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Abstract: In this paper, we use the time-frequency wavelet estimators to analyze the robustness of
Okun’s Law in the European Union across time and within various economic cycles. We extend
the Okun’s Law literature as we focus on Europe, directly estimating the time-frequency varying
Okun’s coefficient. We observe that Okun’s coefficient in Europe is unstable at short run (infra and
annual cycles). The strength of Okun’s Law is time dependent at short run as linkages between
growth and unemployment are stronger only during crisis times. Such instability is explained as
unemployment predominates growth, leading to a positive coefficient and weaker strength. However,
as the frequencies increase, the coefficient is more stable over time and the strength is higher and
homogenous over time.
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1. Introduction

Okun’s Law [1] established a negative relationship between unemployment rate
variations and the output gap. This relationship estimates that 1% variation in the real
output from the potential leads to a 0.33% change in the unemployment rate from the
natural rate. For the US, Okun’s Law studies estimated that each 1% deviation in real output
leads to an unemployment reduction of 0.4% or a heuristic value of 0.5%. Okun’s Law is a
pilar of macroeconomics policy tools due to its ability to easily examine unemployment
dynamics according to basic economics conditions (crisis time or expansion period).

The stability of the Okun parameter across time is discussed in the literature focusing
on macroeconomic aspects explaining, or not, the effect of structural breaks on the Okun’s
Law results. Okun’s coefficient can be considered as stable over time for various countries
while different values are noted across countries [2,3]. The stability hypothesis of the
Okun parameter is also supported [4,5] as no significant differences were found between
parameters estimated over different periods (before and after 1984—Great Moderation).
However, some studies highlight an unstable Okun parameter value across time [6–11].
The unemployment rate seems react more to real output changes during recessions than
in expansion periods or subject to structural breaks [10,12–14]. Changes in the Okun
coefficients have been observed during the Great Moderation [15,16] and in the 2001
recession [17]. The question of the Okun coefficient stability is still debated today; for
example, some authors continue to estimate a static parameter to study the relationships [18]
or simply use the intuitive value of 0.5 [19].

Recent studies highlight additional weaknesses of Okun’s Law. For instance, the
estimation is not conditional on the frequency, here associated to the period of the business
cycles [20,21]. Previous literature indicates that the Okun’s Law debate on stability is
related to the different kinds of cycles considered in the studies. Then, Okun’s Law can
be stable for some cycles (frequencies) while being unstable for others depending on the
speed of recovery and the strength of a shock/recession. The output growth volatility
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transfer from short run cycles (1–4 years) to long run cycles (8–16 years) during the Great
Moderation period has been observed [22,23]. These results can explain some variability in
Okun’s coefficients across time while supporting the frequency hypothesis. Relevant results
were found using time-frequency analysis with a continuous wavelet coherence phase [20].
The Okun coefficient is time-frequency varying but not asymmetric as the value is not
dependent on crisis and expansion periods. At the same time, the heuristic value of 0.5% is
observed at specific frequencies. Using phase analysis, it has been found that output (and
growth) is predominantly variable of the relation. The time-frequency variation of Okun’s
coefficient and the output gaps leads on unemployment are also supported [21]. However,
few papers have analyzed Okun’s Law in Europe, assuming that results observed for the US
are applicable to European situations. But the European business cycles and labor market
are different, potentially leading to different results for Europe. Since the 2008–2009 crisis,
unemployment has been a persistent and structural issue in many European countries
(especially in Mediterranean countries such as France, Spain, and Italy).

Time-frequency analysis is then suitable to study the relationship between variables,
particularly the coherence and phase. Multiple studies focus on the application of wavelets
in finance to highlight linkages between commodities, stock indices, and financial as-
sets [24–28] to outline risk transmission mechanisms or contagion effects between major
stock indices. The notion of wavelet gain is developed [20,29] in order to assess the abso-
lute value of a parameter’s regression model (applied for the Okun framework, among
others) and analyze the phase to assess the sign and the lead–lag relationship. In parallel,
the concept of wavelet gain is extended by time-frequency estimators [30,31] to directly
estimate the beta at each time and frequency with its sign (positive or negative).

In this paper, we use the time-frequency wavelet estimators to analyze Okun’s Law
in the European Union. We extend the Okun’s Law literature as we focus on Europe and
estimate the time-frequency varying Okun’s coefficient. We first present the technical
improvement of wavelet time-frequency estimators, and we then discuss and analyze
the results.

2. Materials and Methods

Wavelets are an extension of the spectral analysis of time series, allowing the decompo-
sition of a chronic in the time-frequency space [32–37]. We distinguish two forms of wavelet
decomposition processes: the discrete process, called maximal overlap discrete wavelets
transform (MODWT); and the continuous process, called continuous wavelet transform
(CWT). The main difference between MODWT and CWT is the type of wavelets used, the
accuracy in the frequency scale, and the computational time. MODWT is based on a dyadic
scale decomposition in which frequency components are ranked into wavelet frequency
bands of a length equal to a multiple of 2 only. The CWT is finer and can more accurately
distinguish between frequencies. In addition, CWT provides cross-transformation of two
variables useful to analysis interaction and between them across time and frequencies.

The CWT is based on a wavelet mother ψ(t) serving as a filter to extract information
from a time series x(t) of length N. This function will be shifted by a time parameter and
dilated by s, a frequency scale parameter, generating the wavelet family ψτ,s(t) composed
by “wavelet daughters” representing each version of ψ(t) according to τ and s.

ψτ,s(t) =
1√

s
ψ

(
t− τ

s

)
(1)

The initial chronic x(t) will be projected in the ψτ,s(t) generating the wavelet coeffi-
cients, W(s, τ). These coefficients represent the variations in x(t) around an area around
t∓ τ with a frequential length s.

W(s, τ) =
∫ +∞

−∞
x(t)

1√
s

ψ∗
(

t− τ

s

)
dt (2)
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where ψ∗
( t−τ

s
)

is the complex conjugate of ψτ,s(t).
Then, the CWT of x(t) generates multiple sub-chronics of the same length, N, at each

frequency scale. The inverse process, called inverse continuous wavelet transform (ICWT),
allows the reconstruction of the initial x(t) from all of the wavelet coefficients.

x(t) =
1

Cψ

∫ +∞

−∞

∫ +∞

−∞
ψτ,s(t)W(s, τ)

dτds
s2 (3)

The previous equation of ICWT assumes that the expression Cψ is non-null and less
than +∞. This condition ensures the condition of the existence or admissibility of the
wavelet mother [37]:

Cψ =
∫ +∞

0

∣∣∣Ψ̂( f )
∣∣∣2

f
d f < +∞ (4)

where f is the frequency and Ψ̂( f ) is the Fourier transform of the wavelet mother.
This condition indicates and is respected when the wavelet mother is a zero-mean

and square norm function, then the variance of x(t) is preserved during the process of
decomposition and reconstruction. In this paper, we use the complex Morlet wavelet ψM(t)
as it provides a good balance between time and frequency representations.

ψM(t) = π−1/4ei f0te(−
t2
2 ) (5)

where i2 = −1 and f0, the non-dimensional frequency, equals 6 to satisfy the condition
on Cψ.

From a CWT based on the Morlet wavelets, we define the notion of wavelet coherence,
which is similar to the squared correlation and useful to visualize co-movement between
two chronics, x(t) and y(t) [38]. The two time series are decomposed by CWT providing
their respective wavelet coefficients Wx(s, τ); Wy(s, τ). So, we can compute time-frequency
covariance called cross-wavelet decomposition:

SWxy(s, τ): SWxy(s, τ) = Wx(s, τ)W∗y (s, τ) (6)

W∗y (s, τ) is the complex-conjugate of Wy(s, τ).
The formula of the wavelet coherence, WQ(s, τ), between x(t) and y(t) is like the R2

one in terms of the ratio of covariance and variance products.

WQ(s, τ) =

∣∣G(s−1.SWxy(s, τ)
)∣∣2

G
(

s−1.|Wx(s, τ)|2
)

.G
(

s−1.
∣∣Wy(s, τ)

∣∣2) (7)

G is a smoothing time-frequency operator.
Time-frequency smoothing is required because the coherence coefficients are com-

plex [39]. The coherence coefficient WQ(s, τ) is between 0 and 1 at each time t and frequency
scale s.

The wavelet phase difference (or simply phase) is a complementary notion to the
coherence as it contains information on the leadership and sign of the relationship between
x(t) and y(t). The phase difference function, θx,y(s, τ), is the arctangent of the ratio of the
imaginary part and real part of the cross-transform SWxy(s, τ):

θx,y(s, τ) = arctan

(
=
(
SWxy(s, τ)

)
<
(
SWxy(s, τ)

)) (8)

According to the value of the phase difference between −π and π, we can study the
sign and the leadership of the relationship between x(t) and y(t) as follows:



Eng. Proc. 2023, 39, 9 4 of 9

- θx,y(s, τ) ∈
[
0, π2

]
: x(t) and y(t) move together in phase so they are positively

correlated. In this case, x(t) leads y(t).
- θx,y(s, τ) ∈

[
π
2 ,π

]
: x(t) and y(t) move together in anti-phase so they are negatively

correlated. In this case, y(t) leads x(t).
- θx,y(s, τ) ∈

[
−π

2 , 0
]

: x(t) and y(t) move together in phase so they are positively
correlated. In this case, y(t) leads x(t).

- θx,y(s, τ) ∈
[
−π ,−π

2
]
: x(t) and y(t) move together in anti-phase so they are nega-

tively correlated. In this case, x(t) leads y(t).

We define the time-frequency estimator as follows:

βs,τ = ϑs,τ ∗WQ(s, τ)
1
2 ∗

G
(

s−1.
∣∣Wy(s, τ)

∣∣2) 1
2

G
(

s−1.|Wx(s, τ)|2
) 1

2
(9)

where ϑs,τ is a phase parameter providing the sign of the correlation ([30,31] ϑ = 1 when
chronics are in phase

∣∣θx,y (s, τ)
∣∣ ∈ [

0, π2
]

and ϑ = −1 when chronics are in anti-phase∣∣θx,y (s, τ)
∣∣ ∈ [π2 ,π

]
..

We use official data for the European Union quarterly real GDP (Y) and unemployment
rate (U) for 2001—Q1 to 2019—Q4. Previously, we computed the GDP growth (∆Yt) and
unemployment rate variations ∆Ut to estimate the first difference Okun’s Law equation:

∆Ut = α + β∆Yt + εt (10)

The wavelet coherence indicates the strength (R2) of Okun’s Law while the phase
shows which variable leads the relationships. Equation (10) in the time-frequency space
is then:

∆Ut,s = α + βs,τ ∆Yt,s + εt,s (11)

Finally, we apply the time-frequency estimators’ formula (Equation (9)), and we study
the time and frequency dynamic of the Okun coefficient.

3. Results and Discussion

Figure 1 shows the coherence, phase difference, and time frequency varying Okun
coefficient results. Figure 1a is a 2D presentation of the time-frequency coherence (R2

coefficients) associated with the phase difference represented by arrows. The color code
shows the value of the coherence, with red for high coherence and blue for low coherence
between the two variables. The direction of the arrows indicates both the sign of the
relationship—negative by arrows pointing left and positive by arrows pointing right—and
the variable leader. Figure 1b shows a 3D representation of the coherence between the two
variables. The analysis of the leader variable is more easily performed from a representation
of the phase for a given frequency, which is performed hereafter. The frequency unit is the
period related to the cycle. Then, period 2 represents a cycle of 6 months (two quarters),
period 4 represents a cycle of 1 year (four quarters), etc.

The coherence is strong at high-frequencies between periods 2 and 4 (here, the short-
run horizon) only during 2007–2010 (Global Financial Crisis and 2009 Recession). In the
long term, for cycles of more than three years, the coherence is very high across time and
seems independent of crisis and expansion periods. We can thus conclude that the intensity
of the Okun relationship is dependent of the European economic condition (recession
expansion) for short cycles (less than 1 year) but remains homogeneous in the longer term.
These results are consistent with current literature mainly focused on the US economy as
we confirm the frequency hypothesis of Okun’s Law. However, we note that the strength
of Okun’s Law is more dependent on short run economics situations, especially crisis
times, in Europe than in the US. Then, we notify a frequency asymmetric relation. Okun’s
Law is consistent and relevant in the long run but sensitive to economic conditions in the
short term.
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Figure 1. (a) Two-dimensional representation of wavelet coherence and phase between growth and 
unemployment rate variations; (b) three-dimensional representation of wavelet coherence; (c) three-
dimensional representation of time-frequency varying the Okun coefficient. Corresponding color 
legends describing coefficents values are put on each figure. 
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In addition, the estimation of the Okun coefficient in the time-frequency space ex-
tends our interpretation. Figure 1c shows that the Okun coefficient is not stable around 
the commonly acceptable value of −0.5. Then, the coefficient is more erratic and volatile, 
especially in the very short term. However, in the long run, the coefficient seems to be 
more stable as the strength of the relation increases. We also note an unusual result with 
positive Okun coefficients while a negative one is expected. 

In the short term for cycles between 6 months and less than 1 year in length, the co-
herence is relatively high and the Okun coefficients are decreased and negative from 2001 
to Q1 of 2005, reaching its lowest value at −0.9. Growth is the predominant variable, but 
after 2005 the coefficient is increasing to stabilize around −0.3 until 2010. Here; we note 

Figure 1. (a) Two-dimensional representation of wavelet coherence and phase between growth and
unemployment rate variations; (b) three-dimensional representation of wavelet coherence; (c) three-
dimensional representation of time-frequency varying the Okun coefficient. Corresponding color
legends describing coefficents values are put on each figure.

In addition, the estimation of the Okun coefficient in the time-frequency space extends
our interpretation. Figure 1c shows that the Okun coefficient is not stable around the
commonly acceptable value of −0.5. Then, the coefficient is more erratic and volatile,
especially in the very short term. However, in the long run, the coefficient seems to be more
stable as the strength of the relation increases. We also note an unusual result with positive
Okun coefficients while a negative one is expected.

In the short term for cycles between 6 months and less than 1 year in length, the
coherence is relatively high and the Okun coefficients are decreased and negative from
2001 to Q1 of 2005, reaching its lowest value at −0.9. Growth is the predominant variable,
but after 2005 the coefficient is increasing to stabilize around −0.3 until 2010. Here; we
note that unemployment leads growth. During the European debt crisis (2011–2012), the
Okun coefficient increased to 0 and the coherence sharply decreased to 0. From 2014
to Q1 of 2016, the coherence slowly increases while being non-significant and the Okun
coefficient returns to the negative zone at−0.8. Note that unemployment still predominates
growth. However, from Q1 of 2016 to mid-2018, the coherence sharply increases and growth
leads unemployment, as expected by Okun’s Law. Afterward, we note a positive Okun
coefficient with unemployment as the leading variable. For cycles between 1 and 3 years
in length, the results show that Okun’s Law is relevant only during crisis times from
2007 to 2012 with growth as the predominant variable. The Okun coefficient is stable at
around −0.27. As previously observed, the coherence is non-significant after the debt
crisis and sharply decreases as unemployment dominates growth. It seems that when
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unemployment predominates growth, coherence tends to decrease sharply and the Okun
coefficient (usually negative) increases, frequently exceeding zero. For long run cycles
with a period above 3 years, we note a stable and negative Okun coefficient around [−0.37,
−0.3] with growth as the predominant variable. However, since mid-2015, there has been
a slow decline in coherence, a slow increase in the Okun coefficient, and a more frequent
predominance of unemployment over growth.

The leadership of unemployment indicates standard unilateral causal representation
from growth to unemployment of Okun’s Law is not fully observed, supposing a feedback
relationship. This unusual aspect is observed over all business cycles, regardless of the
frequencies, and coincides with a decline in the strength of Okun’s Law and its coefficient
(turning from negative to positive). The literature mainly focusing on the US economy
indicates that this fact is only concentrated on specific frequencies.

We find that, for Europe, the unemployment changes play a greater role especially
after the 2008 crash and debt crisis (2011–2012). Consequently, unemployment changes
lead over growth, reducing the strength of Okun’s Law, and then tends to affect the
coefficient, equating to or exceeding zero more frequently than in the USA. Such results can
be explained by the structural unemployment rate being more important in Europe than in
the US, for which the labor market is more liquid. Many European countries (for example,
France, Spain, and Italy) have suffered high unemployment rate since the 2008–2009 crisis.

4. Conclusions

In this article, we discuss the strength of Okun’s Law for Europe as well as the stability
of its coefficient across time and frequencies. We use a wavelet approach distinguishing
Okun’s relationship with various economic cycles of different amplitudes. The literature
recommends the estimation of the gain in wavelets (the absolute value of the parameter), but
our results propose the direct estimation of the time-frequency varying Okun’s coefficient.

We find that the value of Okun’s coefficient and the coherence are then unstable in
the short run as unemployment variations more frequently lead growth for infra-annual
or annual cycles. However, we assume that the short-run coefficient is relatively stable
and negative across time and frequencies in crisis times only (for example, the 2008 crash
and debt crisis). In this context, growth is predominant over unemployment, satisfying the
Okun’s Law specification. However, when unemployment leads the relation, the coefficient
tends to be equal to zero or positive while the coherence declines. This fact is observed
for relatively quiet periods or post-crisis periods. We note that the coefficient gradually
stabilizes in value as the frequencies increase (i.e., for long-run cycles). For cycles of more
than 3 years, the coefficient is stable and insensitive to economic conditions. Okun’s Law is
then more relevant for long-run cycle than for short-run cycles in Europe.

Compared with the US, the European Okun’s Law is frequency asymmetric as the
coefficient is dependent on crises in the short term but not in the long run. This result
is consistent with a previous one indicating that the short-run Okun’s Law is less robust
across time than the long-run one. In addition, the standard value of −0.5 is discussed
for Europe as the long-run coefficient is close to −0.3, the initial value provided by Okun.
This result suggests that the structural unemployment in Europe is stronger and then less
affected by economic growth than in the US. This conclusion is also consistent with phase
analysis showing a more frequent leadership of unemployment in Europe than commonly
observed in the literature for the US.
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