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Abstract: This article is devoted to the solvability and the asymptotic stability of a coupled system of a
functional integral equation on the real half-axis. Our consideration is located in the space of bounded
continuous functionson R4 (BC(R4)). The main tool applied in this work is the technique associated
with measures of noncompactness in BC(Ry) by a given modulus of continuity. Next, we formulate
and prove a sufficient condition for the solvability of that coupled system. We, additionally, provide
an example and some particular cases to demonstrate the effectiveness and value of our results.

Keywords: space of functions continuous and bounded on the half-axis; measure of noncompactness;
fixed-point theorem of Darbo type; coupled system of integral equations; asymptotic stability

1. Preliminaries and Introduction

Measures of noncompactness are frequently employed in fixed-point theory, and they
are especially useful in work on the concepts of differential equations, optimization theory,
functional integral equations, and integral equations (see [1-5]).

Nonlinear integral equations are useful for describing many real-world phenomena
and nonlinear analysis [4,5].

It is worthwhile mentioning that Darbo fixed-point theorem and the measures of
noncompactness create a powerful and convenient technique which is very applicable
in establishing theorems of existence for various types of operator equations (functional
integral, integral, differential). For solvability on bounded domain, see [6-8].

Investigation on the real half-axis of the integral equations on different spaces of
functions has received a great attention (see [9-14]).

In [11], measures of noncompactness in the space of functions which are defined,
continuous and bounded on the real half-axis, and taking values in an arbitrary Banach
space E, are constructed. One of the constructed measures of noncompactness is applied to
prove the existence of solutions of an infinite system of quadratic integral equations in the
space of functions defined, continuous and bounded on the real half-axis.

In addition, the solvability of an infinite system of integral equations of the Volterra—
Hammerstein type in the space of functions defined, continuous and bounded on the real
half-axis with values in the sequence space [ is discussed [13]. Moreover, this result is
extended to a wider class of considered infinite systems [13].

Motivated by these results, in this article, we discuss a coupled system of a functional
integral equation, abbreviated by CSFIE
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w0 = Ay ot [ nse)ds), 120
(1)
y(t) = fz(t,x(t))-g2<t,/0 vz(t,s,x(s))ds), £>0,

and establish the existence of the solution of that coupled system on R utilizing Darbo’s
fixed-point and the measure of noncompactness theorem. Furthermore, for the solution of
(1), we study the asymptotic stability.

The present paper creates an essential extension of the investigations of the integral
equation via the technique associated with measures of noncompactness on the real half line.
However, we start by applying the technique associated with measures of noncompactness
on a coupled system of integral equations in BC(R ).

The following notations will be needed in our work. Assume that BC(IR.) is the class
of all continuous and bounded functions in R. The norm of f € BC(R.) is defined by

£l = sup [£(£)]. @)

teRy

x € X C BC(R4) and € > 0 are indicated by w”(x,e); T > 0 is the modulus of
continuity of the function x on the interval [0, T], i.e.,

w” (x,€) = sup[|x(t) — x(s)| : t,5 € [0, T], |t —s| < €],
wT(X,e) = sup[w’ (x,€) : x € X]
and

wl(X) =limw! (X,e), wp(X) = lim wl(X).

e—0 T—o0
In addition,

diamX(t) = sup{|x(t) —y(t)|, x,y € X}, a(X) = tli_)rglo sup diamX (¥)

and the measure of noncompactness on BC(RR.) is given by [4]
w(X) =wo(X) + a(X) = wo(X) + lim sup diamX(t).

t—o0
Next, we state the Darbo fixed-point theorem [15].
Theorem 1. Assume that F : Q — Q is a continuous operator, and Q is a nonempty closed
bounded convex subset of the space E with u(FX) < ku(X) for any nonempty subset X of Q, where
the constant k € [0,1). Then, F has a fixed point in the set Q.
Now, let E = BC(R4) x BC(R4), X,Y C BC(R4) and
U={uel:u= (xvy),xeX, yecY} = XxY.

Define the following modulus of continuity:

w(x,e) =sup{|x(t) — x(s)|: t,s € J=[0,T], |t — s]|

IN

€},

w(ye) =sup {|y(t) —y(s)|: ts € J=[0T], |t —s[<e}

and
w(u,e) =max {w(x,€),w(y,e€)}.
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Then,

w(U,e) = sup{w(u,e): u e U}, w(U) = eliinow(u,e).

In addition,
wl) = w(XxY) <max{w(X,e),w(Y,€)},

diam(U) = diam(X xY) < max{diam(X),diam(Y)},
lim supdiam(U) < max{tlim sup diam(X), tlim sup diam(Y)}.
— 00 — 00

t — oo
and
w(U) = wo(U) +a(U) =wo(U) + lim sup diam U(t).

t—o0

2. Main Result

Consider the coupled system of functional integral Equation (1) with the following
assumptions:
@) fi:Ry xR —R,i=1,2are continuous and sup |f;(t,0)| = f .
teR,
(i) There exists a continuous function m : Ry — R such that

filbx) — fit )l S mBlx—yl,  Vx yeR, teRy, i=12,

and m; = sup m;(t).
teR 4
(iii) gi:Ry xR =R, i=1,2 are continuous and satisfy the Lipschitz condition

18i(t,x) = &i(s,y)| <Lt —s|+|x—yl), ; >0, V(tx), (s,y) € Ry xR

g; = sup |gi(t,0)].

t€R+
(iv) v;: Ry xRy xR — R, i=1,2 are continuous and there exists a continuous function
ki(t,s) : Ry x Ry — R4, such that |v;(t,s,x)| < ki(t,s), Vt,s€ Ry and

t t
sup [ ki(t,s)ds =k;, and lim [ k;(t,s)ds =0.

teR, 0 t—o0 /0
(v) Without loss of generality, we can write m = max{mj,my}, §* = max{g}, g5},
k = max{ky, kp},and | = max{lj,l,}. Now there exists a positive constant C, such

that C = mg* +mlk < 1.

Remark 1. From condition (ii) set y = 0, then

[fi(t, x(s)| = fi(t,0)] < |filt,x(s)) — fi(t,0)]
< mi(t)]x],
Ifit,x(s)| < mi(t)]x] +[fi(t,0)]
< mi(t)] x|+ £

Similarly, we have
|gi(t, x(s))] < Li|x| + g;'

Theorem 2. Assume that conditions (i)—(v) hold; then, the coupled system (1) has at least one
solution (x,y) € U C BC(R4) x BC(Ry).
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Proof. Suppose
By ={u=(xy) eU: [[u] = max{|x[|, [lyll} <7}
Define the operator A by
A(x,y)(t) = (Ary(t), Axx(t))

where
Aw(®) = e u(0)) -1 (1, [ n0,5,v(5) )
Aox(t) = falt, x(1)) -g2<t, /Ot Va5, %(s)) ds).

Let u = (x,y) € U; from our assumptions, we can deduce that the function Au is
continues on U, and then we have

[ Ay (8)]

flby() (t, [ty ds) ]
b y®)] s (t, [ e, y6s) ds>
/Ot v1(t,s,y(s)) ds

IN

(m(t)[y(H)] + f) (g1 +h )

IN

Ol ()5 +1y [ ki(t,5)ds)

g+ [ o))

[yl (m1g7 + miliky) + (87 + lik1) fi
ri(mig] +milky) + (87 +hk)ff =11

IN N+

[ Ayl
Similar to the above calculation, we can conclude that
|| Aox|| < ra(mags + maloky) + (g3 + ko) fa = 1a.
Therefore,
[Aullu = [[AGxy)lu = [[(Ary, Axx)[[u = max{||Aryl], [[Azx]]} = r.
Then, the operator A is bounded on U and Au € B, and

JAG)| <2(Cr+A%) =1, r= 22

where A* = (¢* + Ik) f* < co. This proves that the operator A : B, — B,.
Now, we show that A is continuous on the ball B,.
Let e > 0 be given, take i1, y» € Y such that ||y; — y2]|| <€, then
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[ Ay (t) — Arya(t)]
= [Alt,yi(H)g (t, /Ot v1(t,s,y2(s)) ds | — f1(t, y2(t <t, /Ot v1(t,s,y2(s)) ds)

) -
Al (1 [ s () ds) = A (o [ wisn) o)
At (1 [ s n©)ds) = Atun©s ([ ulsne) i)
At () = Albua®llss (1, [ s m(s) as)

| atalis (v [ wsn©)d) - [ usne) )

< @) - w0l +h [ (e,

IN

IN

OO0+ £ [ 1 (65,3(5) = w165, 12()] s ®

< mgtly1(t) —ya(t)| + milikiy1(t) — ya(t)]

+ Omlya 1+ Dk [ sy (9) = vales,pa6)| ds
< (m1gi‘+m1llk1)e
£ et ) [ s 1) vt s ()] ds.

t
< (mlgf + mlllkl)e + 2(77’111"1 —|—f1*>11/0 k1 (t,S) ds. 4)

Select T > 0 such that the following inequality holds for ¢t > T.

t
Zrlllml/ kl(t,S)dS < (1 - C>§
0

t
2f*k1/ K(t,s)ds < (1-C)5. 5)
0
Take into account the following two situations.

(ix) t > T. Inlight of (4) and (5), we obtain

* € €
‘A1y1<t) — Alyz(t)| < (m1g1 + m111k1)€—|— (1 — C)E + (1 — C)E = €.

(iix) t < T. In this instance, let us take a look at the function w = w = w(e) given by
w(e) =sup{|vi(t,s,y1) —va(t,s,y2)| : t,s € [0, T, x,y € [—r,7], [y1 —y2| < €}.

Then, from the uniform continuity of the function 1, = v1(t,s,x) on the set
[0,T] x [0,T] x [—r,r] , we deduce that w(e) — 0 as e — 0.
Thus, from (3), we obtain

| A1y (t) — Arya(t)] < (magy + liky)e + (1rmy + fi7) Tw(e). (6)

Finally, from the two cases (i*), (iix) and the above established facts, we can deduce
that the operator A; is continuous on Y.
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Similarly, we can conclude that the operator A; is continuous and for any x1, x, € X
[ Ax1 () — Axxo(t)] < (magy + ki) + (rimy + fi) Tw(e). @)
Therefore,

[A(x1,y1) — Alx2,y2)llu = [[(A1yr, A2xy) — (Arya, Azxo) ||
= [[(A1y1 — A1y2, Azx1 — Azxo) || max{||A1y1(t) — Ary2(t)[], [|A2x1(t) — Axxa(t) ]|}
(m1g7 + lhiky)e + (rimy + f) Tw(e).

IN

Then, the operator A is continuous on the ball B,.
Now, for any uq, up € U and fixed ¢ > 0, we obtain

|[A1ya(t) = A2 (B)] < magilya(t) — yo(b)| + malika|ya (t) — ya(t)]
(a6 + Ol [ 11 (65,31(6)) = 1 (15, y2())] s
mig1|ya(t) — y2(t)| + miliky[y1 (£) — y2(t)]

2+ fi)h [ Fales) ds.

IN -+

_I_

IN

t
(gt + mukyly)diam Y(£) + 2(myr + F)h /0 ki(t,s) ds.
Hence, we obtain
t
diam(A1Y)(t) < (m1g] + mikqly)diam Y (t) + 2(mqrq +f1*)l1/0 ki(t,s) ds.

As performed above, we can conclude that for any uy, up € U, and fixed t > 0,
we obtain

diam(A2X) (1) < (mgl + mokaly)diam X(£) +2(mars + £5)l /O a(ts)ds.  (®)
Therefore,
diamA(X,Y)(t) = max{diam(AY)(t), diam(AX)(t)}.
Hence,
diam AU(t)
< (mg* -+ mkky)max{(diamY(t), diamX(t))} +2mr+f*)l[/0t ki(t,s) ds + /Ot ka(t,5) ds]
< (mg* + mkky)diamU(t) + 2(mr +f*)l[/0t ky(t,s) ds + /Ot ko(t,s) ds]

and
tlim sup diamAU(t) < (mg* + mkky) tlim sup diamU(t).
—00 —00

Then,
tlim sup diamAU(t) < C tlim sup diamU(t). 9)
— 00 — 00

Let T > 0and € > 0 be given. Let (x,y) € Uand t, s € [0, T] such thats < t and
|t —s| < e, then
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| Ary(t) — Ary(s )l

= fl(t,y(t))ga( n(t Tyt dT) fi(s, <s /Osvl(S,T,y(T))dT)
< At (1 [ nmy@) ic) - Ay (b [ ninyo) i)
+ fl(s,y(s))gl( n(t Ty r) fils, (s /()Sv1(s,T,y(T))dT)
< Uy = Aty (b [ e >>dr)

+ 1fi(sy(s))]

IN

81 (t,/ot vl(t,r,y(r))dr) - % (s,/osvl(s,’c,y(’r)) dr)

(AEY(®) = ALy +If(EY(s) = fAls,y(s) (& +h ./O't ky(t, T)d7)

+ mlyl+ 0 bl y(0) - nswy()

+ [ty
(m (0)]y()

IN

YO+ e y(E) — Ay +h [ o0

+ mlyE)+ 0 1Ty s Ty + [ty

< (mly(t) —y(o) + o7 (Fre)(sE +h [ kalt, 00

t
+ mrlll/ kl(s,r)dr+ffll/ ki(t, T)dT + L T[myry + f7])w, T (v, €)
s

where

wy (fi,€) = sup{|fit,y) = fils,y) :t, s €[O,T), [t —s| <e |yl <v, i=1,2}

w, " (vi,€) = sup{|v;(t, T, y) —vi(s, T,y) -

Hence, we deduce that

w(A1Y,€)

t—s|<e T€0,T] |yl <r, i=12}.

< (mo(Y, )+ ol (f1,e)(gi +h [ (s, 0)lde)
+ (emyrly sup{|ki(t,T)|: T €[0,T]}
+

e Lfi sup{lka ()] : T € [0,T]}

+ k1T(m171 —|‘f1 )

Through a similar method, we obtain

w(AZX,e)

+ o+ 4+ A

(V1 €)

(s (X,€) + 0] (f2,€))(g5 + 12 [ Iea(s, 7))
(emara by supdka(t, )| s T € 0,7]}

e kaf sup{lka(t,7) 7 € 0,7]}

LT (mara + f3)w,

T(wy,€).
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Therefore,
w(AU,e) = max{w(A1Y,¢€), w(AxX,€)}

(mo(U€) + ] (,e))(g" +1 [ k(s 0)la)
(emrl sup{|k(t,T)|:T€]0,T]}
elf*sup{|k(t,T)| : T € [0, T]}
IT(mr + f*)w; (11, €)

(emrl sup{|k(t,T)|: T € [0, T]}
elf*sup{|k(t,7)|: T € [0, T]}
IT(mr + f*)w; (1o, €).

+ o+ + + +

From the uniform continuity of the functions f; = fi(t,x) and the functions
v; = vi(t,s,x), i = 1,2 on the set [0,T] x [—7,7], we deduce that w"(f;,e) — 0 and
w; T(v;,€) — 0 as e — 0. Consequently, we obtain

wo(AU) < meog(U)(g" +1 [ Kt 7))

wo(AU) < (mg* + mkl)wd (U)

and as T — oo, we have
wo(AU) < Cwo(U). (10)

Now, from the estimations (9) and (10) and the definition of # on U, we obtain

u(AU) < Cu(U).

Since all the requirements of Theorem 2 are met, then A has a fixed point (x,y) € U.
Consequently, the coupled system of quadratic functional integral Equation (1) has at least
one solution (x,y) € E, x,y € BC(Ry). O

3. Asymptotic Stability

We can now deduce from the proof of Theorem 2 the following corollary.

Corollary 1. The solution u € U of the coupled system of quadratic functional integral Equation (1)
is asymptotically stable; that is to say, ¥ € > 0, there exists T(e) > 0 and r > 0, such that,
if any two solutions to the coupled system of the quadratic functional integral Equation (1) are
(x,y), (x1,y1) € U, then

(v y) = ()il < e ¢ 2 T(e).
This implies that
[x(t) =3 (B)] < e and |y() =y ()| < e > T(e).

Proof. Let (x,y),(x1,y1) € U be any two solutions of the coupled system of quadratic
functional integral Equation (1). Using assumptions of Theorem 2 and by a similar way to
how relations (6) and (7) are estimated, we have
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() =] = [Awy(t) — Ay (b)]
(mig1 + hki)e + (rimy + fi) Tw(e),

IN

and

[x(£) = x1(8)] [ Azx () — Agx1 (8]

(mag5 + hky)e + (romy + f5 ) Tw(e).

IN

Hence

[ y) = (ry)llu = [[(Ary, Azx) — (Arya, Axxa) ||

[ (Ary — Aryr, Azx — Azxq) ||

max{[|Ary(t) — Awyr ()|, |A2x(t) — Axx1(8)]}
(mg* +kik)e + (rm + f*)Tw(e),

IN

fort > T(e). O

4. Particular Cases and Example

In this section, we demonstrate some particular systems, which are deduced from
Theorem 2.

e Let fi(t,x) =1, i =1,2; then, the coupled system (1) takes the form
t
x(1) = ¢ (t,/ v1(t,s,y(s)) ds), t>0
JO

y(t) = gz(t,/otw(t,s,x(s))ds>, t>0.

Based on conditions (iii)-(v) of Theorem 2, then(1) has at least one asymptotically
stable solution x € BC(R).

Moreover, when g;(t,x) = x, i = 1,2. Then, we have a coupled system of Urysohn
integral equations

t
x(t) = / vi(t,s,y(s)) ds, t>0
0
ot
y(t) = / va(t,s,x(s)) ds, >0,
0
e Letgi(t,x) =x, i =1,2, then, the coupled system (1) takes the form

X(t) = fl(t,y(t))-./(;tvl(t,s,y(s))ds, £>0

y(t) = fz(t,x(t))-/Otvz(t,s,x(s))ds, £>0,

under the conditions of Theorem 2, then the coupled system of quadratic integral Equa-
tion (1) has at least one asymptotically stable solution (x,y) € BC(R;.) x BC(R4).
e Letg(t,x) =1+ux,in (1), we have

x(t) = f1<t,y<t>>(1+ /O'tm(t,s,y(s))ds), (>0

y(t) = fa(t,x(t)) (1 + /Ot va(t,s,x(s)) ds), t>0,
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which under the assumptions of Theorem 2, has at least one asymptotically stable
solution (x,y) € BC(R4) x BC(Ry).

Example: Consider the following coupled system of functional equations

arctan(f + x(t)) Et(2t —s)sin(|y(s)])
t) = n(t d t> 11
O =——q5p7 +/ 114 s) £20 ()
arccot(t + x(t) tsin(]x(s)])
t :— s(t da t>0.
y(t) 1+1)2 +/ e 120

Now, we study the solvability of a coupled system of functional Equation (11) on
the space BC(Ry) x BC(R). Take into account that this coupled system of functional
equations is a specific instance of system (1) with

a(tx(t) = 1%1& sin(t + x(1)), gz(t,x(t)):%t cos(t + x(1)),
filtx() = TROEEAD) g ) = At EXE)
(2t —s)sin(|x(t)]) _ sin(|x(#)])

nleaxle)) = T N =TS ]

Obviously, functions f;, (i = 1,2) are mutually continuous. Currently, for any x,y €
R+ and t € R+

e x(0) ~ il ye)] < 3l —y(o)]

This indicates that condition (v) is satisfied with f* = Z and m = 31, where

f1(t,0) = t2 arctan(t), f»(t,0) = %H arccot(t). However, we also have

it x(0) ~ gty < FOZYOL

withl =1, ¢1(t,0) = —t sin(t), g2(t,0) = 1}rt cos(t) and g* = }. Further, observe that
vi(t,s, x)(i = 1,2) fulfills condition (iv), with

|1/1(t,5/x(5))‘ < 27‘((t2 +t])(s + 1),

and
1

An(5 +1)(VE=s+1)

This indicates that insert ki (t,5) = s—>—t——,and kp(t,s) = —5—L—.
is indicates that we can insert ky (¢, s) STy A 2(t,9) DD

va(t,s, x(s))| <

To verify the assumption (iv), notice that

t
lim [ ki(t,s) = lim t s — T (1)

T,
=00 Jo t=eo Jo 27t(£2 +1)(s+ 1) Foeo 277 - (2 +1)

and

t 1 \ﬁ—ln(\/g—{—l)

lim kz(t s) = lim ds = lim o
t—y00 J t—o0 Jo 47‘[(t3 +1)(VE—s+1) =500 27 (15 41)

=0.

Moreover, we have k = 0.0906987.
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Finally, let us pay attention to the fact that the inequality of Theorem 2 has the form
C = mg* + mkl ~ 0272674675 < 1,

consequently, all the requirements of Theorem 2 have been met. As a result, the coupled
system (11) has at least one asymptotically stable solution in the space BC(R4) x BC(R.).

5. Conclusions

Coupled systems of differential and integral equations have been addressed by many
authors and in different classes of functions; for example, see [16-23].

The investigations in this work continue those contained in papers [11-13]. In par-
ticular, in this paper, we use a technique associated with measures of noncompactness in
BC(R4) by a given modulus of continuity, to establish the solvability of a coupled system
of integral equations.

We discussed the solvability and asymptotic stability of that coupled system of func-
tional integral equation on the real half-axis. Our investigation is lying in the space of
bounded continuous functions on R (BC(R)). We started by applying the technique
associated with measures of noncompactness on a coupled system of functional integral
equation in BC(R..). Finally, some particular coupled systems of the well-known Uryshon
integral equations, a coupled system of functional equations and an example are illustrated.
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