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Abstract: Wigner showed that a sufficiently thin electron gas will condense into a crystal of localized
electrons. Here, we show, using a model based on cubic charge distributions that gives exact results,
that the Coulomb repulsion energy of localized charge distributions is lower than that of delocalized
distributions in spite of the fact that the total overall charge distribution is the same. Assuming a
simple cubic geometry, we obtain an explicit result for the energy reduction. This reduction results
from the exclusion of self-interactions of the electrons. The corresponding results for electron pairs
are also discussed.
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1. Introduction

The Coulomb interaction may appear mathematically trivial, especially for point
particles, but as anyone who studies ionic crystals quickly learns, this is not necessarily the
case. Calculation of the Coulomb binding energy per ion in an ionic crystal, the Madelung
energy [1,2], is quite intricate. When it comes to electrons, it is intuitively obvious that since
they repel each other they should attempt to be as far apart as possible, as long as they can
compensate any positive charge density present. This holds for electrons on a sphere [3].
Wigner [4,5] realized that a thin electron gas should condense to a crystal with the electrons
localized at lattice points. Except for trapped charged particles in vacuum, it is, however, a
bit difficult to see how this is relevant in practice, and more specifically if it is relevant in
metals. Nevertheless numerical calculations based on theoretical models confirm Wigner’s
findings [6-8].

Most properties of metals and alloys were well understood already some decades
after the discovery of the Schrodinger equation and the Pauli exclusion principle (see Mott
and Jones [9] or Seitz [10]), superconductivity being an exception. Already the simplest
model, the free electron Fermi gas, with completely delocalized electrons, explains many
qualitative facts.

In molecular quantum mechanics the pros and cons of localized versus delocalized
orbitals were discussed [11,12]. In solid state physics [13], electrons were originally placed
in delocalized Bloch functions [14]. Later, Wannier [15] constructed localized functions
as linear combinations of Bloch functions, but these were mainly intended for insulators.
Long experience with solid state physics tells us that, to a reasonable approximation,
electrons move in delocalized orbitals that are linear combinations of atomic orbitals (see
e.g., Burdett [16] and Hoffman [17]).

Here, we show that this delocalization does not represent a minimum of the Coulomb
repulsion energy. The energy is in fact significantly lower for the localized case. It is
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therefore natural to assume that localization will occur at some (larger) length scale since
the physical electron orbitals normally are assumed to arise from some energy based
variational procedure. Previously Baranov and Kohout [18] and Otero de la Roza et al. [19]
investigated electron localization in solids. Historically Kronig [20,21] suggested that
superconductivity was caused by electron localization in the metal. Localized electrons in
metals have also been studied by Shih et al. [22,23]. Self-interaction errors can influence
calculation of these effects [24]. Here, we argue that localization is energetically favorable
for electron pairs. It would then be natural to guess that superconductivity results from the
Bose-Einstein condensation of such localized (nonoverlapping) electron pairs. A general
investigation of electron pairing can be found in Kohout [25].

Mathematically, our model compares the Coulomb energy of N3 electrons delocalized
in a cube of side-length L to the energy when these electrons are localized with one in
each of the N° subcubes of side-length L/N. Some preliminary results, which also include
estimates of the kinetic energy, were reported by Essén [26]. Note that the overall electron
charge density is the same in both cases eN?/L3. Otherwise charge neutrality would be
violated. In our model the Coulomb repulsion energies can be calculated exactly, after
some preliminary results. Then, the same calculation is performed assuming 2N3 electron
pairs. All calculations assume over-all charge neutrality with a fixed positive background
charge density. A fixed electron density is also assumed when comparing results for single
electrons to electron pair results.

2. Coulomb Energy of Charge Distributions

The Coulomb interaction energy of two charged particles with charges e; and ey is
given by
e1en

Ec= ——
C 7 I —nl

)

where |r| — rp| = rqp is the distance between the particles. For N, charged particles the
interaction energy is the sum

/
eaeﬁ 1 Ne Ne ezxeﬁ
Ec=) ——=5> — @)
¢ 2,5 7o — 7] 2?% 7o — 7]

over the N, (N, — 1) /2 distinct pairs. Here, the prime on the second sum means that terms
with & = B are excluded.

Now assume that two charges are not located at points but distributed in charge
densities 1 (r) and 02(r). The Coulomb interaction energy corresponding to (1) is then

Q1 1’1 Qz )
~—— =2 22 dVidv,. 3
2// |1’1*1‘2| 15r2 ()

The integrations must be extended over the regions where the charge densities are
nonzero. The factor of one half is there because the double integral corresponds to a double
sum. Denoting by de, = 0,(r)dV,a = 1,2 the infinitesimal charge in dV at r, we see that
the terms dej dey /71» and dep dej /771 of the double sum are both included though they in
fact represent the same interaction energy; hence, one half.

When there are N, charge densities, 04(r), « =1,..., N,, the energy corresponding

to (2) is
/ / @ resr2) gy, qvs, @)

This is the energy expression needed in quantum chemistry and solid state physics.
For N, densities the sum is again over N,(N, — 1) /2 terms. Such charge densities can be
assumed to be due to electrons in independent particle orbitals ¢, (r). The density would

then be 0, (r) = e} (r)Pa(r).
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2.1. Cubic Charge Distributions

There are still many interesting problems worth considering involving the electrostatics
of cubic geometries. These have to do with cubic ionic crystals [2,27], with the force and
potential from cubic charge and mass distributions [28-31], and with the electric capacitance
of the cube [32,33]. Here, we will discuss the evaluation of the electrostatic interaction
energy of two coinciding homogeneous cubic charge distributions.

Now we study the implications of this interaction energy for conduction electrons in
a metal by means of cubic charge distributions. This simplification allows exact results
and one can imagine a cubic piece of metal which can be subdivided into smaller cubes
that cover the total volume. We note that the initial assumption in the most basic theory of
metals is that conduction electrons are completely delocalized over the entire metal. This
does not minimize the Coulomb interaction energy of the electrons as we show below. We
will also show that there is a preference, from the Coulomb interaction energy point of
view, for electrons to localize into pairs.

The Coulomb interaction energy of two charge densities, p, = ¢,/ L3, a =1,2, which
are constant in a cube of side-length L, is:

1 Pl dV1 02 dV2 6162 dV1 de
B2 = ~az2 (5)
2l In-rl v Jv, [ri—ra|’
where 1, = (X4, Ya, 2a), and:
Vo ={(%a,¥a,24); 0< x5 <L, 0<y,<L, 0<z,<L}, a=1,2. (6)

A change of variables in the integral to x, = foz, Yo = Ly’u, Zg = Lz;, a=1,2,leads
to rq = (Xa,Ya,2a) = L(x}, ), 25), dV, = L3dV! and we obtain:

2 _ el / / L3dv] L3dV, _e1e2 / / dv/ dv, )
C 26 viJvi  Llr] — 1] N v v} ¥y — 1|’
where:
={(x}, v, 2z,); 0<xh<1,0<y,<1,0<z,<1}, a=12 8)

define cubes of unit side-length.
We found that the Coulomb interaction energy is given by:

1eien

12
EC_z L

Co ©)
where C is the dimensionless constant given by the 6D integral over unit cubes (8):

V1 dV;

Co=[ [ S _ (10)
2 Vz 11 — 12

u=1 dxdydz dudvdw
T o o an
2=0 Ju=0 Jo=0 Ju=0 \/(x—u)2 + (y—0)2 + (z—w)?

The value of Cy can be calculated exactly, see Waldvogel [28], Seidov and Skvirsky [31],
with the result:

CO:_Z{M+”+1n[(\@_1)(2—f3)]}, (12)

5 3

and this evaluates to:
Co ~ 1.8823126443896601600 (13)
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using 20 digits. Another expression for Cp in terms of a 1D integral was derived by Essén
and Nordmark [2]. Estimates and properties of this integral are further discussed in
Appendix A.

2.2. Subdividing the Cube

To evaluate the integral (10) and (11) numerically the unit cube (L = 1) can be divided
into small subcubes. To do this, we divide each cube into N3 subcubes (2 = 1,2, L = 1):

ik i1 i ]—1 j k-1 k
VaNl—{(xar]/u,Zu)/ N < Xa N N <yu<ﬁ N <Za<ﬁ ’ (14)

where the indices, 7, j, and k, run from 1 to N. Figure 1 illustrates a subdivision with N = 3.
Our integral can then be written as the double sum:

N N ’
Co= ) Y i (15)
ijk=1Imn=1

over N terms, integrals over pairs of subcubes:

dv; dV;
l 1 2
le’}k - /l]k Alﬂl}l ’ (16)

Ving 7 Vol 11— 12|

Results obtained from the subdivision and numerical estimates are given in Appendix A.

|~

Figure 1. This figure shows a cube subdivided using N = 3 in (14). This leads to 3% = 27 subcubes
(as in Rubik’s cube).

2.3. Removing the Singular Terms

One notes that the double sum (15) consists of terms for which (i, j, k) = (I,m,n), i.e.,
double integrals over coinciding subcubes, plus terms with (i, j, k) # (I, m,n). This means
that we can write (15) as:

N N N ' 1
Co= ) szfszF Y., Y O (17)
ijk=1 ijk=1Imn=1

where the terms with all three indices the same, (i,],k) = (I,m,n), are excluded in the
double sum.
The first sum over coinciding subcubes consists of integrals that are all identical and

equal to:
dv;dv,
Cy= CN 11 = /Vm /Vm ’ (18)

iN1 Y Van1 11— 12

From Equation (17), one thus obtains:

N N '/
3 !
Co=N CN+“Z Y. CNl (19)
ijk=1Imn=1
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Apart from being over a smaller cube, the integral Cy is essentially like the original
integral. In fact one easily finds the scaling property:

Co = N°Cy. (20)

Using this Equation (19) becomes:

C CO + % ﬁ Clmn (21)
0= N2 N,ijk-
ijk=1Imn=1

Solving for Cy, we thus finally have that:

Theorem 1.
N2 N N z
C0:7N2—1 2 2 C{,’ffjk. (22)
ijk=1Imn=1

The original integral (10) with its singularity can be expressed as a sum of N® — N3 integrals
without (interior) singularities i.e., without self-interacting subcubes.

3. Coulomb Energy for Electrons in a Cube

Here, we give explicit expressions for the Coulomb energy of electrons in a cube; first
for delocalized electrons, then for electrons localized in subcubes.

3.1. Coulomb Energy for Delocalized Electrons in a Cube

We now assume that there are N, = N3 electrons, all with constant charge densities
pa = e/L3 in the cube of side-length L. The Coulomb electrostatic repulsion energy is then
according to (4) given by:

3 3
- // (/L)L) 4y av, (23)
a<ﬁ2 iV, ‘71_72|

where V; and V; are given by (6). All terms in the sum are the same so we obtain:

N3 dvidV:
Edl / / 1avs 24
2 L6 4 A% |1‘1 - "2‘ @)

Repeating the calculations in (5)—(10) gives:

N3(N3 —1) €?

EY = — 2
5 T (25)

for the relevant Coulomb energy. If we assume that these N° electrons obey quantum
mechanics they cannot all be in the same orbital. Every pair of electrons must have different
kinetic energies so that the spin-orbitals are orthogonal.

3.2. Coulomb Energy for Electrons Localized in Sub-Cubes

We now assume that the cube (of side-length L) is subdivided into N 3 subcubes Va NL
of side- length L /N. These subcubes are given by (14) if the ranges N <X <y, are

replaced by ' < x,/L < &,.... We assume that we have one electron in each of these
subcubes. The Coulomb energy is then according to (4):

3
ple_ 1 ZZ /”k/ le/(L/N) ][e/(L/N)}dVldV2 26)

| —
z]k o 2 Ving VAR 11— 12
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since the charge density in each subcube is p;j = ¢/(L/N )3. Here the prime on the second
sum means that terms with (i, j, k) = (I, m, n) are excluded, as in Equation (22). The initial
factor of one half is there since the double sum includes every pair [(i, ], k), (I, m, n)] twice.

This gives:
2 6
Z Z N / / dvidv, 27)
4L6 ijk Vimn

ijk Imn Vi, Vi [r1 =1l

We now do the coordinate transformation we did in Equations (5)—(7) and obtain:

"2NS L3dv! L3dvy
ZZ 416 /z]k //,mn # (28)
ijk Imn Vint Y Vant |r1 - r2|

Skipping the primes, this can now be written:
N6 X dvidV;
EE =41 )) / . (29)
ijk Imn Vil JVaRG [r1—raf
The integrals here are the ones given in (16), so we find:

2N6N N’

EE = e (30)

ijk Imn

Using Equation (22), we now obtain:

27J6 2

e“N°® (N —1
Ef =" (———C ). 1
¢~ 4L ( N2 CO) 31

To compare this to (25), we can write it as:

N4(N?2 —1) ¢?
Ef= " (. 2
5 T (32)

This is thus our final result for the Coulomb energy of N, = N° electrons each with
constant charge density in one of the N3 subcubes. Note that the overall charge density
here, eN3 /L3, is the same as in the delocalized case (25).

4. Coulomb Energy Difference

The calculations above are of course a bit technical, but the result is easy to understand:
the Coulomb repulsion energy is lower when the electrons are localized to different regions
of space. In the calculation for the localized case, the self-energies of the electrons are
excluded, and this is one of the differences in the two cases. The self-energies are also
excluded in the delocalized case but since all electrons are in the same charge distribution
most terms are in fact similar to self-interactions.

The energy difference between the two cases is according to (25) and (32):

2
E_Ele — [N3(N®—1) — N*(N? - 1)]46—LC0 (33)
so we find:
AEIe — N3 (N — 1)ﬁc ~NYEC (34)
c - 4L 07 7 4L

The last expression should be valid for macroscopic matter where one can assume that
N> 1.
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It is perhaps more illuminating to express this in terms of the density of the electrons
involved, n, = N,/L3 = N3/L3. This gives:

2
AEP ~ PGl (35)

This quantity is seen to increase with electron density and with the volume V = L3 of
the cube, and we have:

62
AEc” ¢, (36)

for the energy gain per volume.

The localized states always have lower electrostatic energy simply because in these
states, the electrons are better at avoiding each other. For small L-values the delocalized
states have lower energy because of kinetic energy and the uncertainty principle.

5. Localizing Electron Pairs

Let us use the above results and calculations to investigate the localization into electron
pairs. We then start by doubling the number of delocalized electrons in Section 3 to 2N3.
To keep the density of electrons constant we must then also double the volume L3 to 2L3,
i.e., change L to:

L' = V2L ~ 1.26L. (37)

From Equation (25), this gives us:

_2NP(2N° 1) &

dl e
ECZ - 2 2L/ T

_ NB(OND
Co=N>(2N° ~1) 7

Co. (38)
The situation is illustrated for N = 2 to the left in Figure 2.

e

16e

Figure 2. Left of this figure illustrates situation with 16 = 2 x 23 electrons delocalized (constant
charge densities) in a cube; right side illustrates localization of these 16 electrons with 2 electrons in
each of 8 octant subcubes.

For the case of two electrons localized in each of the N® subcubes, we can use the
calculations of Section 3.2. This situation is illustrated for N = 2 to the right in Figure 2. In
Equation (32), we must now increase the charge e to 2¢ since each subcube now has two
electrons. We must also add the repulsion energy within each of the N® pairs. This gives an
additional contribution to the repulsion energy of:

2

1 e
pr _ 73
Er =N’

2T/ N <o (39)

since the two electrons of charge e in each of the N3 subcubes repel each other. These
subcubes now have side-length L'/ N. So (32) with e — 2e plus (39) gives us:

N3(N3 — N) (2¢)? 2

1 e
5 57/ C0—|—N3*

lc _
EC2 = 2 L,/NCOI (40)
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or simply

Ek, = N*(2N? - 1)EC0 (41)

So, this is the repulsion energy when N electron pairs are localized to the N® subcubes
of side-length L’.
The energy difference between (38) and (41) is now:

MBS = £, — Bl = (NN 1) - NN - 1) G (42)
ie.,
2
dile _ aB/n 4y € 4 €
AE:;© = N°(N 1)2L’CO N 252LC (43)
Comparing this with (34) we obtain:
AEdl,lC
Cc2
—==_~ 159, (44)
dL1
AEC"

so the energy reduction for pairs (maintaining the same overall electron density) is roughly
60% larger. This result is natural since electron pairs repel each other four times more
than electrons. This fact together with the Pauli principle makes electron pairing in metals
natural, without assuming an attractive force.

To obtain the pair localization energy gain per volume, we start from (43) and find:

2 3
AEdllcNNzLLC N° N ¢ oL = /3¢

oL B COV (45)

Comparing this to Equation (36), we see that the localization energy gain for pairs per
volume, AEd1 /v, is twice as big as for that of single electrons.

6. The Binding Energy of Pairs

Consider an electron delocalized in a cube of side-length L with a constant positive
charge density of |e|/L3. The Coulomb binding (or attractive) energy is then:

: 1¢?
bind C
k¢ 2T )

according to Equation (9).

Now, double the volume by changing L to L' = v/2L. Assuming constant charge
density the total positive charge in volume now becomes 2|e|. To maintain zero net charge
density, we assume that there are two electrons delocalized in this cube of volume 2L3. The
total Coulomb energy of this system is:

2 2 2

phind _ 14070 ; z, Co = %%CO ~ —2.38%%%. (47)

Comparing (47) with (46), we see that the pair binding energy is significantly larger
than that for a single electron, even when both the electron—electron repulsion and the larger
length scale are taken into account. Here, one can object that this is a trivial consequence
of the fact that the Coulomb interaction is quadratic in the charges and that the effect is
even bigger if triples of electrons are considered. In some sense this is true but the reason
to focus on pairs is that because of the Pauli principle one can have one or two electrons in
a given spatial state, but not more.

From the above findings, the Cooper pairs in superconductors may in fact be caused
by the same mechanism that produce Lewis pairs in quantum chemistry. These pairs were
pointed out by Gilbert N. Lewis in 1916 [34].
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7. Conclusions

The Coulomb interaction energy of two constant charge distributions in a cube was
written in terms of interactions between subcubes. Considering the constant charge distri-
butions as superpositions of distributions in subcubes, we find the difference between the
overall Coulomb interaction and its value without self-interactions within the subcubes.
This is of relevance to electron charge distributions since electrons do not self-interact.
We thus find exact results on the Coulomb energy gain due to localization of electrons or
electron pairs. Within our model, we thus find the Coulomb energy difference between a
free electron Fermi gas of delocalized electrons and a Wigner crystal of localized electrons.
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Appendix A. Subcube Division: Exact Results and Numerical Estimates for Cp

Here we evaluate numerically Cy of the expression (22) by taking as much advantage
as possible of index symmetries. Each partial integral can be written as:
1

Imn
Y/ ) e e e (A

: Lmn _ \j5¢1 .
Denoting Cl., ik = N CN”fl’.}k on account of (20), we have:

1 N N’/ l
— mn
Co= N3(NZ 1) Y. ) G (A2)
ijk=1Imn=1

Among the N® — N3 terms (having already precluded the singular terms), there are
still many repetitions that can be avoided. In fact, we can write:

1 2 N 111 N 1,mmn NN N ILmmn
Co = m 6N Zci,l,l + 12N 2 Z Cl,j,k + 82 Z Z Cl,,],,k . (A3)

I<i m<jn<k I<im<jn<k

To unravel the expression, we first note that the factor 6N? comes from the fact
that there are two similar sums of 3N? different varieties, the factor 12N in front of the
double sum is due to four similar sums, each with 3N varieties, and the factor 8 from
the number of similar sums. The first sum contains N(N — 1) /2 terms, the double sum
contains N 2(N — 1)2 /22 terms, and the triple sum N 3 (N — 1)3 /23 terms. Taken together,
the number of terms is:

2 3

6N2g(N—1)+12NNT(N—1)2+8%(N—1)3 =N°—N°, (Ad)

as it should.
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It may be of interest to evaluate the few first cases exactly: for N = 2, illustrated to the
right in Figure 2, Equation (A3) gives:

1
Co=Ci+Ce+ §CC (A5)
using the notation
C=Cip Ce=Cup Ce=Cin (A6)
for the integrals describing interaction between subcubes sharing a face, edge, and vertex
(corner), respectively, see Figure Al. Using (A1) we find that:
1 1

Co~1+—+

2 a3 (B7)

or approximately 1.899556871.

Figure A1. This figure illustrates three cases of touching cubes for which integrand is singular on a
face, an edge, and a corner (vertex), respectively.

For N = 3, illustrated in Figure 1, the number of terms grows significantly.
Equation (A3) gives:

1
Co = i <54(2Cf +doo2) +36(4Ce +4dg 12 +do22)

+8(8CC + 12(11,1,2 + 6d1/2/2 + d2,2,2)> (A8)
employing the notation
1 1 1
dope =Ciin ~ —=, dopp=Ciin~ —=, diip=Cia~ —, (A9)
AT AT AT e
133 . 1 233 . 1 333 1
dooo = Cyy & 75 dipp = Cyyy & 7 dopp = Ciy & Wivk (A10)
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Here (A1) with N = 1 was used. Thus, we find that

1 1 4 17
Cowm[135+36<m+2ﬁ+\@)+8(2+2\/§+2\/8)] (A11)

which is approximately 1.8907486597. In view of the exact value (13) the precision is
satisfactory. The relative error is approximately 5 x 10~3. However in comparison to the
expression for N = 2 (A7), which represents a relative error of 9 x 1073, the improvement
is unimpressive.

Finally, we note that by means of the Equations (A5) and (A8) one can eliminate Cg,
which is singular on a contact surface, and obtain:

1

C:
073

7 1 4 8 1 4 2
Ce + ECC + Edo,o,z + §d0,1,2 + §d1,1,2 + gdo,z,z + §d1,2,2 + Edz,z,z (A12)

which gives Cy &~ 1.881940448 with a relative error of only 2 x 10~4.
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