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Abstract: The paper contains the results of a recognition technique based on the comparison of statisti-
cal and stochastic characteristics of the wavelet coefficients of energy density describing the emission
energy of a nanocrystal with a quantum dot according to the Brus equation for traditional and
perspective materials for quantum dots (CdSe, GaAs, CdTe, PbS) used in optoelectronic engineering
and technology, in order to analyze their characteristics.
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1. Introduction

The application of quantum structures in the design of optical devices and instruments
offers an opportunity to significantly expand the range of parameters and purposes of
traditional and perspective materials [1]. In this paper, we study the dependence of the
total energy of a quantum dot (QD) and the emission energy of nanocrystals with QDs
on its size (radius) (CdSe, GaAs, CdTe, PbS), representing nano-objects of spherical shape,
bounded in three directions. The analysis is based on a complex approach integrating
theoretical research methods, mathematical modeling and numerical methods, and wavelet
transform methods.

Wavelet transform methods are a powerful tool to analyze and process signals and
functions that are non-stationary in time or heterogeneous in space in order to identify
local features. They are divided into continuous (for analyzing signals and time series) and
discrete wavelet transforms (for analyzing signals and time series images) [1–3].

Three approaches [1,2], which are based on comparing wavelet coefficients (continuous
wavelet transform (CWT)) and signal components (detailing and approximating coefficients
in discrete wavelet transform (DWT), are used to recognize signals of a different nature:

• Statistical characteristics (mean, dispersion, standard deviation) are used to conduct a
wavelet coefficient (CWT) and signal component (DWT) analysis.

• An energy spectrum analysis examines the energy spectrum and is used only for signal
components (DWT).

• Stochastic characteristics (fractal dimensionality, Hurst index, correlation dimensional-
ity and phase space dimensionality) evaluate the chaotic nature of wavelet coefficients
(CWT) and signal components (DWT).
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Continuous wavelet transform (CWT) is chosen as the analysis tool; the result is a
wavelet spectrogram with statistical and stochastic characteristics used for recognition.

2. Theoretical Research and Analytical Part

Most modern, traditional and perspective materials used in optoelectronic engineering
and technology are nanostructures with QDs, which determine the properties of materials,
including their optical properties [4]. QDs are spherical-shaped nano-objects bounded in
three directions. QDs are characterized by the effect of the dimensional quantization of
energy states by changing the particle size. Decreasing the size of QDs leads to an increased
degree of confinement, and the width of the band gap increases as a result of the formation
of a bound electron-hole pair (exciton) with a higher energy.

The total energy of QD is the sum of the band gap energy between the occupied level
and unoccupied energy level, confinement energies of the hole and the excited electron,
and the bound energy of the exciton:

∆E(r)TOTAL = Eg + (h2π2/2d2)− (1/ε2
r) · (µ/me) · Ry (1)

µ is the reduced mass of the exciton system; me is the effective mass of the electron; d is di-
ameter of the confinement; εr is the size-dependent dielectric constant of the semiconductor;
Ry is the Rydberg energy.

Consider the effect of the QD size on their optical properties by calculating the emis-
sion energy of a nanocrystal with QDs varying in radius from 2 to 10 nm, using the
Brus equation:

∆E(r) = Eg + (h2/8r2) · (1/me + 1/mh) (2)

where Eg is the band gap energy between occupied level and unoccupied energy level, h is
the Planck constant (h = 6.62607015 · 10−34 J·Hz−1), r is the radius of the spherical particle
(2 to 10 nm), me is the effective mass of the electron, and mh is the effective mass of the hole
(Table 1).

Table 1. Parameters for calculating ∆E for different materials.

Nanocrystal Material Effective Electron
Mass, me

Effective Electron
Mass, mh

Effective Point Charge
Mass, m∗

Transition Energy Eg,
eV

PbS 0.07m0 0.09m0 0.04m0 0.41
GaAs 0.06m0 0.51m0 0.054m0 1.4
CdTe 0.14m0 0.35m0 0.1m0 1.50
CdSe 0.13m0 0.45m0 0.1m0 1.74

* m0 = 9.11× 10−31 (kg) is electron rest mass

The energy of the band gap (Eg) is calculated using the following equation:

Eq = (h2n2)/(8m∗r2) (3)

n is energy level (1, 2, 3...), h is the Planck constant (h = 6.62607015× 10−34 [J·Hz−1]), m∗ is
the effective point charge mass (Table 1), and r is the radius of the spherical particle.

Then, the Brus Equation (2) is as follows:

∆E(r) = (h2n2)/(8mer2) + (h2/8r2) · (1/me + 1/mh) (4)

Table 2 presents the results of calculating the ∆E(r) value for CdSe, GaAs, CdTe, PbS,
based on the data in Table 1 and Equation (4) [5].
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Table 2. Results of calculations of ∆E for different materials (CdSe, CdTe, GaAs, PbS).

QD Radius, CdSe CdTe GaAs PbS

nm ∆E, eV Wavelength, nm ∆E, eV Wavelength, nm ∆E, eV Wavelength, nm ∆E, eV Wavelength, nm

2.0 2.67 465 2.42 507 3.11 394 2.74 448
2.5 2.34 532 2.09 587 2.49 491 1.90 645
3.0 2.15 577 1.91 642 2.16 567 1.44 848
3.5 2.04 608 1.80 681 1.96 626 1.17 1050
4.0 1.97 630 1.73 708 1.83 671 0.99 1240
4.5 1.92 646 1.68 729 1.74 705 0.87 1410
5.0 1.89 658 1.65 744 1.67 732 0.78 1570
5.5 1.86 667 1.62 755 1.63 753 0.72 1710
6.0 1.84 674 1.60 765 1.59 770 0.67 1830
6.5 1.83 680 1.59 772 1.56 784 0.63 1940
7.0 1.82 684 1.57 778 1.54 796 0.60 2040
7.5 1.81 688 1.57 783 1.52 805 0.58 2130
8.0 1.80 691 1.56 786 1.51 813 0.56 2210
8.5 1.79 694 1.55 790 1.49 820 0.54 2270
9.0 1.79 696 1.55 793 1.48 825 0.52 2330
9.5 1.78 698 1.54 795 1.48 830 0.51 239

10.0 1.78 699 1.54 797 1.47 834 0.50 2430

Visible spectrum light includes light from violet to red, and a wavelength from
380 nm to 750 nm, which corresponds to the energy range of the photon from 2.75 eV
to 1.98 eV. Table 2 shows that the wavelength of the emitted photon depends on the QD
radius. Therefore, a smaller point radius is closer to the blue part of the spectrum, while a
larger point radius is closer to the red part of the spectrum. Consequently, changing and
controlling the size of QDs can help to obtain a certain wavelength of emissions, which
determines the color of light.

Below are graphs of the emission energy of a nanocrystal ∆E(r) as a function of the
radius of a spherical QD (Figure 1a) and graphs of the wavelength dependence from the
radius of a spherical QD (Figure 1b).

(a) (b)

Figure 1. Graph of the dependence of the emission energy of a nanocrystal ∆E(r) on the radius of a
QD (a) and a graph of the dependence of wavelength on the radius of a QD (b) for various materials
(CdSe, CdTe, GaAs, PbS)

The analysis of the dependencies (Figure 1a,b) shows that with increasing radius
QD the emission energy of the nanocrystal decreases and the wavelength increases. PbS
material containing lead (Pb) differs from others (CdSe, CdTe, GaAs) in the type of depen-
dence (Figure 1a,b—graphs have a high rate of change; Figure 1b—graphs have a different
tangent sign of the tangent angle) and values (Figure 1a—a large spread of the values of the
characteristic ∆E(r) in the range from 2 to 7; Figure 1b—a large spread of the wavelength
value over the entire interval).

The materials considered in this paper are of interest in terms of optical properties
describing the emission energy of the nanocrystal and the wavelength, which depend



Eng. Proc. 2023, 33, 35 4 of 8

on the size (radius) of the QD, so we calculate the energy density of the signal given the
Formula [3]:

Pw f (a, b) = |W f (a, b)|2 (5)

where the continuous wavelet transform (CWT) is given by [3,4]:

W f (a, b) = |a|−1/2
∞∫
−∞

f (t)ψ
(

t− b
a

)
dt (6)

where ψ(t) is a real wavelet-forming function, often referred to simply as a wavelet; a is the
scaling parameter (the inverse of the frequency); b is the shift parameter (analog of time).

For effective data analysis with continuous wavelet transformation, it is necessary to
carefully select a family of wavelets, according to the specifics of the research, in order to
obtain the best conversion result. This is one of the reasons for the significant variety of
wavelet functions, many of which are focused on the wavelet transformation of certain
classes of signals and other analysis and synthesis tasks [1,2,6].

Below is the signal energy density based on a continuous wavelet transform (CWT)
with a maximum scale of 64 and a step of 1 using a Gaussian wavelet of the 1st order
(Table 3).

Table 3. Energy density of the dependences of the emission energy of a nanocrystal ∆E(r) (Figure 1a)
based on a continuous wavelet transform and its visualizations-scalograms (n = 64; dn = 1).

Material Wavelet Function

QD Haar Wavelet Gaussian Wavelet of the
1st Order Wavelet “Mexican Hat” Daubeshi Wavelet of the

4th Order

PbS

GaAs

CdTe

CdSe
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For analysis and recognition, we first use statistical characteristics; however, before
that, we consider the cross sections of the resulting surface, and the energy density of each
material at different scale values to justify the feasibility of application (Figure 2).

Figure 2. Graphs of cross sections of signal energy density at scales 1, 2, 4, 8, 16, 32 (Gaussian wavelet
of the 1st order): horizontal axis—radius QD (nm), vertical axis—values of wavelet coefficients of
energy density.

For each section, we calculate statistical indicators and present the results in the form
of graphs and radar charts grouped by statistical characteristics and cross-section scales (1,
2, 4, 8, 16, 32) (Figures 3 and 4).

Figure 3. Graphs and radar charts of statistical characteristics (maximum and mean) of cross sections
(Figure 2) of signal energy density at scales 1, 2, 4, 8, 16, 32.
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Figure 4. Graphs and radar charts of statistical characteristics (Dispersion and Standard deviation) of
cross sections (Figure 2) of signal energy density at scales 1, 2, 4, 8, 16, 32.

The analysis of the graphs in Figures 3 and 4 shows that the mean will be the most infor-
mative and has the highest diagnostic ability if a scale equal to one or two is excluded from
the analysis.

The obtained characteristics strongly depend on the wavelet function, which is used
for continuous wavelet transformation. Figure 5 shows graphs of the cross sections of the
signal energy density at scales 1, 2, 4, 8, 16, 32 and the same dependencies, except that the
“Mexican Hat” wavelet is taken as a wavelet function.

Figure 5. Graphs of cross sections of signal energy density at scales 1, 2, 4, 8, 16, 32 (“Mexican
Hat” wavelet): horizontal axis—the radius of the quantum dot (nm), vertical axis—the values of the
wavelet coefficients of energy density.
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In the next step, for analysis and recognition, we will use stochastic characteristics, in
the form of entropy values, for the energy density obtained using various wavelet functions
(Table 4).

Table 4. The value of the energy density entropy for various wavelet functions and calculation
algorithms (setting—Shanon, LogEnerge).

Wavelet Setting CdSe CdTe GaAs PbS

Gaussian of the Shanon −89.8469 −56.4606 −75.7172 −17.6034
1st order LogEnerge 22.4197 17.8532 18.7774 −7.3786

Gaussian of the Shanon −89.8469 −56.4606 −75.7172 −17.6034
2nd order LogEnerge 22.4197 17.8532 18.7774 −7.3786

Mexican Hat Shanon −89.8469 −56.4606 −75.7172 -17.6034
LogEnerge 22.4197 17.8532 18.7774 −7.3786

Daubechies of the Shanon −89.8469 −56.4606 −75.7172 −17.6034
4th order LogEnerge 22.4197 17.8532 18.7774 −7.3786

The analysis of the values in Table 4 shows that the entropy value does not depend
on the wavelet function, which is used in the continuous wavelet transform. The obtained
values have a diagnostic ability.

3. Conclusions

This paper presents the results of a recognition technique based on a comparison of
statistical and stochastic characteristics of the wavelet coefficient of energy density describ-
ing the emission energy of a nanocrystal with a quantum dot based on the Brus equation
for traditional and perspective materials for quantum dots (CdSe, GaAs, CdTe, PbS), used
in optoelectronic engineering and technology [7]. An analysis of techniques has shown
that the statistical characteristics strongly depend on the wavelet function, which is used to
implement a continuous wavelet transform, while the stochastic characteristic, in the form
of entropy, has good diagnostic ability and does not depend on the type of wavelet function.
Further research is planned for the application of wavelet transforms to extended spectrum
materials on spherical QDs used in optoelectronics, as well as research and comparisons
of the total energy of quantum dots (1) using wavelet analysis for materials such as CdSe
and CdTe.
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