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Abstract: In this study, we investigate the linear optical response in a hybrid nanostructure composed
of a semiconductor quantum dot and a metal shell nanoparticle. We analyze a case wherein the
nanostructure interacts with an incident electromagnetic field with polarization parallel to the
symmetry axis of the nanosystem. We derive nonlinear density matrix equations in the rotating
wave approximation under the quasistatic response of the system, and use a series expansion
method to obtain analytical functions for linear susceptibility with respect to both components of
the nanostructure. The imaginary part of these expressions is related to the absorption coefficient.
We investigate the way in which the modification of the core’s material affects the characteristics
of the spectral resonance. For low values of the dielectric constant, the system exhibits amplified
gain without population inversion and quenched absorption resonance, while for high values of
the dielectric constant, we observe suppression of the gain dip and enhancement of the absorption
resonance. In the first regime, the exciton lifetime is suppressed, and in the second case, its value is
importantly increased, especially in the case of small interparticle distances where the semiconductor
quantum dot and metal shell nanoparticle interact strongly.
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1. Introduction

During the last two decades, hybrid nanostructures fabricated by coupling semi-
conductor quantum dots (SQDs) with metal nanoparticles have attracted scientific inter-
est [1–12], since they produce unique optical effects. These novel properties owe their
presence to the creation of hybrid excitons originating from the long-range Coulomb
coupling between excitons and plasmons, and have been extensively investigated in sys-
tems where a metal nanosphere is coupled to an SQD [1–10]. However, the use of metal
nanoparticles with a more complex structure may give rise to a series of interesting optical
phenomena, making such systems ideal candidates for applications in the field of nanopho-
tonics. For instance, the coupling of a metal nanoshell (MNS) with a dielectric core to an
SQD provides the advantage of tuning the optical properties of the system more efficiently,
by properly adjusting the size and the material of the core [11,12].

In the present work, we aim to explore the novel characteristics that may arise on
the absorption spectrum of both the SQD and the MNS in a hybrid system where these
two components are coupled together, by properly adjusting the dielectric constant of the
core material. We first derive the equations of motion in the rotating wave approximation,
and expand the density matrix elements in the first order with respect to the incident field.
The multipolar polarizability regime is applied [4,10–12], which provides a more accurate
description of the interaction between the SQD and the nanoshell. After solving the equa-
tions in the steady state, we obtain analytical expressions for the calculation of the positions
and the amplitudes of the maxima and the minima detected on the absorption spectrum, as
well as of the full width at half maximum (FWHM) of the absorption resonance.
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2. Methods

The hybrid nanosystem consists of an MNS structure and an SQD, and is placed in a
dielectric medium, as illustrated in Figure 1. The dielectric constants of the environment
and the SQD are denoted as εenv and εs, respectively. The MNS structure is composed of
a dielectric core with a radius r1 and a gold metal nanoshell with an outer radius r2, and
dielectric function ε(ω). The core is made of a material with a dielectric constant εc. The
center-to-center distance between the nanoparticles is R. We model the SQD as a two-level
system, with E0 and E1 being the energies of the ground state |0〉 and the excited state |1〉,
respectively, with energy difference èω01 = E1 − E0.
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Figure 1. Schematic configuration of the hybrid system.

The entire hybrid system is subjected to an external classical electromagnetic field
E(t) = E0e−iωt + c.c, which excites the interband transition |0〉→|1〉. The Hamiltonian
that governs the population dynamics of the SQD, in the dipole approximation, is:

H = èω01|1〉〈1| − è
[
(Ω + Gσ10)e−iωt + c.c.

]
(|0〉〈1|+ |1〉〈0|1), (1)

where we also introduce the following two key parameters:

Ω =
E0µ

2èεeffs

(
1 +

spolf1(ω)r3
2

R3

)
= ΩR + iΩI, (2)

G =
µ2

4πèε0ε
2
effsεenv

10

∑
n=1

(n + 1)2fn(ω)r2n+1
2

R2n+4 = GR + iGI. (3)

The first and the second terms of the Rabi frequency Ω are, respectively, associated
with the coupling of the SQD with the probe electric field and the field emitted by the MNS,
due to the induction of polarization [8]. The G parameter is related to the self-interaction
of the SQD. The εeffs factor accounts for the screening of the SQD [10]. The definition
of the first-order polarizability of a core-shell nanoparticle is α1(ω) = 4πr3

2f1(ω), with
f1(ω) = f1R + if1I being a complex factor given in Ref. [12]. In the multipole expansion
approach, the polarizability factor is defined as fn(ω) [13].

After deriving the density matrix equations and expanding the density matrix ele-
ments in the first-order Taylor series, with respect to the amplitude of the weak probe
field, we solve the obtained equations in the steady state and calculate the absorption
coefficient (imaginary part of the linear susceptibility of the SQD), as in Ref. [10], with the
corresponding critical points.

Im
[
χSQD

]
max/min = ∓Q

M2
I

2(1 + T2GI)

(√
M2

I + M2
R ∓MR

) , (4)
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where MR and MI represent the real and the imaginary parts of the complex factor M =

1
εeffs

(
1 +

spolf1(ω)r
3
2

R3

)
, and Q = − Γµ2T2

ε0Vè is a negative constant. The position and the FWHM

of the absorption resonance are:

δres = −GR −
MR

MI

(
GI +

1
T2

)
, FWHM = 2

√
1 +

M2
I

M2
R

(
GI +

1
T2

)
. (5)

Next, we determine the first-order optical susceptibility of the core-shell nanoparticle,
as in Ref. [10]. After performing calculations, we derive an analytical expression for the
first-order absorption of the MNS:

Im[χMNS] =
3εenv

ε0
f1I(ω) + Φ

∼
MIT2(δ+ GR)−

∼
MR(1 + T2GI)

T2
2(δ+ GR)

2 + (1 + T2GI)
2 . (6)

where, Φ(R) = − 3spolµ
2T2

4πε0εeffsR3 is an R-dependent quantity, and
∼
M = f1 •M =

∼
MR + i

∼
MI is a

complex factor that is frequency-independent, within the short range of frequencies under
investigation.

3. Parameters and Results

In this section, we present the profile of the absorption spectrum, as a function of the
detuning energy of the applied field from resonance èδ = è(ω−ω01), with regard to both
the SQD and the MNS. For the calculations, we assume that the MNS is made of gold. The
value of the corresponding dielectric function ε2(ω) is equal to (−2.28 + 3.81i) [14], for
an incident field of energy around 2.5 eV. This value corresponds to the energy that is
necessary for the excitation of a localized surface plasmon on the surface of the gold metal
nanoshell, and is also equal to the energy band gap of the two-level quantum emitter. The
dielectric constant of the environment is εenv = 1 and the dephasing time is T2 = 0.3 ns. The
dielectric constant of the semiconductor quantum dot εs is set equal to 6. and the transition
dipole moment is µ = 0.65qe, where qe is the electron charge [10]. In the strong confinement
regime, we also take Γ/V = 5× 1023m−3 [15]. We use the multipole polarization regime
and maintain terms of up to the order of N = 10, as this approximation is sufficient to reach
convergence [4]. The MNS is assumed to have a fixed size that is determined by the outer
radius, r2 = 7.5nm. The radius of the dielectric core r1 may vary, since we aim to investigate
in which way the value of this parameter influences the profiles of the absorption spectra.
We also consider the polarization of the external field to be oriented in parallel to the
symmetry axis of the nanosystem z, which means that sa = 2.

In Figure 2a,b, we present the absorption spectra of the SQD and the MNS, respectively,
as a function of the detuning energy of the weak probe field èδ, for interparticle distances
R = 12.5 nm (turquoise solid curve), 14 nm (purple dashed curve), 17 nm (pink dotted
curved), and 100 nm (green dashed-dotted curve). The radius of the dielectric core is
r1 = 6.5 nm and its dielectric constant is εc = 1. In Figure 3a,b, we present the spectra of
the absorption coefficients for εc = 8.



Eng. Proc. 2023, 31, 82 4 of 6Eng. Proc. 2023, 5, x FOR PEER REVIEW 4 of 6 
 

 

 
Figure 2. The imaginary part of the linear optical susceptibility of the SQD and the MNS, (a,b), as a 
function of the detuning energy ħδ of the incident field, for various center-to-center distances: R =12.5 nm (turquoise solid curve), 14 nm (purple dashed curve), 17 nm (pink dotted curve), and 100 nm (green dashed-dotted curve). (c) displays gain without population inversion on the profile 
of the SQD absorption spectrum, within a specific range of frequencies. The rest of the physical 
parameters are  r = 7.5 nm,  r = 6.5 nm, μ = 0.65q , ε = 6, T = 0.3 ps, and ε = ε = 1. 

 
Figure 3. The linear absorption spectra of the SQD and the MNS (a,b) for various center-to-center 
distances (turquoise solid curve: 12.5 nm, purple dashed curve: 14 nm, pink dotted curve: 17 nm, 
and green dashed-dotted curve: 100 nm), with ε = 8ε . (c) displays gain without population inver-
sion on the profile of the SQD absorption spectrum, within a specific range of frequencies. The rest 
of the physical parameters take the same values as in Figure 2. 

4. Discussion and Conclusions 
In Figure 2a, we note that the spectrum of Im χ  manifests a Lorentzian-type ab-

sorption resonance. As the interparticle distance is reduced, we note that the FWHM of 
the absorption peak is substantially increased and its position is shifted towards negative 
values of detuning (Equation (5)) which are, respectively, related to the shrunk lifetime of 
the hybrid exciton and its red-shifted energy. At the same time, the magnitude of the ab-
sorption peak (Equation (4)) is importantly quenched. These effects owe their presence to 
the decrease in the value of the parameters K /K  and G . The emergence of gain without 
population inversion within a specific range of frequencies on the profile of the SQD ab-
sorption spectrum (Figure 2c) is predicted mathematically by Equation (4); according to 
this equation, for any set of physical parameters, Im χ  is always negative, due to the 
negative sign of the Q constant. For intermediate values of R, the magnitude of the gain 
is maximized, while in the limiting case where the SQD does not practically interact with 
the MNS (green dotted-dashed curve: R = 100 nm), the profile of the absorption reso-
nance becomes highly symmetric and the gain region is extinguished, since M → 0. In 
this last case, Im χ converges to the values −  and Im χ → 0. As seen in 
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extinguished, the reason being that the M  variable converges to zero, since it is inversely 
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Figure 2. The imaginary part of the linear optical susceptibility of the SQD and the MNS, (a,b), as
a function of the detuning energy èδ of the incident field, for various center-to-center distances:
R = 12.5 nm (turquoise solid curve), 14 nm (purple dashed curve), 17 nm (pink dotted curve), and
100 nm (green dashed-dotted curve). (c) displays gain without population inversion on the profile
of the SQD absorption spectrum, within a specific range of frequencies. The rest of the physical
parameters are r2 = 7.5 nm, r1 = 6.5 nm,µ = 0.65qe, εs = 6, T2 = 0.3 ps, and εenv = εc = 1.
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Figure 3. The linear absorption spectra of the SQD and the MNS (a,b) for various center-to-center
distances (turquoise solid curve: 12.5 nm, purple dashed curve: 14 nm, pink dotted curve: 17 nm, and
green dashed-dotted curve: 100 nm), with εc = 8ε0. (c) displays gain without population inversion
on the profile of the SQD absorption spectrum, within a specific range of frequencies. The rest of the
physical parameters take the same values as in Figure 2.

4. Discussion and Conclusions

In Figure 2a, we note that the spectrum of Im
[
χSQD

]
manifests a Lorentzian-type

absorption resonance. As the interparticle distance is reduced, we note that the FWHM of
the absorption peak is substantially increased and its position is shifted towards negative
values of detuning (Equation (5)) which are, respectively, related to the shrunk lifetime
of the hybrid exciton and its red-shifted energy. At the same time, the magnitude of the
absorption peak (Equation (4)) is importantly quenched. These effects owe their presence to
the decrease in the value of the parameters K2

I /K2
R and GI. The emergence of gain without

population inversion within a specific range of frequencies on the profile of the SQD
absorption spectrum (Figure 2c) is predicted mathematically by Equation (4); according
to this equation, for any set of physical parameters, Im

[
χSQD

]
is always negative, due to

the negative sign of the Q constant. For intermediate values of R, the magnitude of the
gain is maximized, while in the limiting case where the SQD does not practically interact
with the MNS (green dotted-dashed curve: R = 100 nm), the profile of the absorption
resonance becomes highly symmetric and the gain region is extinguished, since MI → 0 .
In this last case, Im

[
χSQD

]
max converges to the values − Q

εeffs
and Im

[
χSQD

]
min → 0 . As

seen in Figure 2b, the absorption spectrum for the MNS has a Fano-type profile for low and
intermediate values of the interparticle distance. We also observe a rise in a gain region on
the Im[χMNS] spectrum, the magnitude of which is maximized for an intermediate value
of the center-to-center distance. In addition, for high values of the interparticle distance
(R = 100 nm), the MNS does not interact with the SQD, and the second term of Equation (6)
is extinguished, the reason being that the MI variable converges to zero, since it is inversely
proportional to the third order of R. Thus, the value of the imaginary part of χMNS is
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determined by the first term of Equation (6), which is a constant. The corresponding
spectral profile is a horizontal line (green dashed-dotted curve).

By comparing Figure 2a with Figure 3a, and Figure 2c with Figure 3c, we observe that
the increase in εC is responsible for the enhancement and the narrowing of the absorption
resonance, as well as for the gain suppression. The increase in εc leads to a decrease in GI.
As a result, the denominator of Equation (4) decreases, thus leading to the enhancement of
the absorption peak. We also find that a substantial modification of the exciton’s lifetime is
governed by the dielectric constant of the core, since the increase in εc leads to a reduction
in the FWHM of the absorption resonance. This effect can be understood in terms of
Equation (5), where we note that the FWHM is proportional to the imaginary part of the
self-interaction constant, GI, the value of which decreases as we increase the dielectric
constant of the core εc. The magnitude of the gain dip manifests a notable suppression, as
the dielectric constant of the core is amplified (Figures 2c and 3c). The dielectric constant
of the core’s material also plays an important role in the absorption spectrum of the MNS.
As we increase the value of the core’s dielectric constant, the magnitude of the gain dip of
the MNS absorption spectrum is suppressed, and above a specific value of the dielectric
constant εc, the gain region is extinguished. The spectral profile of the MNS absorption
coefficient strongly resembles the Lorentzian-type absorption spectrum of the SQD, in
opposition to the case with εc = 1 presented in Figure 2b, where it exhibits a Fano-type
line shape. This is due to the fact that the increase in the value of εc causes a substantial

decrease in the
∼
MI factor that is introduced in the R-dependent term of Equation (6).
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