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Abstract: A rigorous theoretical investigation has been made on the nonlinear propagation of dust-
ion-acoustic shock waves in a multi-component magnetized pair-ion plasma (PIP) having inertial
warm positive and negative ions, inertialess non-thermal electrons and positrons, and static nega-
tively charged massive dust grains. The Burgers’ equation is derived by employing the reductive
perturbation method. The plasma model supports both positive and negative shock structures in
the presence of static negatively charged massive dust grains. It is found that the steepness of both
positive and negative shock profiles declines with the increase of ion kinematic viscosity without
affecting the height, and the increment of negative (positive) ion mass in the PIP system declines
(enhances) the amplitude of the shock profile. It is also observed that the increase in oblique angle
raises the height of the positive shock profile, and the height of the positive shock wave increases
with the number density of positron. The applications of the findings from the present investigation
are briefly discussed.
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1. Introduction

Positive ions are produced by the electron impact ionization while negative ions are
produced due to the attachment of electron with an atom [1], and the existence of both
positive and negative ions or pair-ion (PI) can be observed in space plasmas, viz., cometary
comae [2], upper regions of Titan’s atmosphere [3–5], plasmas in the D- and F-regions
of Earth’s ionosphere [4–6]), and also laboratory plasmas, viz., (K+, SF−6 ) plasma [7,8],
(Ar+, F−) plasma [9], plasma processing reactors [10], plasma etching [11], combustion
products [11], (Xe+, F−) plasma [12], neutral beam sources [13], (Ar+, SF−6 ) plasma [14–16],
(Ar+, O−2 ) plasma, Fullerene (C+

60, C−60) plasma [17,18], etc. The dynamics of the plasma
system and associated nonlinear electrostatic structures have been rigorously changed by
the presence of massive dust grains in the PI plasma (PIP) [19–22]. Yasmin et al. [23] studied
the nonlinear propagation of dust-ion-acoustic (DIA) waves (DIAWs) in a multi-component
plasma and found that the shock profile associated with DIAWs is significantly modified by
the existence of dust grains. A number of authors also examined the effects of the positron
to the formation of solitary profile associated with electrostatic waves [24,25]. Rahman
et al. [24] studied the electrostatic solitary waves in electron-positron-ion plasma, and
observed that the amplitude of the solitary profile increases with increasing the number
density of positron. Abdelsalam [25] investigated ion-acoustic (IA) solitary waves in a
dense plasma, and demonstrated that the presence of the positron can cause an increase in
the amplitude of the solitary profile.

Cairns et al. [26] first demonstrated the non-thermal distribution to investigate the
effect of energetic particles on the formation of IA shock profile, and introduced the
parameter α in the non-thermal distribution for measuring the amount of deviation of
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non-thermal plasma species from Maxellian–Boltzmann distribution. The non-thermal
plasma species are regularly seen in the cometary comae [2], Earth’s ionosphere [4], the
upper region of the Titans [3], etc. Haider et al. [27] investigated the IA solitary waves in
the presence of non-thermal particles, and observed that the width of the solitary profile
decreases with increasing of ions’ non-thermality. Pakzad and Javidan [28] studied the dust-
acoustic (DA) solitary and shock waves in a dusty plasma having non-thermal ions, and
reported that the amplitude of the wave increases with the decrease of the non-thermality
of ions. Ghai et al. [29] studied the DA solitary waves in the presence of non-thermal ions,
and found that the height of the solitary wave decreases with the increase of α.

Landau damping and the kinematic viscosity among the plasma species are the pri-
mary reasons for the formation of shock profile associated with electrostatic waves [30–32].
The existence of the external magnetic field is considered to be responsible for changing the
configuration of the shock profile [33]. Sabetkar and Dorranian [30] examined the effects
of external magnetic field on the formation of the DA solitary waves in the presence of
non-thermal plasma species, and found that the amplitude of solitary wave increases with
the increase in the value of oblique angle. Shahmansouri and Mamun [31] analyzed the
DA shock waves in a magnetized non-thermal dusty plasma and demonstrated that the
amplitude of shock wave increases with increasing the oblique angle. Malik et al. [32]
studied the small-amplitude DA wave in magnetized plasma, and reported that the height
of the shock wave enhances with oblique angle. Bedi et al. [34] studied DA solitary waves
in a four-component magnetized dusty plasma, and highlighted that both compressive
and rarefactive solitons can exist in the presence of an external magnetic field. To the
best knowledge of the authors, no attempt has been made to study the DIA shock waves
(DIASHWs) in a magnetized PIP by considering kinematic viscosity of both inertial warm
positive and negative ion species, and inertialess non-thermal electrons and positrons in
the presence of static negatively charged dust grains. The aim of our present investigation
is, therefore, to derive Burgers’ equation and investigate DIASHWs in a magnetized PIP,
and to observe the effects of various plasma parameters (e.g., mass, charge, temperature,
kinematic viscosity, obliqueness, etc.) on the configuration of DIASHWs.

The layout of the paper is as follows: The basic equations are displayed in Section 2.
The well known Burgers’ equation is derived in Section 3. Numerical analysis and discus-
sion are presented in Section 4. A brief conclusion is given in Section 5.

2. Governing Equations

We consider a multi-component PIP having inertial positively charged warm ions
(mass m1; charge eZ1; temperature T1; number density ñ1), negatively charged warm
ions (mass m2; charge −eZ2; temperature T2; number density ñ2), inertialess electrons
featuring non-thermal distribution (mass me; charge −e; temperature Te; number density
ñe), inertialess positrons obeying non-thermal distribution (mass mp; charge e; temperature
Tp; number density ñp), and static negatively charged massive dust grains (charge −eZd;
number density nd); where Z1 (Z2) is the charge state of the positive (negative) ion, and
Zd is the charge state of the negative dust grains, and e is the magnitude of the charge of
an electron. An external magnetic field B0 is considered in the system directed along the
z-axis defining B0 = B0ẑ, where B0 and ẑ denote the strength of the external magnetic field
and unit vector directed along the z-axis, respectively. The dynamics of the PIP system is
governed by the following set of equations [35–39]:
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∂ñ1

∂t̃
+ ∇́ · (ñ1ũ1) = 0, (1)

∂ũ1

∂t̃
+ (ũ1 · ∇́)ũ1 = −Z1e

m1
∇́ψ̃ +

Z1eB0

m1
(ũ1 × ẑ)− 1

m1ñ1
∇́P1 + η̃1∇́2ũ1, (2)

∂ñ2

∂t̃
+ ∇́ · (ñ2ũ2) = 0, (3)

∂ũ2

∂t̃
+ (ũ2 · ∇́)ũ2 =

Z2e
m2
∇́ψ̃− Z2eB0

m2
(ũ2 × ẑ)− 1

m2ñ2
∇́P2 + η̃2∇́2ũ2, (4)

∇́2ψ̃ = 4πe[ñe + Zdñd + Z2ñ2 − Z1ñ1 − ñp], (5)

where ũ1 (ũ2) is the positive (negative) ion fluid velocity; η̃1 = µ1/m1n1 (η̃2 = µ2/m2n2)
is the kinematic viscosity of the positive (negative) ion; P1 (P2) is the pressure of positive
(negative) ion, and ψ̃ represents the electrostatic wave potential. Now, we are introducing
normalized variables, namely, n1 → ñ1/n10, n2 → ñ2/n20, ne → ñe/ne0, np → ñp/np0,
nd → ñd/nd0, u1 → ũ1/C2, u2 → ũ2/C2 (where C2 = (Z2kBTe/m2)

1/2, kB being the
Boltzmann constant); ψ → ψ̃e/kBTe; t = t̃/ω−1

P2
[where ω−1

P2
= (m2/4πe2Z2

2n20)
1/2];

∇́ = ∇/λD (where λD = (kBTe/4πe2Z2n20)
1/2). The pressure term of the positive ion

can be recognized as P1 = P10(ñ1/n10)
γ with P10 = n10kBT1 being the equilibrium pres-

sure of the positive ion, and the pressure term of the negative ion can be recognized as
P2 = P20(ñ2/n20)

γ with P20 = n20kBT2 being the equilibrium pressure of the negative ion,
and γ = (N + 2)/N (where N is the degree of freedom, and for a three-dimensional case,
N = 3, then γ = 5/3). For simplicity, we consider (η̃1 ≈ η̃2 = η), and η is normalized
by ωP2 λ2

D. The quasi-neutrality condition at equilibrium for our plasma model can be
written as Z1n10 + np0 ≈ Z2n20 + Zdnd0 + ne0. Equations (1)–(5) can be expressed in the
normalized form as [40]:

∂n1

∂t
+∇ · (n1u1) = 0, (6)

∂u1

∂t
+ (u1 · ∇)u1 = −α1∇ψ + α1Ωc(u1 × ẑ)− α2∇nγ−1

1 + η∇2u1, (7)

∂n2

∂t
+∇ · (n2u2) = 0, (8)

∂u2

∂t
+ (u2 · ∇)u2 = ∇ψ−Ωc(u2 × ẑ)− α3∇nγ−1

2 + η∇2u2, (9)

∇2ψ = λene − λpnp + λdnd − (1 + λe + λd − λp)n1 + n2. (10)

Other plasma parameters can be recognized as α1 = Z1m2/Z2m1, α2 = 5T1m2/2Z2Tem1,
α3 = 5T2/2Z2Te, λe = ne0/Z2n20, λd = Zdnd0/Z2n20, λp = np0/Z2n20, and Ωc = ωc/ωP2

(where ωc = Z2eB0/m2). Now, the expression for the number density of electrons [26,41–43]
and positrons [26,44] following non-thermal distribution can be, respectively, written as

ne = (1− βψ + βψ2)exp(ψ), (11)

np = (1 + βα4ψ + βα2
4ψ2)exp(−α4ψ), (12)

where β = 4α/(1 + 3α) (α represents the number of non-thermal populations in our
considered model) and α4 = Te/Tp. Now, by substituting Equations (11) and (12) into
Equation (10), and expanding up to the third order in ψ, we can write

∇2ψ = λe − λp + ndλd + n2 −Λn1 + σ1ψ + σ2ψ2 + · · ·, (13)

where Λ = 1 + λe + λd − λp, σ1 = λe(1− β)− λpα4(β− 1), and σ2 = λe/2− λpα2
4/2. We

note that the terms containing σ1 and σ2 are the contribution of non-thermal distributed
electrons and positrons.
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3. Derivation of Burgers’ Equation

To derive Burgers’ equation [45–47] for the DIASHWs propagating in a PIP, we first
introduce the stretched co-ordinates [48,49] as

ξ = ε(lxx + lyy + lzz−Vpt), (14)

τ = ε2t, (15)

where Vp is the phase speed and ε is a smallness parameter denoting the weakness of the
dissipation (0 < ε < 1). It is noted that lx, ly, and lz (i.e., l2

x + l2
y + l2

z = 1) are the directional
cosines of the wave vector of k along x, y, and z-axes, respectively. Then, the dependent
variables can be expressed in power series of ε as [49]

n1 = 1 + εn(1)
1 + ε2n(2)

1 + ε3n(3)
1 + · · ·, (16)

n2 = 1 + εn(1)
2 + ε2n(2)

2 + ε3n(3)
2 + · · ·, (17)

u1x,y = ε2u(1)
1x,y + ε3u(2)

1x,y + · · ·, (18)

u2x,y = ε2u(1)
2x,y + ε3u(2)

2x,y + · · ·, (19)

u1z = εu(1)
1z + ε2u(2)

1z + · · ·, (20)

u2z = εu(1)
2z + ε2u(2)

2z + · · ·, (21)

ψ = εψ(1) + ε2ψ(2) + · · ·. (22)

Now, by substituting Equations (14)–(22) into Equations (6)–(9) and (13), and collecting
the terms containing ε, the first-order equations become

n(1)
1 =

3α1l2
z

3V2
p − 2α2l2

z
ψ(1), (23)

u(1)
1z =

3Vpα1lz
3V2

p − 2α2l2
z

ψ(1), (24)

n(1)
2 = − 3l2

z
3V2

p − 2α3l2
z

ψ(1), (25)

u(1)
2z = −

3Vplz
3V2

p − 2α3l2
z

ψ(1). (26)

Now, the phase speed of DIASHWs can be read as

Vp ≡ Vp+ = lz

√√√√−a1 +
√

a2
1 − 36σ1a2

18σ1
, (27)

Vp ≡ Vp− = lz

√√√√−a1 −
√

a2
1 − 36σ1a2

18σ1
, (28)

where a1 = −(6σ1α2 + 6σ1α3 + 9 + Λn1) and a2 = 4σ1α2α3 + 6α2 + 6α1α3Λ. The x and
y-components of the first-order momentum equations can be written as
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u(1)
1x = −

3lyV2
p

Ωc(3V2
p − 2α2l2

z )

∂ψ(1)

∂ξ
, (29)

u(1)
1y =

3lxV2
p

Ωc(3V2
p − 2α2l2

z )

∂ψ(1)

∂ξ
, (30)

u(1)
2x = −

3lyV2
p

Ωc(3V2
p − 2α3l2

z )

∂ψ(1)

∂ξ
, (31)

u(1)
2y =

3lxV2
p

Ωc(3V2
p − 2α3l2

z )

∂ψ(1)

∂ξ
. (32)

Now, by following the next higher-order terms, the equation of continuity, momentum
equation, and Poisson’s equation can be written as

∂n(1)
1

∂τ
−Vp

∂n(2)
1

∂ξ
+ lx

∂u(1)
1x

∂ξ
+ ly

∂u(1)
1y

∂ξ
+ lz

∂u(2)
1z

∂ξ
+ lz

∂

∂ξ

(
n(1)

1 u(1)
+z
)
= 0, (33)

∂u(1)
1z

∂τ
−Vp

∂u(2)
1z

∂ξ
+ lzu(1)

1z
∂u(1)

1z
∂ξ

+ α1lz
∂ψ(2)

∂ξ

+α2lz
∂

∂ξ

[
2
3

n(2)
1 −

1
9
(n(1)

1 )2
]
− η

∂2u(1)
1z

∂ξ2 = 0, (34)

∂n(1)
2

∂τ
−Vp

∂n(2)
2

∂ξ
+ lx

∂u(1)
2x

∂ξ
+ ly

∂u(1)
2y

∂ξ
+ lz

∂u(2)
2z

∂ξ
+ lz

∂

∂ξ

(
n(1)

2 u(1)
2z
)
= 0, (35)

∂u(1)
2z

∂τ
−Vp

∂u(2)
2z

∂ξ
+ lzu(1)

2z
∂u(1)

2z
∂ξ
− lz

∂ψ(2)

∂ξ

+α3lz
∂

∂ξ

[
2
3

n(2)
2 −

1
9
(n(1)

2 )2
]
− η

∂2u(1)
2z

∂ξ2 = 0, (36)

σ1ψ(2) + σ2[ψ
(1)]

2
+ n(2)

2 −Λn(2)
1 = 0. (37)

Finally, the next higher-order terms of Equations (6)–(9) and (13), with the help of
Equations (23)–(37), can provide Burgers’ equation as

∂Ψ
∂τ

+ AΨ
∂Ψ
∂ξ

= C
∂2Ψ
∂ξ2 , (38)

where Ψ = ψ(1) is used for simplicity. In Equation (38), the nonlinear coefficient (A) and
dissipative coefficient (C) are given by the following expression:

A =
(M1S3

1 −M2S3
2 − 2σ2S3

1S3
2)

M3S1S2
, and C =

η

2
, (39)

where M1 = Λ(81α2
1V2

p l4
z − 6α2α2

1l6
z ), M2 = 81V2

p l4
z − 6α3l6

z , and M3 = 18Vpl2
z (1 + α1Λ).

It is well established that the ion fluids are viscous, and in realistic situations, ion fluids
which occur in both space [50] and laboratory [50,51] plasmas, where the effect of viscous
force cannot be neglected. It is important to note here that Burger’s equation, defined
by Equation (38), is derived for our multi-ion dusty plasma system, when the effect of
dispersion is negligible compared to that of dissipation.

Now, we look forward to the stationary shock wave solution of this Burgers’ equation
by taking ζ = ξ−U0τ′ and τ = τ′, where U0 is the speed of the shock waves in the reference
frame. These allow us to represent the stationary shock wave solution as [49,52,53]

Ψ = Ψm

[
1− tanh

(
ζ

∆

)]
, (40)
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where Ψm is the amplitude and ∆ is the width. The expression of the amplitude and width
can be given by the following equations:

Ψm =
U0

A
, and ∆ =

2C
U0

. (41)

4. Numerical Analysis and Discussion

Now, we would like to observe the basic properties of DIASHWs in a magnetized PIP
having inertial pair-ions, inertialess non-thermal distributed electrons and positrons, and
static negatively charged massive dust grains by changing the various plasma parameters,
viz., ion kinematic viscosity, oblique angle, non-thermality of electrons and positrons, mass,
charge, and number density of the plasma species. Note that the viscous force acting in
positive and negative ion fluid of the plasma model under consideration is the source
of dissipation, and is responsible for the formation of shock structures [50]. It can be
seen from the literature that the PIP system can support these conditions: m2 > m1 (i.e.,
H+ −O−2 [8,10,13–16], Ar+ − SF−6 [14–16,54], and Xe+ − SF−6 [14–16,54]), m2 = m1 (i.e.,
H+ − H− [8,10,13–16] and C+

60 − C−60 [17,18,55]), and m2 < m1 (i.e., Ar+ − F− [10,13]).
Equation (41) shows that under consideration of U0 > 0 and C > 0, no shock wave will
exist if A = 0 as the amplitude of the wave becomes infinite, which clearly violates the
reductive perturbation method [56–59]. Thus, A can be positive (i.e., A > 0) or negative
(i.e., A < 0), according to the value of other plasma parameters. The left panel of Figure 1
illustrates the variation of A with α4, and it is obvious from this figure that A can be
negative, zero, and positive according to the values of α4 when other plasma parameters
are α1 = 1.5, α2 = 0.05, α3 = 0.03, λp = 1.5, λe = 1.7, λd = 0.05, δ = 30◦, and α = 0.5.
The point at which A becomes zero for the value of α4 is known as the critical value of α4
(i.e., α4c). In our present analysis, the critical value of α4 is α4c ≡ 01. Thus, the negative
(positive) shock profile can exist for the value of α4 < α4c (α4 > α4c). The right panel of
Figure 1 describes the effects of the external magnetic field on the formation of the positive
shock profile. The increase in oblique angle raises the height of the positive shock profile,
and this result is analogous to the result of Ref. [31].

Figure 1. The variation of nonlinear coefficient A with α4 (left panel) and Ψ with ζ for different
values of δ (right panel) along with α1 = 1.5, α2 = 0.05, α3 = 0.03, λp = 1.5, λe = 1.7, λd = 0.05,
α = 0.5, and Vp ≡ Vp+.

The left and right panels of Figure 2 represent the variation of the positive and nega-
tive shock profiles with ion kinematic viscosity (via η), respectively, when other plasma
parameters remain constant. It is really interesting that the steepness of both positive and
negative shock profiles declines with the increase of η without affecting the height.
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Figure 2. The variation of Ψ with ζ for different values of η under consideration of α4 > α4c (left
panel) and α4 < α4c (right panel) along with α1 = 1.5, α2 = 0.05, α3 = 0.03, λp = 1.5, λe = 1.7,
λd = 0.05, δ = 30◦, α = 0.5, U0 = 0.01, and Vp ≡ Vp+.

The height of the positive shock profile is very sensitive to the change of non-thermality
of the electrons and positrons, which can be seen in the left panel of Figure 3. There is a
decrease in the amplitude of positive shock profile when electrons and positrons deviate
from thermodynamic equilibrium, and this result is compatible with the result of Ref. [60].
The variation of the DIASHWs with negative ion charge state, negative ion, and positron
number densities (via λp) can be observed in the right panel of Figure 3. It is clear from the
right panel of Figure 3 that as we increase the positron (negative ion) number density, the
height of the positive shock wave increases (decreases) when the charge of the negative ion
remains constant, or the the height of the positive shock wave decreases with the charge of
the negative ion for a fixed value of the number density of positron and negative ion.

Figure 3. The variation of Ψ with ζ for different values of α (left panel) and λp (right panel) under
consideration of α4 > α4c along with α1 = 1.5, α2 = 0.05, α3 = 0.03, α4 = 1.5, λe = 1.7, λd = 0.05,
δ = 30◦, η = 0.3, U0 = 0.01, and Vp ≡ Vp+.

The charge and mass of the positive and negative ions are vigorously responsible
for changing the height of the positive shock profile. Figure 4 describes the nature of
DIASHWs with the variation values of α1, i.e., α1 > 1 (left panel) and α1, i.e., α1 < 1 (right
panel), respectively, under consideration of α4 > α4c. it is obvious from this figure that (a)
due to the α4 > α4c, we have observed positive shock potential of DIASWs; (b) the height
of the positive shock profile increases (decreases) with rising value of positive (negative)
ion mass for a fixed value of the their charge state, but as we increase the charge state of
the positive (negative) ion, then the amplitude of the positive shock profile diminishes
(enhances) when their masses are constant; (c) the height of the amplitude of the shock
profile is taller (shorter) under the assumption of m2 < m1 (m2 > m1). Thus, the dynamics
of positive shock profile of DIASWs in PIP system rigorously change with these conditions
m2 < m1 (i.e., α1 < 1) and m2 > m1 (i.e., α1 > 1).



Gases 2022, 2 29

Figure 4. The variation of Ψ with ζ for different values of α1, i.e., α1 > 1 (left panel) and α1, i.e., α1 <
1 (right panel) under consideration of α4 > α4c along with α3 = 0.03, α4 = 1.5, λe = 1.7, λp = 1.5,
λd = 0.05, δ = 30◦, η = 0.3, α = 0.5, U0 = 0.01, and Vp ≡ Vp+.

We can also observe the effects of mass and charge of positive and negative ions in the
formation of the negative shock profile from Figure 5 under consideration of α4 < α4c. The
left panel represents the variation of potential with ξ under consideration of m2 > m1, i.e.,
α > 1, while the right panel represents the variation of potential with ξ under consideration
of m2 < m1, i.e., α < 1. It can be seen from this figure that the magnitude of the amplitude
decreases (increases) with the mass of negative (positive) ion when their charge remains
constant. Physically, the order of the variation of the potential, as well as the dynamics of
the plasma medium, is invariant under the conditions m2 > m1 or m2 < m1.

Figure 5. The variation of Ψ with ζ for different values of α1, i.e., α1 > 1 (left panel) and α1, i.e., α1 < 1
(right panel) under consideration of α4 < α4c along with α3 = 0.03, α4 = 1.5, λe = 1.7, λp = 1.5,
λd = 0.05, δ = 30◦, η = 0.3, α = 0.5, U0 = 0.01, and Vp ≡ Vp+.

5. Conclusions

In our present investigation, we considered a multi-component magnetized PIP having
static dust grains, non-thermal electrons, and positrons. Burgers’ equation was derived by
employing the reductive perturbation method for studying DIASHWs. The results that we
have found from this investigation can be summarized as follows:

• The negative (positive) shock profile can exist for the value of α4 < α4c (α4 > α4c).
• The steepness of both positive and negative shock profiles declines with the increase

of η without affecting the height.
• The increase in oblique angle raises the height of the positive shock profile.
• The height of the positive shock wave increases with the number density of positron.
• The amplitude of the positive shock profile increases (decreases) with increasing the

value of positive (negative) ion mass.

The results are applicable in understanding the criteria for the formation of DI-
ASHWs in astrophysical plasmas, viz., cometary comae [2], upper regions of Titan’s at-
mosphere [3–5], plasmas in the D- and F-regions of Earth’s ionosphere [4–6], and also
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in laboratory environments, viz., H+ −O−2 [8,10,13–16], (K+, SF−6 ) plasma [7,8], Xe+ −
SF−6 [14–16,54], H+ − H− [8,10,13–16], (Ar+, F−) plasma [9], plasma processing reac-
tors [10], plasma etching [11], combustion products [11], (Xe+, F−) plasma [12], neutral
beam sources [13], (Ar+, SF−6 ) plasma [14–16], (Ar+, O−2 ) plasma, Fullerene (C+

60, C−60)
plasma [17,18], etc.
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