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Abstract: In shallow water, Sentinel-2 multispectral imagery has only four visible bands and limited
quantization levels, which easily leads to the occurrence of the same spectral profile but different
depth (SSPBDD) phenomenon, resulting in a one-to-many relationship between water depth and
spectral profile. Investigating the impact of this relationship on water depth inversion models is
the main objective of this paper. The Stumpf model and three machine learning models (Random
Forest, Support Vector Machine, and Mixture Density Network) are employed, and the performance
of these models is analysed based on the spatial distribution of the training dataset and the input
information composition of these models. The results show that the root mean square errors (RMSEs)
of the depth inversion of Random Forest and Support Vector Machine are significantly affected by the
spatial distribution of the training dataset, while minimal effects are observed for the Stumpf model
and the Mixture Density Network model. The SSPBDD phenomenon is widespread in Sentinel-2
images at all depths, particularly between 5 m and 15 m, with most of the depth maximum difference
of the SSPBDD pixels ranging from 0 to 5 m. The SSPBDDs phenomenon can significantly reduce the
inversion accuracy of any model. The number and the depth maximum difference of the SSPBDDs
pixels are the main influencing factors. However, by increasing the visible spectral information and
the spatial neighbourhood information in the input layer of machine learning models, the inversion
accuracy and stability of the models can be improved to a certain extent. Among the models, the
Mixture Density Network achieves the best inversion accuracy and stability.

Keywords: depth inversion; mixture density network (MDN); same spectral profile but different
depth (SSPBDD)

1. Introduction

Shallow water bathymetry around islands and reefs as well as in nearshore areas
is crucial for applications such as navigation safety, engineering construction, resource
development, marine rescue, and ecological protection [1]. Satellite remote sensing has
the advantages of being free from geospatial constraints and low cost, overcoming the
limitations of traditional in situ surveys. Shallow water depth inversion using optical satel-
lites is rapidly developing and gaining attention. There are three types of optical remote
sensing depth inversion: active optical, passive optical, and multisource fusion. Three
types of depth inversion models exist for passive optical multispectral images: theoretical
analytical models, semi-theoretical and semi-empirical models, and statistical models [2].
Statistical models, such as the classical Stumpf dual-band logarithmic ratio algorithm, are
widely used due to their relative simplicity and ability to account for local variations in
water properties and bottom types. However, they may not achieve the same level of
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accuracy as theoretical analytical models, which rely on precise knowledge of inherent op-
tical properties, or semi-theoretical and semi-empirical models, which require site-specific
calibration. Nevertheless, statistical models offer a more practical approach when accurate
inherent optical property data or extensive calibration data are unavailable, making them a
viable option for many applications. In recent years, many improved algorithms, such as
machine learning models, have emerged that can construct complex nonlinear relationships
between multispectral data and bathymetry data, e.g., Random Forest (RF), Support Vector
Machine (SVM), and Multilayer Perceptron. These models have improved the accuracy
of bathymetry inversion to a certain extent [2]. In recent years, there has been significant
progress in the development and application of optical satellite inversion methods with
different machine learning algorithms, e.g., using the quasi-analytical algorithm and remote
sensing reflectance [3]. In addition to multispectral information, spatial information on
bathymetry distributions has been considered in bathymetry inversion models [4–6].

However, some characteristics of multispectral satellite sensors are usually ignored;
for example, the OLI sensor of Sentinel-2 is not specially designed for water colour remote
sensing [7]; there are fewer multispectral bands which are relatively wide, leading to
averaging, which mean some spectral information is missing and water body spectra are
not depicted in detail. Additionally, Sentinel-2 imagery has limited quantization levels,
usually 12 bits, equivalent to 4096 digital numbers [8], which is not sensitive enough
for water body bands with smaller intensity variations. Therefore, pixels at different
locations and depths maybe have identical spectral profiles, referred to in this paper as
the “same spectral profile but different depth (SSPBDD)” phenomenon; a detailed analysis
is provided in Section 3.1. This phenomenon is similar to that of “different objects with
identical spectrum profiles” in land remote sensing (different types of land cover with
identical spectral characteristics) [9–12]. The most direct impact of this phenomenon is
the one-to-many relationship between the depth and spectral profile. For depth inversion
models established solely based on spectral characteristics, uncertainty exists in the depth
inversion, thus affecting the accuracy of the inversion. Especially for statistical models and
machine learning models based on blue–green bands, each input needs to correspond to a
unique output, while the impact of the SSPBDD phenomenon that causes one multispectral
profile to correspond to multiple different depths (i.e., one-to-many relationship) has not
yet been studied.

To address this one-to-many issue, a Mixture Density Network (MDN) is introduced
for water depth inversion; MDN is based on machine learning and is compared with the
classical Stumpf two-band logarithmic ratio model, the RF model, and the SVM model
to study the effect of the SSPBDD phenomenon on the depth inversion accuracy of each
model in Section 4 of this paper.

2. Study Area and Data
2.1. Study Area

Kaneohe Bay of Oahu Island, a semi-enclosed harbour that includes a large lagoon
and a protected reef system, is located on the northeast side of Oahu Island in the Hawaiian
Islands within the United States. The average depth in the bay is 8 m. Fringing reefs are
widely distributed along its coastlines, and a large number of patch reefs are found within
the lagoon. Outside the lagoon, there is a crescent-shaped reef that is approximately 5 km
long and 2 km wide, with a steep reef slope on the seaward side. Kaneohe Bay features a
prominent tidal channel that connects the coral reef bay to the open ocean, allowing large
volumes of seawater to flow in and out with rising and falling tides.

Buck Island is located on the northeast shallow shelf of the largest island, Saint Croix,
in the U.S. Virgin Islands. The southwest coast is mainly composed of exposed sandy
beaches. The island is surrounded by reefs from southeast to northwest, forming a lagoon
that is 200–300 metres wide and 2–4 metres deep. The outer perimeter is surrounded by
numerous isolated patch reefs, and the water surrounding the island is clear. The substrates
of the seabeds of these two islands include coral reefs as well as sand and mud [13].
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2.2. Data

(1) Satellite data
The satellite images (Figures 1 and 2) used in this study are listed in Table 1, with

the Sentinel-2A image overpassed on 29 January 2022 at 14:57 (UTC) and the Sentinel-2B
image on 1 December 2020 at 12:23 (UTC). The images of Sentinel-2A and Sentinel-2B were
downloaded from the European Space Agency (ESA), and are Level 2A products which
have been atmospheric corrected. Since the sun glint is not significant in these two images,
to preserve the original information of the data as much as possible, no flare correction
was performed in this study. Refer to the methods provided in reference [14] to extract all
water body pixels. After the aforementioned processing, the pixel values of the remote
sensing images are in terms of remote sensing reflectance (abbreviated as Rrs). To fully
utilize the bathymetry information from the various bands of Sentinel-2A and Sentinel-
2B, Band 1 (B1) was resampled to a spatial resolution of 10 metres, and the measured
depths for Oahu Island and Buck Island were also resampled to a resolution of 10 metres.
Furthermore, the tidal heights were obtained from https://tidesandcurrents.noaa.gov/
(accessed on 13 May 2024) based on the position and the acquisition time of the satellite
images. Therefore, the tidal height must be subtracted from the inversion depth compared
to the measured depth.
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Table 1. Characteristics of the Sentinel-2 images used in this paper.

Satellite Region Acquisition Time
(UTC)

Tide Height
(m) Product Level

Band and
Spectral Range

(nm)

Spatial
Resolution

(m)

Sentinel-2B Oahu Island 2020-12-01 21:09 0.29
Level 2A

B1: 433–453 60

B2: 458–523
B3: 543–578
B4: 650–680

10
Sentinel-2A Buck Island 2022-01-29 14:57 0.71

(2) Measured depth
The measured depths used in this study were all derived from airborne LiDAR data

obtained from the public dataset of the National Oceanic and Atmospheric Administra-
tion (NOAA) Coastal and Ocean Science Centre. The measured depths for Oahu Island
(Figure 3a; only 0–20 m depth is shown) consist of irregularly spaced points with an av-
erage point spacing of approximately 4 m. The horizontal positioning accuracy is about
3 metres, and the vertical accuracy is about 0.15 m. The measured depths for Buck Island
(Figure 4a; only 0–20 m depth is shown) consists of LiDAR points with a spacing of 3 m ×
3 m. The vertical and horizontal accuracies of the measured depths meet the requirements
of the 1st-order measurement accuracy defined in the 5th edition of the International Hy-
drographic Organization (IHO) standards [15], with a vertical positioning uncertainty less
than [0.52 + (0.013 × depth)2]1/2 metres and a horizontal positioning uncertainty less than
(5 + 0.05 × depth) metres. Notably, there are a few scattered blank areas in the measured
depths for Buck Island, but this does not affect the overall training or depth inversion. Only
water depths within 0–20 m are considered for depth inversion in this paper.

Figures 3b and 4b show the histogram distributions of the measured depths for Oahu
Island and Buck Island, respectively. The depth histogram of Oahu Island has a logarithmic
shape, with the number of pixels gradually decreasing from shallow water to deep water.
On the other hand, the depth histogram of Buck Island looks like a Gaussian shape, with
the majority of depths between 9 and 12 m and fewer pixels at depths less than 5 m or
greater than 15 m.
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Figure 4. Measured depths (a) and depth histogram (b) of Buck Island.

3. Methods
3.1. Same Spectral Profile but Different Depth (SSPBDD)

To study the distribution of the SSPBDD phenomenon in the Sentinel-2 images of
Oahu Island and Buck Island, the tidal height must be subtracted from the inversion
depth to correspond to the spectral profile of each pixel of the Sentinel-2 images. The
percentage of pixels with the SSPBDD among the total water pixels (within the depth
range of 0–20 m) was calculated under the different band combinations in these two images
(Table 2). The percentage of pixels with the SSPBDD is highest for the combination of blue
and green bands (B2 and B3), especially for Buck Island, where the SSPBDD phenomenon
occurs in almost the entire image. However, when an additional red band (B4) is included,
the SSPBDD percentage significantly decreases. When B1 is also included, the SSPBDD
percentage is already reduced to a very low level (3.7% for Oahu Island but only 0.7% for
Buck Island). Moreover, the addition of B1 leads to a greater decrease in the pixel percentage
than does the addition of B4, indicating that B1 provides more spectral information than
B4. This is because the transmission of B1 is deeper than that of B4. In any case, increasing
the number of visible bands allows for more spectral information about both the water
surface and underwater, which is useful to reduce the interference caused by the SSPBDD
phenomenon in the one-to-many inversion of depth.
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Table 2. Percentage of pixels with the SSPBDD for different band combination on Buck Island and
Oahu Island.

Band Combination
Percentage of Pixels with the

SSPBDD/All Water Pixels within
0–20 m on Oahu Island

Percentage of Pixels with the
SSPBDD/All Water Pixels

within 0–20 m on Buck Island

B2, B3 124,662/328,514 ≈ 37.9% 233,398/251,867 ≈ 92.7%
B2, B3, B4 86,513/328,514 ≈ 26.3% 141,093/251,867 ≈ 56.0%

B1, B2, B3, B4 12,188/328,514 ≈ 3.7% 1878/251,867 ≈ 0.7%

B2, B3, and B4 of Sentinel-2 images are usually used for depth inversion models [16–18].
Figures 5 and 6 show the statistics diagram of pixels with the SSPBDD for three-band
spectral profiles on Buck Island and Oahu Island, respectively. For example, the value 5 on
the X-axis in Figure 5a indicates that the spectral profiles of the 5 pixels in a group are the
same; thus, 5 is the number of pixels with the SSPBDD in a group, and the corresponding
value 1443 on the Y-axis indicates that there are 1443 groups and there are 5 pixels with the
SSPBDD in each group. To study whether those pixels with the SSPBDD are related to water
depth, Figures 5b and 6b show histograms of the measured depths corresponding to those
pixels. Similarly, the maximum depth difference of pixels with the SSPBDD represents
the maximum of difference among water depth among the pixels with the SSPBDD in a
group. Figures 5c and 6c show histograms of the maximum depth difference of pixels in
each group; then, Figures 5d and 6d show the spatial distribution of those pixels with a
maximum depth difference greater than or equal to 1.5 m.
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Figure 5. Histogram (a–c) and the spatial distribution (d) of pixels with the SSPBDD on Oahu Island. 
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Figure 5. Histogram (a–c) and the spatial distribution (d) of pixels with the SSPBDD on Oahu Island.
(a) histogram of number of the pixels with the SSPBDD in a group, Pixels with the same spectral
profile form a group. (b) histogram of depth of pixels with the SSPBDD. (c) histogram of maximum
depth difference of the pixels with the SSPBDD in a group. (d) the spatial distribution of the pixels
with the SSPBDD, only pixels with a maximum depth difference greater than or equal to 1.5 m.
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(a) histogram of number of the pixels with the SSPBDD in a group, Pixels with the same spectral
profile form a group. (b) histogram of depth of pixels with the SSPBDD. (c) histogram of maximum
depth difference of the pixels with the SSPBDD in a group. (d) the spatial distribution of the pixels
with the SSPBDD, only pixels with a maximum depth difference greater than or equal to 1.5 m.
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Figures 5a and 6a show the shapes of the histograms for Buck Island and Oahu Island
are similar: they both decrease gradually, but the trends are slightly different. For example,
there are 1840 groups when 5 pixels have the SSPBDD and only 8 groups when 10 pixels
have the SSPBDD on Buck Island; 1443 groups when 5 pixels have the SSPBDD; and
489 groups when 10 pixels have the SSPBDD on Oahu Island. In addition, the maximum
number of pixels with the SSPBDD is 11 for Buck Island in one group, while the maximum
number of pixels with the SSPBDD reaches 24 for Oahu Island in one group. Table 2 shows
that although the percentage is lower on Oahu Island than on Buck Island, the SSPBDD
phenomenon is more significant due to a greater number of pixels with the SSPBDD on
Oahu Island. The histograms in Figures 5b and 6b both closely resemble a Gaussian shape,
which means that the SSPBDD phenomenon mainly occurs at water depths of 5–15 m. In
addition, they show that the probability of the SSPBDD phenomenon is relatively low in
depths of 0–5 m, possibly because the effect of the seafloor on remote sensing reflectance is
more significant at depths of 0–5 m than at other depths, since Figure 3b shows that there
are many more pixels at 0–5 m, so this may be the reason why the percentage is lower
on Oahu Island than on Buck Island in Table 2, meaning that percentage of pixels with
the SSPBDD is related to water depth. Figures 5c and 6c show that the count of groups
decreases sharply as the maximum depth difference increases, reaching maximum water
depths of 11 m and 13 m, respectively, where only a very small number of groups are
present. Figures 5d and 6d show only 65,240 pixels with a depth greater than or equal to
1.5 m and 15,055 pixels with a maximum depth difference greater than or equal to 5 m
for Oahu Island, and there are 55,707 pixels with a maximum depth difference greater
than or equal to 1.5 m and 1605 pixels with a depth greater than or equal to 5 m for Buck
Island. Referring to Figures 3a and 4a, the distributions of these pixels can be summarised
as follows: most pixels are in the lagoon areas and at 5–15 m depth on the two islands, in
the tidal channel on Oahu Island, and near the image boundary on Buck Island.

In conclusion, Figures 5 and 6 show that the SSPBDD is a common phenomenon in
data from the multispectral satellite Sentinel-2, and the spatial distribution of pixels with
the SSPBDD is significantly correlated with the water depth, and the difference between
the water depth corresponding to pixels with the SSPBDD is also relatively obvious, so it is
necessary to study the effect of the SSPBDD on the depth inversion.

3.2. Parameters
3.2.1. Depth Invariant Index (DII)

Lyzenga proposed a method to extract substrate types by using the DII because
sunlight decays exponentially in the water column with depth [19]. The DII is defined in
this paper as follows:

DII = ln(RB2)− kB2/kB3ln(RB3) (1)

where RB2 and RB3 are the reflectance at B2 and B3, respectively. kB2 and kB3 are the at-
tenuation coefficients of the water column at B2 and B3, respectively. The entire shallow
sea around Oahu Island and Buck Island is clear, and the marine environment is mini-
mally affected by human activities; therefore, a homogeneous water column is assumed.
Based on this assumption, the attenuation coefficient ratio kB2/kB3 will be a constant [20].
kB2/kB3 = 0.68 was set for this paper.

3.2.2. Spatial Neighbourhood Parameters

From the perspective of the spectral dimension, DII is just a nonlinear expression of
satellite bands, which can be considered as redundant spectral information for pixels with
the same spectral profile, which cannot change the one-to-many relationship caused by the
SSPBDD. The latitude and longitude [4,21,22] of the pixel and satellite image patches [5,23]
are used as input information for training the depth inversion model and the accuracy of
depth inversion is improved, which proves that the spatial dimension of the satellite image
is also necessary information for the depth inversion. However, the spatial information
used in this paper is different from that used in the methods of those papers, because the



Remote Sens. 2024, 16, 1759 14 of 32

bathymetric information should not be related to the absolute spatial position between the
surrounding adjacent pixels, but only to the relative positions of the surrounding adjacent
pixels and the distributions of the depth and spectral profiles, which is referred to as spatial
neighbourhood information. In this paper, the mean and the standard deviation of a 5 × 5
moving window of B1, B2, B3, and B4 are used as the representation parameters of the
neighbourhood information; for situations where pixels are in the image boundary or
contain non-water pixels in the 5× 5 moving window, the mean and the standard deviation
are calculated only for water body pixels.

3.3. Depth Inversion Models
3.3.1. Stumpf Model

Stumpf [24] proposed a dual-band logarithmic ratio empirical model that links the
logarithmic ratio of the remote sensing reflectance of two visible light bands with the
bathymetric data through a linear relationship. This model, which has been applied widely
to shallow bathymetric water and achieved good results [1,25], is given as follows:

z = m1
ln(nrrs(B2))
ln(nrrs(B3))

− m0 (2)

where m1 is a slope constant, m0 is the offset of the logarithmic ratio when the bathymetric
z is 0 metres, and n is a fixed constant, which ensure that the logarithmic value is positive
in all cases and that the logarithmic ratio has a linear relationship with the depth z. m0 and
m1 can be obtained by least squares linear regression using training data.

3.3.2. Random Forest (RF) Model

The RF model and SVM model are common machine learning algorithms that are
widely used for satellite-derived bathymetry [26]. RF regression is an ensemble technique
that reduces variance and overfitting to individual trees through bootstrap aggregation
or bagging and integrates predictions from many decision trees to improve accuracy and
stability [27]. In this paper, the parameters of the RF model were set such that the number
of decision trees was 300 and the minimum number of leaf node observations was five.

3.3.3. Support Vector Machine (SVM) Model

SVM is a supervised learning method for complex nonlinear regression tasks and was
introduced as an extension of SVM classification using epsilon-insensitive loss functions to
handle regression, capturing nonlinear relationships between observed spectral bands and
depth [28]. The parameters of the SVM model were set such that the Gauss kernel function
was used, and automatic hyperparameter optimisation was used for the hyperparameters,
reducing cross-validation losses by a factor of five.

3.3.4. Mixture Density Network (MDN) Model

As shown by the Fourier transform, a complex signal can be obtained by combining
multiple sinusoidal or cosine signals of different frequencies. Similarly, a complex probabil-
ity distribution can be obtained by combining multiple simple probability distributions.
If the multispectral signal corresponding to a pixel is not a depth but rather a probability
distribution of depth, the one-to-many mapping problem of depth-multispectral data can
be solved. This method, that is, the mixed density network, was first proposed by Christo-
pher Bishop in the 1990s [29]. Through it, the prediction output of the neural network is no
longer a single value but rather the weighted sum of multiple Gaussian distributions with
different means and variances.

P(y|x) =
K−1

∑
k

αk(x)ϕ(y,µk(x),σk(x)) (3)
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where the weight coefficients αk(x), mean value µk(x), and variance value σk(x) are
generated by the training dataset and ∑K−1

k αk(x) = 1,σk(x) > 0. The loss function uses
the maximum likelihood function of the joint probability distribution.

CostFunc(y|x) = −log
[
∑K−1

k αk(x)ϕ(y,µk(x),σk(x))
]

(4)

The e input layer is a normalized remote sensing reflectance.
MDN has been used to estimate ocean parameters from multispectral satellite im-

ages, such as water quality [30], sea surface wind [31], etc., especially chlorophyll concen-
tration [32,33]. The MDN provides accurate estimates and quantifies prediction uncer-
tainty [34,35]. This demonstrates the potential of MDN to handle the complex nonlinear
mapping between oceanic parameters and reflectance. The structure of the fully connected
MDN used in this article is shown in Figure 7. After referencing source codes [36] and
research results of previous studies, the MDN hyperparameters in this paper were set as
follows: 5 hidden layers, each with 100 nodes, and an output layer consisting of 100 weight
coefficients, 100 means, and 100 variances, for a total of 300 parameters. These 100 groups
of different Gaussian distribution parameters were weighted and superimposed to form
a complex probability distribution model. After 50 samplings, according to the input
multispectral curve, the median value was used as the inversion depth.

Remote Sens. 2024, 16, x FOR PEER REVIEW  15  of  32 
 

 

𝑃ሺ𝑦|𝑥ሻ ൌ ෍α௞ሺ𝑥ሻ𝜙൫𝑦, μ௞ሺ𝑥ሻ,σ௞ሺ𝑥ሻ൯

௄ିଵ

௞

  (3)

where  the weight  coefficients  α௞ሺ𝑥ሻ , mean value  μ௞ሺ𝑥ሻ , and variance value  σ௞ሺ𝑥ሻ   are 
generated by the training dataset and  ∑ α௞ሺ𝑥ሻ

௄ିଵ
௞ ൌ 1,  σ௞ሺ𝑥ሻ ൐ 0. The loss function uses 

the maximum likelihood function of the joint probability distribution. 

𝐶𝑜𝑠𝑡𝐹𝑢𝑛𝑐ሺ𝑦|𝑥ሻ ൌ െ𝑙𝑜𝑔ൣ∑ α௞ሺ𝑥ሻ𝜙൫𝑦, μ௞ሺ𝑥ሻ,σ௞ሺ𝑥ሻ൯௄ିଵ
௞ ൧     (4)

The e input layer is a normalized remote sensing reflectance. 

MDN has been used  to estimate ocean parameters from multispectral satellite  im-

ages, such as water quality [30], sea surface wind [31], etc., especially chlorophyll concen-

tration  [32,33]. The MDN provides accurate estimates and quantifies prediction uncer-

tainty [34,35]. This demonstrates the potential of MDN to handle the complex nonlinear 

mapping between oceanic parameters and reflectance. The structure of the fully connected 

MDN used  in  this article is shown in Figure 7. After referencing source codes  [36] and 

research results of previous studies, the MDN hyperparameters in this paper were set as 

follows: 5 hidden layers, each with 100 nodes, and an output layer consisting of 100 weight 

coefficients, 100 means, and 100 variances, for a total of 300 parameters. These 100 groups 

of different Gaussian distribution parameters were weighted and superimposed to form 

a complex probability distribution model. After 50 samplings, according to the input mul-

tispectral curve, the median value was used as the inversion depth. 

 

Figure 7. Structural schematic diagram of the Mixture Density Network. The subscript number of 

the character ‘h’ represents the serial number of the hidden layer, which ranges from 1 to 5, and vi, 

μ୧,  σ୧, and  α୧, respectively, represent the i-th node, weight coefficient, mean, and variance, where 

the subscript i ranges from 1 to 100. 

3.4. Training and Evaluation of the Models 

Four models (Stumpf, RF, SVM, MDN) are used  in  this paper. The Stumpf model 

uses only the blue‒green band (B2 and B3) as the input-layer vector, while the RF, SVM, 

and MDN models use the three bands (Equations (5) and (7)) and four bands (Equations 

(6) and (8)) from Table 2 as the input-layer vectors; that is, 

𝑋ଵ ൌ ሼB2, B3, B4ሽ  (5)

𝑋ଶ ൌ ሼB1, B2, B3, B4ሽ  (6)

Due to the one-to-many issue caused by the SSPBDD, using additional spatial infor-

mation to reduce the percentage is one of the solutions. The input layer was improved by 

adding the mean and standard deviation of a  5 ൈ 5 moving window in each band as the 

input-layer vector; that is, 

Figure 7. Structural schematic diagram of the Mixture Density Network. The subscript number of
the character ‘h’ represents the serial number of the hidden layer, which ranges from 1 to 5, and vi, µi,
σi, and αi, respectively, represent the i-th node, weight coefficient, mean, and variance, where the
subscript i ranges from 1 to 100.

3.4. Training and Evaluation of the Models

Four models (Stumpf, RF, SVM, MDN) are used in this paper. The Stumpf model uses
only the blue–green band (B2 and B3) as the input-layer vector, while the RF, SVM, and MDN
models use the three bands (Equations (5) and (7)) and four bands (Equations (6) and (8))
from Table 2 as the input-layer vectors; that is,

X1 = {B2, B3, B4} (5)

X2 = {B1, B2, B3, B4} (6)

Due to the one-to-many issue caused by the SSPBDD, using additional spatial infor-
mation to reduce the percentage is one of the solutions. The input layer was improved by
adding the mean and standard deviation of a 5 × 5 moving window in each band as the
input-layer vector; that is,
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X3 =

{
B1, B2, B3,

ln(nrrs(B2))
ln(nrrs(B3))

, DII, meanB2, meanB3, meanB4, stdB2, stdB3, stdB4

}
(7)

X4 =

{
B1, B2, B3,

ln(nrrs(B2))
ln(nrrs(B3))

, DII, meanB1, meanB2, meanB3, meanB4, stdB1, stdB2, stdB3, stdB4

}
(8)

where X3 and X4 correspond to the three-band neighbourhood method and the four-band
neighbourhood method, respectively, with an enhanced input-layer vector. Since changes
in the dual-band logarithmic ratio due to depth are significantly larger than those due to
seafloor substrate type, and DII can be used to some extent as an indicator of substrate
type [19,37], ln(nrrs(B2))

ln(nrrs (B3)) and DII are also added to the input-layer vector to improve the
accuracy of the depth inversion model as much as possible.

The number of sample points in the training dataset affects the prediction accuracy of
the model. Following the results in the literature [24], 3500 random points were chosen as
the training dataset. To minimise the instability of the results due to the spatial distribution
of random points, all four models were trained ten times with non-repeat datasets of the
random points, i.e., each model has ten inversion depths for each pixel. All four models
were trained with the same random points each time. The absolute error and the root
mean square error (RMSE) were used to evaluate the performance of each model, thereby
demonstrating the accuracy of the depth inversion of the different models. The calculation
formulas are as follows:

∆D = Dr − Dm (9)

RMSE =

√
∑n

i=1(∆Di)
2

n
(10)

where ∆D is the absolute error, Dr is the inversion depth of the pixel, Dm is the measured
depth corresponding to the pixel, and RMSE represents the root mean square error of the
inversion depth for all pixels each time.

4. Results
4.1. RMSEs of Different Models

Since each random sampling results in a training dataset with a different spatial
distribution of random points, an error bar is used to illustrate the variation in RMSE
caused by ten random samplings, which is calculated by the standard deviation of ten
RMSEs, representing the uncertainty due to distinct spatial distributions of training datasets.
Figure 8 shows the statistical results of RMSE of the depth inversion models (Stumpf, RF,
SVM, and MDN) for Oahu Island. The Stumpf model (blue) uses only blue–green bands
(B2 and B3), while the other models use three bands (Equations (5) or (7), red) or four bands
(Equations (6) or (8), yellow). The subscript “hood” in the model’s name indicates that
the input-layer vector of the models is Equation (7) (three-band neighbourhood; red) or
Equation (8) (four-band neighbourhood; yellow). The different lengths of the error bars
indicate the degree of dispersion of the RMSE distribution, which represents the impact of
different training datasets on the results of the depth inversion. Similarly, Figure 9 shows
results for Buck Island, while Figures 10–13 show results for SSPBDD and non-SSPBDD
pixels for Oahu Island and Buck Island, respectively.
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Stumpf model: The mean RMSE of the Stumpf model is larger, while the standard
deviations of the RMSE are small. This indicates that the inversion accuracy of the Stumpf
model is low and that the spatial distribution of the training dataset has little effect on
the inversion accuracy of this model. The RMSEs for Buck Island (Figures 10 and 12) are
larger than those for Oahu Island (Figures 11 and 13), which may be caused by the SSPBDD
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phenomenon (Table 2). The percentage of total pixels with the SSPBDD reaches 92.7%
for Buck Island, which is much higher than the 37.9% for Oahu Island. The one-to-many
features caused by the SSPBDD phenomenon increase the uncertainty of water depth
inversion. The RMSE of the pixels with SSPBDD (Figure 10) for Oahu Island is slightly
greater than that for non-SSPBDD (Figure 12), while the RMSE of the pixels with SSPBDD
(Figure 11) for Buck Island is lower than that for non-SSPBDD (Figure 13). This result
can be explained by the fact that the lower percentage of SSPBDD for Oahu Island leads
to an insignificant increase in the RMSE, while the higher percentage of the SSPBDD for
Buck Island makes the percentage of non-SSPBDD in the training dataset very small, thus
resulting in a greater RMSE for the pixels with non-SSPBDD.

RF model: For the three-band RF model, the RMSE of pixels with the SSPBDD is
greater than the two-band Stumpf model, while the RMSE with non-SSPBDD is lower than
the two-band Stumpf model, indicating that the SSPBDD phenomenon has a greater impact
on the three-band RF model. The three-band RF model has relatively longer error bars,
meaning that the model is influenced by the spatial distribution of the training dataset to
some extent. The RMSEs and error bars are both reduced with the four-band RF model,
and the mean RMSE is lower than that of the Stumpf model, demonstrating that adding
the B1 band can effectively improve the accuracy and stability of the RF model.

SVM model: For Oahu Island (the four-band model in Figure 10 and the three-band
model in Figure 12), the accuracy (mean RMSE) and stability (standard deviation of RMSE)
of the SVM model are even worse than those of the Stumpf model; this may be caused by
insufficient training for the SVM. According to the literature [35], the required training data
size may vary with satellite image. The RMSEs of the SVM model in Figures 11 and 13
demonstrate that adding the B1 band can improve the accuracy and stability of the model.

MDN model: For both Oahu Island and Buck Island, the four-band MDN model
outperforms the three-band MDN model, demonstrating that adding the B1 band can
significantly improve the accuracy of water depth inversion models. The inversion accuracy
with the non-SSPBDD is better than that with the SSPBDD for both island zones, indicating
a decrease in the model accuracy due to the existence of the SSPBDD phenomenon. Among
the four models, the MDN model achieves the optimal results (mean and standard deviation
of the RMSE), indicating that this model is the least affected by the SSPBDD phenomenon
and has the lowest requirement for the spatial distribution of the training dataset.

Although the three-band percentage for Oahu Island is lower than that for Buck Island,
as shown in Table 2, the four-band percentage for Oahu Island is higher than that for Buck
Island. However, in Figure 10, for most of the models the RMSE is larger than that in
Figure 11, regardless of the three-band or four-band models. The reasons can be found in
Figures 5 and 6. For example, in Figures 5a and 6a, the number of groups with more than
seven pixels with the SSPBDD is much greater for Oahu Island than for Buck Island, and
only Oahu Island has groups with more than seven pixels. Secondly, in Figures 5c and 6c,
the number of pixels with a maximum depth difference larger than 4 m is much greater
for Oahu Island than for Buck Island. Since the maximum depth difference represents the
difference in water depth between pixels and the SSPBDD phenomenon, a larger maximum
depth difference maybe lead to greater inversion errors.

The dual-band logarithmic ratio and DII may be useful to improve the accuracy of
the water depth inversion for the non-SSPBDD pixels, but both parameters still belong to
the redundant spectral information and cannot change the one-to-many relationship for
the SSPBDD pixels. Thus, the improvement in inversion accuracy can be attributed to the
spatial information in the input-layer vector for the SSPBDD pixels.

Figures 10–13 show that after adding spectral dimension and spatial dimension in-
formation, the accuracy of the three-band RFhood model improves the most, especially for
Buck Island, as well as for the four-band SVMhood model. However, for the four-band
RFhood model and the three-band SVMhood model, the inversion accuracy becomes worse.
Regardless, for the MDNhood model, the RMSE is the lowest for both Oahu Island and Buck
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Island, indicating that the MDNhood model fully exploits the spatial information, which
can significantly improve the accuracy of the depth inversion.

4.2. Inversion Results of the Four-Band MDNhood Model

Due to the excellent performance of the four-band MDNhood model, only the inversion
results of this model will be analysed in the following.

Figures 14 and 15 show the spatial distributions of the water depth and its absolute
error |∆D| ≥ 1.5 m for Oahu Island and Buck Island, respectively. Comparing them with
the measured depths (Figures 3 and 4), the consistency is noticeable, and the larger value
of the absolute error |∆D| mainly occurs in areas with rapid depth changes, such as the
lagoon areas, especially the tidal channels on Oahu Island.
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Figure 14. Inversion depth imagery (a) and only the pixels with |∆D| > 1.5m (b) for Oahu Island.
Only 0–20 m water depth is shown, other depths are left blank for (a). To show more clearly where
the pixels with larger errors are located, only |∆D| > 1.5m is plotted, and others are blank in (b). The
representation in Figure 13 is similar.
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Figure 15. Inversion depth imagery (a) and only the pixels with |∆D| > 1.5 m (b) for Buck Island.

Figure 16 shows heatmaps of inversion error versus the measured water depth.
Figure 16a shows that for Oahu Island, approximately 89.2% of the pixels with |∆D|
≤ 1 m, and 94.7% with |∆D| ≤ 1.5 m. Shallow-water areas (at depths of 0–8 m) have
predominantly positive errors, indicating that the depth inversion in shallow areas is prone
to overestimation. At depths of 8–20 m, negative errors are more common, with the majority
of errors underestimated by more than 5 m occurring at depths of 8–20 m. Figure 14b
clearly shows the spatial distribution of inversion errors (|∆D| ≥ 1.5 m), mainly at the
lagoon-fringing reef boundary, tidal channels, and image edges, where larger errors occur
in areas of rapid depth change. Figure 14b shows that the spatial distribution trends of
both are similar to Figure 5d.
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Similarly, Figure 16b shows that for Buck Island, approximately 88.4% of the pixels
have an inversion error of |∆D| ≤ 1 m, while 95.1% of the errors are within |∆D| ≤ 1.5 m.
These proportions are very close to those for Oahu Island, suggesting that the histogram
distribution of water depth (Figures 3b and 4b) has a minimal effect on the inversion
results of the four-band MDNhood model. Figure 16b shows negative errors primarily in
the lagoon area and deep-water regions of the northern and northeastern sections of the
image, while positive errors mainly occur in the entire northern deep-water area and the
southern sections of the islands, where depth changes are significant. Comparing these
results with those in Figure 6d, the spatial distribution trends are also similar.

4.3. Influence of the SSPBDD Phenomenon on the Depth Inversion via the MDNhood Model

The patterns of inversion depth error for Oahu Island and Buck Island are similar
to those of the maximum depth difference of the SSPBDD pixels in Figures 5d and 6d,
respectively. It is necessary to analyse the correlation between the inversion error and the
SSPBDD phenomenon to determine whether the main source of the inversion depth error
is from the larger maximum depth difference of the SSPBDD pixels. The following analysis
focuses on three-band (B2, B3, and B4) SSPBDD due to the high proportion, which is more
representative, as shown in Table 2, rather than four-band SSPBDD.

Figure 17 shows histograms for the SSPBDD and non-SSPBDD pixels for Oahu Island
and Buck Island, respectively. Although the percentage of the SSPBDD pixels for Oahu
Island is only 26.3%, as shown in Table 2, the number of pixels with inversion errors of
|∆D| ≥ 1 m is greater than the number of non-SSPBDD pixels in Figure 17a, which indi-
cates that the contribution of the SSPBDD pixels to the inversion errors is significant when
|∆D| ≥ 1 m for Oahu Island. For Buck Island, the percentage of SSPBDD pixels (56.0%) is
slightly greater than that of non-SSPBDD pixels in Table 2, so SSPBDD pixels account for a
majority of the inversion errors. The shapes of the histogram curves in Figure 17 are similar
to those of the Gaussian distribution f (x) = exp

(
−(x − µ)2/

(
2σ2))/

(√
2πσ

)
, with the

SSPBDD curve for Oahu Island exhibiting a larger σ parameter. The difference between
the σ parameters of the SSPBDD curve and non-SSPBDD curve is quite small for Buck
Island, suggesting that the presence of the SSPBDD phenomenon reduces the inversion
error accuracy of the four-band MDNhood model. However, based on the RMSE of the four
models in Figures 10–13, it is evident that the MDNhood model can generally reduce the
impact of the SSPBDD phenomenon (Figures 10 and 11), but it cannot fully eliminate it.

To analyse the relationship between the inversion error ∆D and the number of pixels
in a group with the SSPBDD, Figure 18 shows heatmaps of the number for Oahu Island
and Buck Island, respectively, relative to ∆D. Most of the group counts have a smaller
number of pixels and smaller ∆D, and the inversion error ∆D decreases as the number
increases, indicating that the probability of a large error is higher with a lower number of
SSPBDD pixels.

Figure 19 shows the heatmaps of the maximum depth difference with the SSPBDD
pixels in a group vs. the inversion error for Oahu Island and Buck Island, respectively. Sim-
ilar to Figure 18, most of the group counts are in the narrower maximum depth difference
of pixels and the smaller ∆D, but the relationship between the maximum depth difference
values and ∆D is not significantly correlated, the probability of a larger ∆D is greater for a
wider maximum depth difference.

The above analysis can further explain why the inversion errors for Oahu Island are
larger than those for Buck Island, even though the percentage of three-band SSPBDD pixels
for Oahu Island is lower than that for Buck Island in Table 2. In fact, the number of SSPBDD
pixels in a group reaches 25 for Oahu Island, and the group counts are more than those for
Buck Island. Furthermore, the group counts in the wider maximum depth difference of the
SSPBDD pixels are more than those for Buck Island.
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Island (a) and Buck Island (b).
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Figure 18. Heatmap of the number of pixels with the SSPBDD in a group for Oahu Island (a) and
Buck Island (b), respectively. It denotes the relationship between ∆D and number of the pixels with
SSPBDD in a group, most of which are inversely proportional.
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Figure 19. Histogram of the maximum depth difference with the SSPBDD in a group for Oahu Island
(a) and Buck Island (b), respectively. They show that there is no significant correlation between ∆D
and maximum depth difference in contrast to Figure 18.
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5. Discussion

In fact, Sentinel-2 OLI sensor is not sufficient to capture fine-scale signals from the
water column, which is not designed for remote sensing of water colour [7,8]. In addition,
there are other factors such as different substrate types, water constituents, depth, incom-
plete atmospheric correction, and neighbourhood mixture, etc. When only two, three, or
four optical bands are used for the shallow water depth inversion, there are cases where
the spectral profiles are identical but the corresponding water depths are different (the
SSPBDD phenomenon); i.e., there is the one-to-many relationship between the spectral
profile and the water depth. This relationship causes uncertainties in the shallow water
depth inversion and reduces the inversion accuracy. To avoid this effect as much as possi-
ble, more bands or combinations of bands that can represent the information on substrate
type, water constituents, depth, etc., should be added into the input-layer vector; e.g.,
for Sentinel-2, band B1 has a greater impact on reducing the SSPBDD phenomenon than
band B4, because band B1 provides richer spectral information (Table 2) and improves
the accuracy of the depth inversion. However, the spatial distribution of the water depth
and its corresponding spectral profile is not negligible information and can represent, to
some extent, the relationship between neighbouring image pixels [4,22]. Adding spatial
neighbourhood information can increase the spatial heterogeneity and reduce the SSPBDD
phenomenon, but selecting the best optimal structure and the hyperparameters for machine
learning models are difficult. Therefore, although this paper refers to the MDN models
from [32,33], it still cannot eliminate the effect of the SSPBDD phenomenon.

Although the experimental design of this paper uses only 10 sampling runs, which
seems to represent the stability (the standard deviation of RMSE) of the four models, a more
rigorous design should include additional random sampling to cover various underwater
terrains and water body spectral profiles to demonstrate the impact of training datasets
on the inversion accuracy of the four models. The Stumpf model shows surprisingly
high stability, with a high correlation coefficient between the log-transformed dual-band
logarithmic ratio and water depth. However, its accuracy is lower, possibly due to the use of
only the B2 and B3 bands and the high percentage of the SSPBDD pixels for the two bands.
The stability of the MDN model is second; this model is constructed based on a Gaussian
mixture density model and more suitable for handling one-to-many data distributions (i.e.,
multimodal distributions). The input layer of the MDN model includes spectral bands,
depth-invariant indices, and spatial neighbourhood parameters, this spectral dimension
and spatial dimension information can effectively improve the accuracy and stability of
the model. In contrast, for the RF and SVM models, the inversion accuracy and stability
are relatively poor, perhaps due to insufficient training dataset size, sensitivity to spatial
distribution, or unsuitable model structure and hyperparameters, which are common issues
for machine learning models.

Although the overall inversion accuracy of the MDN model is relatively high, there
are still a small percentage of cases with larger errors (absolute error greater than 1.5 m)
in the results (Figures 14–19). These larger errors (Figures 14 and 15) are mainly found
in areas with significant spatial variations in underwater terrain, such as tidal channels,
lagoons, coral reefs, image boundaries and deeper areas. The spectral–depth uniqueness is
high, and the models may not be sufficiently trained. To address the decrease in inversion
model accuracy caused by the SSPBDD, it is necessary to increase the size of the training
dataset and optimise the structure of the inversion model to make full use of all spectral
dimension and spatial dimension information.

Figures 3 and 7 demonstrate that the distribution of water depth is non-Gaussian,
while the water depth inversion model is a mixture of probabilistic densities. Interestingly,
the errors in water depth inversion adhere to a Gaussian distribution. The one-to-many
relationship is the main reason, as is shown by the histograms of the depth of pixels with
the SSPBDD in Figures 5 and 6. However, the true cause requires further in-depth analysis
with additional data.
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6. Conclusions

This paper presents a statistical analysis of the SSPBDD phenomenon within the depth
of 0–20 m using Sentinel-2 satellite multispectral images based on water depth inversion
models such as Stumpf, Random Forest (RF), Support Vector Machine (SVM), and Mixture
Density Network (MDN) for Oahu Island and Buck Island. Information such as the blue–
green band ratio, (Depth Invariant Index) DII, and spatial neighbourhood information are
incorporated into the machine learning models. The root mean square error (RMSE) is
used as a metric to evaluate the accuracy of these models, and the effect of random training
datasets with different spatial distributions on the depth inversion are investigated. The
following conclusions are drawn:

(1) The SSPBDD phenomenon is observed in a relatively high percentage of the pixels.
However, the more bands used, the fewer pixels there are with the SSPBDD. The
percentage of the SSPBDD pixels is lower in shallower water (0–5 m) and deeper water
(≥15 m), while it is higher in intermediate depths (5 m–15 m), where the satellite
spectral information is dominated by the water body information, and the bottom
substrate information plays a secondary role. These results suggest that these areas
are prone to the SSPBDD phenomenon.

(2) The RF model and the SVM model show considerable changes in RMSE under the
influence of different spatial distributions in the training datasets, while the Stumpf
model and the MDN model are the least affected. However, the Stumpf model
typically achieves the lowest inversion accuracy.

(3) The SSPBDD phenomenon can reduce the accuracy of water depth inversion models,
the number and the maximum depth difference of the SSPBDD pixels in a group are
the main influencing factors. Adding optical bands not only effectively decreases the
percentage of SSPBDD pixels but also improves the inversion accuracy of the machine
learning models. After incorporating the dual-band logarithmic ratio, DII, and spatial
neighbourhood information, the MDN models show a more significant improvement
in water depth inversion accuracy. Compared to the other models, the MDN model
better handles the uncertainty caused by the SSPBDD phenomenon and the spatial
distribution of the training dataset.

Based on these conclusions, this study provides a comprehensive and highly accurate
water depth inversion model that utilizes multispectral and neighbourhood information
while effectively reducing the errors caused by the SSPBDD phenomenon. However,
this study only uses satellite imagery from two images of specific regions, and further
application of the MDN model to additional regions and satellite imagery is needed to
evaluate its robustness. Estimating the uncertainty associated with bathymetry predictions
is crucial to understand the reliability of the results. Researchers are developing methods
to quantify and visualize the uncertainty in bathymetry estimations [34,35], which can help
inform decision-making and guide further data collection efforts. This will be the further
direction of this study to improve the accuracy, efficiency, and applicability of bathymetry
estimation in various coastal environments.
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