foundations

Review

A Comprehensive Review of the Hermite-Hadamard Inequality
Pertaining to Quantum Calculus

Muhammad Tariq 107, Sotiris K. Ntouyas **

check for
updates

Citation: Tariq, M.; Ntouyas, SK.;
Shaikh, A.A. A Comprehensive
Review of the Hermite-Hadamard
Inequality Pertaining to Quantum
Calculus. Foundations 2023, 3,
340-379. https://doi.org/10.3390/
foundations3020026

Academic Editor: Carlo Cafaro

Received: 28 March 2023
Revised: 29 May 2023
Accepted: 13 June 2023
Published: 15 June 2023

and Asif Ali Shaikh 13

Department of Basic Sciences and Related Studies, Mehran University of Engineering and Technology,
Jamshoro 76062, Pakistan; captaintarig2187@gmail.com (M.T.); asif.shaikh@faculty. muet.edu.pk (A.A.S.)
Department of Mathematics, University of Ioannina, 451 10 Ioannina, Greece

Department of Mathematics, Faculty of Arts and Sciences, Near East University, Mersin 99138, Turkey
Correspodence: sntouyas@uoi.gr

Abstract: A review of results on Hermite-Hadamard (H-H) type inequalities in quantum calculus, as-
sociated with a variety of classes of convexities, is presented. In the various classes of convexities this
includes classical convex functions, quasi-convex functions, p-convex functions, (p, s)-convex func-
tions, modified (p, s)-convex functions, (p, h)-convex functions, tgs-convex functions, y-quasi-convex
functions, ¢-convex functions, (a, m)-convex functions, ¢-quasi-convex functions, and coordinated
convex functions. Quantum H-H type inequalities via preinvex functions and Green functions are
also presented. Finally, H-H type inequalities for (p, q)-calculus, h-calculus, and (g — h)-calculus are
also included.
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1. Introduction

The term Quantum Calculus in mathematics describes a form of calculus that pro-
ceeds without the concept of a limit. It is also referred to as g-calculus and is essentially
constructed around the concept of finite difference re-scaling. It was first addressed at
the beginning of the 18th century. Euler first developed the g-calculus and Jackson first
presented the g-integral and g-derivative in Ref. [1] (see also Ref. [2]). There are many im-
plementations of g-calculus in physics and mathematics, including orthogonal polynomials,
quantum theory, mechanics, number theory, combinatorics, fundamental hypergeometric
functions, and theory of relativity. For examples, see Refs. [3-7]. The basic understanding
in addition to the underlying ideas of quantum theory are discussed and explored in the
famous book by Cheung and Kac [8].

Tariboon and Ntouyas [9] created an entirely novel field of study, acquired numerous g-
analogues of classical mathematical objects, and presented the notions of quantum calculus
on finite intervals. They have, for example, extended some prominent integral inequalities
to the g-calculus. This stimulated other investigators and, as a result, multiple innovative
results via quantum equivalents of classical mathematical results were put forward in
the literature.

In the domain of applied mathematics, fractional calculus encompasses the investiga-
tion and implementation of arbitrary order integrals and derivatives. Tariboon et al. [10]

investigated a new operator, namely g-shifting operator », ®4(m) = gm + (1 — q)x; for
analyzing new ideas related to fractional g-calculus. In addition, since numerous inequali-
ties are crucial for mathematical analysis, which depends on inequalities, Tariboon et al.
examined and discussed some g-integral inequalities in the frame of fractional calculus
such as the g-Korkine equality, the g-Griiss, the g-Holder, the fractional g-H-H, the g-Polya-
5zeqo, and the g-Griiss—Chebyshev integral inequality on finite intervals. For details, see
the monograph [11].
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The (p, q)-calculus is an extended form of g-calculus. This calculus has a lot of impor-
tance and plays remarkable roles in physics and applied mathematics such as dynamical
systems, mechanics, special functions, combinatorics, fractals, and number theory. In case
of p = 1, this calculus collapses to the g-calculus.

Due to its numerous implementations in physics and mathematics, mathematical
inequalities have significant implications in both of these fields. Convex functions are
among the most important functions that have been utilized to analyze numerous intriguing
inequalities, which is defined as:

Definition 1. A function 7t : I — R is called convex, if
(0x1 + (1 —0)xp) < 0m(xy) + (1 —0)7(x2)
forall x1,x, € Tand 6 € [0,1].

Hermite [12] and Hadamard [13] first introduced and investigated the H-H inequality.
This inequality is considered one of the most important concepts in applied and pure
mathematics, with diverse and significant applications. It holds a prominent place in
the study of convexity and is widely recognized for its geometrical interpretation. The
H-H inequality has been extensively explored in the literature, highlighting its importance
and unique properties. Numerous scholars have contributed various ideas in the field of
inequalities. Due to its widespread perspective in the field of science, this inequality has
become a dynamic and highly intriguing topic, and it has been extensively discussed in the
context of convex functions. This inequality states that if real valued function 7t is convex
on I and xq, xp € I with x1 < xp, then

7r<x1+x2> < 1 /xzn(x)dxgw_ 1)

2 X2 — X1 Jxp 2

Dragomir and Aqarwal presented the following inequality associated with the right
part of (1).

Theorem 1 ([14]). Let 7t : I° C R be a differentiable mapping on I°, (the interior of an interval I),
x1, Xy € I° with x1 < x. If | 7T'| is convex on [x1, x3], then

) pra) L M| < PR+ ). @

The goal of this study is to provide an in-depth and current overview of H-H-type
inequalities for various types of convexities in the frame of quantum calculus. In each part
and subsection, we initially describe the fundamental definitions of various types of convex-
ities and quantum calculus, followed by the results on H-H inequalities. We anticipate that
compiling practically all current H-H-type inequalities in one file will assist new researchers
in the field in learning about prior work on the topic before creating new findings.

This survey is devoted to reviewing the results on H-H type inequalities in quantum
calculus, which is associated with a variety of classes of convexities. This review article
is constructed in the following manner. In Section 2 we introduce the reader to the ba-
sic concepts of g-calculus and summarize quantum H-H inequalities for many classes of
convexities, including classical convex functions, quasi-convex functions, p-convex func-
tions, (p, s)-convex functions, modified (p, s)-convex functions, (p, h)-convex functions,
tgs-convex functions, 7-quasi-convex functions, ¢-convex functions, («, m)-convex func-
tions, ¢-quasi-convex functions, and coordinated convex functions. Quantum H-H type
inequalities via preinvex functions and Green functions are also presented. In Section 3, we
present H-H inequalities via fractional quantum calculus, while in Section 4 we consider
H-H inequalities regarding (p, q)-calculus. In Section 5, we include results for h-calculus
and finally, in Section 6, we present the results on g — h-calculus.
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It is crucial to consider that the primary goal of this review paper is to provide insight
into the current state of the field, address evident gaps, highlight essential research, and
potentially establish consensus in areas where it has not yet been achieved. The goal of
this review paper is to provide a concise overview of the most recent advances in a specific
field, namely convex analysis in the context of quantum calculus. Overall, the present
level of knowledge on convexity is summarized in this review paper. It helps the reader
comprehend the topic by discussing the findings reported in current research documents.
The incorporation of relevant results is essential to demonstrate the progress in the field, as
our goal is to present a more comprehensive and accurate review. However, lengthy proofs
are excluded from this paper, and readers are instead directed to the respective article for
more detailed information.

2. H-H Type Inequalities via Quantum Calculus

Here, we add some fundamental concepts of g-calculus.

Definition 2 ([1]). Assume that 0 < q < 1 and 7 is a function defined on a q-geometric set I, i.e.,
qt € I, Vt € I. Then the g-derivative is defined as

Dy(t) = W te 1\ {0}, Dym(0) =lim Dyre(t).

Fort > O0weset J; = {tg" : n € NU{0}} U {0} and define the definite g-integral of a
function 7t : Jy = Rby

Im(t) = /Ot 7(s)dys = i t1—q)q" 7 (tq")

n=0

provided that the series converges.
Now we extend the notions of the g-integral and g-derivative on finite intervals.

Definition 3 ([15]). Assume that function 7 : [xq,x2] — R is continuous. Then

n(t) — (gt + (1 —
(1—q)(t—x1)

is called the qy,-derivative of 7t at t € [x1, xp).

X .
aDyr(t) = D) % 31, Dym() = lim o, Dym(),

Definition 4 ([15]). The g-integral states that

[ = (10t x) & P+ (1))

1

for t € I, where 7t is a real-valued continuous function.

Quantum H-H type inequalities for qx,-integral and a variety of convex functions

In the following theorems we present quantum H-H type inequalities for many kinds
of convex function. We start with results on classical convex and quasi-convex functions.

Definition 5 ([16]). A real-valued function 7t is called quasi-convex, if
(0x1 + (1 —0)xp) < max{m(xy),(x2)},

forall x1,x, € Tand 6 € [0,1].



Foundations 2023, 3 343

Theorem 2 ([17]). Let function 1t : [x1,x2] — R be differentiable and convex on (x1,x2) and
0<gq<1. Then

x
() L 1 g )
1+q X2 — X1 Jxg 1+q

Note that when g — 1— the above inequality is reduced to classical H-H inequality (1).

Theorem 3 ([17]). Assume that 7t is as in Theorem 2. Then we have

X
max{l, L} < / ’ T(t) xdgt < w’

x2_x1 X1 - 1+q
where
_ X1+ 4gx2 (1—q)(x2—x1) _,/x1+qx2
h = n( l1+g >+ 1+g n( l+g )
_ x1+x\  (1-g)(—x1) ,/x1+x
L= m(757) 2(1+9) ()

Theorem 4 ([17]). Assume that function 7t : [x1, x2] — R is q-differentiable on (x1,x3), x, Dyt
is integrable and continuous on [x1,x2] and 0 < q < 1.If |y, Dy7t| is convex on [x1, x2], then

X
|n(‘1X1+x2> 1 / 27T(t) iyt

1+q x2—x1 X1

3 —1+29+24° }

< gl —x1) [y Dyr(aa)| SR R e L Ny s ey

Theorem 5 ([17]). Assume that 7t is as in Theorem 4. If |, Dyt|" is convex on [x1, x5] forr > 1,
then

X
‘n(qx1+xz)_ 1 /Zn(t) wdgt
X

149 X2 — X1 Jx
1 1
< (v —x1)——— [ (InDym()l"
< a0 s [P
1
r q v r 2
+ |2, Dgrr(x1)] (1+q)2(1+q+q2)) <|x1Dq7T(x2)‘ 1+93(1+q+49)

, —l4+g+4g? 7
o Dg7e (1)) 1+q)2(1 +q+q2)) }

Theorem 6 ([17]). Assume that 7t is as in Theorem 4. If |, Dy7t|" is quasi-convex on [x1, 3] for
r > 1, then

X
|n(‘1x1+m)_ 1 /zn(t) iyt

1+q x2—x1 X1

1

< gz ) sup{Js, Dye(a)l b Dyr(ea) (o = oort) (15 q)1
1 s 1 1
(/. (-1 ) ()]

wherel—l-}:l.
r s

)
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Theorem 7 ([18]). Let function 7t : I = [x1,x2] C R — R be a twice g-differentiable on I° with
x Dgrc be integrable and continuous on I where 0 < q < 1.1If |y, Dgn\r is convex on [x1, xp] where

r > 1, then
gr(xi) +m(x2) 1 /"2
144 X2*x1x1nw)M%x
< Tla-n)? (1-q) i (@ =) (1= g™ ) |5, Dime(x1) |
(1+q)>7 n=0
. 1
) L (6" (1= ") |5 D))

Theorem 8 ([18]). Assume that 7t is as in Theorem 7. If |y, D§7'c|r is convex on [x1, x7|, then

gri(x) + () 1 /x2
1+¢q X — X1 Jx () sy
1
qz(xz—xﬂz{ Zan i }% 7|y DF7e(x)|" + (1 + )|y, Dimr(x2) "\ 7
- 1+gq (1+9)(1+q+4%) ’

1 1
where p,r >1, — 4+ - =1
pr

Theorem 9 ([19]). Assume that 7 is as in Theorem 7. If |, D§n|’ is quasi-convex on [x1, x|, then

qr(x) + () 1 /“n
1+q Xy — X1

§ —x1)? 1 17% - n n r r r %
< AT (-0 L= sup (L Dyl [ Dy )
forr > 1.

Theorem 10 ([19]). Assume that 7t is as in Theorem 7. If |y, Dﬂzln]r is quasi-convex on [x1, x;]
then

qr(x) + () 1 /’“2
144 X2 — X1 Jxy (¥ 5y g

7
n=

2 r 2 r %
Pl er" o p); (sup{|xqun<x1>| /1y D27e(x)| })

1+¢g 1+¢g

1 1
where p,r > 1, — + - =
p r
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Theorem 11 ([20]). Let function 7t : I C R — R be g-differentiable on the interior I° with x, Dy
be integrable and continuous on I. If |y, Dg|" is convex, then

1 X gr(xq) + (xp)
dox — 284 T 70 A2
X2 — X1 /x1 () dgx 1T+gq

q(x — x1) (q(2+q+q3)>1—%[ q(144q+q%)
1+gq (149)3 (1+q+4*)(1+q
q(1+ 39> +2¢°)
(1+g+4°)(1+q

)3 |X1an(xl)|r

1
75 b Dart() ']
where 0 < g < landr > 1.

Theorem 12 ([20]). Assume that 7t is as in Theorem 11. If function |y, Dq|’, r > 11is convex, then

) ) L

1+¢g XX

X1

- q(xz—xl)(q(2+q+q3))%[ q(1+49 +¢%)
- 1+g (144)° (1+g+4*)(1+q
q(1+ 34> +2¢°) 7
gm0+ qrn ool

)3 |X1Dq7r(xl)|r

1 1
where p,r >1, — 4+ - =1
pr

Theorem 13 ([20]). Assume that 7t is as in Theorem 11. If function |, Dy|", v > 1 is quasi-convex,
then

qre(x1) + 7(x2) 1 /x2

1+q T rm-x 7(x)x1dg X

X1

1 1

_ 3 3 1
q(xlz+ qxl) (q(2(1++q$3q )) ’ [q(2(1+f$3q ) fsup{|x, Dyre(x1)], ‘xqun(xz)m} 3

1 1
where p,r > 1, —+ - =1.
por

Theorem 14 ([20]). Assume that 7t is as in Theorem 11. If function |y, Dg|", is quasi-convex, then

1+q X2 — X1

q7(x1) + m(x2) 1 /xz 70(x)x, dgx

X1
1

2 3 ’
T2 =)@ 90 (|, D), oy Dyre(ea) 1]

(T+q)*

<

where r > 1.

Theorem 15 ([21]). Assume that real-valued function 7t is continuous on 1. If |y, Dg7t| is convex
and integrable on I°, then

gre(x1) + m(x2) 1 /x2

— d
1+ q Xp — X1 n(x) 1 fqX

X1

qz(xz—x1)
(1+q+4*)(1+9)

1| (1449 + )1, Dy(2) | + q(1 434 +20%) |, Dye() .
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Theorem 16 ([21]). Assume that 7 : I = [x1,x2] — R is continuous. If |, Dy7t|" is convex and
integrable on I°, then

qre(x1) + 7(x2) 1 /x2

1+q T mox 7(x) mdgx

X1

1

o PRA9+7) (2—x)

(1+49+¢°)|x, Dgrr(x2)|" + (14 3% + 24°) |, Dg7r(x1)|"
(149)*

(1+q9+4*)2+q+49°) ’

wherer > 1.

We continue with quantum H-H type inequalities for s-convex functions in the second
sense.

Definition 6 ([22]). A real-valued function 7t on [0, 00) is s-convex in the second sense if
r(Ax+ (1 A)y) < Am(x) + (1 - AYre(y),

forall x,y € [0,00), A € [0,1] and s € (0,1].

Theorem 17 ([23]). Let 7t : [0,00) — [0, 00) be a continuous function which is s-convex in the

second sense, s > 0,0 < g < 1.If x1,xp € [0,00), x1 < xp and 7t is g-differentiable on [x1, x],
then

. 1 . /x:fz TT(x) v dgx < [(1 —q) i 7"(1— qn)S} (x1) + [(1 —9) i (qsﬂ)"] 77(x2).

n=0 n=0

Theorem 18 ([23]). Suppose that for 7t : [x1,x2] — R the g-derivative exists on (x1, xp) with
[0,00) C (x1,X2). If x, Dyt is continuous and q-integrable on [x1,x3], x1, %2 € [0,00), x1 < x2,
0 < g < land |y, Dyrt|" is s-convex in the second sense, with r > 1, then

1 /Xz (), g — grt(x1) + 7t(xp)

X2 — X1 Jx T+g
g —x)p 29 17 , a1
< B lare] 09k D)l + B9l D) ],
where
17 [ee] n s [ee]
higs) = 2 L 0= (1=, ) +0-0 L a0 =D -g""
n=0 n=0
1_‘7 - qn s - n n ns
L(gs) = 20— ) 4"(1—4q") +(1—q) ) q"[(1+q)9" —1)g"™].
1+qng‘6 (1+q> }EJ

Results of the g-H-H type inequalities for differentiable convex functions with a critical
point are included in the next theorems.

Theorem 19 ([24]). Assume that function 7 : [x1,x] — R is differentiable convex on (x1,x3)
and 7t'(c) =0, for 0 < q < land ¢ € (x1,x7). Then

max{I, I, } < /xz 7T(X) xdgx < q7t(x1) + 7(x2)

X — X1 Jx 144 ’

where
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L = n<q(x1+c>+(l_q>x2)+n/<‘1(x1+c)+(1—lﬂxz><4(x2—0)>,

144 144 144
Lo— ((1—q)x1+q(c+x2)) ,((1—q)x1+q(c+x2)>(q(2x1—x2—c)+x2—x1>
» = T + 7T .
14¢g 1449 144

In the following we state results on H-H type quantum inequalities based on tgs-
convex functions.

Definition 7 ([25]). The non-negative real-valued function 7t is tgs-convex function on 1, if
7-[((1 - 9)x1 + QXZ) < 9(1 - 9)[”(3(1) + 7-[(.7(2)], vxl/ Xy € I, NS [O/ 1}

Theorem 20 ([26]). Let function 7t : [x1,x3] — R be tgs-convex. Then

X1+ X2 1 *2 1 1
2n(H57) < - /x1 7(x) xydgx < (1+q - 1+q+q2)[”(x1)+”(x2)]‘

Theorem 21 ([26]). Let function 7t : [x1,x2] — R be g-differentiable on (x1,x2) with », D, be
integrable and continuous on [xq, x3|. If function |y, Dy| is tgs-convex, then

1 * gr(xy) + 7(x2)

Xy — X1 /xl (x) g 1+¢g
g*(1—q)

(1+9)*Q+q+¢2) 1 +q+9*+¢°

5 (2 = x1) [ Dy7e(oen) | + 2y Dy(32)1 .
where 0 < g < 1.

Theorem 22 ([26]). Assume that 7t is as in Theorem 21. If function |y, Dg|", r > 1, is tgs-convex,

then
1 & gqr(xy) 4 7(x2)
Xy — X1 /961 (%) 2y g 1+g
q(xz—x1)< 2q )1*% 7(1-9q)
1+g (1+¢g)2

(14+921+q+9*)1+q+9>+4°)
1

%[l D7) "+ |y D)1
The g-H-H type inequalities for double integrals are given next.

Theorem 23 ([27]). Assume that 0 < q < 1 and real-valued function 7t is convex on [x1, x2).
Then

qx1+ x3 < 1 /'XZ /'x2 z+y
”( 1+q ) = n-—n)2)y Jy ”( 2 )xldqz"ld"y

e [ () (] ey

1

1 x2
/ 7(2) x,dq2,

X2 — X1 Jxg

hold for all o, p > 0 with & + g > 0.
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Theorem 24 ([28]). Let 7t be as in Theorem 23. Then we have

9%+ x2 ¥/-x2 /'xz _
n( ) < =2 by (0x1 + (1 = 0)x2) x,dgx x,dgy

144
1 2 J
e AR ORTS

gre(x1) + 7(x2)
149

IN

7

forall 6 € [0,1].

Theorem 25 ([28]). Assume that 0 < q < 1and real-valued function 7t is g-differentiable function
on [x1, x3]. Then

0 < ! /xz (x) xd ! /xz/xz (0x1 + (1 — 0)x) x,dgx x,d
7T(Xx [ — _
) 1 )x x14q ( ) 1)2 v 1 2) x14qr x1 q]/
3[(3(1) QII(SQ) 1 /xz
< — —
9[ T+q — mt(gx + (1 q)xl)xldqx},

forall 6 € [0,1].

Theorem 26 ([28]). Let real-valued function 7t be a q-differentiable convex continuous, which is
defined at the point 4% + %2

€ (x1,x2) and 0 < g < 1. Then

1 X2 1 X2 qx1 + x3
< — _
e /x1 () dgx — = /xl m(6x+(1-9) T ) g
mt(x1) + qr(xp) 1 /xz
< (1- _ N
< @-[ PRI - [ P (1)) iy,

forall 6 € [0,1].

Theorem 27 ([28]). Assume that 7t is as in Theorem 26. Then

=g —x1) x4 gx
(1-9) 1+¢ n( 1+¢q )

1 *2 1 *2 gx1 +x2
o /Xl () mdgx — /x1 (o +(1-0) T ) wdyx
< (1—9)[”(?61)14:77[(962)_ i /"2

q X2 — X1

<

m(gx + (1 —g)x1) xldqx]r

X1
forall 6 € [0,1].

We will now give some results on quantum H-H type inequalities via #-quasiconvex
functions.

Definition 8 ([29]). A real-valued function 7 is called n-quasiconvex on [x1, xp| with respect to
7:RxR—=Rif

(6x + (1= 0)y) < max{n(y), 7(y) +n(7(x), 7(y))}

forall x,y € [x1,x] and 6 € [0,1].
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Theorem 28 ([30]). Assume that 0 < q < 1 and a real-valued function 7t is g-differentiable on
(x1,x2), with x, Dg7t continuous on [x1, X2]. If |x, Dgt|", r > 1, is y-quasiconvex on [x1, X2}, then

pre() + (1= () = [ ()

X2 — X1 X1
(1—p—pq) (a2 — x1) ;
14 [ (v, Dyelsm) | 1 0<pu<l—g,
(22 4+ (g —3) +1)(x2 — x1) v
T+4 (D% (1 Dyrlim)|", 1—q<n=1,

where DE(f317) = max{7e(x1), 7(x1) +1(7(x2), 7(x1))}-

Theorem 29 ([30]). Assume that 7t is as in Theorem 28. If |, Dg7t|", is n-quasiconvex on [x1, x],

forr > 1 with % + % =1, then for all u € [0, 1], we have

() + (1= () = = [ ()

1 1
r s

< (2= x)[Qq(1 )] (D |l Dyl ) 5,

where DE(fi17) = max{rr(x1), 7t(x1) + n((xa), 7))} and Qy(A, ,0) = Ji gt — (1
)‘.”)|9 0dqT.

Following are the results on quantum H-H type inequalities concerning ¢-convex
functions.

Definition 9 ([31]). A real-valued function 7t is convex with respect to ¢ (or ¢-convex) on I, if
t(0x1 + (1= 0)x2) < 7(x2) + 0(7(x1), 7T(x2)),
forall x1,x, € Tand 6 € [0,1].
Definition 10 ([31]). A real-valued function t is p-quasiconvex on I, if
(0x1 + (1 —0)x2) < max{7(xa), (x2) + @(7(x1), T(x2))},
forall x1,x; € ILand 6 € [0,1].

Theorem 30 ([32]). Let 0 < g < 1 and function 7 : [x1,x2] — R be a twice g-differentiable on
(x1,x2) with x, Dgrc integrable and continuous on [x1, x7). If |x, D,§7T|m is gp-convex on [x1, x| for
m > 1, then

l]ﬂ.'(x]) + 71'(x2) _ 1 /x2 n(x) d x
1+¢g X2 — X1 Jxg g
< TOZNT (g 5 g, D)
(1 +q)27ﬁ n=0

s|=

10 700 Dym(aa) " o D) 7))
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Theorem 31 ([32]). Assume that 7 is as in Theorem 30. If |y, D§7‘E|m is @-convex on [x1, x7]

1 1
wherem,n > 1, — + — =1, then
n m

qr(x) + () 1 /"2
T+gq X2 — X1 Jx (%) g
2 2 [eS) 1
q-(x2 — x1) . 2icq _ i+1yn )"
S i (a q)i;q (1—g*1")

1

wD3rGea)l” (I D), [y D2e(xr) ") \

X .
1+gq 1+q9+4?

We will provide in the next results on g-Hermite-Hadamard inequalities based on
(&, m)-convex functions.

Definition 11 ([33]). A function 7t : [0, x2] — R is called («, m)-convex, if for every x,y € [0, x3]
and 6 € [0, 1] one has

(0x +m(1—0)y) < 0*m(x)+m(1—6%)7(y),
where (a,m) € [0,1]%.

Theorem 32 ([34]). Let function 7t : [x1,x] C R — R be a twice g-differentiable on (x1,x3),
and y, Dgrc be integrable and continuous on [x1, x2]. If |x, D§7T| is (a, m)-convex on [x1, x|, then

144 X2 — X1

7> (x2 — x1)3(1 — ¢)? (1—g*"2)(1—g*"3) x
0= e aepasg ~ UhkDintl+nlDir ()]

Theorem 33 ([34]). Let 7t be as in Theorem 32. If |y, D§n|’, r>1,is (a, m)-convex on [x1, x3],
then

qr(x1) + 7(x2) 1 /xz 7T(x) x,dgx

X1

T(x) v dgx

qg(x) + () 1 /XZ
14¢g X2 — X1

X1

g (x2 — x1)*(1 — ¢)? { (1-¢%)(1—q) }%
(1+ q)Zf%(l +q+4?) (1—g*t2)(1 — go+3)

_ gat2 a3 .
(T ) D+ I

Now we define the g*2-derivative and g*2-integral of a function 7 : [x1, x3] — R, and
present the corresponding H-H type quantum inequalities.

<

2 (X2
Dy ()

Definition 12 ([35]). Assume 7t : [x1,x2] — R is a continuous function. Then the expression

xquﬂ(t) _ 7T(t) ai(gg(*:ilxz)q)xZ)’t # Xa, xquT((Xl) — }IEE xZD,ﬂT(f),

is called q*2-derivative of 7t at t € [x1, xp].
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Definition 13 ([35]). The right g-integral of 7t : [x1, x2] — R is given by
X2 0
[ g = A=) —x) ¥ " mlg"x+ (1= ")),
x n=0

Quantum H-H type inequalities for q*2-integral.

Theorem 34 ([35]). Let function 7t : [x1,x2] — R be convex on (x1,x2) and 0 < q < 1. Then

p(AErey 2 JAE0 gy < 20 T
1+g X2 — X1 Jxy 1+g

Theorem 35 ([36]). Let function 7t : [x1,x2] C R — R be twice q*2-differentiable on (x1,x7)
such that *2 D%n is integrable and continuous on [x1, xp]. If |*2 D§7T| is convex on [x1, X3], then

x
mt(x1) + g7t (x2) 1 / ? 7t(x) xqux
1+ q Xy — X1

X1

qz(xz—xl)z
I+q)(®+q+1)(*+9*>+q+1)

[mpgn(xln +q2|XzD§n(x2)|}, 0<g<1.

Theorem 36 ([36]). Assume that 7t is as in Theorem 35. If |x2D52,7T|7", p > 1, is convex on [x1, x3],
then

X
t(x1) + g7t (x2) 1 / : 70(x) “2dyx
144 X2 — X1

X1

==

2 2 1

q°(x2 — x1) 1 5 [t 12 -

< 2 p 2 P
(1+q)2:’(q2+q+1)<(q3+q2+q+1)) [| Dyl 4] Dq”(xzﬂ ’

where 0 < g < 1.

Theorem 37 ([36]). Assume that 7t is as in Theorem 35. If |*2 D,§7T|P, p > 1, is convex on [x1, x3],

andl—l—l:l,then
rop

mt(x1) +q7t(x2) 1 /xz 7(x) 2dyx
1449 X7 — X1 1

X1

2 _ 2 ) 1 X2D27-[(x )|p+|x2D27-[(x )|P 1
q°(x2 —x1) _ myr+1q _ oty | T "2 Dge(x: g/t \ 2 z
< Bl nerta-gty] = )"

Theorem 38 ([37]). Let function 7 : [x1,xp] — R be g-differentiable on (x1,x;) and g € (0,1).
If* Dgn is integrable and continuous on [x1, x3), and |*2 D§7T| is convex on [x1, x|, then

X2 — X1 Jx [Z]q

|29+ 44> +24°)[2D3r(x1)| + (— — 4% +20° +44* + 34" + °) [ D (x) .

L /xz mi(s) 2dgs — n(xl + qxz) ‘

(x2 — xl)z
~ 2058144,
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Theorem 39 ([37]). Assume that 7t is as in Theorem 38. Then

R s WZ)‘

X2 = X1 Jx [Z]q
3(xy — x1)2 1
< TN eptaia)) 4 g+ @) D))
2], 7 7t 25+ 15
1 2+
Q’(xz—xl)z(l—ﬁ)q ) , . )
+ o3 (2+q)2Dim(x1)|" + (g +49° = 1)[2Dim(x2)[") ",

215 s+ 1);

wherel—i-l:l.
r s

Theorem 40 ([38]). Let function 7t : [x1,x2] — R be convex differentiable on [x1,x;] and
0 < g < 1. Then we have:

qx1 +x (1—q)(x2—x1) ,/qx1+x 1 x2 0
(Mg ) - () < e, e e

mt(x1) + g7t (x2)
h 2]4 .

Theorem 41 ([38]). Let 7t be as in Theorem 40. Then we have:

X1+ X (1—q)(x2—x1) ,/x1+x 1 /"2 X
_ < 2
7'[( 2 ) 2[2], & ( 2 ) — x -1 Jy () Tedyx

mt(x1) + q7(x2)
n 2]q .

Theorem 42 ([38]). Let 7 : [x1,x2] — R be a convex function on [x1,x3] and 0 < q < 1. Then

(o) = G [ e 00
< ! /xz (x) 2dgx
X2 — X1 Jxq
) + ()
< 2, ,

forall 6 € [0,1].

Theorem 43 ([39]). Let function 1t : [x1,x3] — R be differentiable and convex on (x1,x2),
c € (xq,x2)and 0 < q < 1. Then

g(x1+c)+(1—¢g)x ;q(xp+c)+(1—q)x g(2x; —x1 —c¢) +x1 —x
n( 1 144 2)+7T( 1 144 2)( : ll+q 1 2)

< 1 /xz (b) xqut < mt(xy) + q7T(X2).
X2 — X1 Jxy 1+ q
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Theorem 44 ([39]). Let function 7t : [x1,x2] — R be differentiable and convex on (x1,x2), such
that 7' (c) = 0 for ¢ € (x1,x2) and 0 < g < 1. Then

71'((1 - q)xiig(ﬁ xz)) T n/((l - q)xiiz(c + xz)) (q(ﬂ—;))

/x2 ﬂ(t) xqut < 7‘[(x1) + l]ﬂ(XQ) )

<
- 1+g

X2 — X1
The next results concern quantum ¢*2-H-H type inequalities for (a, n)-convex functions.
Theorem 45 ([40]). Let function 7w : I = [x1,x2] C R — R be a twice q*2-differentiable on

(x1,x7) such that *2 D%r{ is integrable and continuous on [x1, xp|. If |*2 Dgn] is (a, m)-convex on
[Xl, XQ], then

1+q mXxpy — Xq

m(x1) + gre(mx;) 1 /mx2 r(x) M2 x

> (mxy — x7)? [[“ + 3]y — qla +2]q
- 1+¢g [ 4 3]4[a + 2],
1 [a+3]qfq[¢x+2]q)
(3141214 [ 4 3]4[a + 2],

XZDgn(xl)’

"ZDgn(xz)

|

where [n),; =

Theorem 46 ([40]). Assume that 7t is as in Theorem 45. If |*2 D%n\p, p >1,is (a, m)-convex on
[x1, x2], then

7(x1) 4 g (max;) 1 s -
1 144 2 _mxr}q/x1 7t(x) "2dx
Pl =00 (43 =alat 2y o
- ([Z]q)zll’(]3]q);< [ 4 3]4[a + 2], Dg( 1)’

+m( 1 _[oc+3]q—q[¢x+2]q>

X x P
B2, a2, Dim(x)| )"

Quantum H-H type inequalities for qx, and q*2-integrals.

Now, we give H-H inequalities involving left and right quantum integrals.

Theorem 47 ([41]). Let function 7t : [x1,x2] C R — R be g-differentiable such that v, Dyt and
*2Dg, 7t are integrable and continuous on [x1, x2]. If x, Dyrr and *2Dg 7t are convex, then:

2 2(3(2 — xl)

m(x1) + 7t(x2) 1 [/

X2 X2
T(x) x,dgx —i—/ m(x) "qux}
X1

1

< q(xp — x1)
- 23],

7*(|x, Dgr(x1)] + |x2Dq7f(x2)|)]

|:|X1Dq7‘[(XQ)|+‘xqun’(xl)|+ [Z]q
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Theorem 48 ([41]). Let 7 be as in Theorem 47. If |, Dg7t|Pt| and |2 Dg7t|Pt, py > 1, are convex,

then:

m(x1) +m(x2) 1 [/ x) v, dg x+/ x) *2d, x

2 Xy — X1

q(x2 — x1) [ ( [2lg]x, D7t (x2) [P 4 ¢%|x, Dg7e(31) |1
= zz[z]ql[( e B : )
21" Dgr(x1) [Pt + 22 Dgre(x2) [P\ 77
(T )"

Theorem 49 ([41]). Assume that 7t is as in Theorem 47. If 2Dy 7t| and |y, Dy7t| are convex, then:

X +x 1 X2
71'( 12 2>_2(XZ—X1) [/ xldqx+/ dx
xz—x 3 50 +4q —2¢° -1
< L {|X1D¢7 (22 )|m+ |, Dg7t(x1)] 4(4], +4q[2],)
X2 x2 qu +4q —2‘73 -1
D) gy P ) g

Theorem 50 ([42]). Let function 7t : [x1, x3] — R be convex. Then

X1+xp

X1+ x
( 1 2
X2 — X1

1 z % N (x1) + 7
> ) < [/X 7T(x) xdgx + s m(x) qux} < —

Theorem 51 ([42]). Let 7 : [x1,x2] — Rand x, Dyrr and 2Dyt be continuous and integrable on

[x1, x2]). If |, Dy7t| and |2 Dy 7| are convex, then
X1+xp

1 A x2 Xy X1+ x
po—— {/x] T(x) xdgx + nin 7t(x) dqx} - 71(72 >|

= ﬁ{q[zlel’%ﬂ(m\+q<[31q+q2>\xqun<xz>l}

[9(13]g + 3| Dyre(x1)] +q[2lglx, Dyre(x2)] -

Theorem 52 ([42]). Assume that 7t is as in Theorem 51. If |y, Dyrt|* and |[*2Dyrt|*, s > 1 are

convex, then

L o e [ e i) n(252)|
X — ) [ (212 Dy () + (Bl + ) Dyl
= q(j[z]ql){( e +2[3]Z+q = )

([8]g + 4°) sy Dg7e(x1) |° + [2]q |5, Dg7e(x2) [° §
(! ' 21[3]q )
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Theorem 53 ([42]). Let 7t be as in Theorem 51. If |, Dyrt| and |2 Dy 7| are convex, then

X1 +X2

7t(x1) + 7t(x7) 1 { 2

X2

d
5 Xy — 11 T(x) x g%+

m(x) x2dqx}

X1+xp
2

Xy — X1
= 80,
Xy — X1
8[2]4[3]4

(2D 7e(en)| + (Bly + 4+ 42) 2Dy (x2)

[ (18l + + )]y Dyre(en)| + |, Dyre(x2) .

Theorem 54 ([42]). Assume that 7t is as in Theorem 51. If |, Dyrt|* and |[*2Dg7t|°, s > 1 are
convex, then

X1 +Iz

7t(x1) + 7t(xp) 1 [ p

x2

2 Xy — X1

7T(X) x,dgx + 7t(x) "qux}

X1+xp
2

I | (e R IR
(2l + D)l D) + o Dyt
+( e 2[31>]q T )]

1 1
where — + — = 1.
s r

Theorem 55 ([43]). Let the real valued function 7t be s-convex in the second sense and x1,x; € R
with x1 < xp. If f € Lq[x1, x|, then fors € (0,1] :

25—17_[(961 erxz) - Z(le_m [/J:z ) xldqx+/9:2 (x) XZde} < n(xfs)jli(m)'

The following H-H type inequalities depend on a parameter.

Theorem 56 ([44]). Let function 7t : RT™ — R be convex on [x1, x3] with x1 < x,. Then

X1+ X2 1 Axp+(1—A)x; Xy .
S o 2
71( 2 ) = 20(xa—x11) [/xl 70(x) xydgx + et (s 7t(x) dqx]
() + 7(x2)
< 5 ,

forall A € (0,1].

Theorem 57 ([44]). Let function 7t : R — R be a convex on [x1, xo] with x1 < xp. Then

W) < M) e )

2 -2 2] 2],
14 4? Axp+(1-A)xy Xy )
= 2
T 2qA2g(x2 —x1) (/xl () mdgx + Axp+(1-A)xy (x) dﬂx)
1—
_q[—z]j[ﬂ(/\m + (1= A)x2) + (1 — Axy) + Axg]
o Tl ¥l

forall A € (0,1].
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Theorem 58 ([44]). Let function 7t : [x1, x2] — R be q differentiable, with , Dyt and *2Dg 7t be
q-integrable and continuous over [xq, x2]. I |x, Dyt | and [*2Dg7t| are convex on [xq, x3|, then

1 (/M2+(1—A)x1 (%) od +/xz (x) 2d )
2A (x2 — x1) \ Jxy T BT [ e )

X1

Lt + (1= M) + Az + (1= A)xa)] ‘

2
< Mlxa—x1)
= 2

e (Bl = AR (D) + Dy ]
+)‘[2] “xqu (x1)|+|x1Dq7f(x2)H/

forall A € (0,1].

Now we present ¢g-H-H integral inequalities regarding the family of p, (p,s) and
extended sort of (p,s)-convex functions.

Definition 14 ([45]). A function 7t : 1 C (0,00) — R is called p-convex, if
p Py
n([@xl +(1—-6)x;] P) < 0m(x1)+ (1 —0)m(x2),
forall x1,x; € Tand 6 € [0,1].

Theorem 59 ([46]). Let 7t : I C (0,00) — R be p-convex on I°, xf, xg e I with with xilg < xé’
and p > 0,q € (0,1). Then

(59 < gLy bt [ tohr ]

27N 1

(x1) 4 7(x2)

= 2 .
Definition 15 ([46]). A real-valued function 7t is (p, s)-convex function, if
n((9x1 (1—0)xb)? ) <0 7(x1) + (1—0)*7(x2),

forall x1,x, € I, p>0,s € (0,1] and 6 € [0,1].

Theorem 60 ([46]). Let the real-valued function 7t be (p,s)-convex on I°, xf, xg € Lwith xf < xg.

Then
ra((112)7) < M[/Xl pdx2+/ ;dqxz}

(mta) + (2] (G + ) 0

IN

where p > 0,q € (0,1) and s € (0,1].
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Theorem 61 ([46]). Let the real-valued function 7t be modified type (p,s)-convex on I°, x|, x5 € T
with x| < x5. Then

P p_1 p 1 P 1
X7 +X\7 1 * H *2 B o
ZSn(( 5 ) ) < ) [/x” m(x}) xlladqu +(2°-1) /p m(x)) xquxz}

(xz -0 1 x]
2 () — ()
(m — 1) [H(XZ) - 7'[(.761)] +2 ([1S+—”q2 + N(XZ)),

where p > 0,q € (0,1) and s € (0,1].
Next, we present g-H-H integral inequalities pertaining to (p, h)-convex functions.

Definition 16 ([47]). A function 1t : I — R is called a (p, h)-convex function, if it is non-negative
and
1
n([ex;’ +(1—0)xE]P) < h(t)7(xy) + h(1 — 0)7(xy)

forany x1,xp € Iand 6 € [0,1].

Theorem 62 ([48]). Let function 7t : [x1,x2] — R be g-integrable and (p, h)-convex. Then

! Xf-l—xg % 1 % 1 xh Lo F
h(%)n({ 2 } ) = M{/xf n(xp)xfd‘ix—i_/xf m(x?) quX}

< [n(xl)+7r(x2)]</lh(t)dqt+/olh(l—t)dqt).

0

Quantum H-H-Mercer type inequalities.

In the following theorems we present a quantum version of the H-H-Mercer inequali-
ties.

Theorem 63 ([49]). For a convex function 7t : [x1, x| — R, then

x+y

Xty 1 / 2 y
7T(X1 +x2 > ) < 7(xp) + 7(x2) y—x[ : () xdgut + %n(u) dqu}
X+
< 7n) +lx) -7 (57)
and
X+
7T(.7C1 + Xy — > y)
1 x4y — 4 X1 +x—x A

= y—x{/xlﬂz_y TT(U) xy+x,—ydqtt + wﬂ(u) 1 dqu}
< m(xy+x—x)+7(x1+x2—y)
B 2
< m(xg) + m(xp) — M

2 7

forall x,y € [x1,x2] and x < y.
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Theorem 64 ([49]). Assume that 7t : [x1,Xx;] — R is g-differentiable and ., Dy, ©2 Dyt are
q-integrable and continuous. If |, Dy7t|, |*2Dg7t| are convex, then

xty X1+Xp—X

L ) sty + ORI
U) ¢ 110 ydall o u u}
y—x L)y 10—y 1+x2—y"q x1+x22 x+y q

2Dy (x)| + 57— 2 Dyre(y) )

23
2
o (1 Dy ()| + |y Dye(x2) ) — (%lxlmn(y) + oy I D)) |

forall x,y € [x1,x2] and x < y.

Quantum H-H type inequalities for y, Ty and *2 T, integrals.

Here, we add some new g-H-H type inequalities pertaining to convex functions
utilizing the idea of g-integral.

Definition 17 ([50]). Let 7t : ] — R be continuous. For 0 < q < 1 we define the x, Ty-integral as

/}:2 7(s) xld;S = (1_51);;2_361) {(1 +q) iq”n(q”xz +(1—qg")x1) — n(xz)}.

Theorem 65 ([50]). Let function 7t : [x1,x3] — R be convex and differentiable on [x1, x;] and

0<g<1. Then
max{ly, , 3} < pr— /):2 7(x) xdgx < M’
where
L = n(xl ;xz)’
L = n(‘lxlquxz) i (q _21(>1<j—2q; x1) ,(qxlli—qxz)’
L = n(xlliqqm ) (1 —Zoéi(izq; x1) o (xll—:_qqxz ) .

Next, we examine a new idea of quantum integral, the *2T,-integral, and we present
H-H type inequalities for this new integral.

Definition 18 ([51]). Let 7t : ] — R be continuous. For 0 < g < 1 we define the *2T;-integral as

/xz 7(s) XZd,;s = wzle) {(1 +9) i g'm(q"x1 + (1 —q")xp) — n(xl)}.
X1 n=1
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Theorem 66 ([51]). Assume that function 7t : [x1,x2] — R is differentiable convex on [x1, x7]
and 0 < g < 1. Then

1 x
max{ly, b, I3} < — / " r(x) 2dly < M

X
where
()
L = n(‘lxlquxz) (q —21()1(?‘5 ) (qxlquxz),
Is N(x1lj_qqx2 ) (1 2q()1(j_2q> x1) o (xllj—qqxz ) '

In the next theorem we give a y, T; and *2T; H-H type integral inequality for s-
convexity.

Theorem 67 ([52]). Assume that a real-valued function 1t is s-convex in the second manner with
€ (0,1]. Then

257[(%) = x21x1[/x xqu+/ XZdT
< [r(x )+”(x2)][lq([sl++1q] —1+q)+/0(1—§)50d;§]-

Quantum H-H type inequalities involving coordinated convex functions.

Definition 19 ([53]). A function T : A = [x1,x2] X [c1,d1] — R will be called coordinated
convex on A, forall 0,s € [0,1] and (x,y), (u,w) € A, if

m(0x + (1—0)y,su+ (1—s)w)
< Osm(x,u)+s(1—0)m(y,u)+0(1—s)m(x,w)+ (1—0)(1—s)n(y,w).

Quantum H-H’s type inequalities pertaining to coordinated convex functions are
given in the next.

Theorem 68 ([54]). Let 7t : [x1,x3] % [c1,d1] C R? — R be convex on coordinates on [x1, x3] X
[c1,d1]. Then, for all q1,q2 € (0,1),, we have

ﬂ(xlql + x2 C1(]2+d1)
T+q1 " 1+q2

1 l X2 Clqz +d1 1 /dl xl‘]l +x2

< = c1q2 +dq 1 g+

- 2{9(2*9(1 /aq n(x' 1+q >x1d'“x+d1fcl o n( 1+q ’y) Cld‘hy}

< 1 /Xz /dl (5,y) ed i

T (r—x)(dr—c1) Sy o X Y) e1az g, X

< N /dl (1) evdy + 1 /d1 (ny) d

m(x1, (xa,

> 2(1 +q1)(d] *Cl) a 1 ]/ C1 "72]/ 2(1+q])(d1 7(:1) o 2 ]/ c1 qzy

* e /Xz (x,c1) x,dgy X + L /-x2 t(x, dr) x,dg, X
201+ g2)(32 = 31) 20T+ g) (2 — 1) S
_ mpr(xyen) + gl di) + gar(xg er) + m(x, di)

(1+4g1)(1+q2)
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Theorem 69 ([55]). Assume that 7t is as in Theorem 68. Then for all g1,q, € (0,1), we have

n(xlql +x 1 +d1q2)
1+I11 ! 1+C]2

1 1 X2 c1+dign 1 d g+ x i
< = o1 %142 1
- 2 |:X2 — X1 '/xl T[(x’ 1—}—(]2 ) xldq1x+ d1—c1 /Cl 7'[( 1—|—ql /]/) dqzy:|
< 1 oo d g d
= (x2*X1)(d1*C1)/xl /c1 () Mgy xadg, X
i /dl d 1 /-dl J
< w(x1,y) “Udgy + t(xo,y) “1d
2(1+q1)(d1 —c1) Jo (1) sy 2(1+g1)(d1 —c1) Jo (x2.y) sy
+ . [ ) gy + & [ )
t(x,c X (x, X
2(1+g2)(x2 — x1) Jxy Vatnt T o1+ g0) (x2 — x1) Jxy Voatm
< @) + qugare(xa,di) + 7(xa, 1) + gare(xa, da)

(1+41)(1+492)

Theorem 70 ([56]). Assume that function 7t : A — R is a coordinated convex. Then

x1+x cq+d
<x1 +x2 1 +d1) < 1 [ e ( )Clerdl 11;de
|l — — 7T( X, X
2 2 (x2 —x1)(dy —c1) LUy o Y Aoz n
x142rx2 d] 51+d1 x1+x9
+ . /cl+dl n(x/]/) Sz flzy z d%x
1 7

c1+dq

X2 ) El+d1d d
+ Y]+X2 o (x y) 2 CIZy% qlx

/rﬁxz /c1+d1 x,Y) atd g,y xl**zdmx}

S [ (x1,¢1) + 7t(x1,d1) + 7(x2, c1) + 7(x2, dl)}

Theorem 71 ([56]). Assume that function 7 : A — R is a coordinated convex. Then

X1+xp cq1+dq
X1+ x 1 +dq 1 ol o
7r<7, ) < { 7(x, d dg, x
2 2 (XZ — xl)(d1 — C1) o1 ( ]/) a2y g
x1‘§x2 dl d
+ c1+d ﬂ(x,y) 1d'12y deﬂilx
Jxy A
c1+dq

X2 ] d de
+ x1+1(2 o (x y) ey nx

/;c] +x2 /c] +d1 ldQZy 2d% x}

< 1 [ (x1,c1) + 7(x1,dy + (xp,01) + 7T(X2,d1)}-

In what follows we introduce g-partial derivatives and definite g-integrals for the
functions of two variables.

Definition 20 ([57]). Let 7w : A = [x1, %] X [c1,d1] € R? — R be a continuous function of
two variables and 0 < g1 < 1, 0 < q2 < 1. The partial q,-derivatives, qo-derivatives, and
q1q2-derivatives at (x,y) € [x1,x2] X [c1,d1] can be defined as follows:

wdp7t(oy)  _ Alqt Q- q)ay) —aloy)
x1 0, X (1=q1)(x = x1) ' '
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694, 7T(x,Y) m(x, g2y + (1 —g2)c1) — m(x,y)

== 7 C 7
90y - a)y—c) y 7o
xlxclaél,qzn—(x’ y) _ 1
Xla‘hxcla‘hy (1—q1)(1—q2)(y—cl)(x—x1)

x [ﬂ(&hx + (1 =q1)x1,92y + (1 = q2)e1)
—7e(qix + (1= q1)x1,y) = 70(x, 42y + (1 = g2)c1)
+7t(x,y)}, X #x1, Y # c1.

Definition 21 ([57]). Let 7w : A = [x1, %] X [c1,d1] € R? — R be a continuous function of

two variables and 0 < g1 < 1, 0 < q2 < 1. The partial q,-derivatives, q-derivatives, and
q1qz-derivatives at (x,y) € [x1,x2] X [c1,d1] can be defined as follows:

/: /: m(x,Y) xdg odepy = 1—q1)(1—q2)(x —x1)(y —c1)

x Y Y glgia(qix+ (1 —qf)x, g5y + (1 —g5)er)

m=0n=0
for (x,y) € [x1,x2] X [cq,d1].

We present in the following H-H-type inequalities for functions of two variables that
are convex on the coordinates.

Theorem 72 ([57]). Let 7w : A = [x1,x2] X [c1,d1] € R? — R be convex on the coordinates on
[x1, 2] X [c1,d1]). Then the following inequalities hold:

(205

1 *2 1 +dy 1 4 rx1+ xo
< aT®f
- (XZ — xl) / (x 2 ) xldq1x+ (dl _Cl> /Cl ( 2 ’y) CldQZy
< 1 X pdq P i
T 2xa—x1)(d1—c1) Iy / () ey 1dg ¥
7 /"ll 1 /dl
< , dgy+ , d
T 204 q)(d1—c1) Jo (31 y) adpy 21 +q1)(dy — 1) Jo 70(x2,Y) e1dg,y
e [ ) g+ gt [ e o
7(x, X (x,c x
21+ 42)(x2 —x1) Jyy Pt (4 g2) (x — 1) ot
< ngar(xi,c1) + qr(x,di) +gam(xg,c1) + 7(xp, dh)

(1+4q1)(1+q2)

Theorem 73 ([57]). Let 7t : A C R?* — R be a twice partially q1qo-differentiable function on
xla‘hx ‘1 aqzy
e () ||
X1 a‘hx ‘ aqzy
on [x1,xp] X [c1,d1] for r > 1, then the following inequality holds:

A°with0 < g1 < 1and 0 < qp < 1. If partial q1q92-derivative is continuous

and integrable on [x1, x3] X [c1,d1] C A° and is convex on the coordinates

’ q1q27t(x1,¢1) + qi7e(xy,dq) + qar(xp, 1) + 7(xo, dy)
(1+4q1)(1+q2)

q2 /"2 ( ) o d
— t(x,c x—
(1+g2)(x2 — x1) Jxy Vot

7 D
— 7w(xq, dpy —
(1+4q1)(d1 —c1) /q (<L) gy (

X2
/ (x,dy) x,dg, x
dq
)/ (X2, Y) ¢;dg,Y
1

T+q1)(d1—
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+ ! /xz/dl (%) e, doy x1d
(xg—x1)(d1 —c1) Jay o WX Y) odgl g%

q192(x2 — x1)(dy — c1) 1-7
< Mg (@)
7 q2)
r r
x1,C1aél,qzn—(x1/C1) x1,C1at2]1,q27r(x2/ Cl)
xq ¥y ¥, +QpY¥qg
xla’ht €1 aﬂzs X1 alht €1 a‘izs
1
r r r

O, ¥ xl,claéllqzﬂf(xl,d1> 40,0 xl,claéllqzﬂ'(xL dl)

nom X1 a%t 1 aﬂzs e X1 a‘ht €1 aﬂzs ’

where

@ = [l0-a+ar o,
Y, = /01(1 — 1)1 = (14 q)t| odgt,
Q = [ty
The next result is for quasi-convex functions on coordinates on [x1, x2] X [c1,d1].

Definition 22 ([57]). A function 7t : A — R is said to be quasi-convex on the coordinates on A,
forallt,s € [0,1] and (x,y), (u,v) € A, if the following inequality holds:

m(ty+ (1 —t)x,sv+ (1 —s)u) < sup{m(x,y), m(x,0), w(u,y), m(u,v)}.

Theorem 74 ([57]). Let 7t : A C R? — R be a twice partially q,qo-differentiable function on A°

rxl a‘h X ¢ a‘izy

with0 < g1 < 1and 0 < qp < 1. If partial q1q2-derivative is continuous and

X1,€1 a%],ﬁz 7T(x, y)
X1 a‘hx ‘1 aﬂzy
[x1,x2] X [c1,d1] for r > 1, then the following inequality holds:

integrable on [x1,x3] X [c1,d1] C A° and is quasi-convex on coordinates on

q19271(x1,¢1) + q171(x1,d1) + ga7t(x2,¢1) + 7(x2,d1)
(14+4g1)(1+492)

Gy [ o) [T )
- t(x, ¢ X — n(x, X
(14 g2)(x2 — x1) Jxy Vit T 1 ) (20 — x1) Iy, afn
n /d1 ( ) od 1 /m ( w
B Tx, - (xy,
Mg (d—c) Jo VYAt TG =) S, Y Y

1 xy rdy
7 P VR
+@I—MXQ—Q)A111HQJ)1%y1qJ
g192(x2 — x1)(dy — c1) ( 49192 )
(1+4q1)(1+q2) (14 91)%(1 + g2)?

2
*1.0 aql/‘h 7(x2, 01)
X sup

2
X1,€1 aql A2 n(xZ/ dl )
X1 a‘ht ‘1 a‘izs

2
X1,€1 aql/ql n(xll dl)
X1 a‘ht ‘1 aﬂzs

2
X1,€1 a%/fh 7T(x1, Cl)
X1 a‘ht ‘1 a‘izs

7 7

X1 a‘h t €1 aﬂzs

}
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Theorem 75 ([58]). Let 7 : A C R? — R be a twice partially q,q,-differentiable function on A°.
02
10 71,92

r
[ e St |
x19q, U ¢ gy W x19q, U ¢, gy W
convex on the coordinates on [x1, x3| X [c1,d1] for ¥ > O, then the following inequality holds:

X141 + X2 C1¢]2—|—d1 _ 1 /xl C1l]2+d1
‘n( 1+q1 " 1+4q ) (x2 —x1) Jy n(u, 1+4q )xldqlu

1 g+
_(dl—Cl) /Cl 7'[( 14+q4 ’w)cld‘hw
1 X pdq
T - —a) /x1 /m 7 0) gy 2y

1 1 1
< qlfh(xz—xl)(dl—cl)(/o /o \k(”fw)podqzwodqlu)p

95 o 7T
X1,C , . . .
VL2 s continuous and integrable on [x1, x2] X [c1,dy] € A° and

r r

2
xlrclalhlh 7T(X], dl)
x19g, U ¢, 0g,W

X1,01 aémz 7T(X], Cl)

X
xla‘hu Cla‘hw

q1

1

1
T+q)1+q) {‘“"2

) r
xl,claqlqz T[(-XZr Cl)
X1 afh U a‘izw

X1,01 ang N(XZI dl)

x1aP1,¢ht ClaPMzw

where l + % = 1and

k(u, w)

Quantum H-H type inequalities in the manner of Green functions.

In the next theorems we show quantum H-H type inequalities via Green functions.

Theorem 76 ([59]). Let ¢ € C?([x1,x7]) be twice differentiable convex on (x1,x3) such that
x X1 —u, X S u S X,
p(x) = (1) + (x = x) ¢ (x2) + [7 Gx, )¢ (w)dp, G(x,u) = { ! ! If

x1—x, x<u<x.
0 < g <1, then:

Ttn LYo g (x1) + p(b)
lp( g+1 )5 X —x1 /X1 w(x)xldqxqu.

Theorem 77 ([59]). Assume that function ¥ € C?([x1,x3]) is convex as in the previous Theo-
rem 76. Then:

(i) If |¢"| is non-decreasing, then

C]+1 Xy — X1

Xy — X 2
<1yl [ 15 0)

X1

|q¢(x1) Typln) 1 /
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(i) If |¢"| is non-increasing, then

g+1 Xy — X1

_ 2
P(x) xdgx| < |9 (x1)] {m}

X1

‘qtp(xl) typln) 1 /xz

(iii) If |¢"| is convex, then

g+1 X2 — X1

— 2
$) dgr| < max{ly (o) 1o (o)} [ 220,

X1

‘w(m +yplr) 1 /xz

Theorem 78 ([59]). Assume that function ¥ € C?([xy,x2]) is convex, as in Theorem 76. Then:
(i) If |¢"| is non-decreasing, then

l[JN (l]xl + XZ) . 1 /xz l,b(x) x1dqx

1+q Xo — X1 Jxg
2 2 2
< 1" (qr1+x2)° qrit+x g —x1)°  (x2—x1)
< ')l 20197 itq T (+q2 3(q+1)]
A S 2
61 [2x] + x5 — Bx1x5].

(i) If |¢"| is non-increasing, then

l[JH (qxll—:'qXZ) B 1 /xz l[J(x) y dqx

X2 — X1 Jx;

2 2 2
< g (g1 +x)> gqutx  glo—x1)°  (x2—x1)
< W G 2 g Y arp  s@en )

9] s, s 2
6 —x1) [2x7 + x5 — Bx1%3].

(iii) If |¢"| is convex, then

V(L) L v

T+q X2 = X1 Jx
2 N 2 _ 2
< max(0 Gl o)) [~ T+ T - G
/! " 2 3"— 3—3 2
= min{|g" ()l 19" (ea) [} [ g 2252

Quantum H-H type inequalities in the mode of preinvex functions.

The following theorems deal with preinvex functions.

Definition 23 ([60]). A real-valued set K is said to be an invex with respect toy : K x K — R",
ifforall x,y € K, we have
x+0n(y,x) € K.

Definition 24 ([60]). A real-valued function 7t is called preinvex with respect to 1 if
t(x+0n(y,x)) < (1=0)m(x) +07(y),

forall x,y € K,and 6 € [0,1].
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Condition C. Assume that real-valued subset A is invex subset with respectton : A x A — R™.
Then 1 verifies the condition C if forall x,y € Aand 6 € [0,1],

n(v,y+0n(x,y)) =—-0n(xy), n(x,y+0n(x,y)) = (1-0)n(xy).

Theorem 79 ([61]). Assume that function 7t : [x1,x1 + n(x2,x1)] C R — R is preinvex and
integrable with 17(xp, x1) > 0. If (-, -) verifies the Condition C, then

2x1 + 17(x2, x1) 1 /x1+17(x2,x1) gr(xq) + 7(x7)
< < 4 =7
7r< 5 ) ST 7T(x) xdgx < 7

Theorem 80 ([61]). Assume that function 7t : [x1,x1 + 17(x2,x1)] C R — R is g-differentiable
on (x1,x1 + 17(x2, x1)) with v, Dyt integrable and continuous on [xq, x1 + (X2, x1)] where 0 <
q < 1. If function |y, Dg7t| is preinvex, then

1 /x1+'7(x2’x1) () o doy — 1) (1 + 7 (x2, %))
7(x2, 1) o 1+q

251(x0, x
I [q(0-4 307 4 20°) | Dye(an) (14 49 + ) Do)

3. H-H Inequalities via Fractional Quantum Calculus

The following concepts are adapted by Ref. ([10]). We state a g-shifting operator as
0 ®g(m) =gm+(1—-q)x;, 0<g<1, mx €R.

The g-analog is stated by

k=1 '
(mq)o=1, (m;q)= H(l —q'm), k€ NU/{co}.

The g number is stated by

The g-Gamma function is stated by

o(1— o, (1))
11—tV

T,(t) = , teR\{0,~1,-2,...}.

Here, we add some definitions regarding fractional g-calculus, namely the R-L frac-
tional g-integral.

Deﬁnition 25 ([10]). Let « > O and function 7 be a continuous stated on [x1,x3).
Then (x, 12 g 70)(t) = 7u(t) is given by

(B0 = g [l () () s

/—\

_ MZM — @ ()3 (e, B (1)),

Ty(a)
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Theorem 81 ([62]). Let function 7t : [x1,x2] — R be convex, 0 < g < 1and « > 0. Then

Fq(ﬂcz—l- 1) n(xl —;xz) N (x2 _1x1)0c (xllgn(xl + x2 — S))(XZ)

<, E(9) () < Fq(l)mwnq 1) r(a) + nx)).

(xp — x1)% x+2

Theorem 82 ([63]). Let function 7t : [x1, x2] — R be convex and a > 0. Then

f(([a+1]q—1)x1 +x2> _ Tp(a+1) (1

([Dé + 1]q - 1)71’(X1) + 7t(x2)
P S Gp =) I§7) (x2) <

[ +1],

Theorem 83 ([63]). Let function  : [x1,xp] — R be continuous, & > 0 and », Dy be g-
integrable on (xq,x2). If x, Dg7t is convex on [xq, xp), then

Llatl) ([ + 1]g = 1)7(x1) + 70(x2)
lelqn(xz)_ : [vc+1]ql
ffj;lx];[Imeﬂ(xﬁI/O1 [+ g 0(1 — Dy (£)5) = 1|(1 — ) odgt

+|x1Dq7T(x2)|/01 [+ 15 0(1 = (1)) = 1]t odgt].

4. H-H Type Inequalities for (p,q)-Calculus

Definition 26 ([64]). If function 7t : [x1,x2] — R is continuous, then (p, q)-derivative of 7t at x
is stated by

_ mlpx 4 (1= p)x1) — mlgx + (1 - g)m)
v Dpgf(x) = (p —1q)(x —x1) 1

v Dpqf(a) = xli_{I)}l 1 Dpq7t(x).

;X FEx ®)

If Dy qmt(x) exists for all x € [x1,xp], then the function m is called (p,q)-differentiable on
[xll x2]-
The «,(p, q)-integral f;l T0(t) x,dp,qt is defined by

X 00 qu qn qn
/x 7T(t) x,dpqt = (p_q)(x_X1);1§) ann(anx—l- (1 — pn+1)x1)'

1

Definition 27 ([65]). Let function 7t : [x1, x2] — R be continuous. Then the *2(p, q)-derivative
2Dy a7t(x) of 7w at x € [a,b) is stated by

wp,a(x) = LPEE A (5)iczq)>(xfz‘(_ci9;)+ U=a)x) .,

The *2(p, q)-integral [ 7(t)2d, 4t is stated by

X5 0 qn qn qn
/ n(t)xzdwt: (r—q)(x2 —x) Z n+17r< X+ (1— n+1)x2)'
X n=0 p p p

Theorem 84 ([66]). Let 7w : [x1,x2] — R be a convex differentiable function on [x1, x| and
0 < g < p < 1. Then we have:

pxo+(1—p)x
max{[l/ b, 13} < ¥/ ’ ' n(x) dpqox < qn(Jq) +P7T(x2)’

p(x2 —x1) Jx AT = p+q
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where

L = 7_[<qx1 —|—px2)’

p+q
gx1 + px2 (p—q)(x2—x1) _,/px1+qx2
L = ,
2 = P+ )+ P+ “ P+ )
_ X1+ X2 (p—q)(x2—x1) _,/x1+x
b = n( 2 ) 2(p+9) ﬂ( 2 )

Theorem 85 ([66]). Assume that a real-valued function 7t is (p, q)-differentiable over (x1,x2) and
0 < g < p <1,y Dpgmis integrable and continuous over [x1, x2]. If function |y, Dy 47t| is convex
over [x1, x2], then

px1 +qx pra+(1=p)x
‘n(w) — /x1 7T(x) x,dpgx

P3

| (p+a)3(p*+pq+q?)
(P’ +pa+q*) —p
(p+a9)3(p*+pq+4°)
pt+pPq+ Pt —2p° }

(p+a)B3(p*+pg+q2) )

< q(x2—x1) {|x1Dp,q7T(x2)
2p3
(p+q)%(p*+ pq +4?)

+x, Dp,g7t(x1)] + |2, Dp,g7t(x2)|

+|x1Dp,q7T(x1)|

Theorem 86 ([66]). Assume that 7t is as in Theorem 85. If |y, Dy g7t|" is a convex function over
[x1,x2], for r > 1, then

pxo+(1—p)x
‘N(le + IJX2) _/ 2 1 (x) g
x

p+q 1
P2 % P3
< Q(xz—x1)<m> [|X1Dp,q”(x2)|(p+q)3(p2+pq+42)

20,2 2 3.1 3
PP +pa+q’)—p’\r 2p

+|X1Dp'qn(xl)|((p+q)3(p2+Pq+q2)> + |"1D’”"77T(x2)|(p+q)3(p2+pq+q2)
4 3 2.2 3.1
pr+pigt+pq—2p

HaPram 0l (G 5302y g2)) |

Theorem 87 ([66]). Assume that 7t is as in Theorem 85. If function |y, Dy 47| is quasi-convex
over [x1,xp], for r > 1, then

px1 + gx2 pro+(1-p)xy
|7r(p+q) — /xl TT(x) 2, dpgX

2
< gl = x1) s sup{l Dpae(e)l s Dpgr(2))

Theorem 88 ([67]). Assume that the real-valued function 7t is differentiable and convex on [x1, x3].

Then
max{Al AZ} < # /x2 7T(.X') xzd x < Pﬂ(xl) +q7T(XZ)
' N P(xz - xl) px1+(1—p)x2 paT = [2]}7,17 ’
where
- px1+qx2
A= ”( 2] )
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pxi+qx2\ | (p—q)(x2 —x1) _,/px1+gx2
Ay, = 1 + 7T ,
? ( 2]pq ) 2]p,q ( 2]p,q )
le _ qu

and0 < g <p <land[n],, = P

Theorem 89 ([67]). Assume that 7t : [xq,x;] — R is differentiable on (x1,x2). If 2D, 477 is
integrable and continuous on [xq, x2| and if |2Dy, 47| is convex on [x1, X2}, then

= x4 o (PYLTA%
/Px1+(1*l’)x2 7T(JC) dp'qx 7T< [Z]P‘i >‘
37,2 2 2
< (xz—xl){|x2Dprq7T(x1)|7([ 2] q? 33 + \xszquf(qu(p v (—i[_zl]ip’q)ﬁ;]:qp Blra)
“ qlq+2p)  q*(4* +3p* +3pq)
H2 Do)l (g~ By B )
% q9 ¢ g+2p) qlqa+2p)  q*(4* +3p*+3pq)
Dt { (g~ T ) - (B~ @, )

Theorem 90 ([68]). Let function 7t : I = [x1,x2] — R be (p, q)-differentiable on (x1,x7) and
2 D%rqn is integrable and continuous on 1. If 2D, 47t| is convex on [x1, xp], then

1 *2 X B px1+4qx;
X2 — X1 /pzx1+( 1-p2)b 7i(s) Ppags n( 2] .9 )|
(x2 — 1) [P Rlpa (PRI — PP —4%) o,
e R W e e 7
+(mmm 2 ((1=2p) (122, = 1) +4[2)9)
[213,4(3] 5,441 .9

+

(p3q2[2]]29,q +p [ ]p,q - P[Z}p,q [4]17/‘7 o q[4}p,q> ) |x2D2 ( )|}
213,4[31p.q[4lp.q "

In the next theorem we include fractional (p, q)-H-H integral inequalities on [xq, p*x; +

(1= p")xi].

Theorem 91 ([69]). If function 7t : [x1, xp] — R is differentiable and convex and . > 0, then

7_[(([0(+1]P~6] — p"‘)xl +p"‘x2) < qu(ﬂ(+1) ( i ( ))(pax2+ (1 _pa)x1)

[w+1]p4 T p*(xp — xq)® %1 tpat
([ +1]pg — p*)7t(x1) + p*r(x2)
- [ +1]p, !
(p— ) "
where T, ;(t) = —— .
palt) (p—q)t?

Now, by utilizing the concept of post-quantum integrals, we explore H-H inequalities
in the second sense via s-convexity.
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Theorem 92 ([70]). Let 7t : [0,00) — R be s-convex in the second sense and x1,x, € [0, c0) with
x1 < xp. Then for s € (0, 1], we have

s—1 (X1t X2\ _ 1 /" / x) *2d,, mt(x1) + 7(x2)
i 2 )< Zp(xz—xl)[ Jndpgx+ 5+1,,
Theorem 93 ([71]). Let 7t : [x1, x2] — R be convex. Then
X1+ X3
( 2 )

X1 +xp X1+xp
1 7 1-p)=5=

X1+xp PX2+( P 2
i mt(x) "2 dp,qx+[q;x2 7t(x) @dwx}

p(x2 —x1) { px1+(1-p)
(x1) + 7(x2)
— 2 M
Theorem 94 ([71]). Let 7 : [x1, x2] — R. Assume that y Dy g7t and *2Dy, 57t are continuous and
integrable mappings over [x1, x2]. If |x, Dpg7t| and |*2D,, 4 7t| are convex, then

Xq1+xp
2

el
p(x2 —x1) L/px,+(1-p)

X1+xp
2
ryzy TT(X) dp,qgx
2

) 1*“2

px2+(1 p x1 + xZ
+ '/;C1+x2 n(x) Xl§x2 dp/qx:| - 7‘[( 2 )

2

< x28;3x1 [ ( P +[§]2:,q_ P b [3[] 51;{3[]2: m) e Dpgre(n)|
+ ( p +[§]2:q+ P2 g [3[] ZP],Z/ZS[]Z:,Z# ) e Dyart(x2)
+ < p +[§]ZZL]+ p? — g [3[] zp],zi 3[]2:,:%7 ) sy Dpg7e(x1)]
i ( : +[§]22q_ . 7 [3[]2;7],1,17_ 3[]2;7],:,11 ) |1 Dpg7t(x2) |]

Now, we show (p, 9)-H-H inequality in the manner of double integrals.

Theorem 95 ([72]). Let 0 < g < p < 1and 7 : [x1,x2] — R be a convex function on [x1, x3).
Then
ﬂ(qxl + PXQ)
p+q

1 po+(1=p)x1  ppxo+(1—p)xg
= (px2 — px1)? /x /x1 (0x1 + (1= 0)x2) x,dpgX x,dpqgy
1 pxa+(1-p)xy
< S ) s gy
< )+ pr(x2)

7

p+q
forall 6 € [0,1].
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IN

IN

IN

(px2 — px1)?

1 porpxat+(l=p)xy rpro+(l—p)x
) I/ / (01 + (1= 0)%2) 1, % 1y 51 dpat
1

px2 —px1 Jx

Theorem 96 ([72]). Let 7t be as in Theorem 95. Then we have:

p

(px2 — px1)?

xp+(1—p)x X2+ (1—p)x
1 /PZ p 1/‘172 14 17T(px+qy
X

PR ) x18pqX xdp.gY

X1 1

1

1 pra+(1-p)xy
/ 7T(x) x,dpgx.

We examine the extensions of H-H inequalities involving continuous convexity per-
taining to (p, q)-calculus on | := [xq, px2 + (1 — p)x1].

Theorem 97 ([73]). Assume that the real-valued 71 is continuous and convex. Then

ﬂ(qxlﬂﬂxz>
p+q
1 po+(1=p)x1 ppro+(1—p)n x+y
= PP —x)? /xl /351 7-[(2) 0 pqgXxdpqy
< 1 /Px2+(1—p)x1 /pxz—l—(l—p)xl 1 [ (txx—i-ﬁy)
2 (v — x)2 —|T
N Pz(xz—m)z X1 x1 2 “+B
X+
+7T(‘Ba + ﬁy)i| X1 dp,qx;(] dp,qy
1 rpx2+(1-p)xy
< S h (x) s,

foralla, B > 0witha 4 B > 0.
We give (p, q)-H-H type inequalities for coordinated convexity.

Theorem 98 ([74]). Assume that the function 7t : [x1,x2] X [c1,d1] — R is differentiable and
convex. Then

n(‘hxﬁ-mxz P2C1+Q2d1)
pr+a T p2ta2

< ; /P1X2+(1—P1)X1 n(x, W) X1dp o
n Zpl (xz - xl) X1 pz + qz 141
L o q1%1 + p1%2 ) d
205 (%2 — x71) | ——————,y)"d
2p2(x2 - xl) /pzc]+(17p2)d] < P1 + q1 Y Pz,qz]/
< 1 pib+(1=pp)a i () i ,
= pp2(xe —x1)(d1 — 1) /xl /,gzc+(1_p2)d TTX,Y) " Apagal x19p1n X
1 /dl p
< TT(Xx1, 1d
= 2pa(p1+q1)(d1 —c1) Jpaer+(1—po)dy (1Y) “dpyary
p1 /dl N
+ 7t(x2,y) “1d
sz(pl + ql)(dl - Cl) PzCJr(l*pz)d ( 2 y) szqzy
P2 /P1X2+(1p1)x1 ;
+2P1(P2 +q2) (2 —x1) Jyy 7e(x,¢1) xydpy gy %
g2 /7"1"2+(1*P1)x1 p J
+2P1(P2 +q2)(x2 — x1) Jxy 7(x,dy) x praX
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< qip27t(x1,¢1) + q1q27(x1,d1) + pipam(xg, c1) + p1g27t(x2, dy)
- (p1+4q1)(p2 + 92)

We define now some new concepts regarding the (p, g)-calculus of the function of
two variables and present H-H-type inequalities for the functions of two variables using
(p,q)-calculus.

Definition 28 ([75]). Let 7w : A = [x1,x2] X [c1,d1] C R?* — R be a continuous function in
each variable and 0 < q; < p; < 1,i = 1,2. The partial (p1,91)—, (p2,92)— and (p1p2,9192)-
derivatives at (s, t) € [x1,x2] X [c1,dq] are, respectively, defined as:

qOp 718, w(ps+ (L—p)xt) —wlgs+ (1 —gq)xt) Ly
1 9p1,:8 (P1—q)(s —x1) ' v
g (s 1) 7i(s pat+ (1= pa)r) —7i(s,gat + (L= ga)er) £
Clalﬂz,lizt (p2 - lh)(t - Cl) ’ v
210%™ mqs+ (1= q)x, gt + (1—ga)e)
Xlapquls C1aP2,!72t (Pl - %)(PZ - q2)(5 —x1)(t—c1)

(chs + (1 —q1)x1, p2t + (1 — pa)er)
 (pi—q)(p2—q2) (s —x1)(t—c1)
7T(P15 + (1= p1)x1, 92t + (1 — g2)c1)
(p1—q1)(p2 — q2) (s — x1)(t — c1)
(
(7

7r p1s + (1 —p1)xy, pat+ (1 —p2)cr)
q1)(p2 — q2)(s — x1)(t — 1)

, SFxy, tF .

Definition 29 ([75]). Let 7t : A = [x1,x3] X [c1,d1] C R? — R be a continuous function in each
variableand 0 < q; < p; < 1,i = 1,2. Then the definite (p1p2, q192)-integral on [x1, x2] X [c1,d1]
is defined as:

t s
| 0 w) syt citpmgnto = (11 = a1)(p2 = g2)(s = 1) (¢ = 1)
€1 1

X mZOnZO pZ}H m2+1 (2;;13315+ (1 - pgil)x p?n2+1t+ (1 - pi%rl)cl)

for (s, t) € [x1,x2] X [c1,d1].

Theorem 99 ([75]). Let T : A C R?> — Rbea function such that (p1p2, 4192)-derivatives

02
exist on A° with 0 < q; < py < 1i = 1,2, [f PP 42" _ i continuous and integrable
apl g1 c19p0, W
02 r
on [x1,x2] x [c1,d1] € A° and |21 P1P 2™\ i o convex function on coordinates on
219p1,q1 4 €1 9pa, oW
[x1,X2] X [c1,d1] for r > 1, then the following inequality holds:

q19271(x1,¢1) + paqa7e(x1,di) + p1gart(xa, c1) + p1p2rt(xo, di)

(p1+a1)(p2+q2)
_ q2 p1x2+(1=p1)xs
p1(p2 +q2)(x2 — x1) /x n(”’cl>x1dp1rq1”
_ p2 prx2+(1=p1)x1
p1(p2 +q92)(x2 — x1) /xl n(u’dl)xldm,fh”

_ 7 padi+(1=p2)
p2(p1+q1)(d1 —c1) /01 70(x1, W)y dpy g, 0

p1 padi+(1=p2)cy ;
p2p1+q)(d — 1) /61 70(x2, W)y dpy gy 0
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1 prxo+(1=p1)x1  ppadi+(1—p2)er

+P1(x2 —x1)(d1 —c1) /x

q192(x2 — x1)(d1 — 1)
(p1+91)(p2+ 92)

2 T
X1,01 apl 12,9192 7-[(xl/ Cl)

7e(u, w) 1 dPMzw x1 dmm”

1 €1

1-1
r
((Ppqul (PPquZ)

r

2
Xl,Claplpz,qlqz 71-'(-xll dl)

+ ¥p+1,4: Qpoaz

X (q)lﬂlﬂh lzblﬂz/th

X1aP1#1u €1 aPzﬂzw xlaplﬂlu €1 aPzﬂzw

r

7'[(3(2, dl)

2 2
21,0195, po 100 7T (X2, C1) 21,6191 po,q102

1
+Qp,, + Qp1.01Qps, Y,
PUIL e Opygyth ¢ Opo gy PUSPR ] Opy it 0 0pyg, W )
where
e = 2(p+9—1)
r (p+4q)?
o ql(p® — 2+ 2p) + (2p* +2)q + pg*] + 2p* — 2p
P (p+9)3(p* + pg + 4%
0, = 9GP —4p*=2p+2)+ (6p” —4p—2)q+ (5p ~ 2)4* +2¢’]
P (p+9)°3(p*+pg+q?)
2pt —2p% —2p% +2p
(p+a)3(p*>+pq+q*)

Now, we present quantum integral inequalities for functions whose partial (p1p2,4192)-
derivative is quasi-convex on coordinates.

Theorem 100 ([75]). Let 7w : A C R? — R be a function such that (p1pa, q1q2)-derivatives exist

02 T
. . x1,6 L1, . . .
on A° with 0 < q; < py < 1i = 1,2, If =2 FRAVR s continuous and integrable on
x19p1q1 4 ¢ 9pa o W

r

02 T
X1,01 A1/ . . .
PiP2 12 is quasi-convex on coordinates on [x1,xp] x

[x1,x2] X [c1,d1] C A° and

x19p1,91 1 ¢ Ops, 3, W
[c1,d4] for ¥ > 1, then the following inequality holds:

‘ q19271(x1,¢1) + pagqai7e(x1, dq) + p1gart(xa, c1) + prpart(xo, dy)
(p1+q1)(p2 +q2)
q2 /P1X2+(1P1)X1
p1(p2 +q2)(x2 — x1) Jx
prx2+(1-p1)x;

N £ / 7t(u, dy)y dp. 4 U
p1(p2 + q2)(x2 — x1) (u,d1)x,dpy g

7t(u, c1)x, dpy g, U
1

X1
_ 1 pad1+(1—pa)cy
p2(p1+q1)(d1 — 1) /cl 70(x1, ) ey A g,
_ P1 padi+(1—pa)e
p2(p1+q1)(d1 — 1) /cl 70(x2, W) ey Ay g,
1 P1x2+(1—P1)x1 pzdl-‘r(]—pz)cl i ;
- P1 (x2 - xl)(dl — C1) /xl /C] 7T(Ll, w) c18p0,q:W x1Apy,q, U

q192(x2 — x1)(d1 — 1) (4(P1 +q1 =1 (p2+ 92— 1))
(p1+q1)(p2 +92) (p1+91)2%(p2 + q2)?

82 7r(x c )
X1, , 1,¢1
XS :{ 1,C17p1p2,9192

2
X1,01 apler‘th 71-'(-762/ Cl)

2
X1,01 ap1p2,q1q2 7T(x1, dl)

7 7

xlapl,th u ClaP2,'12w

}.

Xlapqulu Clalﬂz,thw

2
X1,01 apl pz,ql ‘72 n(xZI dl )

7

X1 aplﬂl U aPzrqzw

X1 aplﬂlt €1 aPzrqzw
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IN

IN

Assume that [} = [x — (x2 — x1)/p, x2] and I = [x2 — p(x2 — x1), x2].

Theorem 101 ([76] ). Let function 7t : [x1,x2] — R be (p,q)*2-differentiable on Iy such that
*2Dy, o7t is integrable and continuous on I with «y,v € [0,1]. Then

v
(xg —x1) [/0 (gt +yv =) 2Dpgm(txy + (1 —t)xp) dp gt
1
+ / (gt +yv —1) 2Dy arr(txg + (1 — t)x2) dp,qt}
JUV

- P(le_xl) /P:Hlp)xz 70(x) ¥2d 0% — fy[vn(xl) +(1— y)n(xz)}

—(I=7)m(vxr + (1 - v)x2).

5. H-H Type Inequalities via h-Calculus

In this section we give first the definitions of h-derivative and h-integral and then
some H-H type inequalities for convex and twice differentiable functions via h-calculus.

Definition 30 ([8]). For a mapping 7 : [x1,x2] — R the h-derivative of 7t at x is stated as

Dy(x) = T(x + h;l - n(x),

where h # 0.
Definition 31 ([8]). For a mapping 7t : [x1, x2] — R the definite h-integral of 7t is stated as

“ h(rm(xq) +m(x1+h)+---+m(xa—h)), x<x,
/ t(x)dyx =<0, xXp = X,
X
! —h(rt(x2) + (xg+h)+ -+ 7(xg —h)), x1>x,

where h # 0 and x, — x1 € hZ.

Theorem 102 ([77]). Let function 7t : [x1, x2] — R be convex. Then

xX1+x—h 1 X2 7t(x1) + gm(x2) h 7t(x1) — 7t(x3)
< < .
n( 2 )_xz—x1/x1 (t) dnt < 2 +x2—x1( 2 )

Theorem 103 ([77]). Let function 1t : [x1,x2] — R be a continuous twice differentiable on
(x1,x2). Then

O B G B
xzixl /x: (t) dyt
b 2] g s ) - () R (B2
sy G2 ) )y

where m = inf¢(y, x,) 7T (%)

The inequalities in the above theorem are reversed if we replace
mby M = sup,¢(y, x) 7 (%)-

X1,X2
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6. H-H Type Inequalities via g—h-Calculus
Here, we add the definitions of the q§ — h-derivative and g — h-integral.

Definition 32 ([78]). Assume that the real-valued function 7 is continuous. Then the g — h-
derivative of 7t is stated by:

~ wdgrt(x)  m(q(x+h)) — m(x)
D) = S T et Y

gh
1—9¢

:w/

where h € R,0 < g < 1and C,Dyrr(w) = limy s CyDyrr(x).

Definition 33 ([78]). Assume that 0 < q < 1 and function 7t : I = [x1, x3] — R is continuous.
Then I;ljln and I;i; 7 are defined as follows:

X

1x1+7t(x) / m(t)pdgt = ((1—q)(x — x1) + qh) i g"m(q"x1 + (1 —g")x +nq"h), x> xq,
X n=0

1

and
X o)
I;i;n(x) :/zn(t)hdqt: ((1—q)(x2 — x) +gh) Z n(q"x+ (1 —q")x2 4+ nq"h), x < x;.
X n=0

Definition 34 ([79]). Assume that a real-valued function 7t is continuous and q € (0,1). Then
the qy, —p-derivative of 7t at x € [x1, X2 is stated by:

x 7i(x) — 7e(qx + (1 — q)x1 +qh) x1(1—4q) +qh
C,D;'mt(x) = , X = Xp.
(i ([ TR S T
Analogously, let the left q., _y-derivative of 7t at x € [x1, xp] be
¥ t(x) —m(gx+ (1 —q)xp +gh x(1—q)+qh
CthZTE(x) _ (x) (q ( q) 214 ) x # 2( Q) q ‘= Y.

(1-q)(x=b)—qh ~

In addition C,Dy" 7t(x) = limy .y, C;Dg' 7t(x) and C,D*7t(yo) = limy .y, CyDg?7(x).

1—9q

In the next we present g — h-H-H type inequalities.

Theorem 104 ([79]). Let function 7t : [x1, x2] — R be differentiable and convex on (x1,x,) and
0<x; <x2. IFY 2 o kq?* =S, then

(qxf:qxz) (1- Q)(91C2_qxl) tah (qxllinZ) (1= q)(x2 — x1) + gh)hS
. /:2 () hd,’;ﬁx < (1= q)(xa— x1) + gh) (qﬂ(xi) + 7t(x2) n m(x2) — 77(x1)h5).

4 —q? X2 — X

Theorem 105 ([79]). Assume that 7t is as in Theorem 104. If Y 7 quk =S, then
X1+ g0\ (L—q) (2 —x1) +qh |, /%1 + 42 B B
( T ) = +7( T (1= q)(x2 = x1) + qh)hs

< [ ) x < (0= ) = ) g (TG M) 2 RO g,
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Theorem 106 ([79]). Assume that 7t is as in Theorem 104. If Y 2 quk =S, then

n(xl —I—xz) (1—9)(xp —x1) +gh

2 1=q
;[ X1+ X :
(2 (1= ) =) +g1) (S + 2
< /,:2 7(x) g x < ((1—q)(x2 — x1) + gh) (qN(xi)qu;T(xZ) ! N(xiz - Z(xl)hS).

Theorem 107 ([79]). Assume that 7t is as in Theorem 104. If Y ;2 quk S, then

n(x1 +x2) (1—q)(xa—x1) +gh

2 1—-9¢q
s (OISR R =2
< / mfzx<(ﬂ—qﬂm—WH+ﬂM(antZ?wﬂ+ﬁﬂ22_ZQﬂh®.

Definition 35 ([80]). Let h : I — R be a non-negative function. We say that 7 : I — R isan
h-convex function, if 7t is non-negative and for all x1,x, € 1,6 € (0,1) we have

(0x1 + (1 —0)xp) < h(0)7r(x1) +h(1—0)m(x2).
Definition 36 ([81]). A function 7t : [0, x3] — R, xy > 0, is m-convex, where m € [0,1], if
m(0x+m(1—0)y) < 0m(x1)+m(1—0)m(y),
forall x,y € [0,x2],0 € [0,1].

Theorem 108 ([82]). Assume that 7 : I — R is a convex function and q € (0,1). If L5 o kg?* =
S, then for x1,xy € I, x1 < xp, we have

4M+W+Q_W@+n@+gAupmw)

1+¢ 1+
1—gq x
S Gy L O+ e [ 0
o Dele) + o))z~ xa) + (4 ) (x2 — ) + () (x ~ )]

(1+q)(x2—x1)
1)]h5(1—q).

+2[7r(x2) —7(x
Xy — X1

Theorem 109 ([82]). Assume that the statement of this theorem is defined in Theorem 108, then

n(xiigx +(1-qhs) <

1—g .
(1_Q)(X2—xl)+qh “ 7T(t) hdqt
m(x1) +qm(x)  m(xp) — m(xg)

- i+q9) | m-m hS(1

—q).

Theorem 110 ([82]). Assume that x1,x; € I, x1 < xp and non-negative real-valued 7t is h-convex
such that h(%) #0andg € (0,1).
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X1 +x

(i) Assume that 7t is symmetric about , x € (x1,x7), then

2h(§)n(xl;x> (1—17 x—x1 +qh/ ) i dgt
1

< m(x) /olh(t)hquﬂ(xl)/o h(1 —t) pdgt,

where hy = (x — x1)h.

(i)  Assume that 7t is symmetric about il zxz, x € (x1,x2), then
1 X+ x2 1—g
T <
Zh(%) ( 2 ) (1—q)(x2—x)+gh Jx

1

< n(xz)/()lh(t)hdqt+7r(x)/() h(1—t),dgt,
where hy = (xp — x)h.

Theorem 111 ([82]). Assume that the function 7t : [0,b] — R is m-convex. Additionally,
suppose that x1, x5 € [0,b], x1 < x2.
(i) Assume that n(w> =(z), z € (x1,x), then
m
X1+ x (1—g9)(1+m) /x
—_ < t) pdgt
) = qa gt g b, O
(1—q) +qh q _
2(1—9q) (7t (5 RS Dhs)

+m () (1iq —(1—q)hs)),

where q € (0,1).
(i)  Assume that n(%) =(z), z € (x,x2), then

X+x (1-q)(+m) X2
H(Tz) = 2((1—17)(X2—x)+qh2)/x 7e(t) p,dqt

s (et (1 + (i)

+m (=) (1107 ~(1-q)s)),
where g € (0,1).

7. Conclusions

Our objective in this paper was to provide a comprehensive and up to-date review on
quantum H-H inequalities. We presented various results, including integral inequalities of
the H-H type, using numerous families of convexity. Quantum H-H inequalities involving
preinvex functions and Green functions were also presented. Finally, H-H type inequalities
for (p, q)-calculus, h-calculus, and g — h-calculus were also included.

The practical as well as theoretical significance of the quantum H-H inequalities were
taken into consideration when compiling this overview. We believe that the current review
will provide a platform for scholars working on H-H inequalities to learn more about
previous research on the subject before coming up with new findings.
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