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Abstract: It is known that, from a modeling point of view, fractional dynamic equations are more
suitable compared to integer derivative models. In fact, a fractional dynamic equation is referred to
as an equation with memory. To demonstrate that the fractional dynamic model is better than the
corresponding integer model, we need to compute the solutions of the fractional differential equations
and compare them with an integer model relative to the data available. In this work, we will illustrate
that the linear nq-order sequential Caputo fractional differential equations, which are sequential of
order q where q < 1 with fractional initial conditions and/or boundary conditions, can be solved.
The reason for choosing sequential fractional dynamic equations is that linear non-sequential Caputo
fractional dynamic equations with constant coefficients cannot be solved in general. We used the
Laplace transform method to solve sequential Caputo fractional initial value problems. We used
fractional boundary conditions to compute Green’s function for sequential boundary value problems.
In addition, the solution of the sequential dynamic equations yields the solution of the corresponding
integer-order differential equations as a special case as q→ 1.

Keywords: sequential Caputo fractional derivative; fractional initial and boundary value problems;
Mittag–Leffler functions; Green’s function

MSC: 34A08; 34A12

1. Introduction

Dynamic equations with integer-order, ordinary, partial, and hybrid models with
initial and/or boundary conditions have been used as mathematical models in various
branches of science and engineering. The concept of fractional calculus was known over
300 years ago. However, the study of fractional dynamic equations gained importance due
to its myriad applications in widespread fields of science and engineering. In the past four
decades, the application of fractional dynamic equations has been felt in several scientific
and engineering areas. See [1–30] for some applications. See [14–16,19,20,24,27,31–33] for
monographs on analysis and applications of fractional dynamic equations. The paper [31]
is entirely dedicated to the study of Mittag–Leffler functions. The Mittag–Leffler function
plays a crucial role in the study of linear fractional differential equations. See [34–44] for
some analysis and numerical work on Caputo fractional differential equations. Additionally,
see [45–49] for some work on fractional boundary value problems and sequential fractional
boundary value problems. In [20], the authors observed in their experiment that the use
of half-order derivatives and integrals led to a formulation of certain electro-chemical
problems that was more economical and useful than the classical approach in terms of
Fick’s law of diffusion. In short, we can establish that fractional-order differential equations
represent a better model only when the solution of the fractional order is closer to the
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data compared to the integer model. To reach this conclusion or judgement, we should
be able to solve the fractional differential equation whose solution reduces to the integer
solution as the fractional order q tends to its nearest integer. For certain values of the
fractional order, the solution of the fractional order has the least error with the data.
In [1], the authors demonstrated that the modeling of some real phenomena by fractional
differential equations of appropriate fractional order is better than the nearest integer-order
model. If the fractional order is q < 1, then we can solve the linear initial value problem,
which involves Mittag–Leffler functions. The two-parameter Mittag–Leffler function is the
generalization of the exponential function, and it is, in fact, the exponential function when
the two parameters are exactly 1. We can solve the linear Caputo fractional differential
equation of the form

cDq
0+u = λu + f (t), (1)

when (n− 1) < q < n for any integer n. However, the initial conditions are those of the
nth-order differential equations. The initial conditions will be of the form,

u(k)(0) = bk, f or k = 0, 1, . . . (n− 1).

See [14,24] for more details. In order to obtain the solution, the authors start with the
basis solution as

1, t, t2, . . . . . . . . . , t(n−1).

However, we cannot solve a general linear fractional differential equation of any order
q when (n− 1) < q < n, especially when we have lower-order fractional derivatives in the
fractional differential equation. See, for example, Equation (4.2) from [24] presented below,

cDQ
0+u + b cDq

0+u = h(t). (2)

It is to be noted that if the initial conditions are provided for the above equation, the
initial conditions will be the same as those of the nearest integer derivative. For example,
if Q > q and (n− 1) < Q < n, then the initial conditions will be the same as those of the
nth-order differential equation. However, if Q and q are integers, theoretically we can solve
the equation by assuming u = ert to be the solution and find values of r to find the general
solution. The main reason for this is that the integer-order derivative is sequential. In order
to compute the solution of the linear Caputo fractional differential equation of order nq
where (n− 1) < nq < n when it has terms involving kq-order fractional derivatives with
k = 0, 1, 2, . . . (n− 1), the Caputo fractional derivative must be sequential. In this case, we
can use the Mittag–Leffler functions Eq,r(λtq) with its parameter q, r < 1. In addition, as
q, r → 1, the integer solution can be obtained as a special case. In order to establish that the
Caputo fractional differential equation represents a better model compared with the integer
model, we need to compute the solution of the corresponding fractional model. In addition,
the solution of the Caputo fractional model should tend to the solution of the integer model
when the fractional order q→ 1. However, the standard method we adopt, like the use of
the Wronskian to find two linearly independent solutions or the variations of the parameter
method, cannot be used for sequential Caputo fractional differential equations. The only
suitable method seems to be the Laplace transform method. For that purpose, the Laplace
transform table, which includes the transforms of appropriate Mittag–Leffler functions or
generalizations of Mittag–Leffler functions, has been included. See [4,20,41–43] for some
sequential initial value problems.

In this work, we will also look at some sequential boundary value problems. The need
for this is mainly to take advantage of the parameter q of the Caputo fractional derivative
to enhance the mathematical model. The majority of the work done on fractional boundary
value problems is, in general, on non-sequential boundary value problems. In addition,
most works have used integer boundary conditions. The integer derivative involved in
boundary value problems is known to be sequential. In short, most work has used Green’s
functions of the integer order in the majority of the fractional boundary value problems.
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As far as the boundary value problem is concerned, in literature, the linear operator has
only the highest derivative term of order q, such that the value of q is (n− 1) < q < n. For
example, when n = 1, most literature has used the corresponding boundary condition as
that of the second-order boundary value problem. Thus, it is relatively easy to compute
Green’s function, which is the same as the integer order. Green’s function will not have any
effect from the order of the fractional derivative. Related to the sequential boundary value
problem, we have included the lower-order fractional derivative terms and have used the
fractional derivative in the boundary condition as well. Thus, the Green’s function that is
computed will involve the sequential derivative of order q.

Recently, in [44], we published a result on sequential Caputo versus non-sequential
Caputo fractional initial and boundary value problems. Please see the references in [44]
for more work on the sequential boundary value problem. Before proceeding, a remark
on the research article [50] is in order. Their conclusion on the coincidence of the left and
the right boundary conditions hinges on Theorem 4 of their result. They claim that the
Caputo left derivative computed at x = a and the Caputo right derivative computed at
x = b are true only for constant functions. Their proof is based on cDq

a+ f (x)|x=a = 0 and
cDq

b− f (x)|x=b = 0 for every increasing function f (x) on [a, b]. A simple counter-example
is that f (x) = (x − a)q when computed from the left, is Γ(q + 1) for all x ∈ (a, b). By
continuity, the derivative is identically Γ(q + 1) for all x ∈ [a, b]. Similarly, when we
compute f (x) = (b− x)q from the right (using the definition of the right derivative with
the proper sign), it will yield Γ(q + 1) for all x ∈ [a, b]. It is to be noted that f (x) = (x− a)q

is an increasing function in x, as they assumed in their Theorem 4. Our example is a direct
generalization of the integer result. In short, when we say that the left derivative is equal
to the right derivative, we mean that the left Caputo derivative of a function f (x − a)
can be transformed to the right Caputo derivative of the function f (b − x). However,
for symmetric functions such as f ((x− a), (b− x)) = f ((b− x), (x− a)), the Caputo left
derivative will be exactly equal to the right Caputo derivative for any x ∈ [a, b]. In other
cases, we need to replace (x− a) and (b− x) with (b− x) and (x− a), respectively, which
is illustrated by our example of f (x) = (x− a)q. One can construct many such examples.

In this work, we will recall some results we have developed relative to linear sequential
Caputo fractional boundary value problems, which cannot be solved in general if they are
non-sequential. The advantage of our results is that we can compute the numerical solution
of the linear sequential Caputo fractional differential equations with fractional boundary
conditions. This numerical solution tends to the corresponding solution of the integer
boundary value problems. However, in the literature, fractional boundary conditions have
been used only for Riemann–Liouville boundary value problems. As an example, see [51].
However, these authors obtained an estimate for Green’s function instead of computing
Green’s function. In our work, we will recall the exact expression of Green’s function that
can be obtained for linear sequential Caputo fractional boundary value problems involving
fractional boundary conditions.

In this work, our major contributions are: (1) we provide a methodology for solving the
linear sequential Caputo fractional differential equations with fractional initial conditions,
and (2) we provide a methodology for solving linear sequential Caputo fractional boundary
value problems with fractional boundary conditions.

Our work here in solving linear sequential Caputo fractional differential equations
with fractional initial conditions and fractional boundary conditions is the initial step in
solving weakly non-linear fractional differential equations. With this initial step, and by de-
veloping appropriate comparison theorems, we can solve the weakly non-linear problem by
the monotone method, generalized monotone method, quasilinearization method, and gen-
eralized quasilinearization method. These are open problems of importance in applications.

Some applications, such as ice-melting problems, in integer-order partial differential
equations with initial and boundary conditions have been developed in [52,53]. It is an
interesting open problem to study Caputo time fractional partial differential equations of
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the same model, and the model can be improved by choosing the value of q as a parameter
using the available data.

2. Preliminaries

In this section, we recall some basic definitions about the sequential initial and bound-
ary value problems in our main results that are useful to discuss.

Definition 1. Let q > 0 and u(t) : (0, ∞) −→ R. Then, the Riemann–Liouville derivative of u(t)
of order q is given by

Dq
0+u(t) =

1
Γ(n− q)

dn

dtn

∫ t

0

u(s)
(t− s)q−n+1 ds,

where n ∈ N such that (n− 1) < q < n.

Note that in the above definition, we can replace q by nq such that (n− 1) < nq < n.

Definition 2. The Riemann–Liouville fractional integral of order q is defined by

D−q
0+u(t) =

1
Γ(q)

∫ t

0
(t− s)(q−1)u(s)ds, (3)

where 0 < q < 1.

Definition 3. Let nq > 0, and u(t) : (0, ∞) −→ R. Then, the Caputo derivative of u(t) order nq
is given by

cDnq
0+u(t) =

1
Γ(n− nq)

∫ t

0
(t− s)−nq+n−1u(n)(s)ds,

where n ∈ N such that (n− 1) < nq < n. In particular, if q = 1, then nq = n is an integer and
cDnqu = u(n)(t) and cDqu = u′(x).

Note that the definition of the Caputo fractional integral of order q is same as that of
the Riemann–Liouville fractional integral of order q for 0 < q < 1.

The next definitions are useful for sequential boundary value problems.

Definition 4. The Caputo (left-sided) fractional derivative of u(x) of order q, when (n− 1) <
q < n, is given by

cDq
a+u(x) =

1
Γ(n− q)

∫ x

a
(x− s)n−q−1u(n)(s)ds, x > a, (4)

and the (right-sided) fractional derivative is given by

cDq
b−u(x) =

(−1)n

Γ(n− q)

∫ b

x
(s− x)n−q−1u(n)(s)ds, x < b, (5)

where u(n)(t) = dn(u)
dtn .

In particular, if q = n is an integer, then cDq
0+u = u(n)(x) and cDq

0+u = u′(x) if q = 1.
In this work, we choose the value of q such that it is replaced by nq and (n− 1) < nq < n.
In short, if q = 1, then we have the nth-order derivative. The next definition is that of the
Mittag–Leffler function. It is the generalization of the exponential function and it plays
the same role for fractional differential equations as the exponential function plays for the
integer derivative dynamic equations, especially when 0 < q < 1.
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Definition 5. The Mittag–Leffler function of two parameters q, r is given by

Eq,r(λ(t− t0)
q) =

∞

∑
k=0

(λ(t− t0)
q)k

Γ(qk + r)
,

where q, r > 0. Furthermore, for t0 = 0 and r = 1, we obtain

Eq,1(λtq) =
∞

∑
k=0

(λtq)k

Γ(qk + 1)
,

where q > 0.

See [14,24,31] for more details on the Mittag–Leffler functions.
If q = r = 1, then the Mittag–Leffler (ML for short) function is the usual exponential

function. In this work, we use the ML function when 0 < q ≤ 1. In addition, the Mittag–
Leffler functions with r = 1, as well as r = q and 0 < q < 1, will be useful when sequential
derivatives are involved. In the integer-order case, the solutions of linear equations with
constant coefficients depend on the trigonometric functions of sine and cosine, which are
defined in terms of the exponential function. In this work, we need fractional trigonometric
sine and cosine functions that depend on the value of q as well. For that purpose, we define
the following fractional trigonometric functions sinq,1(λtq) and cosq,1(λtq) .

Definition 6. The fractional trigonometric functions sinq,1(λtq) and cosq,1(λtq) are given by

sinq,1(λtq) =
1
2i
[Eq,1(iλtq)− Eq,1(−iλtq)],

and
cosq,1(λtq) =

1
2
[Eq,1(iλtq) + Eq,1(−iλtq)],

respectively.

Using the above definition, similarly, we can define sinq,q(λtq) and cosq,q(λtq) using
Eq,q(λtq) in place of Eq,1(λtq) .

Another definition which we need is that of the fractional trigonometric function
involving complex numbers of the form λ + iµ. For that purpose, we will define the
generalized fractional trigonometric functions G sinq,1((λ + iµ)tq) and G cosq,1((λ + iµ)tq)
as follows:

Definition 7. The generalized fractional trigonometric functions G sinq,1((λ + iµ)tq) and
G cosq,1((λ + iµ)tq) are given by

G sinq,1((λ + iµ)tq) =
1
2i
[Eq,1((λ + iµ)tq)− Eq,1((λ− iµ)tq)],

and
G cosq,1((λ + iµ)tq) =

1
2
[Eq,1((λ + iµ)tq)) + Eq,1((λ− iµ)tq)],

respectively.

One can also define G sinq,q((λ+ iµ)tq) and G cosq,q((λ+ iµ)tq) by replacing Eq,1((λ+
iµ)tq) and Eq,1((λ− iµ)tq) by Eq,q((λ + iµ)tq) and Eq,q((λ− iµ)tq), respectively.

Remark 1. If q = 1 in the above definition, then the functions G sinq,1((λ + iµ)tq) and
G sinq,q((λ + iµ)tq) reduce to eλt sin(µt). Similarly, G cosq,1((λ + iµ)tq) and G cosq,q((λ +

iµ)tq) also reduce to eλt cos(µt). Note that this simplification cannot be done when the Mittag–
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Leffler function is involved (with q < 1). The reason for that is the Mittag–Leffler function does not
enjoy the properties of the exponential function. Furthermore , note that we will use the Mittag–
Leffler functions and all fractional trigonometric functions with the independent variable t for initial
value problems and x for boundary value problems.

Can we apply a method similar to the integer case for the linear homogeneous Caputo
fractional differential equation of order nq when (n− 1) < nq < n? In short, can we seek a
solution of the form Eq,1(rtq), where the values of r would be a polynomial of degree n?
For that purpose, we will consider linear Caputo fractional differential equations of order
nq with constant coefficients of the form:

n

∑
k=0

ak
cDkq

0+u(t) = 0. (6)

The answer is affirmative if the Caputo fractional derivative of order kq is sequential
of order q for k = 2, 3, 4 . . . n in (6). We will provide the definition later. It is to be noted
that the integer-order derivative is sequential, but the Caputo fractional derivative need
not be sequential.

Recalling the definition of the Caputo fractional derivative of order nq when (n− 1) <
nq < n, we have

cD2q
0+(u) =

1
Γ(2− 2q)

∫ t

0

u(2)(s)
(t− s)2q−1 ds.

Let u(t) = tω in the above definition, where 2q is such that 1 < 2q < 2.
Then,

cD2q
0+(t

ω) =
Γ(ω + 1))tω−2q

Γ(1− 2q + ω)
.

In particular, if ω = q, we obtain cD2q
0+(t

q) = Γ(q+1)t−q

Γ(1−q) .

On the other hand, if we compute cDq
0+(t

q) = Γ(1 + q), then cDq
0+(

cDq
0+(t

q)) = 0.
In short

cD2q
0+(Eq,1(λtq)) 6= (λ)2Eq,1(λtq),

if cD2q
0+(u) is not sequential.

If cD2q
0+(u) is sequential, then we have

cD2q
0+(Eq,1(λtq)) = (λ)2Eq,1(λtq).

Next, we provide the definition for the sequential Caputo derivative.

Definition 8. The Caputo fractional derivative of u(t) of order nq for (n− 1) < nq < n is said to
be the sequential Caputo fractional derivative of order q if the relation

(cDnq
0+)u(t) =

cDq
0+(

cD(n−1)q
0+ )u(t), (7)

holds for n = 2, 3, . . .

In short, we can rewrite (7) as follows:

(cDnq
0+)u(t) =

cDq
0+(

cDq
0+(

cDq
0+ . . .c Dq

0+)u),

n times. Although we can find the general solution of the homogeneous sequential Caputo
fractional differential Equation (6) using Eq,1(rtq), we also require the initial conditions in
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terms of the Caputo fractional derivative of the lower order evaluated at t = 0. Basically,
the initial conditions will be of the form:

(cDkq
0+)u(t)|t=0 = bk (bk ∈ R; k = 0, 1, . . . . . . , (n− 1)). (8)

Once we have the initial conditions of the above form, then we can also use the
Laplace transform method to solve the linear homogeneous sequential Caputo fractional
differential Equation (6) with initial conditions. The Laplace transform method is also
useful to find the solution of the linear non-homogeneous sequential Caputo fractional
differential equation with fractional initial conditions, since the variation-of-parameter
method will not be useful.

The next result is related to taking the Laplace transform of the Caputo sequential
derivative of order nq, which is sequential of order q. This will be very useful in solving the
linear Caputo sequential fractional differential equation of order nq, which is sequential of
order q with constant coefficients.

From now on, we will use the notation scDnq
0+u(t) for a Caputo derivative of order nq,

which is sequential of order q. The next known result is related to the sequential Caputo
fractional derivative of order nq.

Theorem 1. The Laplace transform of a sequential Caputo fractional derivative of u(t) of order nq
on [0, ∞), when nq is such that n− 1 < nq < n is given by

L(scDnq
0+u(t)) = snqU(s)− s(nq−1)u(0)− s(n−1)q−1(scDq

0+u(t)|t=0)

− s(n−2)q−1(scD2q
0+u(t)|t=0) . . .− sq−1(scD(n−1)q

0+ u(t)|t=0), (9)

where U(s) = L(u(t)).

For proof, see [42].
Next, we provide Laplace transform tables that will be useful in solving the nq-

order linear non-homogeneous sequential Caputo fractional differential equation (which is
sequential of order q with 0 < q < 1) with Caputo fractional initial conditions. In fact, for
all practical and computational purposes, we choose the value of q such that 0.5 ≤ q < 1,
when n = 2. This way, we use the value of q such that q < 1 and provide a solution with
the least error with the available data. See [1] as an example.

Now, we will recall the Laplace transform table for some basic fractional functions
that will be needed in our work. See [22,23] for more detailed Laplace transform tables.

Note that one can define the (right) sequential Caputo fractional derivative of order
nq in terms of the (right) sequential Caputo fractional derivative of order q.

Definition 9. The Caputo fractional derivative of order nq, for (n− 1) < nq < n, which is (left
at x = a) the sequential Caputo fractional derivative of order q, can be written as

(cDnq
a+)u(x) = (cDq

a+(
cDq

a+(. . . . . . n times)u(x). (10)

Definition 10. The Caputo fractional derivative of order nq for (n− 1) < nq < n (right at x = b)
is a sequential Caputo fractional derivative of order q if

(cDnq
b−)u(x) = (cDq

b−(
cDq

b−(. . . . . . n times)u(x). (11)
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Laplace transform Table
S.N f (t) = L−1[F(s)] F(s) = L( f (t))
1. Eq,1(±λtq) sq−1

sq∓λ sq > λ, q > −1
2. tq−1Eq,q(±λtq) 1

sq∓λ sq > λ, q > −1

3. tq

q Eq,q(±λtq) sq−1

(sq∓λ)2 sq > λ, q > −1

4. sinq,1(λtq) λsq−1

s2q+λ2 s > 0

5. cosq,1(λtq) s2q−1

s2q+λ2 s > 0
6. tq−1sinq,q(λtq) λ

s2q+λ2 s > 0

7. tq−1cosq,q(λtq) sq

s2q+λ2 s > 0

8. Eq,1(λtq) + λtq

q Eq,q(λtq) s2q−1

(sq−λ)2

9. tq−1 ∑∞
k=0

(k+1)λktqk

Γ(qk+q)
sq

(sq−λ)2

10. t2q−1 ∑∞
k=0

(k+1)λktqk

Γ(qk+2q)
1

(sq−λ)2

11. ∑∞
k=0

k(k+1)
2

(λtq)k−1

Γ(q(k−1)+1)
s3q−1

(sq−λ)3

12. Gcosq,1{(λ + iµ)tq} sq−1(sq−λ)
(sq−λ)2+µ2

13. Gsinq,1{(λ + iµ)tq} µsq−1

(sq−λ)2+µ2

15. tq−1Gcosq,q{(λ + iµ)tq} sq−λ
(sq−λ)2+µ2

16. tq−1Gsinq,q{(λ + iµ)tq} µ

(sq−λ)2+µ2

Note that in this work, we consider the left sequential Caputo fractional derivative
only for initial value problems. However, we need both the left and right sequential Caputo
fractional derivatives for boundary value problems. We use notation t for the initial value
problem and x for boundary value problems.

3. Main Results
3.1. Solution of Linear Sequential Caputo Fractional Differential Equations with Fractional
Initial Conditions

In this section, we will provide a method to solve a linear non-homogeneous sequential
Caputo fractional differential equation of order nq, which is sequential of order q. In
addition, the initial conditions will involve the sequential Caputo fractional derivatives of
u(t) of order kq for k = 1, 2, . . . (n− 1) at t = 0.

For that purpose, consider the linear non-homogeneous sequential fractional differen-
tial equations of order nq with initial conditions involving Caputo fractional derivatives of
order kq with k = 0, 1, . . . , (n− 1) of the form:

n

∑
k=0

ak (
scDkq

0+)u(t) = f (t), (12)

with initial conditions of the form,

(scDkq
0+)u(t)|t=0 = bk (bk ∈ R; k = 0, 1, . . . . . . , (n− 1)). (13)

Note that we need to use the Laplace transform method only to solve (12) and (13).
The main reason for this is that the product rule for the Caputo derivative is not available,
but it is needed to apply the method of undetermined coefficients and for the variation-of-
parameter method. One needs to use Equation (1) in order to apply the Laplace transform
method. Here, we only recall the results resulting for n = 2 and f (t) = 0.

scD2q
0+u + bscDq

0+u + cu = 0, t ∈ (0, ∞) (14)
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with initial conditions as,

u(0) = A, scDq
0+u(t)|t=0 = B. (15)

We assume that 0.5 < q < 1. Now, applying Laplace transform on (14) and (15) using
Theorem 1, we obtain

s2qU(s)− s(2q−1)u(0)− s(q−1)(scDq
0+u(t)|t=0) + b(sqU(s)− s(q−1)u(0)) + cU(s) = 0, (16)

where U(s) = L(u(t)).
Our aim here is to show that when q = 1, our results yield the results of the second-

order linear homogeneous differential equation with initial conditions as a special case.
Now, solving for U(s) from Equation (16) and substituting the initial conditions from

Equation (15), we obtain

U(s) =
As(2q−1) + (B + bA)s(q−1)

s2q + bsq + c
. (17)

For convenience, we will denote As(2q−1) + (B + bA)s(q−1) = sq−1G(s).
Now, if we can take the inverse Laplace transform on both sides of Equation (17), we

obtain the solution of the sequential Caputo initial value problem (14) and (15) of order 2q.
We can compute the solution of (14) and (15) based on the roots of the quadratic

equation s2q + bsq + c = 0 in terms of sq.

1. Let b 6= 0, b2 − 4c > 0. In this case, the quadratic equation s2q + bsq + c = 0 will
have real and distinct roots, say λ1 and λ2. That is, we can factor s2q + bsq + c =
(sq− λ1)(sq− λ2). In this case, using the partial fraction method, we can write (17) as

sq−1G(s)
s2q + bsq + c

=
c1sq−1

(sq − λ1)
+

c2sq−1

(sq − λ2)
.

Here, the constants ci for i = 1, 2 depend on A, B, b, c, λ1, and λ2. Using the above
relation in Equation (17) and taking the inverse Laplace transform, we can write the
solutions of (14) and (15) as

u(t) = c1Eq,1(λ1tq) + c2Eq,1(λ2tq).

Note that in the above case, if b = 0 and c < 0, we will have two real and distinct
roots. The solution can be obtained on the same lines as above.

2. b 6= 0, b2 − 4c = 0. In this case, the quadratic equation s2q + bsq + c = 0 will have
real and coincident roots, say λ. Then, we can factor as s2q + bsq + c = (sq − λ)2. In
this case, by algebraic manipulation, we can write (17) as

sq−1G(s)
s2q + bsq + c

=
Asq−1

(sq − λ)
+

(λA + B + bA)sq−1

(sq − λ)2 .

Using the Laplace transform table, the above relation, and Relation (17), we can write
the solutions of (14) and (15) as

u(t) = AEq,1(λtq) +
(λA + B + bA)tq

q
Eq,q(λtq).

3. If b 6= 0, thenb2 − 4c < 0. In this case, the quadratic equation s2q + bsq + c = 0 will
have complex roots of the form λ± iµ. We can write s2q + bsq + c = (sq − λ)2 + µ2.
Then by algebraic manipulation, we can write (17) as

sq−1G(s)
s2q + bsq + c

=
g1sq−1(sq − λ)

(sq − λ)2 + µ2 +
µg2

(sq − λ)2 + µ2
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and
1

s2q + bsq + c
=

1
µ

µ

(sq − λ)2 + µ2 ,

where g1 and g2 are constants that can be determined.
Now, using the table and the above relation, we can take the inverse Laplace trans-
form of Relation (17) to obtain the solutions of (14) and (15) as

u(t) = g1Gcosq,1{(λ + iµ)tq}+ g2Gsinq,1{(λ + iµ)tq}.

Further, if λ = 0, then the solution of (14) and (15) will be

u(t) = g1cosq,1(µtq) + g2sinq,1(µtq).

Furthermore, note that if q = 1, one can easily observe that the integer results can be
obtained as a special case, except when the factors are complex numbers with the
real part not equal to zero. Even in that situation, the results of the integer case can
be obtained using the exponential rules.
Note that we can also use the above technique to solve non-homogeneous sequential
Caputo fractional differential equations when f (t) 6= 0. In this case, Mittag–Leffler
functions Eq,q(λtq) will be needed in the convolution integral.

Remark 2. It is to be noted that the linear sequential Caputo fractional differential equations with
fractional initial conditions can be reduced to a system of Caputo fractional differential equations
with initial conditions. However, the converse is, in general, not true, as in the integer case.
See [22,23] for recent work on two and three systems of non-homogeneous linear Caputo fractional
differential equations with initial conditions. It is to be noted that the standard method of finding
the fundamental matrix cannot be used to solve Caputo fractional differential systems with initial
conditions. In [23], a numerical method to solve nonlinear Caputo fractional system of a SIR model
is developed. A more detailed Laplace transform is also provided in [23].

3.2. Linear Sequential Caputo Fractional Boundary Value Problems with Fractional
Boundary Conditions

In [47,48,51,54–60], the authors studied fractional boundary value problems. For
the non-homogeneous boundary value problem, they constructed Green’s function. It is
to be noted that the boundary conditions for non-sequential differential equations will
be the same as those of the nearest integer boundary value problem. In addition, even
solving the homogeneous Caputo fractional differential equations with the corresponding
boundary conditions is not easy and sometimes not possible. However, if we consider
the sequential boundary value problem, we can adopt the same technique that we use to
solve the corresponding integer problem. Observe that the boundary conditions will also
involve the left and right fractional derivatives. In [40,41,44,61,62], sequential initial value
problems and sequential boundary value problems were studied.

Remark 3. In the research article [50], the authors claimed that the only function whose left
derivative of a function at x = a+ equals the right derivative of the function at x = b− is true
for constant functions. Their claim is based on the assumption that cDq

a+ f (x)|x=a = 0 and
cDq

b− f (x)|x=b = 0 for every increasing function f (x). Certainly, it is not true when f (x) =
(x− a)q, which is an increasing function of f (x).

In fact, cDq
a+(x− a)q = Γ(q + 1) on [a.b).

In a sequential derivative, we need cDq
a+ f (x) to be differentiable on [a, b), which implies that

cDq
a+ f (x) is continuous on [a, b]. From this, we obtain

cDq
a+(x− a)q|x=a =

cDq
b−(b− x)q|x=b = Γ(q + 1).

See [58] for the mathematical model, which requires symmetric fractional derivatives.
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Remark 4. Note that for symmetric functions, the left derivative at any point x = x1 will be
exactly equal to the right derivative at x = x1. For example, if f (x) = (x− a)nq(b− x)nq for any
integer n and q such that 0 < q ≤ 1, it is easy to show that the left derivative is exactly equal to the
right derivative at any point x = x1. For functions which are not symmetric, we can show that they
are the same when we replace (x− a) by (b− x) and (b− x) by (x− a).

Next, we recall a result from [61,62]. See [62] for numerical results on linear sequential
Caputo boundary value problems.

Consider the sequential Caputo fractional boundary value problem with mixed bound-
ary conditions of the form:

−cD2qu + u = f (x),
cDqu(0) = 0,
cDqu(1) = 0.

(18)

The solution of (18) is given by

u(x) =
∫ 1

0
G(x, s) f (s)ds, (19)

where G(x, s) is Green’s function given by,

G(x, s) =


[
sinq(s) +

cosq(s)
tanq(1)

]
cosq(x), x < s[

sinq(x) + cosq(x)
tanq(1)

]
cosq(s), x > s.

(20)

Hence,

u(x) =
∫ 1

0
G(x, s) f (s)ds, (21)

which means that,

u(x) =
∫ x

0

[
sinq(x) + cosq(x)

tanq(1)

][
cosq(s)

]
f (s)ds

+
∫ 1

x

[
sinq(s) +

cosq(s)
tanq(1)

][
cosq(x)

]
f (s)ds.

(22)

This is just to illustrate that the above representation of the solution is possible when
we assume that the fractional derivative cD2q

0+u is sequential. Note that the majority of
the Caputo fractional boundary value problems available in the literature use the linear
operator cD2q

0+u, which is not sequential. Consequently, the boundary conditions will not
involve left and right fractional derivatives. In addition, Green’s function will be the same
as that of the linear operator, being the second derivative.

4. Conclusions

In this work, we have demonstrated the advantage of studying linear sequential
Caputo fractional differential equations with fractional initial value problems, and linear
sequential Caputo fractional boundary value problems with fractional boundary condi-
tions. In particular, differential equations with Caputo fractional derivatives of order nq is
sequential of order q where q < 1 are very useful. The advantage is that the solution of the
sequential Caputo fractional differential equation yields the solution of the corresponding
integer differential equation as a special case. In addition, it is possible to find an appro-
priate value of q that matches the data available for the specific models. This is the first
step in order to solve the nonlinear sequential Caputo fractional initial and boundary value
problems with fractional initial and boundary conditions. In our future work, we plan to
develop comparison theorems for relative sequential dynamic equations, which will be
useful to solve nonlinear sequential Caputo dynamic equations with initial and boundary
conditions. The advantage of our work is that the value of q can be used as a parameter to
enhance the model driven by data. Solving linear sequential Caputo fractional dynamic
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equations is immensely useful in solving weakly non-linear sequential Caputo fractional
differential equations by any of the iterative methods.

Author Contributions: A.S.V., G.P. and V.A.V. contribution for this work is shared equally. All
authors have read and agreed to the published version of the manuscript.

Funding: This research received no external funding.

Institutional Review Board Statement: Not applicable.

Informed Consent Statement: Not applicable.

Data Availability Statement: Not applicable.

Conflicts of Interest: The authors declare no conflict of interest.

References
1. Almeida, R.; Bastos, N.R.O.; Monteiro, M.T.T. Modeling Some Real Phenomena by Fractional Differential Equations; Mathematical

Methods in the Applied Sciences, Special issue; Wiley Online Library: Hoboken, NJ, USA, 2015. [CrossRef]
2. Benchohra, M.; Hamani, S. Boundary Value Problems for Differential Equations with Fractional Order and Nonlinear Integral

Conditions. Comment. Math. 2009, 49, 147–159.
3. Caputo, M. Linear models of dissipation whose Q is almost independent, II. Geophy. J. Roy. Astron. 1967, 13, 529–539. [CrossRef]
4. Diethelm, K. The Analysis of Fractional Differential Equations; Springer: Berlin/Heidelberg, Germany, 2004.
5. Diethelm, K.; Ford, N.J. Analysis of fractional differential equations. JMAA 2002, 265, 229–248. [CrossRef]
6. Diethelm, K.; Ford, N.J. Multi-order fractional differential equations and their numerical solution. AMC 2004, 154, 621–640.

[CrossRef]
7. Diethelm, K.; Freed, A.D. On the Solution of Nonlinear Fractional Differential Equations Used in the Modeling of Viscoplasticity.

Scientific Computing in Chemical Engineering II: Computational Fluid Dynamics, Reaction Engineering, and Molecular Properties; Keil, F.,
Mackens, W., Vob, H., Werther, J., Eds.; Springer: Berlin/Heidelberg, Germany, 1999; pp. 217–224.

8. Ding, Y.; Yea, H. A fractional-order differential equation model of HIV infection of CD4C T-cells. Math. Comput. Model. 2009, 50,
386–392. [CrossRef]

9. Fallahgoul, H.; Focardi, S.; Fabozzi, F. Fractional Calculus and Fractional Processes with Applications to Financial Economics, Theory and
Application, Imprint; Academic Press: Cambridge, MA, USA, 2016.

10. Garg, V.; Singh, K. An Improved Grunwald-Letnikov Fractional Differential Mask for Image Texture Enhancement. (IJACSA) Int.
J. Adv. Comput. Sci. Appl. 2012, 3, 130–135. [CrossRef]

11. Glöckle, W.G.; Nonnenmacher, T.F. A fractional calculus approach to self similar protein dynamics. Biophy. J. 1995, 68, 46–53.
[CrossRef]

12. Javidi, M.; Ahmad, B. Dynamic analysis of time fractional order phytoplankton-toxic phytoplankton-zooplankton system. Ecol.
Model. 2015, 318, 8–18. [CrossRef]

13. Huo, J.; Zhao, H.; Zhu, L. The effect of vaccines on backward bifurcation in a fractional order HIV model. Nonlinear Anal. Real
World Appl. 2015, 26, 289–305. [CrossRef]

14. Kilbas, A.A.; Srivsatava, H.M.; Trujillo, J.J. Theory and Applications of Fractional Differential Equations; Elsevier: Amsterdam,
The Netherlands, 2006.

15. Kiryakova, V. Generalized Fractional Calculus and Applications; Pitman Res. Notes Math. Ser.; Longman-Wiley: New York, NY, USA,
1994; Volume 301.

16. Lakshmikantham, V.; Leela, S.; Vasundhara D.J. Theory of Fractional Dynamic Systems; Cambridge University Press: Cambridge,
UK, 2009.

17. Leon, C.V.D. Volterra type Lyapunov functions for fractional order epidemic systems. Commun. Nonlinear Sci. Numer. Simul. 2015,
24, 75–85. [CrossRef]

18. Liu, Z.; Sun, J. Nonlinear boundary value problems of fractional functional integro-differential equations. Comput. Math. Appl.
2012, 64, 3228–3234. [CrossRef]

19. Metzler, R.; Schick, W.; Kilian, H.G.; Nonnenmacher, T.F. Relaxation in filled polymers: A fractional calculus approach. J. Chem.
Phy. 1995, 103, 7180–7186. [CrossRef]

20. Oldham, B.; Spanier, J. The Fractional Calculus; Academic Press: New York, NY, USA; London, UK, 1974.
21. Paredes, G.E. Fractional-Order Models for Nuclear Reactor Analysis; Woodhead Publishing, Cambridge, UK, 2020.
22. Pageni, G.; Vatsala, A.S. Study of two system of Caputo fractional differential equations with initial conditions via Laplace

transform method. Neural Parallel Sci. Comput. 2021, 29, 69–83. [CrossRef]
23. Pageni, G.; Vatsala, A.S. Study of Three Systems of non-linear Caputo Fractional Differential Equations with initial conditions

and Applications. Neural Parallel Sci. Comput. 2021, 29, 211–229. [CrossRef]
24. Podlubny, I. Fractional Differential Equations; Academic Press: San Diego, CA, USA, 1999.
25. Qian, D.; Li, C. Stability Analysis of the Fractional Differential Systems with Miller Ross Sequential Derivative. In Proceedings of

the 8th World Congress on Intelligent Control and Automation, Jinan, China, 7–9 July 2010.

http://doi.org/10.1002/mma.3818
http://dx.doi.org/10.1111/j.1365-246X.1967.tb02303.x
http://dx.doi.org/10.1006/jmaa.2000.7194
http://dx.doi.org/10.1016/S0096-3003(03)00739-2
http://dx.doi.org/10.1016/j.mcm.2009.04.019
http://dx.doi.org/10.14569/IJACSA.2012.030322
http://dx.doi.org/10.1016/S0006-3495(95)80157-8
http://dx.doi.org/10.1016/j.ecolmodel.2015.06.016
http://dx.doi.org/10.1016/j.nonrwa.2015.05.014
http://dx.doi.org/10.1016/j.cnsns.2014.12.013
http://dx.doi.org/10.1016/j.camwa.2012.02.026
http://dx.doi.org/10.1063/1.470346
http://dx.doi.org/10.46719/npsc20212921
http://dx.doi.org/10.46719/npsc20212941


Foundations 2022, 2 1141

26. Chen, Q.-L.; Huang, G.; Zhang, X.-Q. A Fractional Differential Approach to Low Contrast Image Enhancement. Int. J. Knowl.
2012, 3, 2.

27. Ross, B. Fractional Calculus and It’s Applications; Lecture Notes in Mathematics, Proceedings; Dold, A., Eckmann, B., Eds.; Springer:
New York, NY, USA, 1974.

28. Subedi, S.; Vatsala, A.S. Quenching Problem for Two-Dimensional Time Caputo Fractional Reaction-Diffusion Equation. Dyn.
Syst. Appl. 2020, 29, 26–52. [CrossRef]

29. Uchaikin, V.V. Fractional Derivatives for Physicists and Engineers Volume I Background and Theory Volume II Applications; Springer:
Berlin/Heidelberg, Germany, 2013.

30. Wang, S.; Wang, Y.P.Q.; Miao, H.; Brown, A.N.; Rong, L. Modeling the viral dynamics of SARS-CoV-2 infection. Math. Biosci. 2020,
328, 108438. [CrossRef]

31. Gorenflo, R.; Kilbas, A.A.; Mainardi, F.; Rogosin, S.V. Mittag-Leffler Functions, Related Topic and Applications; Springer Monographs
in Mathematics: Berlin, Germany, 2014; 443p.

32. Samko, S.G.; Kilbas, A.A.; Marichev, O.I. Fractional Integrals and Derivatives, Theory and Applications; Gordon and Breach: Yverdon,
Switzerland, 1993.

33. Yang, X. General Fractional Derivatives, Theory, Methods and Applications; Chapman and Hall: London, UK, 2019.
34. Bai, Y.; Vatsala, A.S. Generalized Monotone Method for Nonlinear Caputo Fractional impulsive Differential Equations. Nonlinear

Dyn. Syst. Theory 2020, 20, 3–20.
35. Bai, Y.; Vatsala, A.S. Numerical Results for Generalized Monotone Method for Nonlinear Caputo Fractional Impulsive Differential

Equations. Neural Parallel Sci. Comput. 2020, 28, 19–36. [CrossRef]
36. Bai, Y.; Vatsala, A.S. Numerical results for sequential subhyperbolic equation in one dimensional space. Math. Eng. Sci. Aerosp.

MESA 2020, 11, 595–611.
37. Lakshmikantham, V.; Vatsala, A.S. Basic theory of fractional differential equations. Nonlinear Anal. TMAA 2008, 69, 3837–3343.

[CrossRef]
38. Lakshmikantham V.; Vatsala, A.S. General uniqueness and monotone iterative technique for fractional differential equations.

Appl. Math. Lett. 2008, 21,828–834. [CrossRef]
39. Lakshmikantham, V.; Vatsala, A.S. Theory of Fractional Differential Inequalities and Applications. Commun. Appl. Anal. 2007, 11,

395–402.
40. Sambandham, B.; Vatsala, A.S. Numerical Results for Linear Caputo Fractional Differential Equations with Variable Coefficients

and Applications. Neural Parallel Sci. Comput. 2015, 23, 253–266.
41. Sambandham, B.; Vatsala, A.S. Basic Results for Sequential Caputo Fractional Differential Equations. Mathematics 2015, 3, 76–91.

[CrossRef]
42. Vatsala, A.S.; Sowmya, M. Laplace Transform Method for Linear Sequential Riemann-Liouville and Caputo Fractional Differential

Equations. AIP Conf. Proc. 2017, 1798, 020171.
43. Vatsala, A.S.; Sambandham, B. Laplace Transform Method for Sequential Caputo Fractional Dofferential Equations. Math. Eng.

Sci. Aerosp. 2016, 7, 339–347.
44. Vatsala, A.S.; Sambandham, B. Sequential Caputo versus Nonsequential Caputo Fractional Initial and Boundary Value Problems.

Int. J. Differ. Equ. 2020, 15, 529–544.
45. Bashir, A.; Nieto, J.J. Sequential fractional differential equations with three-point boundary conditions. Comput. Math. Appl. 2012,

64, 3046–3052.
46. Chikrii, A.; Matychyn, I. Riemann-Liouville, Caputo and Sequential Fractional Derivative in Differential Games; Birkhauser: Boston,

MA, USA, 2011.
47. Dehghani, R.; Ghanbari, K.; Asadzadeh, M. Triple Positive Solutions for Boundary Value Problem of a Nonlinear Fractional Differential

Equation; Springer: Berlin, Germany, 2007.
48. Ahmad El-Ajou, O.; Arqub, A.; Momani, S. Solving fractional two-point boundary value problems using continuous analytic

method. Ain Shams Eng. J. 2013, 4, 539–547. [CrossRef]
49. Tariboon, J.; Cuntavepanit, A.; Ntouyas, S.K.; Nithiarayaphaks, W. Separated Boundary Value Problems of Sequential Caputo

and Hadamard Fractional Differential Equations. J. Funct. Spaces 2018, 2018, 6974046. [CrossRef]
50. Kiskinova, H.; Petkovab, M.; Zahariev, A. Remarks on the Coincidence of the Left-side and Right-side Fractional Derivatives on

an Interval and Some Consequences. AIP Conf. Proc. 2021, 2333, 080003. [CrossRef]
51. Jiang, F.; Xu, X.; Cao, Z. The Positive Properties of Green’s Function for Fractional Differential Equations and Its Applications.

Abstr. Appl. Anal. 2013, 2013, 531038. [CrossRef]
52. Boureghda, A. A modified variable time step method for solving ice melting problem. J. Differ. Equ. Appl. 2012, 18, 1443–1455.

[CrossRef]
53. Boureghda, A. Solution to an ice melting cylindrical problem. J. Nonlinear Sci. Appl. 2016, 9, 1440–1452. [CrossRef]
54. Aleroev, T.; Kekharsaeva, E. Boundary value problems for differential equations with fractional derivatives. Integral Transform.

Spec. Funct. 2017, 28, 900–908. [CrossRef]
55. Bashir, A.; Nieto, J.J.; Pimentel, J. Some boundary value problems of fractional differential equations and inclusions. Comput.

Math. Appl. 2011, 62, 1238–1250.
56. Anderson, D. Positive Green’s functions for some fractional-order boundary value problems. arXiv 2014, arXiv:1411.5616.

http://dx.doi.org/10.46719/dsa20202913
http://dx.doi.org/10.1016/j.mbs.2020.108438
http://dx.doi.org/10.46719/npsc20202812
http://dx.doi.org/10.1016/j.na.2007.08.042
http://dx.doi.org/10.1016/j.aml.2007.09.006
http://dx.doi.org/10.3390/math3010076
http://dx.doi.org/10.1016/j.asej.2012.11.010
http://dx.doi.org/10.1155/2018/6974046
http://dx.doi.org/10.1063/5.0041754
http://dx.doi.org/10.1155/2013/531038
http://dx.doi.org/10.1080/10236198.2011.561797
http://dx.doi.org/10.22436/jnsa.009.04.04
http://dx.doi.org/10.1080/10652469.2017.1381844


Foundations 2022, 2 1142

57. Rehman, M.; Khan, R. A numerical method for solving boundary value problems for fractional differential equations. Appl. Math.
Model. 2012, 36, 894–907. [CrossRef]

58. Klimek, M. Fractional Sequential Mechanics-Models with Symmetric Fractional Derivative. Czechoslov. J. Phys. 2001, 51, 1348–1354.
[CrossRef]

59. Wang, G.; Ahmad, B.; Zhang, L. Some existence results for impulsive nonlinear fractional differential equations with mixed
boundary conditions. Comput. Math. Appl. 2011, 62, 1389–1397. [CrossRef]

60. Zhang, S.; Su, X. The existence of a solution for a fractional differential equation with nonlinear boundary conditions considered
using upper and lower solutions in reverse order. Comput. Math. Appl. 2011, 62, 1269–1274. [CrossRef]

61. Sambandham, B.; Vatsala, A.S. Generalized Monotone Method for Sequential Caputo Fractional Boundary Value Problems. J.
Adv. Appl. Math. 2016, 1, 241–259.

62. Sambandham, B.; Vatsala, A.S.; Chellamuthu, V.K. Numerical Results for Linear Sequential Caputo Fractional Boundary Value
Problems. Mathematics 2019, 7, 910. [CrossRef]

http://dx.doi.org/10.1016/j.apm.2011.07.045
http://dx.doi.org/10.1023/A:1013378221617
http://dx.doi.org/10.1016/j.camwa.2011.04.004
http://dx.doi.org/10.1016/j.camwa.2011.03.008
http://dx.doi.org/10.3390/math7100910

	Introduction
	Preliminaries
	Main Results
	Solution of Linear Sequential Caputo Fractional Differential Equations with Fractional Initial Conditions
	 Linear Sequential Caputo Fractional Boundary Value Problems with Fractional Boundary Conditions

	Conclusions
	References

