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Abstract: The minimum mass for a critical reactor is well studied whereas the minimum heat
production from a nuclear reactor has received little attention. The thermal power of a (sub)critical
reactor originates from fission as well as radioactive decay. Fission includes neutron-induced and
spontaneous fission. For an idealized critical core, we find that the minimum theoretical power is
ER/Λ, whereas for a subcritical reactor comprising fissionable material undergoing spontaneous
fission, the minimum power is dictated by subcritical multiplication. Interestingly, radioisotopic heat
generation exceeds the minimum theoretical fission power for most of the fissile materials examined
in this study.
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1. Introduction

The original Chicago Pile 1 (CP-1) produced half a watt during its first operation
and later 200 W [1]. It is sometimes stated casually that a nuclear reactor can operate at
any power level [2–4]. That statement is typically directed at higher thermal power levels.
Similarly, the rated power of a reactor is defined as an upper bound for normal operation.
In contrast, the TRIGA Mark II research reactor at Mainz, Germany can reportedly be
operated at a stabilized thermal power at any level from 10 mW to 100 kW [5,6], and the
Reactor Critical Facility at Rensselaer Polytechnic Institute has been simulated at 0.79 mW,
and run during experiments at powers of 0.63 and 0.99 mW [7].

While the casual statement and the reported stable operation at milliwatts of power
are motivations to determine whether there is a theoretical minimum power level, the
determination of the minimum critical mass for a self-sustaining nuclear reactor is a well-
studied problem, for example, see [8,9]. The quest for determining minimum critical
masses for less traditional materials is an ongoing effort. For instance, Seifritz and Wydler
(1979) determined a minimum critical radius of 8.864 cm and mass of 59.7 kg for Np-
237 [10]. Sanchez et al. (2008) estimated a bare critical mass of 57 ± 4 kg for Np-237 from a
combination of experimental measurements using a neptunium sphere and Monte Carlo
simulations [11]. Ronen et al. (2006) report that the smallest thermal reactor is a 4.95-kg
spherical solution of 242mAm(NO3)2 in water [12].

In our pursuit for determining a lower limit for the thermal power of a reactor, we must
recognize that heat can be generated from several sources within a core, specifically, fission
and radioactive decay. This paper is organized with that in mind. Section 2 contemplates
the theoretical power of an ideal critical reactor. Section 3 considers the more realistic
situation of a reactor comprising fissionable materials that also undergo spontaneous
fission. Section 4 contemplates heat production originating from conventional radioactive
decay. Section 5 concludes the study.

2. Minimum Power of an Ideal Critical Reactor

In this section we consider an ideal critical reactor without any intrinsic sources. This
analysis is performed from the perspective of an average number of neutrons rather than
considering persistent chains. The formulae derived in this section are not purported to
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represent a practical minimum reactor flux or power from an operational standpoint, rather
they are purely theoretical lower bounds.

2.1. Analytical Formula

Supposing that it is possible to establish a self-sustaining reaction in which a single
fission occurs in each neutron generation, then the minimum power is

Pmin =
ER
Λ

(1)

where ER is the energy yield per fission (≈200 MeV/fission) and Λ is the generation
time. The preceding equation is equivalent to saying that ν neutrons are present in the
(finite or infinite) reactor, where ν is the average number of neutrons released per fission
event. Figure 1 illustrates this model. For a reactor volume of VRx and neutron speed of
v, the corresponding neutron density and flux are n = ν/VRx and φmin = n v = ν v/VRx,
respectively. Thus, the same minimum power is obtained from the definition of reactor
power based on the neutron flux

Pmin = ER Σf φmin VRx = ER Σf (ν v) =
ER
Λ

(2)

where the definition of generation time, Λ = 1/(v ν Σf) [13,14], is employed. The generation
time is the period between the birth of a neutron and the production of new neutrons
by fission, whereas the neutron lifetime is the time between neutron emission and ab-
sorption [15]. Because the generation time and prompt neutron lifetime `p for a finite
reactor are equal for a critical reactor, or more precisely Λ = `p/keff [16], the formula may
also be written as Pmin = ER/`p. Appendix A provides a more detailed derivation of this
minimum power beginning with the point kinetics equations. While the neutron lifetime
in an infinite reactor is `∞ = 1/(ν Σa), leakage from a finite assembly reduces the lifetime
by the nonleakage probability L (i.e., `p = L `∞). With the average neutron lifetime in a
reflected reactor being larger than that of a bare reactor [17], the minimum power of a
reflected reactor would be less than a bare reactor using the same fissionable material.

Figure 1. Lifecycle of neutrons in a single fission per generation reactor. The nonleakage probability
is L; the infinite and effective multiplication factors are k∞ and keff; the fission and absorption
macroscopic cross-sections are Σf and Σa.

2.2. Numerical Results

As an order-of-magnitude estimate of the minimum power, consider an actual fast
reactor, specifically the historic Lady Godiva I assembly [18] of Los Alamos National
Laboratory (LANL). Using fast group constants such as ν = 2.60 which ultimately originate
from the early 1960s [19], Bowen and Busch calculated a macroscopic fission cross-section
Σf of 0.06314 cm−1 for a one-speed representation of the bare, 93.5% enriched Godiva [20].
The average neutron energy using the Watt [21] U-235 fission spectrum can be calculated
as 2 MeV [22]. Assuming 2-MeV neutrons gives a minimum fission power of
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Pmin = ER Σf ν v =

(
200 MeV

fission

)(
0.06314

cm

)
(2.60 n)

(
1.96× 109 cm

s

)(
1.602× 10−13 J

MeV

)
= 10 mW (3)

The ER utilized is not exact but varies around 200 MeV/fission for nuclides as can
be seen in the tabulations by Sher [23]. For comparison, Godiva reactivity measurements
were typically carried out at power levels from 0.1 to 1 W [24]. Similarly, the fission cross-
section for LANL’s unreflected Jezebel assembly [25] was calculated as 0.07274 cm−1 [20]
for delta-phase Pu-239 which leads to a Pmin of 14 mW using ν = 2.98. Thermal power in
the milliwatt regime certainly implies a zero-power reactor for which reactivity feedback
effects are ignored. In order to expand the list of nuclides and as a rudimentary sensitivity
analysis, modern JENDL (Japanese Evaluated Nuclear Data Library) 4.0 fission-spectrum-
averaged cross-sections [26] were utilized in this study, and the results are compared in
Table 1. The fast reactor physics parameters lead to minimum powers in the low mW.

Table 1. Minimum power for an idealized spherical critical fast reactor.

Nuclide Pmin (mW) from Circa 1960s
Neutron Physics Data 1

Pmin (mW) from JENDL 4.0
Neutron Physics Data

U-233 n/a 14
U-235 11 9

Np-237 n/a 11
Pu-239 (α) 17 16
Pu-239 (δ) 14 13
Am-242m n/a 11

1 Reference [19] provided fast cross-section data for U-235, U-238, and Pu-239 only.

Recognizing that thermal neutron microscopic cross-sections for fissile materials are
about two orders of magnitude larger than their fast counterparts but the thermal neutron
speed is about four orders of magnitude smaller, we surmise that the minimum thermal
power for a thermal reactor would be at least two orders of magnitude smaller, especially
given that fuel atomic densities will likely be much smaller than those of Godiva and
Jezebel. Moreover, for a thermal reactor the neutron lifetime depends more so on the
neutron diffusion time within the moderator. For instance, light water has a thermal
diffusion time of about 2.1 × 10−4 s [15], which yields a minimum power of

Pmin =
ER
`p

=
(200 MeV)(1.602× 10−13 J/MeV)

(2.1× 10−4 s)
= 1.5× 10−7 W (4)

Similarly, Table 2 lists the minimum power based on four different moderators, al-
though we recognize that the overall diffusion time depends on the fuel and configuration.
For instance, in a homogeneous fuel-moderator mixture, the diffusion time would be
reduced by a multiplier of 1 − f where f (≤1) is the thermal utilization. In the case of
the graphite-moderated Peach Bottom High-Temperature Gas-Cooled Reactor (HTGR),
Preskitt et al. (1967) measured the generation time as approximately 0.2 ms, varying based
on the control rod configuration [27]; using Equation (4), the corresponding Pmin is 160 nW.

Table 2. Minimum power based solely on the moderator for a thermal reactor.

Moderator Diffusion Time (s) 1 Minimum Power (nW)

Light water 0.00021 150
Heavy water 0.043 0.75

Beryllium 0.0039 8.2
Graphite 0.017 1.9

1 Neutron diffusion times are from [15].
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The results of this section, however, are too idealistic as fissionable materials undergo
spontaneous fission resulting in the presence of far greater numbers of neutrons than ν in
each generation. In addition, heat can be generated from pre-existing fission fragments
and activation products in a critical core. The author recognizes that maintaining such
a low power is impractical, especially in the absence of a dedicated neutron source. It is
well-known that a neutron source is necessary for instrumentation purposes to ensure
statistical significance in the measurement of flux [28] especially at start-up conditions. This
latter item is an impetus to examine whether a similar limit exists for subcritical reactors.
Nonetheless, we have established a reference point for Pmin.

3. Minimum Power of Subcritical Reactor with Intrinsic Source(s)

The presence of inherent neutron sources within fissionable material leads to a steady-
state background flux and the concomitant subcritical multiplication. In fact, Ruby argues
that “all [reactor] steady states are subcritical” due to the presence of an endogenous source
and small reactivity oscillations [29]. Intrinsic sources within a reactor include neutron
emission from spontaneous fission and (γ,n) and (α,n) reactions. This section focuses on
the former, but (α,n) reactions would readily occur in oxide fuels.

3.1. Analytical Formula

For a subcritical reactor of reactivity ρ, the neutron density due to a volumetric source
term, S n/(cm3·s), is known to be [4,30]

n =
−Λ S

ρ
(5)

This relation, which accounts for subcritical multiplication, is used to determine the
corresponding fission power

P = ER Σf (n v) VRx =
ER S VRx
−ρ ν

(6)

Escalona also provides the preceding expression [31].
The subcritical multiplication factor M = 1/(1− keff) can be used to distinguish the con-

tribution from the original intrinsic source neutrons from that due to the multiplication [32].
The corresponding decomposition of the power results in

P = Pintrinsic + Pfission =
ER S VRx keff

ν
+

ER S VRx keff
−ρ ν

(7)

The fraction of the power production from the original source neutrons is 1 − keff.

3.2. Spontaneous Fission Neutron Yields

Using the branching fraction F and average number of neutrons emitted for sponta-
neous fission νsp, the neutron yield may be determined from

Y = F νsp
λ NA

M
(8)

where NA is the Avogadro constant, and λ is the overall effective decay constant of the
radioisotope and M is its atomic mass. Table 3 lists some pertinent total half-lives and
spontaneous fission branching factors as obtained from [33–35] and νsp values from [36]
along with the calculated neutron yield.
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Table 3. Spontaneous fission characteristics.

Nuclide Total
Half-Life (y)

Branching
Factor (%)

Neutrons
Released per Fission, νsp

Neutron Yield
(n/(g·s))

U-233 1.59 × 105 <6 × 10−11 1.76 3.76 × 10−4

U-235 7.04 × 108 7 × 10−9 1.86 1.04 × 10−5

U-238 4.46 × 109 5 × 10−5 2.01 1.25 × 10−2

Np-237 2.14 × 106 2.1 × 10−10 2.05 1.12 × 10−4

Pu-239 2.411 × 104 3 × 10−10 2.16 1.49 × 10−2

Am-242m 141 <4.7 × 10−9 2.34 4.26 × 101

Cf-252 2.65 3.1 3.765 2.32 × 1012

While seeking up-to-date spontaneous fission data, it was found that many of the
νsp values ultimately rely upon measured and estimated data that are now more than
50 years old. Manero and Konshin provided a comprehensive list of twenty-one measured
prompt νsp values in 1972 [37]. A decade later, Perry and Wilson expanded upon this list
by estimating νsp for twenty other actinides including U-233, U-235, Np-237, Pu-239, and
Am-242m, and they augmented all of the 1972 prompt data by adding an assumed delayed
νsp value of 0.01 based on a measurement for just Cf-252 [36]. The majority of Ensslin’s
(1991 and 1998) data [38,39] would then hail from Perry and Wilson (1981). Interestingly,
both Shores (2001) [40] and more recently Verbeke et al. (2014) [41] (with a couple of
typographic errors) utilize the Perry and Wilson values except for the Pu-241 νsp which is
taken from Ensslin because of its absence from Perry and Wilson. Shores employed these
data for the SOURCES computer code [42]. Of note, Santi and Miller (2008) provided an
extensive list of consensus values for νsp including values of 1.98 ± 0.03 for U-238 and
3.757 ± 0.010 for Cf-252 [43].

More important than the differences in νsp are the refinements in the spontaneous
fission half-lives. Improvements in the half-life data have resulted in significant changes
in the calculated neutron yield. For instance, the spontaneous fission yields given in the
well-known Passive Nondestructive Assay of Nuclear Materials (1991) [38] for U-233 and
Pu-239 are 0.00086 and 0.0218 n/(s·g), respectively, which are 130% and 47% different from
those computed in this investigation with up-to-date spontaneous fission half-lives.

3.3. Numerical Results

Using Equation (6), calculations of the fission power at subcriticality are performed
for three fissionable isotopes: U-235, U-238, and Pu-239. For each nuclide, the bare mass
required to achieve a given subcritical reactivity was first computed using the JENDL 4.0
fast group constants [26]. Figure 2 shows the thermal power for keff ≤ 0.9999999 for U-235
and Pu-239, and keff ≤ 0.99 for U-238. Although Pu-239 has a higher spontaneous fission
yield than U-238, because of its greater subcritical mass U-238 exhibits a larger power than
Pu-239. For comparison, the minimum power for a critical mass of pure U-235 and Pu-239
using circa 1960s reactor physics constants substituted into Equation (2) is 11 and 14 mW,
respectively, as given in Table 1.
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Figure 2. Reactor power from spontaneous fission and subcritical multiplication within bare spherical
metal assemblies of subcritical mass comprised solely of the indicated fissionable isotope.

Because both the U-235 and Pu-239 masses can achieve criticality, we may obtain an
alternative expanded view of the results. In particular, we can calculate the power for both
(i) a subcritical mass and (ii) a critical mass at subcriticality. Figure 3 shows these results.
Once ρ > −0.01, the curves for the two cases are indistinguishable.

Figure 3. Total reactor power from spontaneous fission and subcritical multiplication within bare
spherical metal assemblies consisting of a subcritical mass or a critical mass at subcriticality.

For the same fissionable material, a reflected reactor with its reduced mass and larger
neutron lifetime exhibits a smaller minimum power than a bare assembly. The impact of
the decreased mass is seen in the diminished spontaneous fission source (S VRx) within
Equation (6). From the neutron lifetime perspective, the decreased minimum power of
the reflected reactor can be obtained using Equation (4). To gauge the difference, consider
LANL’s Topsy [44] which was the reflected version of Godiva. Godiva with a critical mass
of 48.8 kg was approximately three times larger than the 16.28 kg natural uranium reflected
Topsy [19]. The Rossi-alpha at delayed critical (αdc = −β/`p) for Godiva and Topsy were
–110 and –37, respectively, ×104/s, and the delayed neutron fractions (β) were 0.0066 and
0.0072 [19]. This leads to minimum powers of 5.3 and 1.7 mW for the bare Godiva and
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reflected Topsy, respectively. For Jezebel with a delayed critical Rossi-α of −65 × 104/s
and β of 0.0019 [19], the corresponding minimum power is

Pmin =
ER
`p

=
−αdcER

β
=

(65× 104/s)(200 MeV)(1.602× 10−13 J/MeV)

(0.0019)
= 0.011 W (9)

For Popsy—the reflected version of Jezebel—the αdc was −20 × 104/s [25,45], indicat-
ing a minimum power of less than one-third of Jezebel. The Pmin values obtained using
the Rossi-α differ from those using the cross-sections due to simplifications such as the
assumed average neutron energy of 2 MeV and the purity of the materials in the latter
approach (e.g., the Pmin = 14 mW value for Jezebel in Section 2.2 is based on cross-sections
for pure Pu-239 whereas Jezebel was actually composed of about 4.5% Pu-240 [25]).

4. Radioisotopic Heat Production

The earlier analyses in this paper have focused on thermal power generation from
fission; however, an additional heat source exists due to radioactive decay besides spon-
taneous fission. The specific power from radioactive decay can be computed from the
reaction Q value of radionuclides exclusively undergoing alpha decay. The Q value is
determined from the parent P and daughter D atomic masses M and speed of light c using

Q = [MP − (MHe-4 + MD)] c2 (10)

Subsequently, the specific power is obtained from the half-life tH of the parent via

SP = Q
ln(2) NA

tH MP
(11)

Using Q for beta decay is inappropriate because the neutrino energy will most likely
be deposited at a great distance. Common alpha emitters include U-233, U-235, U-238,
Pu-239, and Np-237, whereas Pu-241 decays by beta emission.

Using the above relations along with half-lives from NuDat 2.8 [46] and atomic
masses from [47], the specific powers of U-235 and Pu-239 are found to be 59.9 nW/g
and 1.93 mW/g, respectively. In comparison, the theoretical minimum fission power for
the minimum mass (ideal) critical reactors of U-235 and Pu-239(δ) are 170 nW/g and
1.26 µW/g, respectively, using the JENDL 4.0 data. Table 4 contrasts these values for
multiple fissile nuclides, with most found to have a larger radioisotopic specific power
than minimum fission power. The exception is the U-235 reactor, for which the minimum
fission power is about three times larger than the radioisotopic heat generation. In the case
of Pu-239, the heat production from radioactive decay is about three orders of magnitude
larger than that of the minimum fission power. With respect to the plutonium, Stout and
Jones state that a mass of Pu-239 is warm to the touch [48].

Table 4. Comparison of minimum fission power and radioisotopic specific power.

Nuclide Pmin (µW/g) 1 SP (µW/g)

U-233 0.724 280
U-235 0.17 0.0599

Np-237 0.337 20.7
Pu-239 (α) 0.648 1930
Pu-239 (δ) 1.26 1930
Am-242m 0.51 4600

1 Using the JENDL 4.0 fission-spectrum-averaged cross-section data.

5. Summary

For an idealized critical reactor without intrinsic neutron and heat sources, we have
found minimum power levels on the order of milliwatts and nanowatts for fast and thermal
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reactors, respectively. Somewhat surprising is that heat generation from conventional
radioactive decay substantially exceeds the theoretical minimum fission power for most of
the studied fissile materials.
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Appendix A

Using the point kinetics equations, this appendix provides a derivation of the min-
imum power for the ideal critical reactor presented in Section 2. The generation-time
formulation of the point kinetics equations for the reactor power can be written as [30]

dP
dt

=
ρ− β

Λ
P + v ER Σf VRx λ C (A1)

in which β is the delayed neutron fraction, C is the delayed neutron precursor concentration,
and λ is its decay constant. For steady-state, critical conditions, the power is algebraically
determined as

P =
ER

ν β/λ
(C VRx) (A2)

The ratio β/λ is recognized as the average (or effective) neutron lifetime.
The precursor equation can be written as

dC
dt

=
β

Λ
n− λ C (A3)

In similar fashion, at steady-state conditions, the precursor concentration is

C =
β

λ Λ
n (A4)

Substituting Equation (A4) into (A2) gives

P =
ER

ν β/λ

(
β

λ Λ
n VRx

)
=

ER
ν

nVRx
Λ

(A5)

If, as premised in Section 2, the number of neutrons released within the core is ν, then
the same final expression as Equation (1) results

Pmin =
ER
ν

nVRx
Λ

=
ER
Λ

(A6)

This formula makes physical sense as the minimum power being produced by a single
fission event for each neutron generation.
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