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Abstract: This paper shows that the field defined by the Wheeler-DeWitt equation for pure gravity
is neither a standard gravitational field nor the field representing a particular universe. The theory
offers a unified description of geometry and matter, with geometry being fundamental. The quantum
theory possesses gravitational decoherence when the signature of R(®) changes. The quantum theory
resolves singularities dynamically. Application to the FLRW x = 0 shows the creation of local
geometries during quantum evolution. The 3-metric is modified near the classical singularity in the
case of the Schwarzschild geometry.
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1. Introduction

In search for the most fundamental theory, two schools of thought are prevalent. One
school of thought states that quantum theory is fundamental because small objects together
make a large object. Therefore, gravity is quantized at a small scale. Often, the existence of
singularities in the classical theory indicates the limitations of this theory. Theories such
as loop quantum gravity and the Wheeler-DeWitt take this approach. The quantization
of a relativistic particle shows that the quantization by raising E — ifd; and § — —ihV to
operators on the Hilbert space faces several mathematical and conceptual issues. Working
from quantum field theories, Ref. [1] and others tried to reinterpret the Wheeler-DeWitt
equation. However, this approach also has severe issues. Although the gravitational and
matter fields are fields defined over a 4-dimensional manifold, the matter fields involve
reinterpretation. However, the gravitational field is a generalization of the special theory of
relativity. It does not involve reinterpretation. When reinterpreting the full Wheeler-DeWitt
equation, the gravitational field and matter fields are not on equal footing. Therefore, such
quantization is dubious (refer to [2,3] for more details).

Another school of thought states that gravity, as a dynamical theory of spacetime itself,
is more fundamental. Quantum theory would be modified in the case of a gravitational
scenario. Recently, there have been new developments [4] in this approach. Everything
else ceases to exist in the absence of background spacetime. Apart from the search for a
unified particle theory that included gravity as a natural ingredient, theoreticians pursued
a separate line of investigation based primarily in general relativity and topology. Clifford
presented his paper “On the Space Theory of Matter” [5], and Einstein gave substance
to this line of inquiry. He wrote, “The material particle has no place as a fundamental
concept in field theory. Even electrodynamics is not complete for this reason. Gravity as
a field theory must also deny a preferred status to matter.” John Wheeler also attempted
to build such a theory. He wrote, “What else is there out of which to build a particle
except for geometry (spacetime) itself?” Canonical theories such as the Wheeler-DeWitt
theory quantize gravity. However, they do not describe geometric matter ([6], page 8).
Unfortunately, even with the philosophical background, there has been no success in this
direction so far.
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In this paper, I analyze the Wheeler-DeWitt equation for pure gravity in the light of
standard quantum field theories. Because the field is defined only over the space of 3-metric,
it can be reinterpreted without the issue discussed above. The defined field satisfies the
ADM constraints for pure gravity. Therefore, one would interpret the field ® to be a pure
gravitational field. However, I observe that even gauge fields obey ADM constraints for
pure gravity. I also observe that these fields have nontrivial stress tensors, whereas the
stress tensor for a pure gravitational field is Ry, — % guwwR = 0. The quadratic coupling
always remains nonnegative regardless of the signature of R(). T also observe that the
higher-order couplings with ® ~ e/a” " allow us to interpret it as a matter-like term. The
other interpretation is that the field ® describes a particular Universe. I observe that such
an interpretation faces problems due to the interaction between different fields. It shows
that neither interpretation is true. The field ® is a unified description of the gravity and
scalar matter.

The reinterpretation partly modifies the quantum theory and the classical gravity the-
ory. On the quantization of the field, we obtain the geometric quantum corresponding to the
field. There is no quantum of gravity or graviton. With the curvature’s signature-dependent
decoherence, the vector-valued creation and annihilation operators show gravitational
effects on the nature of quantum theory, whereas the dynamical singularity resolution
shows a modification of the classical gravity theory. The quantum with a particular 3-metric
has a definite energy. However, it does not have well-defined momentum. The theory
applied to the FLRW x = 0 Universe creates nontrivial local geometric quanta. The theory
applied to the Schwarzschild geometry shows the existence of the Planck scale black hole.
The sense of distance arises from the interaction between fields.

The reinterpretation connects the requirements of the correct quantum theory and the
expectations of a general relativistic school of thought.

2. The Scalar Field
The Wheeler—DeWitt equation written in DeWitt’s coordinates

1
_ v 2 —
(may\/ GGMa, + )cp 0 (1)

is interpreted as a classical field equation. The field @ is defined over the superspace
g" = (¢, ¢%) with A = 1,2,3,4,5. The DeWitt supermetric is borrowed from [7].

1 0 - _199 _19q
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Here, q := q,p. Gap is the symmetric supermetric on the 5D manifold M identified with
SL(3,R)/SO(3,R) (refer to [7] and [8] for more discussion on the geometry of superspace).
As discussed by DeWitt [7] in appendix A, {# are new orthogonal coordinates chosen from
components of the 3-metric as they act as “good” coordinates. The coupling function is

defined as 5
3¢
2(7 A\ . _ 35 5(3)
W2 (2,6%) = - RO 3)
The field @ is functional over the space of 3-metric only. Hence, % is also functional

over 3-metric. Trivially, it satisfies the diffeomorphism constraints

I Lo )

D.P" = D, ~
aqab

The action functional for the geometric scalar field that gives field Equation (1) is
assumed to have the following form.
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Ag = / Dg@ (9,262, — 202 ®)

D¢ is suitable measure over the 6D manifold. The ADM theory does not have an issue with
operator ordering. However, for the classical geometric scalar field, different combinations
of P and g, give non-equivalent field equations. I took the combination of field variables
with a consistent self-adjoint extension. In other words, the combination allows the Hamil-
tonian operator to be self-adjoint. On a single spacetime-like interpretation ® ~ ¢ ",
the ADM Hamiltonian constraints for pure gravity in the DeWitt coordinates (5.20, [7])

p2— 32 GABp, py 4 3—2R<3> ~0 (6)
0 372 ATET 3
are recovered.
The invariance of an action under variation (¥ — (¥ + 6¢* gives the stress tensor.

v 9L 9P ~ L3, @)

iz a(aa) o+

For now, I assume ( as time and perform the Legendre transformation to obtain the
Hamiltonian

Mg = a(gﬁ Ve ®)
Ho= [DgA—QI—&Jr—FLAGAB V= sz)z) ©)

For ;12 < 0, the field is self-coupled, i.e., it has hd* with some & > 0. The Hamiltonian
shows that the quadratic coupling will be nonnegative regardless of the signature of the
3-Ricci curvature scalar and justifies the use of ¢ as the time for the geometric scalar field.
On a single-geometric interpretation, we obtain

P} — =.GABp,pg + 3RO (10)

The coupling parameter / is free and does not necessarily depend on the geometry of
spacetime. From the ADM theoretical viewpoint, i1 # 0 represents the matter field. For

#? < 0, the minima lies at ) = 4/ %"2 The field rolls down to obtain positive quadratic
coupling. h appears due to field theoretical reason, and gravity guides us to interpret the
coupling term h as a matter-like term.

If we look at the Green’s function for the Wheeler-DeWitt operator 1, in the limit
¢ — oo, the middle spatial terms become negligible, and we effectively obtain

? 19 , ,
(52 + 737 +17) Q) =0(c -2, an
The Green'’s function for the non-zero constant y? is
Q= 26(¢— &) (Yo(ue)Jo (1) = Jo(ug) Yo ('), (12)
and for y? = 0, it is
Q=6(¢-¢t (é) (13)

The Heaviside function 6({ — ') is zero for { < {’ and 1 for { > {’. Hence, the signal
propagates forward in (. It shows that { acts as time for the field ®(g").
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Note: The Ricci curvature scalar R®) and cosmological constant A are not on equal footing.
R©®) appears in quadratic coupling, whereas A contributes to the vacuum.

2.1. Features

The field ®(q,;) is identified with an intrinsic property u and defined over g,;,, which
is the solution to the intrinsic curvature R(®). The existence of dynamical background
shows that the field is gravitational.

Even when the 3-geometry has a positive curvature, the quadratic coupling remains
positive. This shows the resemblance of the field to the standard matter fields.

The field ® can also have charge.

Acomplex = / Dg@ (aycb*cwavcp - yzCD*CD) (14)
Pure gravity, on the other hand, does not have opposite charges. This is the property that
resembles charged matter.

The existence of 4% = 0 or R(®) = 0 does not necessarily mean the line element is zero.

3@2 B o B B agA aCB
2 _gq72 . e
ds® =dg° — 35 Gijdx'dx/ Gij = Gap 3 2 (15)

For the 3-metric g, := g(t) diag(f(r), 7%, r*sin?0), the line element is given as follows.

o
LT 27 (4
dsz = Gadedqabdch = (dq df) f ql (d ) (16)
_0i2 0 f
A
1
For the distance in the superspace, in the large g limit, ds? = —4% increases with g.

2
It shows cosmological expansion. The distance decreases with an iflcrease in f, showing
attraction between two objects. This distance is actually the distance between two 3-metrics
(refer to [7]).
The energy of the field & is always well-defined. A gravitational field may not always
have a time-like Killing vector field. Therefore, defining energy in general relativity is not
straightforward.

3. Reinterpretation and Gauge Invariance

A famous experiment performed in 1975 by Colella, Overhauser, and Werner did
confirm that quantum mechanics respects the principle of equivalence (page 11, [4]). In
the general relativization of the quantum theory, wave functions obtain nontrivial phase
differences. In the ADM theory, the set of lapse functions N and shift vector N” identify
the frame of reference.

The field ® contains information about the reference frame, which can be easily seen
by the single-geometric interpretation ® ~ e*'" "oy leading to (6). Here, P? contains
information about the lapse function and shift-vector. The complex scalar field ® is not
invariant under transformation ® — ¢*(¢")®. It requires the field Ay that makes (14) gauge
invariant. This theory fully respects the equivalence principle.

=1 *GHv B o
['complex = j(Dch) G (DVCI)) - 7¢’ (O] (17)
Dy =9y —iaAy (18)
The third quantized theories interpret ® as a description of a particular universe. However,

we can see that the Lagrangian describes the interaction between a charged field and
its gauge field. Here, different universes interacting with each other destroys the very
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definition of a universe. Since the third quantized theories include matter fields in the
superspace, the field ® cannot be interpreted as a matter field as well. For the interpretation
presented in this paper, there is no such problem, because the superspace is defined only
over the space of the 3-metric.

The action functional for field A is assumed to have the following form.

Avector = _% f Dlv _GFyVFw/ 19)
FM:= G'"G"Fyy and Fyy = 9y Ay — 0y Ay

F,y is a completely antisymmetric tensor and therefore satisfies the Bianchi identity. The
field equations in the presence of source [/ and in the gauge selected above are obtained as

Fw
W 4 S (\/—G) — v 20

iz = ] (20)
In addition to other sources |V, the second geometric term also acts as a source for the

gauge field. In the absence of a source, fields By := € spcFpc as well as E4 = Fy4 satisfy
the Wheeler-DeWitt equation.

\/;Gay(ﬁcwav) (gg) —0 1)

In an asymptotic flat limit (i.e., v/—G ~ 1), the field equations become 9, F¥" = J*.

The field A, also satisfies the ADM constraints for pure gravity and has a nontrivial
stress tensor. If ® is interpreted as a pure gravitational field, then the field A, would also
have to be interpreted as a pure gravitational field. However, a vector-valued gravitational
tield A, is a disaster. This shows that fields ® and A, are not pure gravitational fields, at
least not standard gravitational fields.

4. Quantization

I define the vector-valued annihilation and creation operators

1
._ (=6)* I . /32 9® | -
ap = "—r5 <(G)%n,4 +z,/3§2 A +zw<1>nA>, (22)

1
_G)4 . :
%= <<I;>%”B i i _chnB)’
A

1
nt = \/%E%B/ (—G)% = (—det G;,V) *,and w € Ris chosen as the solution to following

Riccati equation

V—Gw? — azc (w\/ -G % nAGAC> =/ —Gp2. (23)

The equation should be solved using the ‘correct’ boundary conditions. Such a solution is

unique. Examples of such boundary conditions are

*  FLRW x = 0 model: w that makes the spectrum of the Hamiltonian operator continu-
ous in the limit g(t) — oo.

*  Schwarzschild spacetime: w that makes the spectrum of the Hamiltonian operator
continuous in the limit gq,, — #,, with 7, being flat 3-metric.

Computing the nontrivial commutator using the property of the Dirac delta function
f(x)8'(x) = —f'(x)d(x) for f(x) # constant, we obtain

oat]= 5 (/e )o(T) = (241000, (24)
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There is a conserved quantity corresponding to { that I call energy. I introduce ¢p; instead
of 1 to maintain { as dimensionless, because here, I interpret the theory relative to the ADM
theory. If we interpret { as time in seconds without refering to the ADM theory, we can
replace ep; — 1. The above commutator was possible because the inverse metric GA® is
symmetric. These identities allow us to write the Hamiltonian operator in the discrete

space. (i.e., ngA — ZgA)

Ho = Y, a5, G*Pap (25)
+ e ZgA( 37 5cnc — W)

The second term is the vacuum term. The quantum vacuum is a sea of constantly creating
and annihilating geometries. We discard this term and write the Hamiltonian operator in

. . A .
terms of the number operator i = Y_ 4 fiy withat"a, = ( 37 2 9cnC — )nA

| 32
3€28Cn —w

The appearance of the differential Equation (23) is not surprising. It is a consequence
of using coordinate-space for quantization. The scalar quantum of the Klein—-Gordon
field satisfies w? = k? + m?. Similarly, the quantum of the geometric scalar field follows
frequency = %acnc—w with w being the solution to (23). ® has a single degree of freedom.

ﬁq;. = &p; Z n (26)

Z;A

Therefore, the quantum is scalar. Il is a collection of creation and destruction operators.
However, ® depends nonlinearly on creation and annihilation operators.
The momentum operator defined using the stress tensor

L () @

does not share eigenstates with the Hamiltonian operator. This is because & depends non-
linearly on creation and annihilation operators. Therefore, the quantum with a particular
3-metric does not have well-defined momentum at the quantum level.

4.1. Application

If the spacetime is spherically symmetric with the 3-metric q,;, := q(t) diag(f(r),1,1)
with ADM coordinates dr, rdf, and r sin 6 d¢ chosen keeping dimensionality in mind, then

the DeWitt supermetric becomes G, := diag (1, —%), with {4 == f(r) = f being one-

dimensional. The determinant of the supermetric —det G, = % ,Gap = f2’ and n4 =f.
That implies dcn® = 1. Then, the Hamiltonian becomes
321
H<I>_€PIZ‘\/3_ (28)
¢
f
The w is a solution to the following Riccati equation.
2 f ow .2 (29)

3¢of

4.1.1. Spatially Flat FLRW Universe

For the spatially flat spacetime u2 = 0, I chose a trivial solution w = 0. The Hamilto-

nian in such case becomes
. 32 € €p; .
Hy = Pla—ZPlg (30)
g az



Phys. Sci. Forum 2023, 7, 37

7 of 10

Here, a represents the scale factor. The Hamiltonian spectrum becomes continuous in the
limit { — oo that justifies the selected trivial solution w = 0. The frequency (or energy) of
the quantum is redshifted (proportional to %) with time. There exists a conserved quantity
corresponding to {. I call it energy. If we assume the Universe as a collection of n identical
quanta, then the total energy of the Universe is E;; & ep; 7/—. The finiteness of E; results
in the existence of finite nonzero { = {,,;,;. The energy ofg gmquantum in a particular state
decreases with time . We need to create more quanta to conserve the total energy. However,
at a given time, every quantum has the same energy. That means we cannot conserve the
total energy in this way. One of the possible ways to conserve the energy is by creating
local geometries, that is, by introducing f # 1 with R©®) = 0. An individual quantum

radiates energy.
€p; (evolution €p]

gmin gmin + AC

Here, (g, f) indicate created quanta in the evolution. This is locally allowed by geometries
such as the Schwarzschild geometry, where R©®) = 0 but f # 1. It shows that even though
the metric in the beginning is { dependent only, the geometric quantum theory naturally
introduces local variations of the 3-metric to conserve the total energy of the Universe.

+e(0,f) (31)

4.1.2. Schwarzschild Geometry

The Schwarzschild geometry is written in the isotropic radial coordinates as

M4
Gap = fdiag(l, 12, 7% sin’ 9), f= (1 + 27> (32)
Here, I set { = 1 for the static geometry. The Hamiltonian spectrum in this situation
is obtained by taking the trivial solution to the Riccati equation, as it gives the correct
quantum theory.
He ~ 3266ep0) 1 (33)
f

As f(r) € (1,00), integrating f from 1 to fy4x, we obtain
He = 3.266 ep;( fnax — 1)1 (34)

The energy of a quantum state increases with f. The energy spectrum shows area quantiza-
. . . . . ~ Epy,

tion, as \/f is a dimensionless length. The black hole with energy Ey, has fyuax ~ Wg&m +1

Clearly, fiax > 16, because f(r) at the event horizon is 16. fiax < 16 would mean the inner

radius was greater than the event horizon. The minimum energy that a black hole can

have is

Epp,min =~ 52.25¢€p;. (35)
This is the Planck energy Schwarzschild black hole (PESBH), where f.x = fo.

5. Interaction

The free field geometric quanta represent isolated geometries. I turned on their
interaction to ascertain what happens when fields interacted with other fields.

H = Ho + Hjy; (36)

Here, the noninteracting Hamiltonian Hy = Hg has explicit -dependence, and H;,;; has
interaction. The unitary operator is obtained using the following formula.
) d )1\/?n

AU -muEo) i) = (;

4
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The evolution of the quantum state in interaction picture is given by
. d
i3z ¥n (@)1 =Hilga(O))
g z\/?n g —z\/gn
H; = <) Hint() :
Co Zo
I obtained the S-matrix from the unitary operator in the interaction picture as,
S == U(go, —c0) = Texp {_i/g d@HI} (37)
0

1(0[$]0)|? # 1 implies the production of the geometric quantum from a vacuum due to the
presence of a source. Let us consider two free fields interacting in the following way.

A
H=H; +Hy+ 5 (0 — @,)? (38)

In the large ¢ limit, we can write the total Hamiltonian as a sum of two normal mode
fields (@, P ). These normal mode fields are obtained by rotating (P, ®,) by an angle

2A+w?—w? . .
a = Farctan \/ ——1—2. Then, normal mode frequencies are obtained as

o — w? + w3  [4A+ Wi 4 W)
+ = 72 w_ = 72 .

The antisymmetric state has higher energy than the symmetric state. Without coupling,

quanta are as good as individual Universes. If we take the weak gravity limit of the

Schwarzschild metric, ie., f ~ 1+ (Pg:‘"’ , the coupling effectively increases the value of f(r).

In other words, the radius is less than the sum of two noninteracting geometric quanta.
The coupling gives the measure of the distance between quanta. The stronger the coupling,
the less the distance between them.

6. Results

I showed that the field satisfied by the Wheeler-DeWitt Equation (1) cannot be a pure
gravitational field. It cannot be a theory of multiverse or a scalar theory of gravity. In
addition to having geometric properties, fields satisfying the Wheeler-DeWitt equation
have properties similar to the corresponding matter fields.

The field with a positive intrinsic spatial curvature scalar R(®) is necessarily self-
interactive. However, the field with a negative intrinsic spatial curvature scalar R®) is not
necessarily self-interactive. Fields with R®) < 0 do not have interaction other than the
geometric one as discussed in Section 2.1. The self-interaction of fields depends upon the
sign of R().

I observed that the gravitational field variables (g,, P°/) and matter fields are not on
equal footing. The gravitational field variables are first quantized. However, the matter
fields are second quantized. Any theory that treats gravity and matter fields on equal
footing concerning the quantum level is dubious.

The reinterpretation geometrizes the quantum theory itself. The field ® has the
geometric quantum. There is no quantum corresponding to the pure gravitational field.

The creation and annihilation operators follow deformed algebra. f is a function
over superspace and not a constant. Since the role of creation and annihilation operators
change depending upon the sign of 8, the coherent state loses its coherence in the transition
B>0+ B<O.

The theory dynamically resolves the big bang singularity and the black hole singularity.
The Universe begins at finite minimum time {,,;;,. The ADM interpretation is that the
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Universe has a nonzero initial volume. The big bang resolution is distinct from the loop
quantum cosmology [9], where there is a quantum big bounce. Initially, the 3-metric is
exclusively time-dependent, and the nontrivial local geometries arise dynamically.

In the case of the Schwarzschild black hole, there exists an upper limit on the value of
the 3-metric. The upper limit depends on the total energy of a given black hole. Since /f
is a dimensionless length of a black hole, the area of the black hole is quantized.

7. Conclusions

The field ®({, A) describes the geometric matter. It satisfies the ADM constraints for
pure gravity. It also shows the properties that are close to the standard matter fields. Unlike
pure gravity, the field has a nontrivial stress-energy tensor, and unlike matter fields that
live in a spacetime, @ itself is geometric. The field has a consistent asymptotically flat limit.
Its single-geometric interpretation recovers the ADM theory.

The single geometric interpretation @ ~ e+’ "9 indicates that the higher-order cou-
plings correspond to the matter fields. In the Higgs field as well, ¢*-coupling gives mass. In
the Klein-Gordon theory, the negative quadratic coupling constant is a mathematical possi-
bility only. The geometric field, on the contrary, has purely geometric intrinsic quadratic
coupling. The h-coupling is not necessarily geometric. It is responsible for interpretation as
geometric matter. This interpretation does not contradict either standard field theory or
gravity.

The quantum theory does not give the quantum of gravity. Instead, it gives the
geometric quantum corresponding to a particular field. The nonlinearity of the theory
makes the creation and annihilation operators vector-valued in the spatial part of the
supermetric. There exists a domain, where the role of creation operator changes depending
on the signature of (24). In such case, the coherent state loses its coherence.

The theory resolves classical singularities dynamically by modifying the 3-metric near
a singularity. In the case of the Schwarzschild geometry, an object falling inside cannot
reach the center. It can approach only fyay. In the case of FLRW geometry, the Universe
began at {y # 0 time. Even if we start with 3-metric g, (¢), quantum dynamics inevitably
introduces g, (t, 7).

The free-field quanta are isolated geometries. There is no measure of the distance
between noninteracting geometric quanta. In reality, fields interact with each other and
give a sense of closeness. The geometric coupling A has dimensions of y?-coupling. Closer
geometric quanta have stronger geometric coupling between them. h-coupling has different
units, and therefore, it has a different interpretation.

During the Planck epoch of the very early Universe, the energy of the geometric
quanta is of the order of the Planck energy. Therefore, during this time, PESBHs are created.
Beyond the Planck domain, PESBHs cannot form. These PESBHs undergo mergers and
Hawking evaporation. The observation of primordial black holes would mean the existence
of PESBH. In this way, the theory expects primordial black holes.

The resolution of classical singularities are quantum gravity effects, and situations
such as the existence of gravitational decoherence show that the gravitational principles
affect quantum theory. In this sense, quantum theory and gravity are both modified.
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