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Abstract: Discussions are presented by Morita and Sato on the problem of obtaining the particular
solution of an inhomogeneous differential equation with polynomial coefficients in terms of the
Green'’s function. In a paper, the problem is treated in distribution theory, and in another paper, the
formulation is given on the basis of nonstandard analysis, where fractional derivative of degree,
which is a complex number added by an infinitesimal number, is used. In the present paper, a simple
recipe based on nonstandard analysis, which is closely related with distribution theory, is presented,
where in place of Heaviside’s step function H(t) and Dirac’s delta function 6(¢) in distribution theory,
(1+e) t°H(t) and de(t) := 5 4 H(t) = %e)t‘?*lH(t) for a positive infinitesimal
number €, are used. As an example, it is applied to Kummer’s differential equation.

functions He(t) :=

Keywords: Green’s function; differential equations with polynomial coefficients; nonstandard analysis;
distribution theory

1. Introduction

In the present paper, we treat the problem of obtaining the particular solutions of a
differential equation with polynomial coefficients in terms of the Green’s function.

In a preceding paper [1], this problem is studied in the framework of distribution
theory, where the method is applied to Kummer’s and the hypergeometric differential
equation. In another paper [2], this problem is studied in the framework of nonstandard
analysis, where a recipe of solution of the present problem is presented, and it is applied to
a simple fractional and a first-order ordinary differential equation.

In the present paper, we present a compact recipe based on nonstandard analysis,
which is obtained by revising the one given in [2]. As an example, it is applied to Kummer’s
differential equation.

The presentation in this paper follows those in [1,2], in Introduction and in many
descriptions in the following sections.

We consider a fractional differential equation, which takes the form:

Zﬂl

pn(t,RDt)u (HrRD"u(t) = f(t), D

wheren € Z-_1,t € R, a(t) for | € Zyy ) are polynomials of t, p; € C for | € Zyy ,, satisfy
Re pg > Re p; > --- > Re p, and Re py > 0. We use Heaviside’s step function H(t), which
isequalto 1ift > 0, and to 0 if t < 0. Here RDf I are the Riemann-Liouville fractional
integrals and derivatives defined by the following definition; see [3].
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Definition 1. Let t € R, T € R, uq(t) be locally integrable on R, u(t) = ug(t)H(t — T),
AeCi,ne€Zs_q1andp =n—A. Then RDt_)‘u(t) is the Riemann—Liouville fractional integral
defined by

rD;Mu(t) = I“(l)t) /_too(t — )M g (x)H(x — T)dx
:r(lA)/Tt(t—x))‘1u0(x)dx~H(t—T), (2)

and Dy Mu(t) = 0 for t < T, where T(A) is the gamma function, RDf u(t) = gD ~u(t) is the
Riemann—Liouville fractional derivative defined by

n

rD{u(t) = gD}~ u(t RD; g (1)) - H(t = 1), ®)

)= o
when n > Re A, and gD}'u(t) = %uo(t) “H(t—7)whenp=n € Z~ 1.

Here Z, R and C are the sets of all integers, all real numbers and all complex numbers,
respectively, and Z>, = {n€Z |n>a},Zy ={n€Z |n <bland Zj; = {n € Z |
a<n<b}forab e Zsatisfyinga < b. Wealsouse R~, = {x e R | x > a} fora € R, and
Cy ={ze€C|Rez>0}.

In accordance with Definition 1, when u(t) = ﬁ (t—1)"~1, we adopt
_ -1 (t—7)v—,1 _ _
rw) 0, vV—p €L,

forv € C\Z.q and T € R. Here gD is used in place of usually used notation ;Dg, in order
to show that the variable is ¢.

Remark 1. Let g, (t) := ﬁt”’lH(t)for v € C. Then g,(t) = 0if v € Z.1, and Equation (4)

shows that if v & Z..1, kDY gu(t) = gu—p(t). As a consequence, we have gD} 7", (t) = g_n(t) =0
forn € Z_;.

Remark 2. Let p; € C, pp € C,v € C\Zq and g,(t) := ﬁt”’lH(t). Then, the index law:
rRDV'rDY2 g, (t) = rDY2rD' gy (t) does not always hold. An example is given in the book [4]
(p. 108); see also [5] (p. 48).

In [1,6], discussions are made of an ordinary differential equation, which is expressed
by (1) for p; = n — I, in terms of distribution theory, and with the aid of the analytic
continuation of Laplace transform, respectively. In those papers, solutions are given
of differential equations with an inhomogeneous term f(t), which satisfies one of the
following three conditions.

Condition 1. (i)  f(t) = fo(t)H(t), where fo(t) is locally integrable on R~.
i) f(t) = RDf [fp(t)H(t)], where p € C\Z~ 1, and fg(t) is locally integrable on Ry.

i) f(t) = kD TH(t) = it FUH(E), where p € C\Zo .,

1.1. Green’s Function in Distribution Theory

In a recent paper [5], the solution of Euler’s differential equation in distribution theory
is compared with the solution in nonstandard analysis. In distribution theory [1,7-9], we
use distribution H(t), which corresponds to function H(t), differential operator D and
distribution 6(t) = DH(t), which is called Dirac’s delta function.
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Whenv € Cy and n € Z~g, §y(t) := ﬁ/)t"’lﬁ(t) = D V*1HA(t) = D7Yé(t) is a
regular distribution, and D", (t) = D" V*1H(t) = D"~V4(t) is a distribution but is not a
regular one, if v —n € C\Cy.

As a consequence, when p = —v € Cand n € Z+, we have
~ _ 3, (1), v=—peCy,
DPHHt:DP(St:DVét:{gV(~ " 5
(1) = DPo(1) (=1 Trg sty pimecr ©)

In place of (4), for p; € C and p € C, we now have DP1DP§(t) = DPITPE(t).
Remark 3. Let p1 € C, pp € Cand p € C. Then, the index law:
DP1DP2DP§(t) = DPIP2DPS(t) = DPIFP2tPs(t), (6)
always holds.
Remark 4. In solving (1) in [1], the Green’s function G(t, T) in distribution theory is introduced by
pn(t,D)G(t,T) = 5(t — 7). @)

Lemma 1. Let uc(t, T) be a complementary solution of Equation (1) for t > T, and Go(t, T), which
is given by

Go(t,T) = uc(t, T)H(t — T), 8)

satisfy

t
[T S

Then G(t,T) = Go(t, T)H(t — T) is the Green’s function defined in Remark 4.
In [1], the following theorem is given.

Theorem 1. Let f(t) satisfy Condition 1 (i) and Go(t, T) be the one given in Lemma 1. Then uz(t)
given by

wt)= [ Gt o= [~ ot 0f (e, (10)

is a particular solution of Equation (1).

Proof. By using Equations and (9), we have

t t X
/O P (¥, kD)1t (x)dx = /0 dx[pu(x, RDy) /O Go(x, T)f(T)H(7)d1]
- /0 f / o (x, D) Go (x, T)dx] f(T) H(T)d~ (11)
- /0 "H(t— 1) f(7) H(T)dT = /O (0 H(T)dr.

By taking the derivative of the first and the last member in this equation with respect to ¢,
we confirm that Equation (1) is satisfied by u(t) = us(t). O

1.2. Preliminaries on Nonstandard Analysis

In the present paper, we use nonstandard analysis [10], where infinitesimal num-
bers are used. We denote the set of all infinitesimal real numbers by R°. We also use
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R%, = {e € R? | € > 0}, which is such thatif e € R} jand N € Z-, then € < 4. We use
R" which has subsets R and R?. If x € R™ and x ¢ R, x is expressed as x; + € by x; € R
and € € R, where x; may be 0 € R. Equation x ~ y for x € R"™ and y € R", is used, when
x —y € RY. We denote the set of all infinitesimal complex numbers by C°, which is the set
of complex numbers z which satisfy |Re z| + |Im z|€ R°. We use C", which has subsets C
and C%. If z € C™ and z ¢ C, z is expressed as z; + e by z; € C and € € C°, where z; may
be 0 € C.

Remark 5. In nonstandard analysis [10], in addition to infinitesimal numbers, we use unlimited
numbers, which are often called infinite numbers. In the present paper, we do not use them, but if we
use them, we have to consider sets R® and C* such that if w € R*, there exists € € R satisfying
w = %, and if w € C, there exists € € o satisfying w = %, and then R"™ = RUR? UR® and
C™ =CuCiucC™.

In place of (4), we now use

o 1 1

rD! th_HeH(t) = mtV—P—1+€H(t), (12)
forallp € Cand v € C, wheree € RY.
Lemma 2. Let p1 € C, 0o € C,v € C, e € RY jand gyie(t) := r(ul+e) tv+€=LH(t). Then, the
index law:

RDf'RDE guve(t) = RDY P2 gute(t) = gopr-pare(t), (13)
always holds.

Remark 6. When e € R or € € C°, we often ignore terms of O(€) compared with a term of O(€°).

For instance, when v € R~g and v — p € R, we adopt r(v1+e) trIteH(t) ~ ﬁtV_HeH(t),

and also

1
I'(v—p)

Z 7

in place of (12). In the following, we often use “=""in place of “~".

1
RDpitvflJreH(t) ~

5o (TIEH (), (14)

In the present study in nonstandard analysis, ¢ € RY is used, and H(t) and
5(t) = DH(t), respectively, are replaced by

1
o —€ _ € ~ €
He(t) 1= RD; H(0) = gt HI) = €H (D), (15)
which tends to H(t) in the limit e — 0, and by
. d _ d 1 € _ 1 e—1 ~ ~p€—1
delt) = g He(t) = e gy H) = g H = e H. (16)

Lemma 3. In the notation in Remark 1, He (t) = g14¢(t), de(t) = ge(t), and we have
RD{He(t) = rDfg11e(t) = g1(t) = H(t), rD{de(t) = rDige(t) = go(t) =0.  (17)

Lemma4. Lete € RY ), T € R, and f(t) be locally integrable on R~. Then

/jo 5e(t — x) f(x)H(x — T)dx = gD; € [f (1) H(t — )], (18)
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Proof. Since J¢(t — x) = gkD; T H(t — x), we have
f 5e(t — x) f(x)H(x — T)dx = gD; €+ /:” H(t — ) f(x)H(x — 7)dx
= gDyt /th(x)H(x —T)dx = gDy €[f(t)H(t — T)]. (19)

O

1.3. Summary of the Following Sections

In Section 2, a recipe of solution of Equation (1), in nonstandard analysis, is presented.
We there consider the solution of the following equation for i(t):

Pne(t, RDyA(t) = f(1), (20)

where € € RO>0 and

Pne(t,RDt) := rRD; “pu(t, RDt)rDf. (21)

Here, the inhomogeneous terms f(t) and f(t) are assumed to satisfy one of the
following four conditions.

Condition 2. Lete € R, and p € C.
(i) f(t) = fo(t)H(t) and f(t) = rRD; € f(t) + cede (t), where fo(t) is locally integrable on R

and c¢ is a constant.

() f(t) = rDP fa(t) and F(t) = rDF fa(t), where

fp(t) = RD;fp(t) +cpede(t),  fp(t) = fpo()H(2), (22)
fpo(t)is locally integrable on R, and cg  is a constant.
(111) f( ) = RD f,B( ) where fﬁ(t) = RDtHe(f) = (Se(f). When ‘B S Z>,1, f(t) = 0, and
when p & Z._1, f(t) = gD} T H().
(iv) f(t)and f(t) are expressed as follows:

e—1-p o
¢/ - RDPI5.( ch t =gy PO £y = Y dy - kDPUH(1),(23)
1 =1

respectively, where c; € C are constants, B; € C satisfy —Re p; > —Re B1 € R, for all
| € Z~o,and d; = ¢ lf‘Bl ¢ Z~_1,andd; =0 lf‘Bl € Z~_1.

f(8)=

Mz

Remark 7. Lemma 3 shows that when Condition 2 (i) is satisfied, RDSf(t) = f(t), and
f(t) = rD; € f(t) does not always hold, and when Condition 2 (iii) is satisfied, Rfoﬁ(t) =0.

In Sections 3 and 4, full expressions of the Green’s functions and the solutions, are
derived along the recipe given in Section 2, for Kummer’s differential equation:

d? d
px(t, RDt)u(t) == [td?ﬂ bt)a—ab] u(t) = f(t), (24)

where g, b and ¢ are constants satifying a # 0 and b # 0.
Section 5 is for Conclusion. In Section 6, a concluding remark is given.

2. Recipe of Solution of Differential Equation, in Nonstandard Analysis

In obtaining a particular solution of Equation (1) for f(t) satisfying Condition 2 (i), in
place of the Green’s function defined in Remark 4, we use it defined in the following definition.
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Definition 2. Let fiye(t, RDy) be given by Equation (21). Then for e € RYjand T € R, the
Green'’s function G¢(t, T) for Equation (1) satisfies

Pne(t, RDi)Ge(t, T) = de(t — T). (25)

Lemma 5. Let Ge(t, T) be defined as in Definition 2, and Go(t, T) := rDfGe(t, T). Then Go(t, T)
is a complementary solution of Equation (1) on R=r, and gD; *p,(t,Dt)Go(t, T) = 1 at any
value of t satisfying t > T.

Proof. These are confirmed by applying DS and gD; '™ to Equation (25), by noting
Lemma3. [

Lemma 6. Let 1i.(t) be a complementary solution of Equation (20) on R, and uc(t) := rDfiic(t).
Then u.(t) is a complementary solution of Equation (1) on R~.

Proof. This is confirmed by replacing 7(t) and f(t) by ii.(t) and 0 in Equation (20), and
then applying g Df to the equation. O

Theorem 2. Let Condition 2 (i) be satisfied, Ge(t, T) and Go(t, T) be given as in Lemma 5. Then
iy (t) given by

()= [ " Ge(t, ) f(T)dT + ccGe(1,0), (26)

is the particular solution of Equation (20) for the term f(t), and ug(t) given by

up())=rDfiis(t) = [ Golt, ™) f(v)d +ceGolt,0), 27)
consists of the particular solution for the term f(t) and a complementary solution of Equation (1).

Proof. By using Equations (27), (25) and (18), we obtain

00

Pre(t, RDt)iif(t) = ﬁn,e(t,RDt)[/ N Ge(t, T)f(T)dT + ceGe(t,0)]

B /,O; Oe(t = T)f(T)AT + cede(t) = RDy “f(t) +cede(t) = f(t), (28)

which is a proof for #¢(t). O

When Condition 2 (ii) is satisfied, we introduce the transformed differential equations
forw(t) = RDt_ﬁu(t) and @(t) = gD, “w(t) from Equations (1) and (20), respectively, by

Pnp(t, RDr)w(t) = fp(t), (29)
Pupre(t, RDH)W(H) = fi(t), (30)
where
Pup(t, RDy) := Dy Ppu(t, RD1)D}, (31)
Pnp+e(t, RDt) = RD;ﬁiepn(t,RDt)RDfﬂ- (32)

Lemma 7. Let Equation (30) and f(t) = RD’tSfﬂ(t) hold. Then by using (32), we confirm that
Equation (20) forii(t) = RDf@TJ(t) holds.

Remark 8. Let ii.(t) and w.(t) be complementary solutions of Equation (20) and (30), respectively,
on R~. Then by using (32), we confirm that they are related by 7i.(t) = RDtﬁu"Jc(t).
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Definition 3. For e € R% and T € R, the Green's function Gp,e(t, T) for Equation (29) satisfies
ﬁn,ﬁ+e(t1RDt)G[3,e(t/T) = 0c(t —T). (33)

Lemma 8. Let Gy (1, T) be defined as in Definition 3, and Ggo(t, T) := rRD§Gp(t, T). Then
Gg,o(t, T) is a complementary solution of Equation (29) on R~

Proof. A proof of this lemma is obtained from that of Lemma 5, by replacing (25) by (33),
Pre Y Pup+es Ge by Gges Pn bY P, Go by Ggp, and (1) by (29). O

Theorem 3. Let Condition 2 (ii) be satisfied, and Gp ¢ (t, T) satisfy Equation (33). Then w¢(t) and
iy (t) given by

()= [ Gpelt, D fp(T)dT +peGpe(t,0), is(t) = xDfAs(t),  (39)
are particular solutions of Equations (30) and (20), respectively.

Proof. Theorem 2 states that when f(t) satisfies Condition 2 (i) and G, (¢, T) satisfies (30),

the solution #i¢(f) of (20) is expressed as (26). This shows that when fg(t) satisfies
Condition 2 (ii) and Gg(t, T) satisfies (33), the solution @¢(t) of (30) is given by the first
equation in (34). The second equation in it is due to Lemma 7. [J

When Condition 2 (iii) is satisfied, Equation (20) is expressed as

et RDOA(H) = RDEc(1) = ot P LH(). (35)

(e—p)

Since Condition 2 (iii) is a special case of Condition 2 (ii) in which fz(t) = 0 and
¢ge = 1, we obtain the following theorem from Theorem 3.

Theorem 4. Let Condition 2 (iii) be satisfied, and Gg (t,0) satisfy Equation (33) for T = 0. Then
W (t) and iif(t) given by

(1) = Gpe(t,0), 5(t) = D} Gpe(1,0), (36)
are particular solutions of Equations (30) and (20), respectively.

Theorem 4 shows that if f(t) = RDtﬁ J¢(t), the particular solution of (20) is given by
is(t) = RDfGﬂ,e(t, 0). As a consequence, we have

Theorem 5. Let f(t) satisfy Condition 2 (iv), so that it is given by Equation (23). Then the
particular solution of Equation (20) is given by

a5(t) = Y ¢ - RDP'Gp, o(1£,0). (37)
=1

3. Solution of Kummer’s Differential Equation, I

We construct the transformed differential equation of Equation (24), which corresponds
to Equation (20). For this purpose, we use the following lemma.

Lemma9. Let A € C,m € Z~_qand p =m — A. Then

RD{[tu(t)] = t - RDYu(t) +p - gDY ™ u(t). (38)
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Proof. When m = 0 and p = —A, this is confirmed with the aid of Formula (2), as follows:

RD; M tu(t)] = 1"(1/\) /joo(t ()
= o |- - 0wt = £ D)~ A+ kD),

We prove (38) by mathematical induction. In fact, when (38) holds for a value n € Z~ _; of
m, we confirm it to hold even for m = n + 1, by applying % to (38). O

tl/+€

Remark 9. When u(t) = ThTerD)

H(t), by using (12), we confirm (38) as follows:

tUJre
IF'v+e+1)

tl/+€+l

RDf [tu(t)] = rDY [t Twtet2)

H(t)] = (v+e+1)rDY| H(t)]

pvte—p+1

S =t-D° . oDP 1
I’(v+e—p+2)H<t> t-rDyu(t) +p- gDy u(t).

=((v+e+1—p)+p)

With the aid of Formula (38) for p = —e, we construct the following transformation of
Equation (24) for i(t) = gD, “u(t), which corresponds to Equation (20):

2
Pre(t, RDy)ii(t) :=rD; “pr(t, RDy)rDfii(t) = RD;E[t% +(c— bt)% — ab|r Dy i(t)
2 d ~
= [tﬁ—b—(c—e—bt)a — (a—e)bli(t) = f(t). (39)

When Condition 2 (i) is satisfied, in accordance with Definition 2, we define the Green's
function Gk (t, T), which satisfies

ﬁK,e(trRDt)GK,e(t/ T) = 5e(t - T), (40)

for T € R. The solutions of Equations (39) and (24) are then given with the aid of Theorem 2
and the following lemma.

Lemma 10. Let ¢ ¢ Zq. Then there exist two complementary solutions of Equation (24), which
are given by

Z, (a)bk g
Ki(t)=1F(a;c;bt) ==Y k'(c)kt , t>0, (41)
k=0 "
Ko (t) = ! t1=¢ . Fi(a—c+1;2—c;bt) = 2 et Dbt T etk 50, (42)
r2--c) ’ ’ k'r KT(2—c+k) ’ ’

where (a)y for k € Z~o and k = 0, denote (a); = Hé{:—&(a +1) = F%a(;)k) and (a)g = 1,
respectively.

In the present paper, these equations are proved in Lemmas 11 and 12 given below.
Lemma 11. Let Ky (t) be given by (41). Then Gk ¢(t,0) and G o(t,0), given by

1
—1+c/=

00 k

1
—1+4c¢

GKe(t 0)

Gk,o(t,0) ZRDfGK,e(t,O) =

Ki(t)H(), (44)
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are a particular solution of Equation (40) for T = 0, and a complementary solution of Equation (24),
respectively.

A proof of the statement for Gg ¢(t,0) is given in Section 3.1, and the statement for
Gk o(t,0) is due to Lemma 5.

Lemma 12. Let Ky(t) be given by (42). Then ii.(t) and u.(t), given by

S (a—c+ 1)k
”C(t)_kgokr( 2—ctk+te)

uc(t) = rDfile(t) = Ka(£) H(t), (46)

t17c+€+kH(t>, (45)

are complementary solutions of Equations (39) and (24), respectively.

A proof of the statement for 7. (t) is given in Section 3.1, and the statement for u.(t) is
due to Lemma 6.

The differential equation satisfied by the Green’s function Gk ¢(t, T) for Equation (24)
is given by Equation (40).

Lemma 13. Let 0 < T < t, Ky (t) and Ky(t) be those in Lemma 10, and Gy (t, T) be given by

GK,O(th) ¢T< )lpT() (

where Tx = T and P (t) = K1(1)Ka(t) — Ka(T)Kq(¢).
Then Gg¢(t, T), given by Gk ¢(t, T) = rD; “Gko(t, T), satisfies Equation (40).

TKlPr ; ¥ Oyt —ofH(E-1), @)

Proof. Taking account of Lemma 5, we choose the complementary solution of Equation (24)
on R-+, given by Gk o(t, T) = C1 - Gk o(t, T), where C; is a constant, and then confirm that
éK,e(f,T) = C1 - RD; €Gk(t, T) satisfies (40), when C; = 1, as follows.

We put x = t — 7, and we express Gy ¢ (t, T) by

~ B xk+e
U(x) = GK/e(T+x,T) —;ﬂka(X), (48)
where gy are constants, and a1 # 0. Then (40) is expressed as
~ ~ e—1 . xefl
Pre(T+x,rDx)0(x) = [TKalm +O(x)]H(x) = mH(@- (49)

This is satisfied when a; = é O

Theorem 6. Let f(t) satisfy Condition 2 (i), Gk ¢(t,T) satisfy Equation (40), Gk c(t, T) and
Gxo(t, T) for T > 0 be given in Lemma 13, and Gg ¢(t,0) and G o(t,0) be given in Lemma 11.
Then Theorem 2 shows that we have the solutions ii¢(t) and us(t) of Equations (39) and (24),
respectively, which are given by

i= [ Guelt,T)f(T)dT +ccGiel(t,0), (50)
up(t):=rDfig(t) = [ Grcolt,7)f (DT + ccGrcolt,0). 61
See Lemma 12 for the complementary solutions il (t) and u,(t).

This result is derived with the aid of the complementary solutions given by
Equations (41) and (42), and hence by assuming ¢ ¢ Z1.
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3.1. Derivations of Equations for Gk ¢(t,0) and 1i.(t) by Using Frobenius’ Method

Equation (40) shows that 7i(t) = Gk(t,0), given by Equation (43), is the particular
solution of Equation (39) in which f(t) = Jc(t), and #i(t) = ii.(t), given by Equation (45), is
the complementary solution of Equation (39) in which f(t) = 0.

We assume that the solution i(t) of Equation (39) is expressed by

~ _ = 1 a+k
i(t) = kgapkmf RH(t), (52)

where « and py, are constants, and pg # 0. Then Equation (39) is expressed as

B ~ 7 00 L ta—i—k—l
Pr.e(t, RDy)1(t) —kgopk[(“ +k—1+c— e)m
ta+k
—b(oH—k—i—a—e)m]H(t)
a—1 [eS)
= po(oc—l—i-c—e)WH(t)+k;[pk(zx+k—1+c—e)
tlx-'r;—l 5
—bpk_l(zx+k—1+a—e)]mH(t) = f(t). (53)

When f(t) = c(t) = %H (t), Equation (53) is satisfied, if

1 k—1+a a
I L S T (54)

r=e h= k—1+c

By using these in Equation (52) and putting ii(t) = Gk ¢(t,0), we obtain Equation (43).
When f(t) = 0, Equation (53) is satisfied, if

k+a—c
k

{Il—C+1)k
k! ’

a=1—c+e pr=>bpr1 = bkpo( k € Z~yp. (55)

By using these in Equation (52) and putting 7 (t) = poii.(t), we obtain Equation (45).

4. Solution of Kummer’s Differential Equation, II

We construct the transformed differential equations of Equation (24), which appear in
Theorems 3-5. Corresponding to Equations (29) and (30), we have the following equations
forw(t) = gD, p u(t) and @(t) = gD, “w(t) from Equation (24) satisfying Condition 2 (ii),
as follows:

Pxp(t, RDe)w(t) :== RD;ﬁPK<trRDt)RDtﬁw<t)

2
= 105+ (= B 1) % — (e~ B)Bla(t) = (1), 56)
Pipoe(t, RD1)W(E) := rD; P~ pr(t, RDr) DL (8)

2
e B b (- eplat) = f5(0). 7)

Remark 10. In this section, we consider Equations (56) and (57) in place of Equations (24) and (39),
respectively, and hence the equations in this section are obtained from the corresponding equations
in Section 3, by replacing c by c — B, a by a — B, f by fg, f by fﬂ, u by w, and 1 by @. They will be
given without derivation.
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Lemma 14. Lemma 10 and Remark 10 show that if c — B ¢ Z 1, there exist two complementary
solutions of Equation (56), which are given by

Koa()=1hila— pre— o) = 3= JaPUe, 10 55)
k:O
1 —
N (R R O BT R
71&)"'1"( —CJrﬁJrk)il =rD; "Ka(t)H(t), t>0. (59)

In accordance with Definition 3, we define the Green’s function GK,ﬁle(t, T),
which satisfies

Pxpre(t,RDt)Gr pe(t, T) = de(t — T), (60)

for T € R. The solutions of Equations (57), (56), (39) and (24) are then given with the aid of
Theorems 3, 4 and 5, and Lemma 14.

Remark 11. Equation (60) is obtained from Equation (40), by replacing c by c — B, a by a — B,
and Gg e by Gg g e-

In Section 4, formulas are derived with the aid of two complementary solutions given
by (58) and (59), and hence they hold whenc — 8 & Z 4.

Lemma 15. Let Ky 1(t) be given by Equation (58). Then Lemma 11, Remark 10 and Lemmas 14 and 5
show that Gk g (t,0) and Gk g(t,0), given by

Gk pe(t,0) = RD; “Ggpo(t,0), Ggpo(t,0) = Kg1(t)H(t), (61)

—1+c—-8

are a particular solution of Equation (60) for T = 0, and a complementary solution of Equation (56),
respectively.

With the aid of Remark 11, we have the following lemma for Gk g (t, T) for T > 0.

Lemma 16. The lemma, which is obtained from Lemma 13 by replacing Ky by Kg 1, Lemma 10 by
Lemma 14, Kz by Kg o, Gk e by Gk pe, and Gyo by Gg g o, holds.

Theorem 7. Let Condition 2 (iii) be satisfied, and Gy g (t,0) be given in Equation (61). Then,
Theorem 4 shows that W (t) := Gy,pe(t,0) and iz (t), given by

5 1 i — B) bk pie
iip(t) == DPws(t) = —1+c—;sk20(c_ﬁ>£§<k5)2+1+e>tk PreH(r),  (62)

are particular solutions of Equations (57) and (39), respectively.

Corollary 1. Let B =n € Z~ 1, and ii¢(t) be the solution of (39), given by Equation (62). Then
us(t) = rDfiif(t) and ii¢(t) are expressed by

& (a—n)bt 1
AC R Doy o

T H(E), (63)

)nfkfl

_ bk
ﬂf(t):RDfeuf +e€ E a 1’1 k

—k—1)Ire (1, 64
1+c—nhﬂ (n ) (t) (64)
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where ug(t) is a complementary solution of Equation (24), for n € Z 1.
In obtaining the last term in Equation (64), we use the following formulas:
1 sin(7rz)T'(1 — z) 1
= ; ~ (=1)"e-m!, L 1. 65
I'(z) T I'(—m+e) (=1)%e-ml, m € 2> (65

Theorem 7 shows that if f(t) = RD{? J¢(t), the particular solution of Equation (39) is
given by Equation (62). As a consequence, we have the following theorem.

Theorem 8. Let f(t) satisfy Condition 2 (iv), so that it is given by Equation (23). Then the
particular solution of Equation (39) is given by

e 1 & (2 — Br)ib*
() =} e —1+c—p 3 (C—ﬁl)kr(k—lgl+l+€)

1=1 k=0

t=PrEeH (1), (66)

Condition ¢ — B ¢ Z 1 in Lemma 14 requires the condition c — B & Z1 foralll € Z~y, in
the present case.

Lemma 17. Lemma 12, Remark 10 and Lemma 6 show that @, (t) and w(t), given by
e(t) = RD; “we(t), we(t):=Kpa(t)H(t) = rD; PKa(H)H(1), (67)

are complementary solutions of Equations (57) and (56), respectively, and then Remark 8 shows
that . (t) and uc(t), given by i (t) = RszT)C(t) and uc(t) = rDfilc(t), respectively, are the
complementary solutions of Equations (39) and (24), which are given in Lemma 12.

Theorem 9. Let f(t) satisfy Condition 2 (i), Gk g (t, T) for T > 0, satisfy Equation (60), and
be determined by Lemma 16, and GK,ﬁ,e(t/ 0) be given in Equation (61). Then Theorem 3 shows
that the particular solutions of Equations (57) and (39), respectively, are given by

(1) = /_ 0:0 Grepe(t, T fp(T)AT + CpeGrpe(t,0), fip(t) = RDfDA().  (68)

Their complementary solutions @, (t) and ii.(t) are given in Lemma 17.

5. Conclusions

In [1], the problem of obtaining the particular solution of an inhomogeneous ordinary
differential equation with polynomial coefficients is discussed in terms of the Green's
function, in the framework of distribution theory. It is applied to Kummer’s and the
hypergeometric differential equation.

In [2], a compact recipe is presented, which is applicable to the case of an inhomoge-
neous fractional differential equation, which is expressed by Equation (1). In the recipe, the
particular solution is given by Theorems 2, 3 or 4, according as the inhomogeneous part
satisfies Condition 2 (i), (ii) or (iii), in the framework of nonstandard analysis. It is applied
to a simple fractional and an ordinary differential equation.

In Section 2, in the present paper, a compact revised recipe in nonstandard analysis
is presented, which is more closely related with distribution theory. In this case, the
particular solution is given by Theorems 2, 3, 4 or 5, according as the inhomogeneous part
satisfies Condition 2 (i), (ii), (iii) or (iv). In Sections 3 and 4, it is applied to inhomogeneous
Kummer’s differential Equation (24). In solving Equation (24) in nonstandard analysis,
we construct transformed Equation (39) from it. In Section 3, we obtain the solution of
Equation (39) by using the Green’s function, and obtain the solution of Equation (24) from it.
In Section 4, we construct further transformed Equation (57) from Equation (39), obtain the
solutions of Equation (57) by using the Green’s function, and then obtain the solutions of
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Equations (39) and (24) from them. In Corollary 1, a nonstandard solution, which involves
infinitestimal terms, is presented.

In [11], an ordinary differential equation is expressed in terms of blocks of classified
terms. When the equation is expressed by two blocks of classified terms, the complementary
solutions are obtained by using Frobenius” method. In Section 3.1, the Green’s function and
a complementary solution for Equation (39) are presented by using Frobenius’ method.

One of reviewers of this paper asked the author to cite papers [12-14], which discuss
the solutions of fractional differential equations. When the solutions of the differential
equations, which are obtained with the aid of distribution theory, are of interest, the solution
by using nonstandard analysis will be useful.

6. Concluding Remark

In the book of [9], Dirac’s delta function 4(t) is introduced as a limit of zero width, of
a function which has a single peak at t = 0 and unit area, and is defined as a functional. In
the present paper, we study problems in nonstandard analysis, by using a function ()
which has an infinitesimal width € and unit area.

In a preceding paper [1], the problem of obtaining the particular solution of an in-
homogeneous ordinary differential equation, is discussed in terms of distribution theory.
In another paper [2], we discussed solution of a fractional and a simple ordinary differ-
ential equation, in terms of nonstandard analysis by using two functions d¢, () and Je ()
expressed by two infinitesimal numbers €; and e. In the present paper, we proposed a
revised recipe in terms of nonstandard analysis, by using the function é¢(t) in place of
distribution é(¢) in distribution theory. In the present paper, the recipe is applied only to
Kummer’s differential equation. The application of the present recipe to other differential
equations studied in [1,2], will be given in a separate paper in preparation.

The author desires to have a day when we discuss the merit of using two functions
e, (t) and ¢ (t).
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