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Abstract: The semi-local convergence is presented for a one parameter seventh order method to
obtain solutions of Banach space valued nonlinear models. Existing works utilized hypotheses up to
the eighth derivative to prove the local convergence. But these high order derivatives are not on the
method and they may not exist. Hence, the earlier results can only apply to solve equations containing
operators that are at least eight times differentiable although this method may converge. That is why,
we only apply the first derivative in our convergence result. Therefore, the results on calculable error
estimates, convergence radius and uniqueness region for the solution are derived in contrast to the
earlier proposals dealing with the less challenging local convergence case. Hence, we enlarge the
applicability of these methods. The methodology used does not depend on the method and it is
very general. Therefore, it can be used to extend other methods in an analogous way. Finally, some
numerical tests are performed at the end of the text, where the convergence conditions are fulfilled.
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1. Introduction

Let U and V be Banach spaces, and B be a non-empty, convex and open subset of U.
Suppose F : B C U — V is derivable in the Fréchet sense. The ultimate aim is to produce a
solution u* for the equation

F(u)=0. 1)

A plethora of highly challenging scientific and engineering problems can be modeled as
nonlinear equations in the form (1) [1-4]. Overcoming this nonlinearity has long been
a significant problem in mathematics. Purely analytical answers to these equations are
difficult to provide. Because of this, scientists and researchers often apply the strategy
of iterative algorithms to obtain the required solution. Among iterative procedures, the
approach given by Newton is widely used to address (1). During the last several years, a lot
of new higher order iterative techniques have been developed and are being implemented
to deal with nonlinear equations [5-9]. In most of these research works, convergence
theorems of iterative schemes have been established using conditions on derivatives of
higher order. Additionally, these studies provide no conclusions on the convergence radii,
error distances and existence-uniqueness regions for the solution. The study of semi-local
analysis of an iterative formula allows to estimate the convergence balls, bounds on error
and uniqueness region for a solution. The results of local convergence of efficient iterative
procedures have been deduced in [6-18]. In these works, important results containing
convergence radii, measurements on error estimates and expanded utility of these iterative
approaches have been given. Outcomes of local analysis are valuable because they illustrate
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the complexity of selecting initial points. Most recently, Liu et al. [7] established a local
convergence theorem for a class of sixth and seventh convergence order iterative methods
defined on the real line by considering assumptions on the first derivative of F and Lipschitz
parameters. These methods are defined forn = 0,1,2, ..., by

Sp = Uy — F'(un) " F(uy),
F(up) + F(sn)

) (4 () )

En=Sn T Flitn) — F(sy)’ @)

F(zn)
Zn, Sn/'P] + [an Uy, un}F] (Zn - Sn),

Upt1 = Zn — [

where 1 is a starting guess, T € Rand ., ; F] is the first order divided difference, and

F(zn) — F(sn)

[ansn}F} = [Sn,Zn,‘ F] = —
Zp — Sn
F —F
[zn, tn; F] = [tn,zn; F] = M’
Zp — Un
[an Uy, F] - F,(un)

(Zn, Un, Un; F) = .
Zn — Un

The authors also obtained the error bounds and radii of convergence based on their pro-
posed theorem. They concluded that this family has the largest convergence radius for
T = 0 in comparison with the other members (for t = -2, 7 = —1.5, 7 = 0.5and v = 2.5).
In this document, we offer the semi-local convergence result for a one parameter
seventh convergence order iterative method discussed by Amiri et al. [10] to address

problem (1). This method is presented for & # 0 as follows:

Yn = Xpn — F/(xﬂ)ilp(x")'

20 =y = o F () F (),
‘ . ©)
on =20 — F'(200) (2 - X &)F(yn) + aF(zn)),
Xpi1 = vn — H(my)F (z) " 'F(v,),

where x is a starting estimation, Q, = (2— 1 —a)F(y,) +aF(zy), my = I — 1F/(x,) 71
[Yn,zw; F, H(t) = 1= DI +a(t— (1 - HI) + L(—a+6a?)(t — (1 - 1HI)% & > 0and
[,;F] : Bx B — L(U,V) is a divided difference of order one. It is shown to be of order
seven utilizing eighth order Fréchet derivative of F [5,8-12,18]. The usage of these solvers

is restricted due to such hypotheses on derivatives of higher order.

Let us choose the following motivational problem, where U = V = R and the function
T is defined on B = [—1, 3] by

wWin(u?) +ud —ut, if u#0

T(”):{ 0, if u=0" @)

The definition of T gives that T"(u) = 6 Inu + 60u? — 24u + 22. Hence, we arrive at the
conclusion that the convergence theorem for the method (3) suggested by [10] does not
apply for this example although the method may converge. This is because the third
derivative T" is unbounded on B. Besides, no results on the convergence domain, bounds
on error and uniqueness results were established in the existing article by [10]. However, we
propose the semi-local convergence theorem for this method (3) in the more general Banach
space case by considering a set of assumptions only on F’. In particular, w-continuity of the
first Fréchet derivative is employed to enhance the utility of these methods.

It is worth noticing that our approach does not depend on method (3). Therefore, due to
its generality it can be used on other methods using inverses of linear operators [5-7,9-18].
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Other computational pit-falls of high convergence order methods have been reported by
Sen et al. [4]. In particular, they illustrated that the computational complexity of high-order
methods can be higher than the second-order Newton method. The family of methods
(3) can be applied to solve: oxygen diffusion problems in cylindrically shaped sections of
tissue [1,3] and melting problems [2].

The outline of this document can be described as: A majorizing sequence is developed
to prove the semi-local convergence of method (3) in Section 2. The Semi-local convergence
of the considered method (3) is established in Section 3. In Section 4, Numerical experiments
are described. Conclusions are also presented in Section 5.

2. Convergence for the Majorizing Sequence

A scalar sequence is developed that is shown to be majorizing for the method (3) in
the next section. Set My = [0, o).
Suppose:

(i) There exists a function wy with Dom(wy) = My and Range(wy) = R which is contin-
uous and non-decreasing such that the equation

wo(u)—1=0

has a smallest solution pg € My — {0}. Set M = [0, pp).
(i) There exist functions w, i with Dom(w) = M, Dom(yp) = M x M x M whose range
is R which are continuous and non-decreasing.
It is convenient to define parameters [, s and p by
1 a6 —1) 6o —1
W ° 2 anc ? 2w

The notation S(x, &), S[x, ] stands for the open and closed ball in U with center x and of
radius ¢ > 0.
Let A > 0 be a given parameter. Moreover, define the sequence {a, } foralln =0,1,2, ...

by
ap = O,bo =A

3 @((1 = 6)by)d6(by — ay)
Ia\(l—wo(an)) '

tn= 2= 2| [ (1~ 0) (b~ an))a0(b — )
n w(l +/01 wo(by + 6(cn —b”))de) (cn — bn),

cn = by +

_ qn

du*Cn‘f‘m,

a”:<1+/wo(bn+9( ~by))d ) o — bn) +/ (1= 0) by —an )bt — ), o
_ P(an, by, cn)

Tn = 717(410(61”) ’

= 1|+ vu + lpl7as
nhy
1- cUO(Cn)/

Ausr = / (1= 0)(@ns1 — @) 0,11 — ) + (14 w0 (1)) (@51 — br)

At
d b _ n+ .
an n+1 an+1*‘{jjg;ﬁ£;;;j

A1 = dy +

A general convergence result follows for the sequence {a, }.
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Lemma 1. Suppose there exists p > pg such that foralln =0,1,2,...
wo(an) <1 (6)
and
ay < p. 7)

Then, the sequence {ay } is convergent to some a* € [1, p| such that a, < by, < ¢y < dp < a,41 < p.

Proof. It follows by the definition of {a, } and the conditions (6) and (7) that this sequence
is bounded from above by p and non-decreasing. Hence, it is convergent to its unique least
upper bound a*. O

Remark 1. If the function wy is strictly increasing, then set

p = wy (1) ®)

In this case the condition (6) becomes

a < p. 9)

3. Convergence for the Method (3)

The semi-local convergence is based on the majorizing sequence {a, } and the follow-
ing conditions.
Suppose:

(A1) There exists a point xy € B and a parameter A > 0 such that F/(x) ™' € L(V, U) and
IF(x0) ' F(xo) | < .

(A2) ||F' (x0) " (F'(u) — F'(x0))]| < wo(||u — xo]|) for all u € B. Set By = S(x0, 00) N B.

(A3) | F'(x0) "' (F'(u2) — F'(u1))|| < w(||uz —m1]]) and
1" (o) = ([u1, u2; F] = F'(us)) || < 9(llur — xoll, |luz — xoll, [lus — xol|) for all uy, uz,
us € By.

(A4) The conditions (6) and (7) hold.

(As) S[X(),Ll*] C B.

Next, the main semi-local convergence result is presented under the conditions (A;)-
(As) and using {a, } as the majorizing sequence for method (3).

Theorem 1. Suppose that the conditions (A1)—(As) hold. Then, the sequence {x, } produced by
the method (3) and starting at xy € B is convergent to a solution u* of the equation F(u) = 0
such that

[, — u®|| <a* —ay, (10)

where the sequence {ay } is given by the formula (5).

Proof. Induction is employed to show

vk — xill < b — ay, (11)
llzk — yill < cx — b (12)
ok — z&ll < di — ek (13)

and
k1 — vl < aggq — die (14)
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The assertion (11) holds true for k = 0, since by the condition (A1)

lyo — xoll = [|F'(x0) 'F(xo)|| <A =bo—a0=1bo <a’
Hence, the iterates v, zo, vo, x1 are well defined and vy € S(xg,a*). Let u € S(xp,a*). It
then follows from the conditions (A1), (A;) and (6) that
IF"(x0) ™ (F'(u) = F'(x0)) | < wollu = x0l) < wo(a®) < 1.
Thus, the Banach perturbation lemma [15] asserts that F/(1)~! € L(V,U) and

1

! —1p/
IF )= F ol < 1= i ==l

(15)

Suppose that the assertions hold for all integer values smaller than k.
The first substep of method (3) gives the identity

F(yk) = F(yx) — F(xx) — F (x) (i — Xx)

—/ "(xk + 0(yx — xx))d0 — F'(xx)) (yx — xx)-

Then, it follows by the condition (A3), (15) (for u = x), (5) and the second sub-step of the
method (3),

1 _
Iz = yiell = m”lj/(xk) E(ye) |

< |1|||F’<xk>-1F’<xo>||||F’<xo>-1F<yk>||

fo ) llyx — xxll)d0]|yx — x|l
|D‘| (1 —wo(llxk — xoll))
fo 0) (b — ax))do(by — ay)
\“|(1 — wo(ax))
= ¢ — by
and [|zx — xo < llzk — yill + llyx — xol|
< ¢k — by + by
=c < a’.

Therefore, the assertions (12) holds and the iterate z; € S(xg,a*).
Similarly, the identity

Flae) ~ Pl = [ /(e + 00z — ) a0(ai — )
= [P o+ Bk~ )0 — ' (x0)) o~ ) + ' x0) 2~ )

gives

IF"(x0) ' Qell = 12— 1)F’(Ja))*l(F(yk) +a(F(ze) = F(yi))) |

<211 [ (1= 0)ly— xel)del — ] ”

+|a|<1+/0 ol = %oll +Bllzk = yil 6|21 —

|
=1
IN
=
=
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Thus, it follows
ok = 2kl < [[F' ()" F' (x0) [ F (x0) " Qill
9k
< Ik
~ 11— wo(a)
L
<—F——=d—c
S T-woley) ¢
and
ok = xol| < [[ok — zl| + [|zx — xol|
< dg—cp+ ok
=dp <a.
Hence, the iterate v, € S(xg,a*) and the assertion (13) holds.
Then, the identity F(vy) = F(vx) — F(yx) + F(yk) gives similarly
1
[F'(x0) " F(op)|| < (1+ /O wo(llyk — xoll + 0|0k — yil[)d6) |ox — yill
1 17
+ [ (@ =0y —xeldellye -l
< a@ < .
Moreover, it can be written
1 1 / 1
me = (1= D14 21— F (x) yio 2 F)
1 _
= 14 P ) P )~ vz P,
mp—1 = 1
k = a'Yk/
SO
H(mg) = 1+ a(S7) + s(7)?
k) — LK,)/k (X’)/k (18)

=11+ 7+ p7i®

by the definition of the parameters [ and p. Consequently, by the estimate (18), the second
condition in (A3z), (5), it is obtained

[H(m) || < 1) + 7l + [p] |7l
< |1+ 7+ lplvi® = I,

where we also used

Ti = IF' (x) " (F' () = [yw 26 F)) |
< $lxx = xoll, llyx = xoll, [lz — xoll)
- 1 — wo(lxe = xo
< Yl b ) _
~ 1—wol(ax)
Then, by the fourth sub-step of the method (3), (17), (15) (for u = zi) and (5),

l[xk1 — vkl < | H(m) ||| F'(zie) " F (x0) |[|F' (x0) " F ()|
oy

L i SRS
S 1-wo(e)  HE
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and
[k — X0l < llxks1 — vkl + llox — xo|
Sy —dp+dg = agq <a’

Therefore, the iterate x; 1 € S(xo,a*) and the estimate (14) holds. The first sub-step of
method (3) gives

F(xps1) = F(xgpr) — Flax) — F' (o) (yx — xx)
Xk+1

F
F(xpq1) — F(ox) = F'(x) (X1 — xx) + F' (o) (%41 — k)

™

leading to

1P (o) Pl < [ I Co0) ™ (P Cx 00xk0 — 36))40 — F () (i — )
+ F'(x0) 7 (F'(x) = F(x0)) (¥ics1 = ye) + F'(x0) 7' F'(x0) (k1 — 3 |
< [ (= 0)xe1 — xel)ablxg 1 — e
+ (14 wo([lxx = xolD) Ixes1 — will
< /(: w((1 = 0)(axs1 — ax))db(ax1 — ax) + (1 + wolax)) (a1 — bi)

= )\k+1/

(19)

SO

i1 = xeall < IF (ven) ™ F (x0) HIF (o0) T F (x0) |

_
~ 1= wo([lxxs1 — x0l))
Akt
=~ — N — bk — aj
1 — wo(ax41) i i

and  [|yk+1 — Xoll < llyk+1 — Xk || + |21 — xol|

<bpyr — g1+ agyr = b <a’

That is the induction for the assertions (11)—(14) is terminated. The condition (A4) implies
that the sequence {4y} is complete. Consequently, by (11)—(14) the sequence {x;} is also
complete and convergent to some u* € S[xg,a*] (since the ball S[xg,a*] is a closed set).
Furthermore, by the continuity of the operator F and if k — co in (19), we deduce that
F(u*) = 0. Finally, for i > 0 the estimate

ki — xkl] < gy — ax

shows the assertion (10) by letting i — co. [

Next, the uniqueness of the convergence region is determined.
Proposition 1. Suppose:

There exists a solution p € S(xg,p1) for some py > 0; condition (Ay) holds on the ball S(xg, p1)
and there exists pp > p1 such that

/0 ' wo(0p2)d6 < 1. (20)

Set By = S[xq, p1] N B. Then, the Equation (1) is uniquely solvable by u in the region By.
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Proof. Suppose that there exists yy € B; with F(yy) = 0. Define the linear operator

1
G = [y F'(n+0(no— 1)) (po — p)db.
Then, by the application of the conditions (A7) and (20) it follows that

IF'(20) (G~ o))l < [ wo@lo — l)io
/01 wo(602)d0 < 1.

Therefore, the operator is invertible and po — 4 = G~ (F(puo) — F(u)) = G™1(0—0) = 0.
Therefore, we conclude that y = yg. O

Remark 2. (a) The parameter pg given by the condition (i) of the Lemma 1 in closed form can
replace a* in the condition (Ag).

(b)  Proposition 1 is not using all the conditions of the Theorem 1. But if this is the case, then set
p1 = a*orp; = po.

(c)  The second condition in (Az) involving the function 1 can be dropped as follows: Suppose that
there exists a function g : M x M — R continuous and non-decreasing such that for all
¥,z € By

1" (x0) ™" ([y, 2 F] = F'(x0)) | < o(lly — xoll, |z — xoll)-
Then, in view of the estimate
1" (x0) ™ (F'(x) = [y, z FII| < [[F'(x0) ™1 (F'(x) = F'(x0)) | + 1" (x0) " [y, z: F] = F'(x0)) .
the function § can be defined by

P(t,ta, t3) = wo(t1) + Po(ta, t3) forall ty,tp,t3 € [0,p0).
Moreover, if the divided difference is defined by

[y, z F] = /01 F'(z+6(y —z))de,

then, the function y can be defined by

P(t, b, t3) = wo(tr) + %(lPo(tz) +o(ts)), (21)

since o (ta, t3) = % (wo(t2) + wo(ts)). In fact, (21) is the choice for the function ¥ used in
the examples.

4. Numerical Examples
Example 1. Let B = S(xg,1 — a) for some a € [0,1). Define the cubic polynomial

F(u) =u® —a.

If one chooses xg = 1 and defines [01,0,; F] = w for 81 # &y, then the conditions
(A1)~(Ap) are verified for A = 52, wo(t) = (3—a)t, p = po = 5, By = S(x0, 725,
w(t) =201+ 3%“) and P(ty, to, t3) = (3 —a)(t + L (t2 + t3)). Choose a = 0.95. Tables 1-3
verifies condition (6) and (7) for « = 0.75,1, 1.25 respectively.
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Estimates for wo(a,) and a,,.
Table 1. « = 0.75.
n 0 1 2 3 4 5 6 7 8
wo(an) 0.0380825  0.0438734  0.0446644 0.04477 0.0447841 0.044786 0.0447862  0.0447862
ay 0.0185768  0.0214017  0.0217875 0.021839 0.0218459  0.0218468  0.0218469  0.0218469
Here, a* = 0.0218469.
Table 2. « = 1.
n 0 1 2 3 4 5 6 7
wo(an) 0 0.0368743 0.0409929 0.0413345 0.0413615 0.0413636 0.0413638 0.0413638
ay 0 0.0179875 0.0199966 0.0201632 0.0201764 0.0201774 0.0201775 0.0201775
a* = 0.0201775.
Table 3. « = 1.25.
n 0 1 2 3 4 5 6 7
wo(an) 0 0.0376078 0.042654 0.0431496 0.0431953 0.0431994 0.0431998 0.0431998
ay 0 0.0183453 0.0208068 0.0210486 0.0210709 0.0210729 0.0210731 0.0210731
a* = 0.0210731.
Hence, we can conclude that (6) and (7) holds, so (A4) holds. Therefore, all the conditions
(A1)-(As) holds and hence by Theorem 1, the sequence { x,, } generated by the method (3) converges
to a solution u* of the equation F(u) = 0 in S[xg,a*].
Example 2. The utility of our results in the real world can be successfully established by considering
the quartic equation for fractional conversion which represents the fraction of the nitrogen-hydrogen
feed that gets converted to ammonia. At 500 °C and 250 atm, this equation can be formulated as
F(u) = u* — 7.79075u° + 14.7445u% 4 2.511u — 1.674.
Let B = (0.3,0.4) and choose xy = 0.3. Define [61,05; F] = %,for 01 # 0p. Then, the
conditions (A1)-(Ap) are valid if
| F'(x0) "1F (%) || = 0.0217956 = A,
wp = w = 1.56036, pg = 0.640877, By = S[Xo,p] N B and ljJ(tl, tz,f3) = wo(tl) + %(wO(tz) +
wo(t3)). Tables 46 verifies the conditions (6) and (7) of Lemma 1.
Estimates for wo(a,) and a,,.
Table 4. x = 0.75.
n 0 1 2 3 4 5 6 7
wo(an) 0 0.0366798 0.0404137 0.040727 0.0407527 0.0407548 0.0407549 0.0407549
ay 0 0.0235073 0.0259002 0.026101 0.0261175 0.0261188 0.0261189 0.0261189
a* = 0.0261189.
Table 5. « = 1.
n 0 1 2 3 4 5 6 7
wo(ay) 0 0.0358561 0.0385603 0.0387014 0.0387085 0.0387089 0.0387089 0.0387089
ay 0 0.0229794 0.0247124 0.0248029 0.0248074 0.0248076 0.0248077 0.0248077

a* = 0.0248077.
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Table 6. x = 1.25.
n 0 1 2 3 4 5 6 7
wo(an) 0 0.0363564 0.0396474 0.0398455 0.0398568 0.0398574 0.0398575 0.0398575
ay 0 0.0233 0.0254091 0.0255361 0.0255433 0.0255437 0.0255438 0.0255438
a* = 0.0255438.
Hence, we can conclude that condition (A4) holds and therefore all the conditions of Theorem 1
are fulfilled. Hence, the sequence {x, } generated by the method (3) converges to a solution u* of
equation the F(u) = 0 in S[xg, a*].
Example 3. Next, we reconsider the motivational example from the introduction part of this
study. Choose xg = 0.9955. [61,00; F] is a divided difference of order one and defined as
[61,02; F] = w,for 01 # 0y. Conditions (A1) and (Ay) are verified for
|F'(x0) " F(xp)|| = 0.00456182 = A,
wo = 12.8089, po = 0.0780704, By = S(XQ, PO) N B, w = 1.12091 and l/J(tl, i, f3) = (Uo(tl) +
Hwo(t2) + wo(ts)). Tables 7-9 verifies the conditions (6) and (7) of Lemma 1 for & = 0.75,1 and
1.25 respectively.
Estimates for wo(ay) and a,.
Table 7. « = 0.75.
n 0 1 2 3 4 5
wo(ay) 0 0.0591554 0.0600971 0.0601084 0.0601086 0.0601086
an 0 0.0046183 0.00469182 0.00469271 0.00469272 0.00469272
a* = 0.00469272.
Table 8. « = 1.
n 0 1 2 3 4
wo(an) 0 0.0589339 0.0596338 0.0596393 0.0596394
an 0 0.00460101 0.00465565 0.00465609 0.00465609
a* = 0.00465609.
Table 9. x = 1.25.
n 0 1 2 3 4 5
wo(an) 0 0.059072 0.0599212 0.0599287 0.0599287 0.0599287
an 0 0.00461179 0.00467809 0.00467867 0.00467868 0.00467868

a* = 0.00467868.

From Tables 7-9, we can easily verify that condition (A4) holds. Therefore, all the assumptions
(A1)—(As) of Theorem 1 are satisfied and hence, we can conclude that the sequence {x, } generated
by the method (3) converges to a solution u* of the equation F(u) = 0 in S[xg, a*].

5. Conclusions

The semi-local convergence theorem for method (3) is established by applying general-
ized Lipschitz condition only on the first derivative. As a result, estimates on convergence
balls, measurable error distances and the existence-uniqueness regions for the solution
are deduced. At the end, the suggested theoretical outcomes are verified on application
problems. It is found that method (3) has the smallest convergence radius for & = 1. As,
the value of « drifts away from one, the convergence radii of the balls increases. This
approach is so general and independent of the method that it can be employed on other
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high convergence order methods including multi-point ones. That will be our future focus.
In particular, we will also provide necessary conditions for the semi-local convergence of
old and new single and multi-step high convergence order methods.
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