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Abstract: A three-degree-of-freedom (3-DOF) piezoelectric ultrasonic transducer is a critical
component in elliptical and longitudinal ultrasonic vibration-assisted cutting processes, with its
geometric structure directly influencing its performance. This paper proposes a structural
optimization method based on a convolutional neural network (CNN) and non-dominated sorting
genetic algorithm II (NSGA2). This method establishes a transducer lumped model to obtain the
electromechanical coupling coefficients (X-ke and Z-ke) and thermal power (X-P) indicators,
evaluating the bending and longitudinal vibration performance of the transducer. By creating a finite
element model of the transducer with mechanical losses, a dataset of different transducer
performance parameters, including the tail mass, piezoelectric stack, and dimensions of the horn, is
obtained. Training a CNN model with this dataset yields objective functions for the relationship
between different transducer geometric structures and performance parameters. The NSGA2
algorithm solves the X-ke and Z-ke objective functions, obtaining the Pareto set of the transducer
geometric dimensions and determining the optimal transducer geometry in conjunction with X-P.
This method achieves simultaneous improvements in X-ke and Z-ke of the transducer by 22.33% and
25.89% post-optimization and reduces X-P to 18.97 W. Furthermore, the finite element simulation
experiments of the transducer validate the effectiveness of this method.

Keywords: 3-DOF piezoelectric transducer; ultrasonic vibration; CNN; NSGA2; electromechanical
coupling coefficient

1. Introduction

A three-degree-of-freedom (3-DOF) piezoelectric transducers can generate elliptical
ultrasonic vibration and longitudinal ultrasonic vibration independently and can be used
to assist milling and drilling [1], respectively. By selecting appropriate elliptical [2–6] or
longitudinal [7–10] vibration parameters, the cutting force and temperature in machining
can be greatly reduced, and the surface quality of the workpiece can be improved. Therefore,
it is an important component for assisting cutting. The structure [11,12] of the transducer
consists of a tail mass and horn clamped by a hexagonal bolt and a piezoelectric ceramic
stack for generating elliptical and longitudinal vibrations fixed in the middle. Therefore,
the total energy [13,14] during operation includes the mechanical energy, loss, and electrical
storage energy. The ratio of mechanical energy to total energy is called the electromechanical
coupling coefficient [15]. The energy lost during vibration can be characterized by heat
power [16–18]. In order to make the transducer have vibration kinetic energy and reduce
loss during operation, a piezoelectric material with low loss and large d33 [19] is selected.
In addition, the geometric structure [16,20] of the transducer can be optimized to improve
the electromechanical coupling coefficient and reduce the heat power.

The electromechanical coupling coefficient and heat power performance of elliptical
and longitudinal vibration ultrasonic piezoelectric transducers are mainly studied in terms
of the relationship between the geometric structure and optimization through theoretical
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modeling, finite element simulation, and experiments. Zhou et al. [19–22] established
theoretical models, finite element models, and experimental studies of single longitudinal
or flexural ultrasonic vibration to study the performance of the transducer, such as axial
and flexural vibration modes, resonant frequency, electrical impedance characteristics,
and frequency response characteristics. They provide evaluation criteria for transducer
performance optimization. Zhang et al. [23] analyzed the influence of piezoelectric ceramic
position on the resonant frequency and effective electromechanical coupling coefficient in
theoretical models or experiments and optimized the electromechanical coupling coefficient
performance under different cross-sectional lengths. Similarly, the literature [1] developed a
longitudinal elliptical composite vibration ultrasonic transducer to realize the longitudinal
and elliptical vibration ultrasonic-assisted machining functions. However, there is not much
research on the optimal design of the electromechanical coupling coefficient performance
of the transducer under multiple dimensional variations.

In addition, the elliptical or longitudinal vibration of the transducer will generate a
large amount of heat due to internal friction [24], causing the temperature of the transducer
to rise and be damaged. In order to reduce the heat power, Shi et al. analyzed and fitted
the temperature rise curve of the heat power of piezoelectric ceramic wafers under the
excitation of a shock wave electric field through experiments and analytical methods [25].
Some researchers have also established a nonlinear transmission matrix model of
piezoelectric ceramics and a heat conduction equation and, combined with experiments,
obtained the heat power and temperature rise results of piezoelectric devices resonating at
high power [18]. Dong [26] et al. proposed a decoupled equivalent circuit to simulate
piezoelectric discs in the radial vibration mode, considering three types of internal losses:
dielectric loss, elastic loss, and piezoelectric loss. The experimental results show that the
decoupling equivalent circuit has better accuracy than traditional circuits. The temperature
rise caused by the non-resonant dielectric loss and resonant mechanical loss of a single
piezoelectric ceramic was analyzed and experimentally studied [27]. Finally, it was
concluded that the heat generation of the transducer at non-resonant and resonant
frequencies was mainly caused by dielectric and mechanical heat generation, respectively,
and it was found that the setting of the convection heat transfer coefficient between the
transducer surface and the air seriously affected the temperature rise of the transducer.
Furthermore, Vasiljev et al. [16] proposed a method to reduce the heat power of the
transducer by separating the piezoelectric ceramic elements and adding metal blocks
between the elements. However, they have not thoroughly investigated the thermal power
performance of the transducer under multiple dimensional variations.

To the best of our knowledge, there is no detailed investigation on the comprehensive
optimization of two electromechanical coupling coefficients of elliptical and longitudinal
piezoelectric ceramics and on the analysis of thermal power performances when multiple
geometric dimensions of a 3-DOF transducer varied. To address this issue, this paper
explores a fast geometrical structure optimization method based on a multi-objective
genetic algorithm by investigating the lumped-parameter model, finite element model, and
neural network model of the 3-DOF piezoelectric transducer.

2. Geometry and Working Principle

A 3-DOF sandwich piezoelectric ultrasonic transducer is shown in Figure 1a. It consists
of a hexagon bolt, a tail mass, piezoelectric ceramic stacks, a fixed fixture, a horn, and a tool.
The hexagon bolt fixes the piezoelectric ceramic stack and fixed fixture by clamping the tail
mass and the horn, preventing damage to the transducer during resonance. The tail mass
is selected from a material with a larger impedance than the other parts. The size of the
transducer decreases from the tail mass to the tool cross-sectional area so that the energy is
concentrated on the tool. The function of the horn is to provide a larger output amplitude
for the transducer tip. Piezoelectric ceramics with small loss and appropriate size are used
to reduce the thermal energy generated during resonance that damages the transducer.
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3-DOF transducer elliptical and longitudinal ultrasonic vibrations depend on the
piezoelectric stack, which is divided into three groups from left to right: the X-direction, Y-
direction, and Z-direction piezoceramic materials (in order to ensure that the displacement
amplitude in the Z-direction is basically consistent with the magnitude range in the X-
direction during vibration, the length of Z-PZT is slightly larger than that of in the X-
direction and is simplified as X-, Y-, and Z-PZT), as shown in Figure 2d. X-PZT includes
two piezoelectric ceramic rings (divided by the YZ plane to form two half-piezoelectric
ceramic rings). The two half-sheets in its X-positive plane have opposite polarization
directions, and the negative plane is the same, opposite to that in the positive plane. Y-
PZT is consistent with X-PZT except for the direction, so only the X-direction needs to
be considered when performing performance and lumped model analyses. Z-PZT only
includes two piezoelectric ceramic rings with opposite polarization directions. Figure 2e
shows the electrode connection method of the three groups of piezoelectric ceramic rings,
and the copper electrodes with the same cross-sectional area as the piezoelectric ceramic
rings provide an interface for the alternating current (AC) signal. the arrows represent the
polarization directions of the four halves of X-PZT (similar to Y-PZT). When the piezoelectric
ceramic stacks are excited by AC signals at their resonant frequencies, the transducer
produces X-, Y-, and Z-direction resonances, respectively. Among them, when the X- and
Y-directions resonate together, the tool tip generates an elliptical trajectory, which is called
elliptical ultrasonic-assisted vibration milling. The Z-direction is used for drilling alone.
After being amplified by the horn and reflected by the tail mass, a large displacement
amplitude is generated at the tool tip. The entire transducer fixture is actually fixed in
the tool holder, and the piezoelectric ceramic ring is powered by a carbon brush, which
works on a high-speed rotating milling or drilling machine tool, machining the workpiece
more effectively.

In this paper, the high-speed rotation state of the transducer and the contact between
the tool and the workpiece mainly affect the stability performance of the displacement
amplitude during the operation of the transducer. Its stability can be improved through the
transducer control algorithm, so it will not be studied. Only the geometric optimization
problem is considered, so the material properties of the piezoelectric stack and other
metal parts of the transducer remain unchanged, as shown in Tables 2 and 3. In addition,
considering the geometric structure limitations of 3-DOF transducer in milling and drilling,
the approximate geometric dimensions [1] of a 3-DOF transducer can be obtained as shown
in Table 1.
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Figure 1. Workflow diagram of the proposed methodology: (a) 3-DOF piezoelectric ultrasonic
transducer; (b) optimization procedure of geometrical parameters; (c) results of finite element
simulation; (d) lumped model.
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Figure 2. Lumped model schematic of 3-DOF piezoelectric transducer: (a) schematic of the
mechanical structure; (b) lumped-parameter circuit model of the X- and Z-PZT; (c) equivalent
circuit of piezoelectric actuator for each axis; (d) polarization directions of the X-, Y-, and Z-PZT;
(e) electrical connections.

Table 1. Geometrical parameters of the 3-DOF piezoelectric transducer.

Component Parameter Unit (mm) Material Speed of Sound
(m/s)

Tail mass Length 22 304 steel 5019Diameter 40
X-PZT Length 4.5 PZT-8 3122Z-PZT Length 5.5

Horn Length 27 304 steel 5019Diameter 23

Tool Length 50 WC-11 Co carbide 6709Diameter 8

Hexagon bolt

Hgrip 22

304 steel 5019

Hthic 12
Ndia 15
Blen 57

Clamp
Outer diameter 52
Inner diameter 44

Length 5

2.1. Working Principle

In order to better meet the requirements of auxiliary milling and drilling functions,
this paper obtains the evaluation parameters of transducer performance by studying the
control equation of piezoelectric materials and the lumped model of transducers. The
purpose is to prepare for further geometric optimization designing of the transducer.

2.1.1. Piezoelectric Constitutive Equations

Piezoelectric ceramic rings are the core components of the transducer. Their control
equation is the piezoelectric inverse effect. By applying a periodic AC signal to the polarized
piezoelectric ceramic, it generates mechanical vibration, which in turn drives the transducer
tip to generate periodic output displacement. The d-type piezoelectric equations [17] are
shown in Equations (1) and (2).

S = sE.T + dT .E (1)

D = d.T + εT .E (2)
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where S, T, D, and E represent the strain, stress, electric displacement, and electric field
strength matrix, respectively. d, εT , and sE represent the 3 × 6 coupling coefficient matrix,
the 3 × 3 dielectric constant matrix, and the 6 × 6 compliance coefficient matrix, respectively.
Their values are all temperature-dependent and are related to the characteristics of the
material. There is symmetry in the values in the piezoelectric ceramic coefficient matrix,
and a large number of the coefficients are zero. Due to the use of bolt-clamped piezoelectric
rings in this study and the relatively low excitation voltage, only their linear behavior is
considered. The expanded equations can thus be written as in Equations (3)–(11).

S1 = sE
11T1 + sE

12T2 + sE
13T3 + d31E3 (3)

S2 = sE
12T1 + sE

11T2 + sE
13T3 + d31E3 (4)

S3 = sE
13T1 + sE

13T2 + sE
33T3 + d33E3 (5)

S4 = sE
44T4 + d15E2 (6)

S5 = sE
44T5 + d15E1 (7)

S6 = 2(sE
11 − sE

12)T6 (8)

D1 = d15T5 + εT
11E1 (9)

D2 = d15T4 + εT
11E2 (10)

D3 = d31T1 + d31T2 + d33T3 + εT
33E3 (11)

where the subscripts of constants and variables correspond to their positions in the matrix.
In finite element software, only the values of the coefficient matrix need to be set.

2.1.2. Lumped Model

The simplified mechanical model of the piezoelectric transducer is equivalent to the
lumped circuit model, which is further simplified to the electromechanical equivalent
circuit to obtain its performance parameters, as shown in Figure 2. In the mechanical
lumped model of the transducer, the tail mass and part of the bolt of the piezoelectric
transducer are simplified to the tail mass, and only the X- and Z-PZT are considered in the
piezoelectric stack. The fixture, horn, and tool are simplified to the front mass, as shown
in Figure 2a. The circuit elements and mechanical concentrated model components in the
simplified equivalent circuit model correspond one-to-one, as shown in Figure 2b. The final
simplified electromechanical equivalent circuit includes four circuit elements, as shown
in Figure 2c. The performance parameters of the transducer can be obtained from the
electromechanical equivalent circuit, such as Equations (12) and (13) [23].

Z = V/I (12)

ke =
√

Cm/(C0 + Cm) =
√
(1 − f 2

s / f 2
p) (13)

where Z, V, and I are the impedance, excitation voltage, and excitation current of the
transducer in each axial direction, respectively. ke , C0, and Cm represent the
electromechanical coupling coefficient, static, and dynamic capacitance of the transducer
(X-ke and Z-ke represent the electromechanical coupling coefficients of X-, and Z-PZT,
respectively. Y-ke and X-ke are basically the same and are not considered). fs and fp are the
series resonant frequency and parallel resonant frequency of the transducer, respectively.

The dynamic resistance R in the electromechanical equivalent circuit of the transducer
is equivalent to damping in mechanical vibration. When the piezoelectric ceramic plate is
excited by an AC signal and undergoes resonance, the vibration causes frictional motion
between the molecules in the piezoelectric stack, resulting in the generation of heat energy
due to loss. The loss can be characterized by establishing complex physical constants in
the control equation. In this study, the piezoelectric ceramic uses materials with low loss,
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so its loss can be regarded as a disturbance, mainly including mechanical and dielectric
losses. Therefore, the mechanical and dielectric loss coefficients [28,29] can be represented
by Equations (14) and (15).

εT∗ = εT(1 − j tan δ) (14)

sE∗ = sE(1 − j tan θ) (15)

where δ represents the phase delay between the electrical displacement under constant
stress and the applied electric field, and θ represents the phase lag between the strain under
a constant electric field and the applied stress. Its value can be individually set in finite
element software. In addition, the heat power generated [17] by the entire volume of the
piezoelectric ceramic ring can be calculated using Equation (16).

P =
Vm

2
Re(1/Z) (16)

where Vm represents the peak voltage applied to the piezoelectric ceramic ring assembly
and Re(1/Z) represents the real part of the admittance of the piezoelectric ceramic ring
assembly (where X- and Z-P represent the heat power of X- and Z-PZT. Y-P and X-P are
essentially the same and are not considered. Additionally, the sum of X-, and Y-P is much
larger than Z-P; hence, this study only considers X-P).

From the above, we can obtain the performance index parameters of the transducer:
the effective electromechanical coupling coefficient ke and the transducer’s heat power
P. The ke can reflect the efficiency of the transducer in converting electrical energy into
mechanical energy, while P can intuitively indicate the amount of loss in the transducer. By
evaluating the curie temperature of the piezoelectric material, the operational safety of the
transducer can be determined.

3. Finite Element Model of the Transducer

The finite element model’s dimensions of the 3-DOF piezoelectric transducer in
reference [1] are consistent with those in Table 1. Three sets of piezoelectric materials are
PZT-8. the material of the horn, tail mass, and bolt are 304 steel, and the material of the
remaining cutting tools is carbidet. The piezoelectric ceramics in the X- and Y-directions
consist of two sets of two half-rings, each with opposite polarity. The natural frequencies of
the transducer in the X-, Y-, and Z-directions are 17.5 kHz, 17.4 kHz, and 16.6 kHz. By
establishing a consistent finite element model of the transducer as presented in
reference [1] and fitting the mechanical loss parameters, different finite element models
with mechanical loss parameters were created for various geometric structures to obtain a
dataset of performance parameters.

3.1. Fitting of Mechanical Loss Parameters

The loss of piezoelectric materials and the physical properties of the various parts of the
transducer, as well as the geometric structures and external conditions, are closely related
and have an extremely important impact on the performance parameters of the transducer,
such as output amplitude and heat power. The characterization of piezoelectric material
loss includes three types: mechanical, electromechanical coupling, and dielectric losses.
The mechanical loss of the metal in the transducer at high frequencies can be ignored [13].
The dielectric losses of X-(Y-) and Z-PZT can be obtained from the literature [25] as 0.01
and 0.0125, respectively. The method for determining the mechanical loss parameters is
as follows.

A finite element model of the 3-DOF piezoelectric transducer as described in
reference [1] was established. The geometric parameters and material properties are shown
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in Tables 1–3. The horn adopts a hyperbolic shape, and its cross-sectional curve formula is
given by Equation (17).

rh = (rhb − rhs)
cosh(s/0.8)− 1
cosh(5/0.8)− 1

+ rhs (17)

where rh, hb, and rhs represent the cross-sectional radius of the horn, the radius of the larger
end cross-section of the horn, and the radius of the smaller end cross-section of the horn,
respectively. Also, s represents the axial position of the horn cross-section, and it has a
range of 0–5 mm. rhn(s = 0) and (s = 5), respectively, represent the values of the radius of
the larger end cross-section and the smaller end cross-section of the horn.

Table 2. Physical property of PZT-8 [30].

Properties Name PZT-8 Unit Property Group

Density ρ 7600 kg/m3 Basic

Flexibility matrix sE

{1.15, −0.37, 1.15,
−0.48, −0.48, 1.35, 0,

0, 0, 3.19, 0, 0, 0, 0,
3.19, 0, 0, 0, 0, 0, 3.04}

10−11(1/Pa) Strain–charge form

Coupling matrix d
{0, 0, −9.7, 0, 0, −9.7,

0, 0, 22.5, 0, 33, 0, 33, 0,
0, 0, 0, 0}

10−11(C/N) Strain–charge form

Relative permittivity εT {1290, 1290, 1000} Strain–charge form

Table 3. Finite element model parameters.

Geometry Parts Tmaxerial Poisson’s
Ratio

Density
(kg/m3)

Young’s
Modulus

(GPa)

Rear Cover, Clamp, Bolt, Horn 304 steel 0.29 7860 198
Tool [31] WC-11 Co 0.25 14,440 650

The hexagon bolt was imported from the COMSOL Multiphysics official website.
The contact surfaces between the bolt head and the tail mass and between the bolt and
the horn were set to uniform contact. The effect of friction was ignored, and a warning
cutoff was employed. The pre-tightening force of the bolt was 3100 N, and a 50 mm length
of the tool protruded by 35 mm, as shown in Figures 3 and A1. Two cross-sections of
the fixture ring were fixedly constrained. Regarding the polarization of the piezoelectric
ceramic ring and the electrical circuit connection, X, Y, and Z-PZT groups were excited by
an alternating signal voltage with a peak of 100 V and zero phase, as shown in Figure 2d,e.
The physical fields considered were solid mechanics and static electric fields. The domain
and coordinates were selected according to the polarization direction of the piezoelectric
materials. The minimum mesh division of the finite element model for acoustic was
determined using the empirical formula shown in Equation (18).

n = λmin/6 = cmin/ fmax/6 (18)

where the maximum frequency was set to fmax = 25 kHz and the minimum speed of sound
for the transducer material was cmin = 3122 m/s, which resulted in a minimum grid value
of n = 20.8 mm.The finite element model of the transducer in this study used a conventional
tetrahedral mesh, with a maximum element size of 15.1 mm, which met the requirements of
the mesh. The total number of elements in the mesh was 105,694. The piezoelectric ceramic
mechanical loss was set to isotropic loss, with a parameter scanning range of 0.006 to 0.013
and a step size of 0.001. Frequency domain studies were conducted in a frequency range of
10–25 kHz with a step size of 5 Hz.
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Finite element calculations were performed to obtain the displacement amplitude of
the transducer’s tool tip (u f k) and impedance magnitude on logarithmic scale (|Z|) curves
as a function of frequency. The displacement amplitudes in the X- and Z-directions were
denoted as X-u f k and Z-u f k, respectively. the impedance modulus of X- and Z-PZT were
denoted as X-|Z| and Z-|Z|, as shown in Figure 4. The resonant frequencies in the X- and
Z-directions were found to be 16.5 kHz and 17.8 kHz, respectively, with peak amplitudes
ranging from approximately 8 to 17 µm. The X-u f k and Z-u f k displacements decreased
with increasing damping, as shown in Figure 4a. The series resonance frequencies in the
X- and Z-directions were 16.5 kHz and 17.8 kHz, and the parallel resonance frequencies
were 17.05 kHz and 18.2 kHz. The peak values of X-|Z| and Z-|Z| were approximately
ranging from 4.65 to 4.9 and from 4.25 to 4.55, respectively. The red and blue curves
represent the X-|Z| and Z-|Z| curves from reference [1], and the frequencies of the model
associated with the X-direction were 420 Hz higher than those reported in the literature,
which is within the allowable error range. This discrepancy was considered by increasing
the frequency values for the X-direction by 420 Hz for better comparison. The |Z| values of
the Z-direction decreased first and then increased at 18.1 kHz. This was due to the influence
of the Y-direction resonance mode on the actual 3-DOF transducer, which resulted in a
decrease in the output amplitude of the X-direction at the resonance point, as shown in
Figure 4b.
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Figure 3. Detailed schematic of 3-DOF piezoelectric ultrasonic transducer geometry.
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Figure 4. Fitting curve of mechanical loss: (a) X-u f k and Z-u f k; (b) X-|Z| and Z-|Z|.

The peak values of X-u f k and Z-u f k displacements were approximately 10 µm and
12.5 µm in reference [1]. Meanwhile, in this study, when the mechanical losses were set
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to 0.009 and 0.01, the X- and Z-displacement values were 11.68 µm and 10.54 µm and
11.57 µm, 10.39 µm, respectively. After comprehensive considerations, the mechanical loss
of the piezoelectric ceramic was chosen as 0.0095 in this study.

3.2. Finite Element Model of Geometric Variations

Based on the finite element model of mechanical parameter fitting, finite element
models of transducers with different geometric structures were established by changing
the geometric dimensions of the tail mass, X-PZT, and horn. The geometric dimensions of
the transducer were varied as follows: The length and diameter of the tail mass varied in
the ranges of 16–28 mm and 30–42 mm, respectively, with a step size of 4 mm for both. The
length and diameter of the horn varied in the ranges of 20–35 mm and 17–29 mm, with step
sizes of 5 mm and 4 mm, respectively. The lengths of the X (Y)-PZT varied in the range of
3.5–5.5 mm with a step size of 1 mm, while the length of the Z-PZT varied with the X-PZT,
with an additional 0.5 mm. The geometric parameters were scanned as a whole. A total of
768 finite element models were created for the geometric variations. The pre-tightening
bolts and tool dimensions remained fixed, while the geometric variations of the fixed
clamps and nuts changed with other components, as shown in Figure 3. In evaluating
the effect on transducer performance, the transducer piezoelectric stack material used
was PZT-8, and the rest was 304 steel. In addition to geometric variations, the remaining
software settings for different transducer finite element models were consistent with the
model in the mechanical damping fitting, and the piezoelectric stack loss parameters were
all set to 0.0095.

3.3. Simulation Calculation and Results

In this study, finite element simulations were performed using a computer with the
following specifications: Windows 10 Professional 64-bit operating system, Intel(R)
Core(TM) i5-8600K CPU @ 3.60GHz 3.60 GHz processor, and 64.0 GB RAM (63.8 GB
available). We performed frequency domain computational studies on 768 different
structural finite element transducer models. After excluding models with anomalous
results, we obtained X-ke, Z-ke, and X-P data for 702 distinct transducer structures, as
depicted in Figure 5.

Here, X-ke and Z-ke represent the electromechanical coupling coefficients in the X-
and Z-directions, respectively, for the 3-DOF piezoelectric transducer. Because Z-ke is of
the first order, overall, the value of Z-ke is greater than that of X-ke. The Z-ke values are
below 40% and the X-ke values are below 30%, as shown in Figure 5a. X-P represents the
heat power generated by the X-PZT during the bending vibration in the X-direction for the
3-DOF piezoelectric transducer. In all models, the X-P values are below 50W, as shown in
Figure 5b.
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Figure 5. Dataset of transducer performance parameters for different geometries: (a) X-ke and Z-ke;
(b) X-P.
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4. Geometric Structure Optimization Method

The finite element model is used as the objective function model for the NSGA2 [32]
algorithm. However, the computational time required is excessively long. Therefore,
a dataset of performance indicators for different geometric structures of transducers is
obtained through finite element model calculations. This dataset is then processed by a
CNN [33] algorithm to obtain two objective functions, X-ke and Z-ke, which serve as the
optimization objectives for the NSGA2 algorithm to solve for the Pareto optimal solution
set of geometric dimensions for transducers.

4.1. Indicator Parameter CNN Model

Based on the analysis of the finite element models, from the 702 computed results of
X-ke, Z-ke, and X-P, 600 were randomly selected as the training set for the CNN, with the
remaining 102 being used as the test set. The CNN model took the input of five parameters:
the tail mass length and diameter, X-PZT length, and horn length and diameter. The outputs
were X-ke, Z-ke, and X-P.

The structure of the CNN model comprised 20 layers: the first layer had a 5 × 1 × 1
image input, followed by layers 2–4, which included 5 × 1 × 16 convolution, batch
normalization, and ReLU layers. Layers 6–8 consisted of 4 × 1 × 32 max-pooling,
convolution, batch normalization, and ReLU layers, and layers 9–12 included 3 × 1 × 64
max-pooling, convolution, batch normalization, and ReLU layers. Layers 13–16 utilized
2 × 1 × 128 max-pooling, convolution, batch normalization, and ReLU layers, layer 17 had
1 × 1 × 128 max-pooling, layer 18 was a dropout layer of 1 × 1 × 128, layer 19 was a fully
connected layer of 1 × 1 × 1, and the final layer was the regression output layer.

The CNN model used the stochastic gradient descent method (SGDM) as the gradient
descent algorithm, with a batch size of 300, maximum training count of 1200, and initial
learning rate of 0.01 (which was decreased to 0.001 after 800 iterations). The training dataset
was shuffled before each training session. The results of the CNN model on the test set are
shown in Figure 6, where the root mean square error (RMSE) for X-ke, Z-ke, and X-P were
found to be 0.858, 0.5136, and 2.116, respectively, indicating a high degree of fitting.
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Figure 6. Comparison of true and predicted values for the test set: (a) X-ke; (b) Z-ke; (c) X-P.

4.2. Based on NSHA2 Geometric Structure Optimization

The CNN network model for X-ke and Y-ke were obtained above as the two objective
functions of NSGA2. There is no feasible solution that simultaneously achieves the optimal
geometric parameters for the transducer. Therefore, the transducer geometric structure
optimization design consists of two steps: (1) using the effective electromechanical coupling
coefficients of the transducer’s X-PZT and Z-PZT as the objective functions, obtaining the
Pareto optimal solution set of the transducer based on NSGA2; and (2) combining the
transducer design requirements to subjectively make decisions on the Pareto optimal
solution set, selecting the best solution closest to the optimal level (simultaneously optimal
for both objectives).
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4.2.1. Optimization of Two Targets

The five objective variables for optimizing the geometric structure of transducers in
this study are as follows: the length (L1) and diameter (D1) of the tail mass, the length
(L2) of the X-PZT, and the length (L3) and diameter (D2) of the horn. The optimization
objectives are X-keand Y-ke.

min
{

X − ke = −CNNX(L1, D1, L2, L3, D2)
Z − ke = −CNNZ(L1, D1, L2, L3, D2)

S.t.{16 ≤ L1 ≤ 28, 30 ≤ D1 ≤ 42, 3.5 ≤ L2 ≤ 5.5,
20 ≤ L3 ≤ 36, 17 ≤ D2 ≤ 29, L1 ∈ 4 × N,
D1 ∈ 4 × N, L2 ∈ 1 × N, L3 ∈ 5 × N, D2 ∈ 4 × N}

(19)

where N represents a natural number. The NSGA2 algorithm is used to optimize these two
objective functions, with an initial population size of 50 and 500 iterations. The cross-over
and mutation probabilities are set at 0.8 and 0.05, respectively. The optimization process is
shown in Figure 7.
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Initial 

populations

Non-dominated sorting and 

crowding distance calculation

Generation=1

Ordinal number for a two-

by-two comparison


Selection of individuals 

with small order numbers

=

Selection of individuals 

with high crowding

Crossover & Mutation

merging of populations

Non-dominated sorting and 

crowding distance calculation

Introducing elite strategies, competition 

generates new populations

Generation<Threshold

No

End

Generation=+1
Yes

Figure 7. Flowchart of the NSGA2 optimization algorithm.
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4.2.2. Dual-Objective Optimization Decision

The results of the NSGA2 algorithm optimization are shown in Figure 8. The red
region represents the Pareto solutions for the transducer X-ke and Z-ke at their optimal
values simultaneously. The table presents seven solutions, as shown in Table 4, where X-ke-
Ture, Z-ke-Ture, and X-P-Ture, respectively, indicate the true values obtained from the finite
element simulation; X-ke-Predict, Z-ke-Predict, and X-P-Predict, respectively, represent the
predicted values from the CNN with a maximum error not exceeding 3.63%. This indicates
that the objective functions of X-ke and Z-ke obtained by the CNN fitting are effective.
Moreover, the 3-DOF ultrasonic vibration transducer needs to operate near its resonance
frequency to achieve high-frequency, high-amplitude vibration for the tool. However, high-
frequency, high-amplitude vibration can increase the temperature of the transducer, leading
to potential damage. Therefore, the solutions with high thermal power were excluded from
the seven optimal solutions, resulting in the optimal geometric structure for the transducer
as (22, 40, 5.5, 20, 23). The overall scheme of the geometric optimization of the transducer is
presented in Figure 1.

Table 4. Seven optimal transducer geometries obtained after managerial decision making.

Variation X-ke-
Ture

X-ke-
Predict

Error
(%)

Z-ke-
Ture

Z-ke-
Predict

Error
(%)

X-P-
Ture

X-P-
Predict

Error
(%)

(22, 40, 5.5, 20, 23) 22.33 21.51 3.63 25.89 26.16 1.03 18.97 19.97 5.01
(24, 42, 5.5, 20, 23) 22.60 21.92 3.01 25.21 25.24 0.13 21.45 21.65 0.92
(22, 42, 5.5, 25, 27) 21.29 20.81 2.23 27.64 27.73 0.33 19.19 19.50 1.59
(22, 42, 5.5, 20, 25) 21.59 21.30 1.29 26.74 26.75 0.04 20.20 20.80 2.88
(26, 42, 5.5, 25, 25) 21.93 21.33 2.70 26.14 26.37 0.89 19.54 20.16 3.07
(22, 42, 5.5, 20, 23) 22.50 21.84 2.91 25.09 25.29 0.83 21.75 22.07 1.45
(22, 42, 5.5, 25, 29) 20.57 20.19 1.82 28.93 28.95 0.09 18.00 18.26 1.42

1 8 1 9 2 0 2 1 2 2 2 3
2 0

2 2

2 4

2 6

2 8

3 0

3 2

Z-k
e(%

)

X - k e ( % )

Figure 8. Pareto set of transducer geometrical dimensions obtained by NSGA2 optimization.

5. Finite Element Verification

This paper utilized the finite element method to establish 15 finite element transducer
models beyond the dataset and obtained the third-order X-ke indicator parameter for the
transducer’s X-directional bending vibration and the first-order Z-ke indicator parameter
for the longitudinal vibration to verify the correctness of the optimization method.

5.1. Geometric Variation

The obtained performance parameters were compared and validated with the optimal
geometric structure transducer by singlehandedly varying the diameter and length of the
tail mass, length of X-PZT, and diameter and length of the horn. The results are as follows.
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5.1.1. Tail Mass Variation

The tail mass in the transducer not only serves to clamp and fix the piezoelectric
ceramic, preventing its resonance destruction, but also reflects the ultrasonic energy to
the cutting tool. Its geometric dimensions have a significant impact on the transducer’s
performance. The diameter and length of the tail mass range from 18 to 26 mm and from
38 to 42 mm, with step lengths of 4 mm and 2 mm, respectively.

When the length of the tail mass is increased, the frequency range of interest is
16–21 kHz. The transducer’s resistance frequency (X- and Z-Resistanc) and heat power
frequency (X- and Z-P) curves are shown in Figure 9. The peak value of resistance
corresponds to the series resonance frequency fs, while the peak value of power
corresponds to the parallel resonance frequency fp. Using the obtained fs and fp, the
corresponding ke values for different lengths of the tail mass of the transducer are
calculated using Equation (13) and are presented in Table 5. The performance (X-ke, Z-ke,
and X-P) of the transducer with the structure (22, 40, 5.5, 20, 23), as indicated in the table, is
superior to the parameters before optimization.

Table 5. Length variation of tail mass.

Tail Mass Len
Variation (mm)

X- fp
(Hz)

X- fs
(Hz)

X-ke
(%)

Z- fp
(Hz)

Z- fs
(Hz)

Z-ke
(%) X-P (W)

(22, 40, 4.5, 24, 23) 19,115 18,770 18.91 17,585 17,105 23.20 23.20
(26, 40, 4.5, 24, 23) 18,380 18,035 19.28 17,210 16,730 23.40 23.45
(22, 40, 5.5, 20, 23) 17,959 17,002 22.33 18,424 17,602 25.89 18.97
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Figure 9. Length variation of tail mass, (a) X-R and Z-R, (b) X-P and Z-P.

When the diameter of the tail mass of the transducer is increased, the frequency range
of concern is 16.5–20.5 kHz. The obtained X-Resistanc, Z-Resistanc, X-P, and Z-P curves are
shown in Figure 10. Table 6 shows the corresponding series resonance frequency, parallel
resonance frequency, thermal power value, and calculated electromechanical coupling
coefficient of the transducer. The performance (X-ke, Z-ke, and X-P) of the transducer with
the structure (22, 40, 5.5, 20, 23), as indicated in the table, is superior to the parameters
before optimization.

Table 6. Diameter variation of the tail mass.

Tail Mass Dis
Variation (mm)

X- fp
(Hz)

X- fs
(Hz)

X-ke
(%)

Z- fp
(Hz)

Z- fs
(Hz)

Z-ke
(%) X-P (W)

(22, 40, 4.5, 24, 23) 19,115 18,770 18.91 17,585 17,105 23.20 22.59
(22, 42, 4.5, 24, 23) 19,400 19,070 18.36 17,450 17,015 22.19 20.76
(22, 40, 5.5, 20, 23) 17,959 17,002 22.33 18,424 17,602 25.89 18.97
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Figure 10. Diameter variation of the tail mass: (a) X-R and Z-R; (b) X-P and Z-P.

5.1.2. X-PZT Variation

X-PZT (Y-PZT, besides causing the transducer to bend in the Y-direction, has the
same structure and basic performance as X-PZT; no additional introduction is provided)
is excited by an AC signal, causing the transducer to generate bending vibration in the
X-direction through the inverse piezoelectric effect. During milling, together with the
bending vibration of Y-PZT, it forms an ellipse, reducing milling force and temperature.

The length range of X-PZT is 3.5–5.5 mm. When the length of the X-PZT of the
transducer is increased, the frequency range of concern is 16–21 kHz. The obtained
X-Resistanc, Z-Resistanc, X-P, and Z-P curves are shown in Figure 11. Table 7 shows the
corresponding series resonance frequency, parallel resonance frequency, thermal power
value, and calculated electromechanical coupling coefficient of the transducer. The
performance (X-ke, Z-ke, and X-P) of the transducer with the structure (22, 40, 5.5, 20, 23),
as indicated in the table, is superior to the parameters before optimization.
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Figure 11. Length variation of X-PZT: (a) X-R and Z-R; (b) X-P and Z-P.

Table 7. Length variation of X-PZT.

X-PZT Len
Variation (mm)

X- fp
(Hz)

X- fs
(Hz)

X-ke
(%)

Z- fp
(Hz)

Z- fs
(Hz)

Z-ke
(%) X-P (W)

(22, 40, 4.5, 24, 23) 19,115 18,770 18.91 17,585 17,105 23.20 22.59
(22, 40, 5.5, 24, 23) 17,645 17,255 20.91 16,970 16,415 25.36 18.68
(22, 40, 5.5, 20, 23) 17,959 17,002 22.33 18,424 17,602 25.89 18.97

5.1.3. Horn Variation

The horn in the transducer plays a role in amplifying the displacement amplitude
while also needing to possess strong rigidity to ensure that the tool does not damage the
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workpiece upon contact. The length and diameter of the horn vary within the ranges of
20–28 mm and 23–27 mm, respectively, with a step of 4 mm for both.

When the length of the horn of the transducer is increased, the frequency range of
concern is 16–21 kHz. The obtained X-Resistanc, Z-Resistanc, X-P, and Z-P curves are
shown in Figure 12. Table 8 shows the corresponding series resonance frequency, parallel
resonance frequency, thermal power value, and calculated electromechanical coupling
coefficient of the transducer. The performance (X-ke, Z-ke, and X-P) of the transducer with
the structure (22, 40, 5.5, 20, 23), as indicated in the table, is superior to the parameters
before optimization.
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Figure 12. Length variation of the horn: (a) X-R and Z-R; (b) X-P and Z-P.

Table 8. Length variation of the horn.

Horn Len
Variation (mm)

X- fp
(Hz)

X- fs
(Hz)

X-ke
(%)

Z- fp
(Hz)

Z- fs
(Hz)

Z-ke
(%) X-P (W)

(22, 40, 4.5, 24, 23) 19,115 18,770 18.91 17,585 17,105 23.20 22.59
(22, 40, 4.5, 28, 23) 18,170 17,870 18.09 16,955 16,505 22.88 21.86
(22, 40, 5.5, 20, 23) 17,959 17,002 22.33 18,424 17,602 25.89 18.97

When the diameter of the horn of the transducer is increased, the frequency range of
concern is 15.5–20.5 kHz. The obtained X-Resistanc, Z-Resistanc, X-P, and Z-P curves are
shown in Figure 13. Table 9 shows the corresponding series resonance frequency, parallel
resonance frequency, thermal power value, and calculated electromechanical coupling
coefficient of the transducer. The performance (X-ke, Z-ke, and X-P) of the transducer with
the structure (22, 40, 5.5, 20, 23), as indicated in the table, is superior to the parameters
before optimization.
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Figure 13. Diameter variation of the horn: (a) X-R and Z-R; (b) X-P and Z-P.
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Table 9. Diameter variation of the horn.

Horn Dis
Variation (mm)

X- fp
(Hz)

X- fs
(Hz)

X-ke
(%)

Z- fp
(Hz)

Z- fs
(Hz)

Z-ke
(%) X-P (W)

(22, 40, 4.5, 24, 23) 19,115 18,770 18.91 17,585 17,105 23.20 22.59
(22, 40, 4.5, 24, 27) 19,580 19,235 18.68 16,220 15,950 18.17 21.20
(22, 40, 5.5, 20, 23) 17,959 17,002 22.33 18,424 17,602 25.89 18.97

5.2. Optimized Transducer Structure

This paper compared the finite element model reproduced based on the geometric
structure of reference [1]. The optimized results showed an increase of 2.4% and 1.87 in
X-ke and Z-ke, respectively, and a decrease of 1.33W in X-P, as shown in Table 10.

Table 10. Comparing the results of the paper.

Optimized
Structure

(mm)

X- fp
(Hz)

X- fs
(Hz)

X-ke
(%)

Z- fp
(Hz)

Z- fs
(Hz)

Z-ke
(%)

X-P
(W)

(22, 40, 4.5, 27, 23) 18,169 17,804 19.94 17,038 16,539 24.02 20.38
(22, 40, 5.5, 20, 23) 17,959 17,002 22.33 18,424 17,602 25.89 18.97

6. Conclusions

This paper proposes a geometric structure optimization method for a 3-DOF
transducer. By studying the transducer’s concentrated model, the evaluation parameters ke
and P, which assess the transducer’s performance, were obtained. Different transducer
finite element models with a mechanical loss value of 0.0095 were established to obtain the
dataset of indicator parameter values in the X- and Z-directions. Two objective functions
were obtained using CNN to establish the relationship between the transducer’s geometric
dimensions and indicator parameters, with RMSE values of 0.858, 0.5136, and 2.116 for the
X-ke, Z-ke, and X-P test sets and actual values, respectively. Taking X-ke and Z-ke as the
objective function of NSGA2, the Pareto optimal solution set was obtained, and the
optimized geometric structure of the transducer was determined to be (22, 40, 5.5, 20, 23)
through subjective decision making. Finally, by establishing a finite element model of the
transducer using data beyond the dataset, the optimized transducer’s X- and Z-PZT
electromechanical coupling coefficients can simultaneously reach 22.33% and 25.89%,
respectively, with the thermal power of X-PZT being reduced to 18.97 W. This is a 2.4% and
1.87% increase in the effective electromechanical coupling coefficients of X- and Z-PZT,
respectively, compared with the model in the literature, with X-PZT’s thermal power being
reduced by 1.33 W. This indicates that the method presented in this paper has achieved the
optimal geometric structure for the transducer.
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Appendix A

To illustrate the relevant details of the finite element model of the transducer, the side
view of the model is shown in Figure A1.

Side View

Figure A1. Side view of transducer model.
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