬂ+m)

(vii): From (A5), the diagonal elements of 11'®, 1 L’ are all O(T). Thus, one can claim that
& p
all the non-zero elements of dg(Iy ® C/) = —T~ldg(Iy ® 11’<I>;1LZ) are O(1).
(viii): By substitution,
1'CysCyp1
=1(@,'L"YM®,'L*(®,'L*) M®,'L"1

_ _ _ _ 1 _ _ _ _
— 1/(¢p 1L[)/‘pp1LS(q’p 1LS)/(I)p1LK1 _ T]-/(q)p 1LK)/1 . 1/¢p1L5(¢p 1LS)/¢p 1LK1
1

ad—11V®d—-115(d—-175V1.1'd—177¢
—?1(<I>p L®,'L*(®,'L°)'1-1®, L1

1 / S EAY Iy —1 -1 4 lagy—171/0
+ 5 1'(®, L)1 10, 1L (@, 1L°)1- 19, L
2
Y 170\ g—1 -1 Iagy—171¢
=1(e,'L) e, (e, L") ®, L1 - =

1 - 10
ﬁ1 ®,'L°(®,'L°)1- (1'®, L1)*.

1/¢;1L€1 . 1/(<D;;1LE)/¢;1LS(¢;1LS)/1
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Assume ¢ > s. Using (A7) and (AS8),

1/(@;1Lf)/¢‘;1LS(¢;1LS)/¢;1LZI

T [itl—s T+1-j 2
_2 Z G(T+1—i—0+ Y af(T+1—j—s)+0(1)
=1 j=itl—s+1
- zﬂirf’ +0(T)
15 '
Using (i), (A5), (A7), and (A8),
2 _ _ _ _
_ 2 lZ] 2
= f<5T +O(T))
T+1—¢ [i+l—s T+1—j
x Y Y d(T+1-i—-0+ Y, a(T+1-j—5)+0(1)
i=1 | j=1 j=itl—s+1
X [ (T+1—i—s)+0(1)]
5 24 5 4
T T
Using (i) and (v),
Lo S (@, L)1 (19, ' L'1)? = ﬁT+O(1) (a—lT2+O(T)>2
T2 p p —\3 2
1 5 4
= =T T
1 o).
Therefore,
2a4 5a% at
/ _ M5 175, M5 4 5 4
VCyCol = G5 T° = ST+ 5 T° + O(T) = 120T +O(T%).

(ix): By substituting Cys = (®,'L")'®,'L° — T~!(®,'L")'11'®,'L*,
—17/ -1 —17/ -1
tr(Cps © Cys) = tr((@,' L)@, 'L’ © (@, 'L") @, ' L)

2

1 _ _ _ _
+ o tr((@ 'L11'e,'L o (@, 'LY) 11’0, L*).
Assume ¢ > s. Using (A7),
+1— 4
w((@,'L))®, Lo (@, L) ®,'L°) = Z [al (T+1—i— )+O(1)]2: %T3+O(T2).

i=1

Using (A5), the i-th diagonal element of (CI>;1LE)’11’<I>;1LS is,i <T+1-/,

1— A;+17i75

AT+1 i—f
a(T+1—i—/¢ +Z“V )
T

1—A

p
a(T+1—i—s)+ ) a
r=2

Thus,

2 _ _ _ _
S (C 'LY®,'L*o (@,'L')11'®,'L?)
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(x):

25 [ 0 +0w)]
== aA(T+1—-i—£)+0(1
T i=1
X[a(T+1—i—£0)+0(1)][m(T+1—i—s)+0(1)]
4
= 213+ 0(T?),
and
1 _ _ _ _
(@ 'L1'e, 'L o (@, 'L)'11'®,'L%)
1 T+1-¢ )
=T Y {[m(T+1—i—0)+0(1))[ar(T+1—i—s)+O0(1)]}
i=1
a4
= §1T3+O(T2).
Therefore,
af. 5 4.5 i3 2 ai s 2
tr(Cps © Cy) = gT —?T +€T +0(T7) = %T +O(T%).

By substitution,
tr(CysCy) = tr((@, L) @, L*(®,'L°) @, L")

1 170\ g1 -1 lq1'a—177¢
- str(@, L) @, L% (@, L) 11'®, L)

1 _ _ _ _
- ftr((q>p1Lf)’11’q>p1LS(q>p ') ®, L)

1 .y -1 -1 .y
+ (@, 'L)11'9, L (@, L) 11'®, ' L)
2

1
+ ﬁ1’<1>;1L5(<1>I;1LS)’1 1o, 'L (@, L)1.

Assume ¢ > s. Using (A7),
tr(<¢;1 Lé)/q);l LS(Q;;lLS)/d);l LZ)
i=1( j=1 j=itl—s+1

a4
:éﬂ+mﬁy

Using (v),

1 1
2
1

aZ
= El"ﬂ +0(T)

a
[3T2+O(T)

{14
= §1T4+O(T3).

Using (A5), (A7), and (AS8),

T (i+l—s 5 T )
—Z{ Y dr+i-i—n+om)] + ¥ |d(T+1-j-s)+01)] }
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(xi):

%1/¢;1Lf(¢;1Lz)/¢;1LS(¢;1L5)/1
2 T+1—Ci+l—s
== Z(al(T+1—i—é))(a%(TJrl—i—é))(al(TH—j—s))
=1  j=1
2T+17€ T+1-s )
+7 Y Y, [m(T+1—-i—0)af(T+1—j—s)][a(T+1—j—s)]
i=1 j=it+l—s+1
+0(T%)
4”% 4 3
= ET +O(T?).
Therefore,
at at 404 at
tr(CpCop) = LT*+ L7 — 21T 4 O(T%) = L T* 4+ O(T?).
Similarly,

tr(CﬁsC[s) — tr((¢;1L€)/¢;1LS(¢;1L€)/¢;1LS)
2 1 1y lygy—1 YN,
- 210, 'L (@, ') e, (@, L)1

- %(1’<1>;1Lf(<1>;1L5)’1)2.
Assume (¢ > s. If £ = s, from (x), tr((<I>;lLZ)’<I>;1LS(<I>;1L€)’<I>51LS) =afT*/6 +
O(T®), in view of (A7) and (A8). Assume ¢ = s + 1. Note that the (i, j)-th element of
(CIJ]leZ)’<1>;1LS has leading term a3(T+1—i—{)ifi > j—land T+1—j—s =
T+2—j—/{ifi <j—1. The (j,i)-th element of (<I>;j1LZ)’<I>;1LS has leading term
a3 (T+1—j—()ifj>i—land T+1—i—s=T+2—i—/(ifj<i— 1. Then,

tr((@;lL[)/¢;1Ls(¢r71L[)/¢;lLs)

T+1-0i-2
= Y Ya(T+1-i—0)aj(T+2—i—1)
i=1 j=1
T+1-¢j—2
+ Y Y a(T+2—j—-0ad(T+1—j—0)+0(T?)
j=i+2 i=1
a4
:éﬂ+mﬁy

Similarly, for any £ > s, tr((®,'L")'®,'L°(®, L")'®,'L*) = ai{T*/6 + O(T?).
Using (v), one has

2

1/—16—1/27”%2 7“‘114 3
ﬁ(ltbp L(<I>p L°)'1)* = ?T +0O(T) _ﬁT +O(T°).

Using (A5), (A7), (A8), and following similarly the proof in the previous part,

S SO R NS SO SV N /.. J 3
1@, L5 (@, L) @, L5 (@, L)1 = S5 T* + O(T°).
Therefore,
at at 4% at
tr(CysCys) = 2T+ LT* — 1T+ O(T%) = LT+ O(T?). O
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Lemma A4. Under the conditions of Theorem 2,

2 2/
Var((NT)"'2W'Au) = ! (aAerJ“TrZ 7 h >+O(T1),

NT o?F, r2X'AX

where T and Ty have tr(Cys) and ByX'(In ® Cys)X By, respectively, in their (£,s)-positions,
ls=1,---,p,and Fy has X' (Iy ® Cy)X B, as its {-th column, £ =1,-- -, p.

Proof. Following Bao and Yu (2023), write Var(W’Au) = Var(W Au) + Var(W/Au) +
Cov(W Aux, W/Au) + COV(W/Au, W’ Au), where W = E(W) and W = W — W (and this
kind of notation to denote the fixed and random components of a random term is used
henceforth). Var(W/Au) has a non-zero top-left p x p block with Cov('y“'(_ A, y’(_ 5 An)
populating its (¢, s)-th position, ¢,s = 1,-- -, p. In particular, Cov(y’(_Z)Au, y/(_s)Au) is
equal to

4N[tr(C5Cs) +tr(Cys) + 72tr(Cp © Cs)] 4 0?1 Cf 1E (7' &)

1-jp,0-1— o =
+0? Z Z el T, elE(yY.¥_),)

(j1,j2)
j1=0j2=0
s S1-ju 1),
5 ]1 —J2 S o
Z Zel (j2—p)) 1E(y—f1y—fz)
1=sja=t

p-1 .
+ 02 2 rof o PeE@y_,)+ 02 ‘Z 1’<1>§gfj2{pf;)>e1E(&'y_j2)

j2=0
2 1([)[51]1) E 2 1p1 51]1//1]2) E ! =~
40 Z o e zxy )+ o E Z e d (r.(n—p)) e (yfjlysz)
=0 1=0j2=¢
+ 221<I)551]1) E( + ZEKZ (51]1/1]2) E(/ o )
v Gp) AE@Y "] ~ 1) (a—p) LYY )
1=

where ¢E )) = ¢;L€’<I>;1/M<D;1Ls¢j. (Recall that ®(,_,) = ®; — ®). Thus, for example,

<I>Ef’f])._p)) = <I>rLé’<I>*1’M¢*1LS<I>(» .) From Lemma A2, in the first term, tr(C,Cs) =

O(1), tr(Cys) = O( ), and tr(Cp © CS) = O(1). The second term ¢?1'C,1E(a'®) is O(N).
ike ¢ @1 A=1-12) (s—1=j1,l=1=}2) e 1-l=1-])

Terms like ey @, e1 1P ) e and e @ G )y er pick up just

one element of the relevant matrices in the quadratic forms in e; and thus are O(1), whereas
terms likes 1 QESZ )1 12) g, q>§3€ ! pj)z)) ,1 <I>EEs )1 e, and 1 CD%“E pj)l))el pick up the
sum of the first column of the relevant matrices in the quadratic forms in e, which are again

O(1). Thus, Var(W/Au) is dominated by elements like c* Ntr(Cy;) = O(NT). Further,

y'(_l)Auu/Ay(_l) s y/(_l)Auu/A]?(_p) 0]/(

Cov(W' Au, W/Au) =E| : o » : . :/ )
YopAuw Ay q) o Y, Auw Ay, O
X’Auu'Af]](fl) s X’Auu’A]N/(fp) Ok

where

E((_gAud'AY(_,)) = oy Adg(In @ Cs) = O(N),
E(X'Auu' Ay ;) = 10’ X'Adg(Iy @ C¢) = O(N).

with 1 denoting the skewness coefficient of the distribution of u;;. Thus,
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Var((NT)~'2W’ Au)

= % [Var(W' Au) + Var(WlAu) + Cov(W Au, W/Au) + COV(W/Au, W Au)|

tr(Cn) cee tr(Clp) 0;(
— UZ%W/AW“FOA% / +O(T_l),
tr(Cp1) - tr(Cpp) Oy
0, e 0, Oy
where tr(Cys) = O(T) from Lemma A2, and
=/ = =/ = =/
YAy o YAy YpAX
1 — — 1 : : : :
—WAW = — : ‘ ‘ ‘
— _ — — —
N NV VA0 o TpA¥y) ¥(pAX
XAy, - XAy, XAX
Bt substituting (5) and using Lemma A2 again, one has
L Ay - iﬁ’x’(I ® Cps)XBy +O(T™)
NTy(_é) y(—s) - NT 0 N ls 0 s
1 Joa— . 1 / -1

Substituting these terms into Var((NT)~/2W’Au) yields the result. [J

Lemma A5. Under the conditions of Theorem 2, (NT)~V/2[W' Au — E(W'Au)] = O, (1) with
E(W'Au) = O(N) and (NT)*W’AW = O, (1). Further, plimy_, ,(NT) "'W'AW exists.

Proof. Using Lemmas A2 and A4, one has E(W’Au) = O(N) and Var((NT)~/?W'Au) =
O(1) + O(T~1). Write W AW = W AW + W AW + W AW + W AW. From Lemma A4,
W' AW = O(NT). By substitution, W AW has Y(_0AY(_s) l,s =1,--, p, populating its

~/

top-left p x p block and zero elsewhere, where, by some tedious algebra, E(y(f 0AY (- s))
has its leading term Nc?tr(Cy) = O(NT) and Var(yzf 0AY(_s)) has its leading term
0*[Ntr(CysCys + CysCly) + Nyatr(Cps ® Cys)] = O(NT) by using Lemma A2. So, one can
claim that (NT)"'W/AW = O,(1). The lowerright block of (NT) 'W'AW is
(NT)~'X’AX, which, by Assumption 3, has a probability limit. The top-left block of
(NT)~'W’AW has elements (NT)’ly’(_,é)Ay(fs), ¢,s=1,---,p, which are dominated by
(NT) ' (INn® ®,' L )u + (Iy @ ®, ' L)XB)'A[(Iy ® @, L)u + (Iy ® @, L*)XB] as
T — 0. Note that they, in turn, consist of terms like (NT) 1u/(In ® Cys)u, (NT) 18X’
(In ® Cys)u, and (NT) 1By X'(In ® Cy5)XB,. From Lemma A2, C; is uniformly (in T)
bounded in row and column sums, and so are Cy; = C@CS and Iy ® Cy,. Immediately, as
T — oo, (NT) 1B, X' (In ® Cys)X By exists, so long as (NT) 1 X’ AX exists. Theorem A.1 of
Kelejian and Prucha (2010) implies that (NT) '/ (I ® Cys)uand (NT) 1 By X' (In ® Cys)u
are asymptotically normal as T — oo (and converge in probability to their respective means).
Thus, one can claim that plim . (NT) "'W/AW exists. O

Lemma A6. Under the conditions of Theorem 2, plimy_,  (NT) " 'W'AW = limr_, o 02
Oy NT, where O N i given by (13).

Proof. plim,_,_ (NT)"'W/AW = limr_,.,(NT)"'W AW + plim,_,_(NT)"!W AW, in
which (NT)~'W' AW is given in the proof of Lemma A4 and plimT_m(NT)’lw/AW
has non-zero elements limy_,o, 02T 'tr(Cy), £,s = 1,- - - , p, populating its top-left p x p
block. 0O
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Lemma A7. Under the conditions of Theorem 2, as T — oo, 01 VAV NTg T LN N(0, I), where
gnt = gt (60) and Qq N are given by (7) and (13), respectively.

Proof. Recall that E(W/Au) = —E(u’'Au)h, where h = O(T~!). Also, Var(u'Au) =
0*N(T —1)(2 + 72(T —1)/T), so E(W'Au) + ' Auh = O,(v/N/T). From Lemma A5,
W’'Au — E(W'Au) = Op(v/NT). Thus, one can write (vVNTgyr = (NT)"V2[W Au —
E(WAu) + E(W'Au) + v’ Auh] = (NT)~V2[W'Au — E(W'Au)] + 0,(1) as T — 0. By
substituting (5) into W’ Au, one has the top p x 1 block of W/ Au consisting of, £ = 1,-- -, p,

u'(In® Colu+u'(IN® Ce)Xﬁo +u'(Iy ® C1)a
(-1

+ Z u,(IN ® Cs,Zfsel —s+ Z IN ® C s—p), [7531))'(,5),
s=0

where C;y_5 = M<I>’ljld>sLe_s_1 and Cs_p) ¢ s = M<I>’1<I>( )Lé_s_l. From Lemma A2,
W (In® Cl)a, i_p ' (In ® Cs—se1)y(—s), and y?r t ' (In ® Cs_p) r—se1)y(—s) are all of

order Op(VN), u'(In ® C))XB, = Op(\/N ), and u'(Iny ® Cp)u — E(u'(In ® Cp)u) =
O, (V/NT). Therefore, as T — oo,

u' (In® C)u—E(u/' (I ® C1)u) +u'(In ® C1)XB,

VNTgnr = +o0p(1).

VNT | 4/(In® Cp)u —E(u/'(In ® Cp)u) +u'(Iy ® Cp)X B,
X'Au

From Lemma A2, C; is uniformly (in T) bounded in row and column sums. It follows
that (Iy ® Cy) are uniformly (in NT) bounded in row and column sums. Obviously,
A = Iy ® M also has this property. Thus, if T — oo, regardless of N, one can invoke
Theorem A.1 of Kelejian and Prucha (2010) to have the asymptotic distribution result. [

Lemma A8. Under the conditions of Theorem 4, as T — o0, Q0 }V/TZ\/ NTgyr LN N(0, I), where
gnT = &nt(60) and Oy Nt are given by (25) and (29), respectively.

Proof. Recall that ¥, is diagonal with O(T~!) elements. Since MZ;M is uniformly (in T)
bounded in row and column sums, one has E(u;MY¥,Mu;) = tr(MZ;MY¥,;) = O(1) from
Lemma A2 of Bao et al. (2020). Likewise, tr(X;, MY/ MLZ; MY /M) = tr(ML; MY /ML, MY¥,)
is O(T~!) and each element of M¥,M is O(T~!) from a similar proof as in Lemma
A3 of Bao et al. (2020). Then it follows that Var(uMY¥ ,Mu;) = tr(Z( o MY /M &
MY ;M) + 2tr(EMY,MEZMY /M) = O(T1) and u’M‘I’gMui = 0(1) + Op(T~1/2). Next,
y;’( )Mul =u; Cgu, +au; C(l-i-u C/X;B, +Zj -0 1 ],/ jelyi,fj—FZ]P;; uﬁC(]’,p)/Z,jely,»/,]‘.
Term by term, E(u;Cju;) = tr(E;Cy) = tr(X;D;) = O(1) since the diagonal elements of
Dy are O(T~1). Following similar steps as in the proof of Lemma A2, since pre- or post-
multiplying <I>;1L€ by Z; does not change the uniform boundedness of <I>;1LZ, one can

claim 1'®,'L'L;1, 1@, 'L°E,®, ' LE1, 10, ' L'E; (@, L) 'L1, L@, ' L'E; (@, L)1,
and tr((<I>;§1LS)’ZZ-<I>;1L€Zi) are O(T). Then, by substituting C; = M(ID;lLS, C, =
M<I>;1L€, and M = I — T~111/, one has tr(CsE;C,Z;) = O(1) and tr(CLZ,C/E;) =
tr((<I>;1LS)'Zi<I);1Lé i) +0(1) = O(T). This leads to Var(u;Cju;) = tr(le ©Ci e
Cy) + tr[(Z;C/Zi(Cp + C))] = O(1) + O(T). So, one can claim that u;Cyu; = O(1) +
Op(T'/?). From the proof of (iii) in Lemma A2, M o, 171 has, at most, a finite number of
O(1) elements, and all remaining elements are O(T~!). It is obvious that Z}/ M <I>;1L£ 1
shares the same properties. Then, a;uC;1 = Op(1) and 1'C.Z;C,1 = O(1). Note that
Cov(u[C Xy, ulC:XiBy) = ByX|CEiCsXiBy = ByX|(®, L") ML}/>L}> M@, L°X;B,,



Econometrics 2024, 12,3

35 0f 48

and it has the same magnitude as ﬁéX;(d)rleZ)’Md);lLinﬁo in view of Lemma A2 of
Bao et al. (2020). So, u?C (XiBy = Op(Tl/ 2). With all these results, one can claim that
the variance of ygf(_é)Mui — u/MY¥;Mu; is dominated by that of uCyu; + u;C;X;B,. The
asymptotic distribution result then follows from Theorem A.1 of Kelejian and Prucha
(2010). O

Lemma A9. Under the conditions of Theorem 4, plimy_,  (NT) "Gyt = —plimy_,(NT) "}
W' AW, where Gy is given by (26)

Proof. Both ¥, and ¥, are diagonal with O(T~!) elements, so the terms in (NT) " 'Gyr
are dominated by —(NT)’lyi,(4>MWi, (=1,---,p,and —(NT) "' X!MW;. O

Lemma A10. Under the conditions of Theorem 4, plim; . (NT)"' YN, WIMEZ,MW,; =
limr_c O NT, Where O N 15 given by (29).

Proof. This follows similarly from the proof of Lemma A6. [

Lemma A11. Under Assumptions 1-5 and that DP(p) has a unit roof,

I +TI3 Fll-i-Fé

—1/2yp7/ _v—1/2_2
Var(Y /“W'Au) =Y /“0 ( Fi+F, XAX

)YW +0(1),

where Ty and T3 have By X' (In @ Cys) X By and 1 Cys1E (o' w), respectively, in their (¢, s)-positions,
l,;s=1,---,p, and Fy and F, have X' (In ® Cy)X B, and X' (In @ C/1)E(«), respectively, as
their {-th columns, £ =1,--- , p.

Proof. Following the proof of Lemma A4 and using Lemma A3, one sees that now the
leading term appearing in Var(W/Au) is 021'Cy1E(a'®) = O(NT?) and the leading
terms in W AW are ByX'(Iy ® Cy)XB, = O(NT3) and 1'Cjl@'® = O(NT?). The
remaining terms (e.g., X' (Iy ® C;)X B, and X' (Iy ® C;1)&) are, at most, O(NT?). Thus, the
leading terms in Var(W’Au) are B, X' (In ® Cy)XBy +1'Cpsl[wa + E(@'w)] = X' (In @
Ci5)X By +1'Cys1E(a’a) = O(NT?) that appear in its top-left block. [

Lemma A12. Under Assumptions 1-5 and that DP(p) has a unit root, Y V/2[W’ Au — E(W' Au)]
= 0,(1) and Y ?W AWY /2 = 0, (1).

Proof. The orders of magnitudes of terms in Y~ V2 [W'Au — E(W' Au))| are obvious, given
the expressions of E(W’Au) in (6) and Var(Y~!/?W’Au) from Lemma A11. Use again

WAW = WAW + W AW + W AW + W AW. The top-left, lower-left, and lower-right
blocks of W AW are O(NT3), O(NT?), and O(NT), respectively. The top-left block of
W' AW consists of y’(_ mA}N/(_S) with mean 0 and variance y’(_ E)AVar(f/_s)Ay(_ ¢)» whose
leading term is

[(IN © @, L)XBy+ (Iy ® <1>;1Lf1)a} ‘A

x {(IN © @, ' L)E(un')(Iy © L@, V) + (Iy © @, L'DE(@’) (Iy ® 1’LS’<1>;1’)}

x A [(IN © @, 'L)XBy+ (Iy © <I>;1LS1)E} .

Using Lemma A3, one can verify the leading term (involving (I ® <I>;1 Ls1)E(ax ) (In ®
1LY <I>;;1’)) in the expansion of the above product is O(NT®). So the top-left block of

W AW is Op(VNT®). The lower-left block of W' AW consists of X'Ay_y) with mean
0 and variance X'AVar(y_;))AX, whose leading term is X'(Iy ® C,C))X + X'(In ®
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C/1)E(aa’)(Iy ® 1'C))X, where, in view of Lemma A3, X'(Iy ® C,C))X = O(NT?®)
and X'(Iy ® C,1)E(aa’)(Iy ® 1’c’) — O(N2T*). So the lower-left block of W AW
is O, (NT?). The top-left block of W' AW consists of elements like y’(_ oMy _), where
E@’( oMy _ 5)) has its leading term 1C;1E(@'a) = O(NT?) and Var(y’(fg)Mf/(fs)) has
its leading terms (721 CysCy1E(@'&) = O(NT®) and 021'C,C1E(&'&) = O(NT?). So the
top-left block of W' AW is O(NT3) + 0, (VNT?). [

Lemma A13. Under the conditions of Theorem 3, plim,_, . Gy = —plim; ﬁoc,Yfl/ wAw
Y12, where Giyr = Giyr(60), Giyr(6) = Y~V/2{a[W/Aly — W) — E(WA((y — WO))]
/00’ }Y~1/2,

Proof. Lemma A12, together with Lemma A3, gives

plimGy; = —plimY~/2W AWy~1/2

T—o00 T—o00

~aptimy-t2( O )( O(NT) + Op(YNT) ) Y172

T—00 U (V )
- O(T) Opxk \y-1/2
+ plimY~ /20 NT( pxk ) y-1/
D p(NT) Orxp Ok
= —plimY~2WAWY /2. O
T—o0

Lemma A14. Under the conditions of Theorem 3, plim. %OOUZY*U W AWY V2 = limr_,
OF nr(w), where QF yr(a) is given by (19).

Proof. From the proofs of Lemma A12, Y~ 1/2W/ AWY /2 is dominated by Y~ /2(W AW

+ W/AW)Y*” 2 when the fixed effects are deterministic. Its top-left block consists of
leading terms (NT2)~1o?[B,X'(In ® Cy5)X By + 1'Cys1a’a], the lower-left (or top-right)
block consists of leading terms (NT?) !'¢0?[X'(Iy ® C¢)XB, + X'(In ® Cy1)a] (or its
transpose), and the lower-right block is (NT) '¢?(X’AX). Under the conditions of
Theorem 3, in view of Lemma A3, for a given N, all these terms have well defined
limits as T — oco. If N also diverges as T — oo, by writing Y~ V/2W/ AWY1/2 =

“1y N WY MW?, where W is the properly scaled version of W;. (In particular, the first
p columns of W; are multiplied by T~3/2 and the last k columns are multiplied by T—1/2.)
One can check that (the dominating part of) each element of the (p + k) x (p + k) summand
is uniformly (in T) bounded for each i and Theorem 1 of Phillips and Moon (1999) applies,
namely, the sequential convergence and joint convergence are the same, provided that the
limit is defined when N — co. With the matrix QF yr(«) defined accordingly, the result
follows. O

Lemma A15. Under the conditions of Theorem 3, Q0 | 1/2( Y285, LN N(0,I)as T — oo,
where g§r = Y W Au — E(W'Au)| and O y 1 (w ) is given by (19).

Proof. By substituting (5) and using Lemma A3,
(NT®)=1/2[/ (I @ €)X By + ' (Iy ® C11)a] 4+ Op(T~1/2)
Y V2 W Au — E(W'Au)] = :
(NT®)~1/2[u/ (Iy © Cp)XBy + ' (Iy © Cpl)a] + O, (T~1/2)
(NT)~ 12X’ Au

where the O,(T~1/2) terms come from (NT?)~Y2[u/(Iy ® Cys)u’ — E(u'(In ® Cp)u')],
since Var(u/(Iy ® Cy)u') = O(NT?),£ =1, - -, p. Consider a term like (NT3) =1/ 24/ (I ®
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C)XBy = (NT®)V2YN wliC)XiBy, ¢ = 1,---,p. Let{;; = CX;B, # 0. Then,
T3/ 2ugC ¢XiP, is the sum of T random variables, namely, T-3/2 Zthl u;+(¢ it~ Note that
u;i{¢i’s are independent across t and Var(T~>/2Y.L  u;l,y) = T 302X CyXiB, =
O(1) > 0.2 With Assumption 5, Lyapunov’s central limit theorem can be used, and it can be
claimed that for each i, T~3/%u/C; X, is asymptotically normal as T — co. When summing
over i, by the same logic, for any N, one can claim that (NT®)~1/2[u/(Iy ® C;) X,
is asymptotically normal with Var((NT®)~12[u/(Iy ® C;)XB,) = (NT3)BX'(In ®
Cu)XBy = O(1) > 0. If N also diverges, the sequential asymptotic distribution follows
straightforwardly, provided that (NT~%)B, X' (In ® Cy)X By is well defined in the limit.
For the joint asymptotic distribution (when T and N diverge at the same time, denoted
by (T, N — o0)), define §; n1 = (T‘3/2u§CgXi,BO) /\/Zil\il Var(T—3/?u/C;X;B,) , where

YN | Var(T~%2u!C;X;B,) is obviously T 30?8, X' (I ® Cyy) X B,. Let I (-) be the indicator
function. Then, for any € > 0,

N
ZE[‘:%,N,TW(\QN,T\ > 5)}

i=1

<

=

Il
_

B[y o (B XiCluiniCo X,y > 02 ByX (In © Cu)XBy )|

- NT®

~ 2By X' (In ® Cyp) X By

[ﬁéxgc}ui”fcéxi/;o“é (ﬁéxf puin;CoXiBy S 202 BoX'(In ® Cyg) X By >]

x max E
1

T3 T3 T3

where NT3/[0?B, X' (In ® Cy)XBy) = O(1), BuX}Cjuu!C,X;B,/T? is uniformly (in T)
integrable, and B, X'(In ® Cy)XBy/T®> — oo when (T,N — o). In view of Theorem
2 of Phillips and Moon (1999), the joint asymptotic distribution is the same. So for any
N, one can claim that (NT®)~1/2[u/(Iy ® C;)XB, is asymptotically normal as T — oo,
provided that the asymptotic variance matrix is always defined. By the same reasoning,
(NT3)~V24/(Iy ® Cy1)a and (NT)~1/2X’ Au, as well as their linear combinations, have
similar properties. So in the end one can claim Y~ /2[W’Au — E(W'Au)] is asymptotically
normal. The variance of Y~'/2W'Au is Y~V/?Var(W' Au)Y"1/2 = Y_l/zﬂiNT(tx)Y_l/z +
0(1) in view of Lemma A11. Thus, one has

Y1207 yp ()Y V22 V2 [W Au — BE(W An)] 5 N(0, I).

Recall that E(W’Au) = —E(u/ Au)h, where h has O(1) elements in its top p positions
and 0’s in its lower k positions, and Var(#'Au) = ¢*N(T —1)(2 + 72(T —1)/T). So,
E(W’Au) + v/ Auh has its top p x 1 block consisting of O,(v/NT) terms and bottom
k x 1 block of zeros. From Lemma A12, W/ Au — E(W'Au) has O, (V' NT?®) elements
in its top p positions and op(\/ﬁ ) in its bottom k positions. Thus, one can write
YV 2g% =Y V2 W Au— E(W'Au) + E(W' Au) +u' Auh] = Y~ V/2[W' Au — E(W' Au)] +
0p(1). Combining all the results, one has the asymptotic distribution of Y!/2 gyt O

Lemma A16. Under the conditions of Theorem 5,

~1/2 1/2 d
QTNT/ (@)Y'2gxr = N(0, 1),

where g\ = ghr(00), g7 (0) is Y [NTgy1(0)] with gy () given by (25), and OF nr(e)
is given by (34).
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Proof. Note that ¥, is diagonal with O(1) elements. Since MZ;M is uniformly (in T)
bounded in row and column sums, one has E(u!M¥,Mu;) = tr(MZ;MY¥;) = O(T) in view
of Lemma A2 of Bao et al. (2020). Similarly, tr(£, M¥ , MZ;M¥,/M) = tr(MZ;MY¥Y,MZ,MY¥ )
is O(T) and each elements of M¥,M is O(1) from a similar proof as in Lemma A3 of
Bao et al. (2020). Then, it follows that Var(u; MY ,Mu;) = tr(Z§4) O MY/M O MY/M) +
2tr(EMY/MEIMY M) = O(T) and u!M¥,Mu; = O(T) + Op(T'/2). On the other hand,
Y M = w[Coui + il CoA+ [ Co Xy + LI w/Ciojeryi—j+ L1, wiCi_y) o eryi
Term by term, E(u,Cu;) = tr(X;C;) = tr(£;Dy) = O(T) since the diagonal elements
of Dy are O(1). One can claim that 1’<I>;1L52i1 and tr((<I>;1L5)’Zi<I>;1LEZi) are O(T?)
by following similar steps as in the proof of Lemma A3. Also, 1/ @, 1LSZi<I>; L'z,
1@, 'L'5i(®,'L°)'E1, and 1'E;®@, ' L'E;(®, " L*)'1 are O(T?). This leads to Var(u]Cu;)
= tr(}:lw ® Cy ® Cyp) + tr[(Z;C/Ei(Cy + C))] = O(T) 4+ O(T?). So one can claim that
u.Cyu; = O(T) + Op(T). From the proof of (iii) in Lemma A3, M<I>51L£1 has, at most, a
finite number of O(T?) elements, and all remaining elements are O(T?). Then, it is obvious
that £/2M <I>;1L€1 shares the same properties. Therefore, 1'C.X;C,1 = 1’ (<I>};1LS)’ Mmz!/?xl/?
M<I>;1L£1 = O(T®) and one can claim that a;u/C;1 = Op(T3/2). Note that Cov(u/C;X;B,,
w/CX;By) = BX|C/ECX By = ByX(®@, L)Y ML/*L!>M®, L*X; B, and, in view of
Lemma A2 of Bao et al. (2020), it has the same magnitude as ﬁéXf(dD};lL[)’Md);lLinﬁO.
So, u;C/X;B, = Op(T3/2). With all these results, one can claim that y;/ Mu; — u!MY,Mu;
is dominated by w;u;C/1+ u;C/X;B,. Thus,

(=0

(NT®)"V2[u/(Iy @ C1)X By + ' (In @ C11)&] + O, (T~/?)

Yl/zg?\[’f — .
(NT?)"V2[u! (In © Cp) X By + 1/ (In @ Cpl)a] + Oy (T~1/2)

(NT) 12X’ Au

Following similar steps in the proof of Lemma A15, one can arrive at the desired
asymptotic distribution. O

Lemma A17. Under the conditions of Theorem 5,

plimGy; = plimY~/2W/ AWY~1/2,

T—o0 T—o00
where Gy = Giy7(00) and Giyr(8) is Y V2[NTGn1(0)Y V2] with Gyt () given by (26).

Proof. Given that ¥, is diagonal with O(1) elements, it follows that M'¥ ;M is uniformly (in
T) bounded in row and column sums. Recall W; = (3/1‘,(-1)/ Y (—p) X;). Substituting
(4), one has the first three leading terms in ugM‘YgMyi/(fs), namely, ugM‘I’gMCD?LZui,
ociugM‘I’gMCD};ll, and ugM‘I’gMd?lXiﬁO. One can show that ugM‘I’gMCD};lL(ui = O0p(T),
aiu;M‘Yth‘D;ll = Op(T*/?), and u;M¥ ;M®," X;8, = Op(T*/?) by following the steps
in the proof of Lemma A16. Also, u!M¥,MX; = Op(T'/2). So, u!M¥;MW, = Op(T%/2).
Now consider yg,(—Z)Mwi = (y;,(_g)Myi,(fl),- . ,ygr(_é)Myi/(fp),ygr(_é)MXi). Following
the steps in the proof of Lemma A12, one can claim that the leading terms in y! oM W;
are Op(T®), which dominate u;MY¥;MW,. Next, consider terms like u;M¥ s Mu; that also
appear in (26). The diagonal elements of M<I>;1LE<I>;1LS are —T’lCDrleZCI)rleSl. In view
of Lemma A3. (ii), all the elements of the second part in (27) are O(1). The i-th element of
®,'L'®, L1is
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i+ P . P 1_}\]5

Y (i +)] ar/\'f] a1(j—s) Z ar———
j=s r=2 s

So all the elements of the first part in (27) are, at most, O(T). Then, ugM‘I’gsMui
is dominated by u;MDg(—T_le';lLé(I);lle)Mul-, which has O(T?) mean and O(T?)
variance. Given all these results, one can claim that the top p x (p + k) block of Gyt is
dominated by terms like (NT®)~1 YN (- yl )MWi) = Op(1). The bottom k x (p + k)
block of Gyris (NT) 1N, (-X;MW,). Agaln, by substituting (4), one can verify that
X;MW; = Op(T). In summary,

_y;,(,l)MWi
N )
Gir =Y} ) Y12 40,(1)
=1 —Y; MW,
—X/MW;

and the result follows immediately. O

Lemma A18. Under the conditions of Theorem 5,

plimY~ 1/2<Zw’Mz MW)Y 172 - lim OF r(a),

T—o0 i=1
where QO nr(w) is given by (34).

Proof. This follows similarly from the proof of Lemma A14. O
Proof of Theorem 2. This follows from Lemmas A4 and A7. [
Proof of Theorem 3. This follows from Lemmas A1l and A15. O
Proof of Theorem 4. This follows from Lemma A8. [

Proof of Theorem 5. This follows from Lemma Al6. O

Appendix D. Asymptotic Distribution of (NT) ' YN |, W/M%;5'MW; When N Is Fixed

If N is fixed, all four terms in the expansion of (NT)~! YN, W/M#;2!MW; are
Op(1). From the proof of Lemma A8 in Appendix C, the top p x 1 block of W/Mu; is
dominated by u/Cyu; + u;C;X;B,, ¢ = 1,---,p. For Qq Nt deﬁned by (29), suppose one
writes Q1 NT = N~ ZI 1Oy Tl, thenas T — oo, T~ 1/2W Mu; A, N(0,lim7_, 1 1i). So,

(NT)'yN, WMy Mw; 55 NN L Q/Ebibi0 7, where b ~ N(0,1) is a (p + k)-

dimensional normal random vector and E(b; b/) = O fori # j. The lower-right block
of W.MW, is X!MX; and its top-left p x p block is dominated by ugLZ’fiDrjl’MCI);lLsui +
2u[L"®, " M®, ' L°X; By + ByX;L"®,"M®, L*X,;B, {,5 = 1,-- -, p from the proofs of
Lemmas A5 and A9.

Assuming that T‘lugLe’d);l’MCDFTl Lu; and T_llBéXgLe’d);l’M(I);l L*X;B, both have
properly defined probability limits as T — oo, then one may write T~ !W!MW; LN Q;.

Further, (NT)"1 =N, W/MW;(8 — 6))uMW; 5 N-1¥N | Q.Q 'bb! Q%‘;) where Q =

Z]'Z\i1 Qjandb = Z Q%/szb], in light of the proof of Theorem 4 in Hansen (2007). Similarly,

onealsohas (NT) ' YN, WMW,(8—6y) (8 —6)) W.MW; BN IyN Q7' Q1Q..
Thus, (NT)"'yN, w! Mf) f)’ MW, is not consistent for estimating ) y7, though it has a
limiting distribution as T — oo with N fixed.
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In the special case when Q; and Q; 1; stay the same across i, then the limiting
distribution of (NT)™! Zfil W/M©v;9;MW; is proportional to O y1, and Corollary 4.1
of Hansen (2007) suggests that the f-statistic converges to /N /(N — 1)tx_1, where tx_1
is the t distribution with N — 1 degrees of freedom.” In the presence of (unconditional)
cross-sectional heteroskedasticity, it is unlikely that Q; and y; do not change with i.
But under homoskedasticity (with possible conditional temporal heteroskedasticity) or
temporal heteroskedasticity, the moment condition (25) and the asymptotic distribution
(31) are still valid, and thus, one can use the \/N/(N — 1)ty_1 approximation to conduct
the t-test. As Hansen (2007) points out, if N — oo, then /N /(N — 1)tx_1 converges to the
standard normal distribution, so the \/N/(N — 1)ty_1 approximation can also be used
under large N.

Appendix E. Cross-Sectional Correlation

Now consider the more general case when Cov(u;, u;) = L;; = Dg(aizjll,o e, O'izle).

(When i = j, Z;; = X;.) That is, cross-sectional correlation (and heteroskedasticity) may
exist, but temporal correlation is ruled out. For this situation, one needs both N and T to
be large.

When there is no unit root, from Lemma A8, one sees that, for  in a neighborhood
of 6y, g;(0) is dominated by W;Mu;. (The top p x 1 block of g;(6) in this neighborhood is
dominated by u;Cu; + u.C;X;B.) So,

= Zi LY o — 1) + 0, (1)
gi( —_— wi (Ui — ;) +0p(1
VNT = 5 VNT (55
1 &1 X 1 & 1 &
==Y —— ) wpuyp— —= ) #i—=)_ wi+0p(1)
VTS VNS N5 T 5
1 &1 X
= ﬁ Z N Zwituzt+op(1)
t=1 VN |33
1 T
= ﬁ Z Nil/zwgut + Op<1)/
t=1

where Wy = (wyy, -+ ,wnt) and uy = (uys, -+ ,uny)’. This second last line follows

because T~1/2 1, w; = 0,(1), and 1; = Op(T~1/2). Note that {N~1/2W,u;}L_; forms a
martingale difference sequence, so does { N~ !'W/u;u,W; — N ’1W£ZtWt}tT:1, where I; =
E(usu}) = Var(u;). Therefore,

T
lim — ZE “WiuuiWy) = plim — Y WiZwW;

provided that plimy, 1 .., (NT)! Y.L, WL, W; exists and is positive definite. A sufficient
condition is that the positive definite N x N matrix X; is bounded in the norm as N — oo.
Then,

1
VNT ! Z Zgzt - N<O plim NT ZW’):tWt)

i=1t= N, T—o00 =1

and accordingly, in view of the proof of Lemma A9, one has

—1 -1
d . 1 1 . 1
—+N|0,| plim — W AW plim — Wi W, plim —W'AW

(N,Tﬁoo NT ) (N TooNT 21 NT e NT
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In practice, plimy _,,(NT) YL, WIL;W; can be estimated by

1 T

— ) Wi(&—&)(er—&)'W;

NT =

where & = T~1 Zthl érand & = y; — W,0.

When there is a unit root, from Lemma A16, g;(0) is dominated by W:Mu;, where its
top p x 1block is dominated by elements like a;u;C¢1+ u/C/X;B, £ =1, - - - p, which are
Op(T%/?), and its lower k x 1 block is X;Mu;, which is Op(T"/?). Proceeding similarly, one

can write

and

lim
T—o0

Finally, in view of the proof of Lemma A17, one has

Y71/2

T

Y /2y E(WjuujWy)Y /2 = plim Y~ !/2

t=1

™=
gl

Il
—_

t=1

T

t=1

N, T—o00

Y/2(8 - 65) % N(0, V),

8(6) =Y /2 ) Wiu +0,(1)

T
(2 w;ztwt> Y /2,
t=1

where V = (plimy ;_, )Y 2WAWY /2)~(plimy ;_, Y /2 (L, WiZW,)Y /2
x (phimy 7, Y V/2W AWY /)~

Appendix F. Additional Simulation Results

This section provides simulation results when ¢, = (0.3, —0.2, —0.1)’,(0.3,0.6,0.1)’
for the DP(3) model, as specified by (36) with the error term (37). The experimental design
is exactly the same as that in Section 5 in the main text. Recall all the results are related to
the sum of the autoregressive parameters, namely, ¢o1 + ¢o2 + Po3.

Table Al. Additional simulation results under homoskedasticity.

b0 (N,T) (100,10)  (50,20) (50,50) (25,40) (20,50) (10,100)
(0.3,—0.2,—0.1)' Bias (x100) WG -554  -256 098  -128  -1.05 -0.52
GMM -1.72 257  -098 -128  -1.05 -1.08

BC -0.79 -028  -007 -015  -0.14 -0.06

BCJ -077  -028  -007 -015  -0.14 -0.06

HPJ 2.94 0.46 0.06 0.08 0.03 0.03

RMM 0.03 -0.01 000 005  -0.07 -0.04

RMM, 0.03 -0.01 000 -005  -0.07 -0.04

RMSE (x100) WG 6.13 347 1.72 2.61 247 2.28
GMM 3.30 3.49 1.72 261 247 3.37

BC 2.78 2.40 1.42 2.29 2.25 222

BCJ 2.78 2.40 1.42 2.29 2.25 222

HP] 458 2.69 147 2.41 2.34 227

RMM 2.67 2.37 1.42 2.29 2.25 222

RMM, 2.68 2.37 1.42 2.29 2.25 222

Size (5%) WG 57.32 1930 1039 8.80 7.44 5.68
WG(h) 57.70 2091 1133 11.19 9.92 10.31

GMM 9.25 19.14 1037 8.73 7.39 6.16

GMM(h) 10.05 2164 1173 1200 1081 12.63

HP] 14.31 483 451 485 4.77 477

RMM(N) 6.04 6.03 5.63 6.98 7.08 9.83

RMM(T) 6.07 5.36 496 5.20 5.03 4.96

RMM, (N) 6.07 6.00 5.63 7.00 7.10 9.83

RMM, (NT) 6.68 6.37 5.76 7.08 7.11 9.88

RMM,(T) 6.10 5.17 478 5.03 444 420
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Table Al. Cont.

®, (N,T) (100,10)  (50,20) (50,50) (25,40) (20,50) (10,100)
(0.3,0.6,01)  Bias(x100) WG -1.88 -061  -013  -020 -0.14 -0.05
GMM -046  -058  -013  -020  -0.14 -0.15

BC 10.76 9.60 4.44 5.47 4.44 223

BCJ 10.77 9.60 444 5.47 444 223

HPJ 1.9 0.72 0.16 0.25 0.18 0.06

RMM 0.03 0.01 0.00 0.00 0.00 0.00

RMM, 0.03 0.01 0.00 0.00 0.00 0.00

RMSE (x100) WG 2.13 0.81 0.20 0.36 0.28 0.14
GMM 111 0.79 0.20 0.36 0.28 0.39

BC 11.07 9.72 445 551 446 2.24

BCJ 11.09 9.72 445 551 446 2.24

HPJ 2.77 1.22 0.32 0.59 0.48 0.26

RMM 1.00 0.53 0.14 0.29 0.24 0.13

RMM, 1.00 0.53 0.14 0.29 0.24 0.13

Size(5%) WG 48.44 253 1558  11.65 9.62 6.56
WG(h) 47.04 2368 1782 1622  15.05 17.45

GMM 7.46 2072 1554 1153 9.54 6.76

GMM(h) 8.42 274 1840 1711 1597 18.56

HPJ 23.33 1443 1196 9.48 9.07 7.54

RMM(N) 6.40 7.23 7.01 958  10.84 15.17

RMM(T) 557 5.41 5.13 5.67 5.55 5.03

RMM, (N) 6.31 711 6.90 954 1087 15.10

RMM, (NT) 6.32 7.05 6.92 951 1071 14.94

RMM,(T) 5.78 5.88 5.95 7.07 7.18 7.95

Note: See Table 1 in the main text.

Table A2. Additional simulation results under cross-sectional heteroskedasticity.

P (N, T) (100,10)  (50,20) (50,50) (25,40) (20,50) (10,100)
(0.3,-02,—0.1)" Bias(x100) WG 2140  -910 -351 -374 -2.73 -1.03
GMM -869  -916 -351 374  -273 —2.17

BC -255  -062 -011  -0.18  -0.10 -0.04

BCJ 257  -062 -011  -018  —0.10 ~0.04

HPJ 5.93 0.96 0.14 021 0.18 0.06

RMM 020  -012  -003 -010  -0.05 -0.03

RMM, -023  -012  -003 -010  -0.05 -0.03

RMSE (x100) WG 22.14 10.36 461 5.64 4.88 3.49
GMM 10.99 1043 461 5.64 4.88 5.29

BC 6.73 5.17 3.04 429 4.10 3.35

BCJ 6.74 5.17 3.04 429 410 335

HPJ 10.38 6.02 3.20 457 432 3.44

RMM 6.47 5.20 3.04 430 410 3.35

RMM, 6.49 5.20 3.04 430 410 335

Size (5%) WG 98.46 5354 2799 1800 1332 7.25
WG(h) 96.99 4894 2376 1829 1445 11.71

GMM 31.94 5317 2793 1787  13.16 8.14

GMM(h) 27.36 4958 2447 1894 1554 14.90

HPJ 15.22 6.96 5.58 527 5.75 5.15

RMM(N) 6.34 7.02 6.49 7.66 8.19 10.44

RMM(T) 13.04 9.60 8.49 7.54 7.64 6.21

RMM, (N) 6.35 7.03 6.44 7.63 8.19 10.46
RMM,(NT) 926 7.83 6.83 7.90 8.39 10.57

RMM,(T) 8.54 6.70 5.69 5.69 5.81 428
(0.3,0.6,0.1)  Bias (x100) WG -2646  -650 -152  -128  -0.74 -0.14
GMM -1214  -635 -152  -128  -074 -0.46

BC -834  -064  —008 051 0.72 113

BCJ -836  -064  —0.08 051 0.72 1.13

HPJ 8.07 5.02 1.58 1.39 0.87 0.19

RMM 0.83 0.10 0.01 0.01 0.00 0.00

RMM,;, 0.92 0.10 0.01 0.01 0.00 0.00
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Table A2. Cont.

®0 (N,T) (100,10)  (50,20) (50,50) (25,40) (20,50) (10,100)
RMSE (x100) WG 26.82 6.80 1.62 1.50 0.94 0.27
GMM 13.06 6.66 1.62 1.50 0.94 0.80

BC 10.11 221 0.61 1.00 0.98 1.19

BCJ 10.13 221 0.61 1.00 0.99 1.19

HPJ 10.44 591 1.83 1.93 133 0.47

RMM 7.33 2.14 0.55 0.77 057 0.23

RMM, 7.54 2.17 0.55 0.77 0.57 0.23

Size (5%) WG 100.00 9690 8755 4427 2821 9.49
WG(h) 100.00 9341 8193 4397 3150 18.86

GMM 78.51 9593 8751 4406  28.05 11.75

GMM(h) 74.54 9219 8246 4532 3342 23.42

HP] 21.06 3818 4546 2151 1691 9.83

RMM(N) 5.09 6.69 6.91 9.00 9.73 14.41

RMM(T) 31.87 12.73 8.57 7.25 6.68 5.60

RMM,(N) 5.23 6.63 6.87 8.84 9.65 14.43

RMM,(NT) 1850 8.12 6.84 8.32 9.05 13.66

RMM,(T) 17.54 6.89 5.73 5.81 6.04 6.79

Note: See Table 1 in the main text.

Table A3. Additional simulation results under temporal heteroskedasticity.

Po (N,T) (100,10) (50,20) (50,50) (25,40) (20,50) (10,100)
(03,-0.2,—0.1) Bias(x100) WG 2750  -1098  -3.88  -511  -406  -190
GMM -1293  -11.09  -3.88  -511  -406  -4.14

BC -332  -094  -017  -039  -035  -0.14

BCJ -338  -092  -016 038  -035  -0.14

HPJ 7.66 111 -001  -007  -0.10 0.01

RMM 116 -041  -011  -029  -029  -0.12

RMM, -013  -007 006 -020 -024  -0.11

RMSE (x100) WG 2815 1205 490 6.99 6.24 4.95
GMM 1514 1217 490 6.99 6.24 7.87

BC 7.50 524 304 488 483 4.60

BCJ 7.51 5.24 304 488 483 4.60

HPJ 12.82 6.03 347 554 5.46 5.07

RMM 7.51 5.25 304 489 483 4.61

RMM, 6.87 5.26 304 489 483 4.61

Size (5%) WG 99.73 6219 2944 2188 1653 8.85
WG(h) 99.63 6205 2723 2219 1738 12.23

GMM 4175 6262 2934 2171 1639 1573

GMM() 3822 6306  27.86 2354 1814 17.61

HPJ 20.65 6.23 7.50 7.20 7.21 7.14

RMM(N) 592 669 592 7.57 7.53 9.54

RMM(T) 12.64 7.52 7.27 7.22 7.27 7.12

RMM;(N) 6.32 6.64 5.92 7.51 7.49 9.56

RMM,(NT) 825 8.04 6.29 8.02 7.89 9.62

RMM,(T) 7.66 669 529 5.53 521 4.26
(03,06,0.1)  Bias(x100) WG 2128  -1040  -246  -377  -255 073
GMM -1085  -1054  -246  -377 255 275

BC -265  -311 054 -145 -103  -038

BCJ -307  -309 -053 145 103  -038

HPJ 13.02 3.82 1.29 1.55 1.36 0.68

RMM 1675  -038  -049 069 047  -0.12

RMM, 0.13 0.28 0.04 0.18 0.15 0.03

RMSE (x100) WG 2170 1064 255 400 2.78 0.94
GMM 11.97 1080 255 400 2.78 3.22

BC 5.29 424 1.00 2.21 1.68 0.78

BCJ 5.36 423 1.01 2.21 1.68 0.78

HPJ 14.69 5.40 1.70 2.70 2.28 1.18

RMM 17.83 2.76 0.83 1.53 1.22 0.61

RMM,;, 4.43 2.82 0.77 1.69 1.37 0.66
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Table A3. Cont.

é, (N,T) (100,10)  (50,20) (50,50) (25,40) (20,50) (10,100)
Size (5%) WG 99.99 99.99 9927 9278  79.90 33.50
WG(h) 99.93 99.87 9776 8817 7330 3591
GMM 63.43 99.98 9926 9275  79.81 60.53
GMM(h) 62.19 99.86 9790  89.19 7531 57.29
HPJ 51.16 2170 2782 1592 1639 14.10
RMM(N) 1.91 799 1513 1412 1371 15.72
RMM(T) 91.57 1360 1976 1529 1446 11.30
RMM,(N) 5.78 5.65 6.46 7.07 8.21 14.10
RMM,(NT) 673 8.68 903 1052  11.09 13.70
RMM,(T) 6.22 7.22 7.59 7.74 7.47 6.15

Note: See Table 1 in the main text.

Table A4. Additional simulation results under double heteroskedasticity.

®0 (N,T) (100,10)  (50,20) (50,50) (25,40) (20,50) (10,100)
(0.3,-0.2,—0.1)' Bias (x100) WG -1886  -924  -345  -469  -3.66 -1.94
GMM -6.89 911  -345  -469  -3.66 -4.05

BC -1.98 -0.68 -012  -036  -0.19 -0.22

BCJ -1.93 -0.67 -012  -036 019 -0.22

HPJ 6.07 0.84 0.13 0.05 0.14 -0.05

RMM -094  -036 -006 -027  -0.13 -0.21

RMM, -012  -012 -004 -021  -0.10 -0.20

RMSE (x100) WG 19.45 10.31 443 6.53 5.81 4.84
GMM 8.80 10.20 443 6.53 5.81 7.59

BC 5.48 477 283 4.64 459 447

BCJ 5.47 4.77 2.83 4.64 459 4.47

HPJ 9.41 5.68 3.07 5.19 5.09 4.81

RMM 5.29 4.77 2.83 4.65 459 4.47

RMM, 5.29 478 2.83 4.65 459 4.47

Size (5%) WG 98.41 5529 2625 2008  14.82 8.54
WG(h) 98.01 5478 2558 2180  16.32 13.04

GMM 24.19 5347 2617 1993 1472 14.17

GMM(h) 24.61 5378 2607 2297 1741 17.73

HPJ 18.04 7.34 6.19 7.18 6.85 6.44

RMM(N) 6.52 6.64 6.35 7.50 7.45 10.04

RMM(T) 8.87 7.36 6.71 7.06 6.88 6.61

RMM, (N) 6.11 6.69 6.36 7.53 7.42 10.08

RMM, (NT) 7.80 7.75 6.68 7.97 7.76 10.22

RMM,(T) 7.23 6.64 5.56 5.57 5.04 453

(0.3,0.6,0.1)  Bias (x100) WG -2386  -912  -1.80 -3.13 214 -0.66
GMM -927  -878  -180 -313  -214 -2.54

BC -6.98 236 -019  -093  -0.66 -0.30

BCJ -6.90 234 -018  -093  -0.66 -0.30

HP] 6.55 426 1.56 2.05 1.62 0.69

RMM -384  -165 027 -058 037 -0.10

RMM, 0.93 0.37 0.01 0.10 0.09 0.02

RMSE (x100) WG 24.19 9.40 1.90 3.38 2.38 0.87
GMM 10.09 9.07 1.90 3.38 2.38 3.02

BC 8.54 3.61 0.72 1.75 137 0.70

BCJ 8.52 3.62 0.72 1.75 137 0.70

HP] 8.88 5.57 1.82 2.88 2.34 115

RMM 6.29 2.97 0.65 141 1.13 0.57

RMM, 6.69 3.21 0.63 152 1.23 0.61

Size (5%) WG 100.00 99.82 9438 8612  70.85 30.99
WG(h) 100.00 9924 8924 7705  61.59 33.59

GMM 68.36 99.60 9438  86.02  70.68 56.04

GMM(h) 65.89 9879 8951 7865 6337 51.80

HP] 18.99 2615 4193 2192  21.22 14.66

RMM(N) 18.24 1435 1019 1204  12.00 15.49

RMM(T) 37.89 2546 1443 1625 1444 10.97

RMM, (N) 4.64 4.49 6.85 7.35 8.27 14.36

RMM,(NT)  17.18 12.61 811 1066  10.85 13.78

RMM,(T) 16.05 10.80 6.87 7.72 7.03 6.30

Note: See Table 1 in the main text.
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Notes

1

11

12

13

No attempt is made here to provide an exhaustive list of published papers in this literature. Readers can refer to Okui (2021) for a
comprehensive literature review.

As one referee points out, many papers in the literature distinguish between exogeneity and endogeneity depending on whether
a regressor is correlated with the idiosyncratic error by assuming it is correlated with the individual fixed effects. As such, the
(random) regressors X in Assumption 3 to be introduced are exogenous. The word “endogeneity” or “endogenous” in this paper
exclusively refers to the lagged dependent variables.

One referee suggests that, in view of the numerical equivalence, the estimator in this paper should be named the implicit indirect
inference estimator. Nonetheless, given the different motivations, the suggested name is not adopted in this paper.

They mention the possibility of both cross-sectional and temporal heteroskedasticity under more stringent conditions, but they
do not rigorously derive the properties of the resulting estimator.

The higher-order DP in Juodis (2013) is presented as a panel first-order vector autoregression (VAR(1)).

Of course, if one assumes that «; are fixed constants of bounded magnitudes, then Assumption 1 should be dropped. When
they are random, the i.i.d. assumption could be relaxed, so long as the relevant probability limits pertaining to the recentered
moments and gradient are well defined.

In this case, Assumptions 1 and 2 do not apply. One could also follow Han and Phillips (2010) to assume that the fixed effects
disappear when there is a unit root, but an extension along this line is not pursued in this paper. In practice, the fixed effects are
not estimated anyway, so treating them as random or not does not affect the estimation strategy to be presented in this paper.

The derivation of (4) is analogous to rewriting lagged time-series vectors from an autoregressive process of order p: y; =
Py + -+ pyrp tup, t =1,--- T, where yo, y_1, - -+, Yt—p+1 are given. With obvious notation, y = ¢1y(_y) + -+
¢py(_p) +u. Note thaty _,) = Ly, 1) +e1y_(o-1), ¢=1,---,p, where Y(o) = Y- Substituting y_) = Ly + e1yo, y(_y) =
Ly tewy1 = L%y + Lejyo + e1y_1, and so on to the right-hand side of y = $¢1y(—1) + -+ ¢py(_p) + u, one can solve
for y and hence y_;), given by Yy = <I>;1 (Lu+ e1yo + Zf;ll ®(;_,) L "e1y—) at the true parameter vector. With Y(_1) the
expression of y_,) follows from y(_,) = Ly(_;) + e1y—1. By successive substitutions, y_,) = tbrjl (Lfu + Zf;é OL ey +
Zf;/l <I)(sfp) Léwilisely—sy
At the time of writing, the author was not aware of the work of Breitung et al. (2022). In addition to differences in the allowable
heteroskedasticity, unit root, and asymptotic regimes, their approach is motivated by correcting the profile score from a normal
likelihood function, but the estimator in this paper explicitly uses the endogeneity of the with-group transformed lagged
dependent variables to construct the recentered moment conditions E(gnr(6p)) = 0 in this and the next sections.
Var(vVNTgyt) = [Var(W’' Au) + hh'Var (u' Au) + Cov(W' Au, u’ Au)h’ + hCov(u’ Au, W Au)]/ NT. Further, the (i, j)-th element
of hh'Var(u' Au) is equal to the negative of the (i, j)-th element of Cov(W’Au, s’ Au)h’ and Var(u'Au)/NT = o*[2(T —1)/T +
Y2(T — 1)2/T?]. These results lead to the variance expression (10). See Bao and Yu (2023) for the detailed derivation.
Dovonon et al. (2020) point out that there may exist situations where global identification holds but first-order local identification
fails. They provide such an example based on the special case of a unit-root DP(1) with no exogenous covariates, namely, p =1,
k =0,and ¢y = 1, where a GMM estimator is used. When T = 4 and E[(&; — (1 — ¢0)y;1)?] = 0, they show that the Jacobian is a
null vector, and thus, the GMM is not able to first-order identify the parameter, though global identification and second-order
local identification still hold. For the estimator proposed in this paper, it can be shown that when ¢y = 1, the (unscaled) moment
condition at ¢g = 1 becomes y'(71>Au +u’'Au/2 and its derivative at ¢y = 1 becomes fy'(il)Ay(_l) - y'(il)Au +(T—2)u'Au/6,
where E(y(_Ay(_y)) = N(T? —1)6?/6 + (T® — T)E(«'a) /12, E(y(_; Au) = No?(1—T)/2, and E(u' Au) = N(T —1)o?. If
further & = 0, then the Jacobian is equal to 0, and thus, the first-order local identification condition fails in this special case. This
is also recognized by Dhaene and Jochmans (2016) (see their Corollary 4.1) when they design their adjusted profile likelihood
estimator. For a general DP(p), under some rare circumstances, it may happen that there are multiple zeros when one solves the
adjusted profile score function and for local identification, Dhaene and Jochmans (2016) recommend numerical search starting
from the WG estimator. Results from numerical gird search in Dhaene and Jochmans (2016) and Bao and Yu (2023) suggest that
the issue of multiple zeros may not be of practical concern.

In Kelejian and Prucha (2010), the linear form in u# involves a vector of non-stochastic elements. Here, X may be random.
Checking their proof, which relies on results from their earlier work (Kelejian and Prucha 2001, Theorem 1), one can see that as
long as X is strictly exogenous, then the sigma-field that defines the martingale difference array in the proof of Theorem 1 in
Kelejian and Prucha (2001) can be extended and the result continues to hold. In the case of random X, one can replace X’ AX
with E(X’AX) in various variance expressions. Further note that, in view of footnote 13 in Kelejian and Prucha (2001), one can
think of their k,, as NT and their n as T.

If it is also the case that N — oo, the sequential ((T, N — o0)seq) and joint ((T, N — o0)) asymptotic distributions may be different
(Phillips and Moon 1999). Under the assumptions in this paper, for the stable case, Theorem 1 of Kelejian and Prucha (2001)
essentially states no difference under the two asymptotic regimes. For the unit-root case, Appendix C (Lemma A15) shows that
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the two asymptotic regimes deliver the same asymptotic distribution. Recall that Gn = Op(1) + [O(T~2) + O, (N~1/2T=3/2)] +
O,(T™1), where the Op (1) term is —(NT) "' W’AW. Further,
4 g2 is defined as limy_,co N™! TN ; 07 in Breitung et al. (2022).
Recall from Note 11, that if further & = 0, the method in this paper cannot identify ¢g. This is also in line with Theorem 4 of
Hahn and Kuersteiner (2002) that shows that their bias correction is not expected to work under this special case. Checking their
proof (see their Lemma 12), one can interpret their recentered WG estimator in this special case as arising from some (unscaled)
moment condition, which is y' Au + 3u/(Iy ® L'®@ YM® 'L)u/(T + 1) at the true parameter value and has exact expectation
0 when ¢ = 1. From Note 11, for the RMM estimator in this special case, the (unscaled) moment condition at ¢g = 1 becomes
y’<71>Au + 14/ Au/2. So, if one designs a (unscaled) moment condition y/<71>A(y —y_1) + (Y — Y1) Aly — ¢y(_1))/2,

which is valid at ¢9 = 1 but not valid at ¢y # 1, then its derivative, evaluated at ¢y = 1, is dominated by fy’(71>Ay(71).

Using results from Appendix C, one can show plimy —>ooy/(_1)Ay(71) /(NT?) = 02/6, which is the same as Lemma 11

of Hahn and Kuersteiner (2002). Further, following similarly the proof of Lemma 12 of Hahn and Kuersteiner (2002), one
has (NTz)*l/z(yzfl)Au +u'Au/2) 4 N(0,0%/12) as N,T — co. Correspondingly, VNT2($ — 1) 4 N(0,3) as N,T —
0. Recall that ¢ here is solved from y’<71>A(y — ¢y 1)) + (v — ¢y(71))’A(y — ¢y(_1))/2 = 0. Theorem 4 of Hahn and
Kuersteiner (2002) indicates that if one were using the true parameter value in this case, one would have recentered 6 — 6y by
—3/(T + 1) instead of the general bias formula —(1 + 8)/T (in their notation, where 6 is the WG estimator). Similarly here,

one would have used the moment condition y’(il)A(y — Y1)+ (y— qby(_l))’A(y = ¢y(_1))/2 instead of the general one
Y(_1)Au(p) + o' (¢)Au(g)1' @ (¢)L1/[T(T — 1)].

In particular, additional simulation results are available under four non-normal distributions that are also considered in Bao and
Yu (2023): uniform on [0, 1], student-t distribution with five degrees of freedom, log-normal distribution InN (0, 1), and mixture of
N(—3,1) and N(3, 1) with half probability each.

The number of instruments for the GMM estimator of Arellano and Bond (1991) is of order O(T?). To prevent instrument
proliferation, the total number of instruments from lagged y is capped at To(Tp — 1) /2, where Ty = min(50, T), such that when
T > 50, only the first § = Ty(To — 1) /2 columns in the matrix of instruments are retained.

18 Bun and Carree (2006) consider DP(1) only. The BC estimator is based on the panel VAR(1) representation of DP(p) in Juodis
(2013).

17

o The complete results for each single element of 6 (including ) under each parameter configuration are available upon request
and they lead to similar conclusions as reported in this section.

20 Even though the estimator itself is consistent under large N and fixed T, De Vos and Everaert (2021) assume both to be large to
derive its asymptotic distribution. For practical inference, they suggest re-sampling the cross-sectional units and then using the
empirical distribution of their estimates from the bootstrapped samples to approximate the asymptotic distribution.

2 If there are repeated roots, the exact expressions of the various terms in the lemmas to follow are different, but their orders of
magnitude stay the same. This is because, for instance, for [A| < 1, Zthl A, and Zthl At where j is a positive finite integer, are
of the same magnitude as T — co.

22

T302 B, X Cyo X, is essentially a quadratic form in the idempotent matrix M, which is positive unless ®, 1Llx; By is a constant
vector.

2 The matrix Ef\il WiMb;9;MW,, in this case, may be adjusted by N/(N —1). Further, the F statistic for testing ¢ linear
restrictions based on (31) with the the variance matrix estimated by (32) (and Zfi 1 W:M @iﬁfM W; possibly adjusted) converges
to [Nq/ (N — q)]F; N—q, where F; _; denotes an F distribution with 4 numerator and N — g denominator degrees of freedom.
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