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On Long-Range Characteristic Length Scales of Shell Structures
Harri Hakula *

Department of Mathematics and Systems Analysis, Aalto University, Otakaari 1, FI-00076 Espoo, Finland

Abstract: Shell structures have a rich family of boundary layers including internal layers. Each
layer has its own characteristic length scale, which depends on the thickness of the shell. Some of
these length scales are long, something that is not commonly considered in the literature. In this
work, three types of long-range layers are demonstrated over an extensive set of simulations. The
observed asymptotic behavior is consistent with theoretical predictions. These layers are shown to
also appear on perforated structures underlying the fact these features are properties of the elasticity
equations and not dependent on effective material parameters. The simulations are performed using
a high-order finite element method implementation of the Naghdi-type dimensionally reduced shell
model. Additionally, the effect of the perforations on the first eigenmodes is discussed. One possible
model for buckling analysis is outlined.
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1. Introduction

Shell structures and, in particular, thin shells remain challenging for both theoretical
and computational structural analysis [1]. One must either use special shell elements or
rely on a high-order finite element method, as is performed here. Computing with 3D
formulations is still prohibitively expensive. One of the defining features of shells is that
every solution of a shell problem can be thought of as a linear combination of features
or boundary layers each with its own characteristic length scale, including the so-called
smooth component, which typically spans the whole structure. The effects of curvature
lead to boundary layers that can also be internal, something that cannot happen in plates,
for instance. Moreover, some of the layers can have long, yet parameter-dependent, length
scales that have not received much attention in the literature. Indeed, in the first paper
introducing modern boundary layer analysis [2], the long-range features on cylindrical
shells were omitted since their meaning was not properly understood.

Thin structures are normally modeled as two-dimensional ones via dimension reduc-
tion, where the thickness becomes a parameter. For the sake of analysis, the thickness is
defined as a dimensionless constant. Once the reduced linear elasticity equations have
been obtained, the characteristic length scales can be derived as functions of the parameter.
Classical boundary layers have short length scales, and internal boundary layers may have
long-range effects along the characteristic curves of such surfaces, but with parameter-
dependent widths. The third category of the characteristic length scales, the long-range
effects, are the focus of this paper. Every layer is generated by some combination of curva-
ture, kinematic constraints, and loading; in other words, every layer has its own generator.
The standard reference for boundary layers of shells is Pitkäranta et al. [3], where every
generator of a layer is taken to be either a straight line or a point. This work was later
extended via the introduction of curved generators [4,5]. In fact, this extension shows that
the collection of boundary layers is not finite.

Shells of revolution are a representative class of thin structures. Let us denote the
thickness with d, and the dimensionless thickness with t = d/LD, where LD is taken to
be the diameter of the domain, for example. The practical range in engineering problems
is typically t ∈ [1/1000, 1/100], and already at t = 1/10 the dimension reduction is not
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effective, depending on the model of course. In analysis, t is the convenient parameter, and
in the sequel, d and t can be used interchangeably. The long-range layers have characteristic
length scales of L ∼ 1/t and L ∼ 1/

√
t. In addition, there are length scales ∼ n

√
t,

with n = 1, 2, . . ., of which only n = 1, 2 are standard boundary layers. For illustrative
examples, see Figure 1.

(a) (b)

Figure 1. Examples of structures subject to long-range layers: transverse deflection profiles. In both
cases, the dimensionless thickness t = 1/100, all boundaries are kinematically fully constrained, and
the loading is the unit pressure. (a): Long cylinder with an ellipsoidal hole. (b): Circular plate with
an elliptic extension. The load is acting only on the extension.

The purpose of this paper is show that many interesting structural responses in shells
are due to long-range layers. The main contribution of this paper is to show that these
effects also exist in perforated structures. This serves as a useful remainder that even though
the internal and long-range boundary layers have wave propagation characteristics, the
underlying equations are those of linear elasticity, and phenomena such as wave dispersion
do not occur. In the numerical examples below, all three geometry classes, parabolic,
hyperbolic, and elliptic, are included. Another contribution of this study is that the results
on hyperbolic cases are shown to agree with those on the parabolic ones, as predicted by
the theory.

One of the complicating aspects is that the long-range effects are also combined with
standard boundary layers, which typically dominate in amplitudes. This is probably
one of the reasons why the existing literature is not extensive. As mentioned above,
Pitkärantaet al. [3] is the standard reference. In elliptic shells, a curious boundary-layer-
like long-range effect can also occur in connection with the so-called sensitivity of the
structure. Here, the comprehensive study is by Sanchez-Palencia et al. [6]. In an excellent
review article by Pietraszkiewicz and Konopińska [7] in the section on shells of revolution,
only standard boundary layers are addressed. Similarly, in the paper by Malliotakis et
al. [8] in connection to a wind tower problem, the focus is on the short-range phenomena.
This is understandable since the maximal stresses occur due to standard boundary layers.
Additionally, as is also evident in the numerical examples below, visualization and precise
analysis of the long-range features of the solutions are difficult.

The simulation of thin structures with the finite element method poses its own set of
difficulties. A highly influential case study was carried out by Szabo [9], where a complete
analysis of a shell structure starting from measurements and ending with error analysis is
discussed. The thin shell models have been verified in static and dynamic settings with
experiments with reasonable agreement. In particular, one must take numerical locking
into account and either use special shell elements or rely on higher-order methods [10]. In
this work, the latter approach is adopted and justified using numerical energy convergence
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observations. One of the open problems in thin shell modeling is the question of buckling.
One of the models applicable within the framework used in this paper is due to Niemi [11].

The three examples are motivated by the wind tower example mentioned above [8],
interesting modeling problems encountered when long-range effects emerge, [12,13], and
recent work on homogenization of perforated shell structures, where the curved generator
cases have not been considered [14]. In both [12,13], interesting long-range responses are
modeled where the driving force is internal torsion resulting from a bilayer or similar
materials. It is an interesting question for future work to see if some connections with the
results presented in this work can be found and formulated precisely.

The rest of the paper is structured as follows: In Section 2, the necessary background
material is covered. Shell models are introduced in Section 3, and the related layers are
discussed in the following Section 4. The set of three examples is presented in Section 5,
followed by conclusions in Section 6. An alternative shell model is briefly outlined in
Appendix A. Finally, the buckling problem is discussed in the last appendix (Appendix B).

2. Preliminaries

In this section, the necessary background material is introduced. The notation used in
the sequel is established here as well.

2.1. Navier’s Equations of Elasticity

In this section, the elasticity equations are introduced. For reference, see for
instance [15]. Let D be a domain representing a deformable medium subject to a body force
f and a surface traction g. The 3D model problem is then to find the displacement field
u = (u1, u2, u3), and the symmetric stress tensor σ = (σij)

3
i,j=1, such that

σ = λ div(u)I + 2µε(u), in D

−div(σ) = f, in D

u = 0, on ∂DD

σ · n = g, on ∂DN

(1)

where ∂D = ∂DD ∪ ∂DN is a partitioned boundary of D. The Lamé constants are

λ =
E ν

(1 + ν)(1− 2ν)
, µ =

E
2(1 + ν)

, (2)

with E and ν being Young’s modulus and Poisson’s ratio, respectively. Further, I is the
identity tensor, n denotes the outward unit normal to ∂DN , and the strain tensor is

ε(u) =
1
2
(∇u +∇uT). (3)

The vector-valued tensor divergence is

div(σ) =

(
3

∑
j=1

∂σij

∂xj

)3

i=1

. (4)

This formulation assumes a constitutive relation corresponding to linear isotropic
elasticity with stresses and strains related by Hooke’s generalized law

σv = D(λ, µ)εv, (5)

where the constitutive matrix D(λ, µ) relates the symmetric parts of ε and σ.
If the domain D is thin, then one of the dimensions is much smaller than the other two.

In standard discretisation of the problem, for instance, with the finite element method, the
small dimension, say the thickness, forces the sizes of the elements to be equally small and
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the simulations become expensive. This could be alleviated with alternative discretisation
methods such as isogeometric analysis or high-order finite element method with carefully
constructed meshes. Here, the approach taken is to modify the equations via dimension
reduction [16].

2.2. Surface Definitions

In this work, the focus is solely on thin shells of revolution. They can formally be
characterized as domains in R3 of type

D = {x + zn(x) | x ∈ Γ,−d/2 < z < d/2}, (6)

where d is the (constant) thickness of the shell, Γ is a (mid)surface of revolution, and n(x)
is the unit normal to Γ. The principal curvature coordinates require only four parameters,
the radii of principal curvature R1, R2, and the so-called Lamé parameters, A1, A2, which
relate coordinates changes to arc lengths, to specify the curvature and the metric on Γ. The
displacement vector field of the midsurface u = {u, v, w} can be interpreted as projections
to directions

e1 =
1

A1

∂Ψ
∂x1

, e2 =
1

A2

∂Ψ
∂x2

, e3 = e1 × e2, (7)

where Ψ(x1, x2) is a suitable parametrisation of the surface of revolution, e1, e2 are the unit
tangent vectors along the principal curvature lines, and e3 is the unit normal. In other
words, u = u e1 + v e2 + w e3.

Profile Functions and Parametrisation

When a plane curve is rotated (in three dimensions) around a line in the plane of the
curve, it sweeps out a surface of revolution. Consider a plane curve, the so-called profile
function in the xy-plane, y = γ(x). Without any loss of generality, in the sequel the surfaces
are generated by a curve rotating either around the x-axis or y-axis. This profile function is
denoted with f (x) and the resulting surface Γ f for the case of the x-axis, and for the y-axis
with g(x) and the resulting surface Γg.

Let I = [α, β] ⊂ R be a bounded closed interval, and let f (x) : I → R+ be a regular
function. The shell midsurface Γ f is parameterised by means of the mapping

Ψ f : I × [0, 2π] −→ R3

Ψ f (x1, x2) = (x1, f (x1) cos x2, f (x1) sin x2) .
(8)

For Γ f

A1(x) =
√

1 + [ f ′(x)]2, A2(x) = f (x), (9)

and

R1(x) = −A1(x)3

f ′′(x)
, R2(x) = A1(x)A2(x). (10)

Let J = [α, β] ⊂ R be a bounded closed interval with α > 0, and let g(x) : J → R
be a regular function. In this case, the shell midsurface Γg is parameterised by means of
the mapping

Ψg : J × [0, 2π] −→ R3

Ψg(x1, x2) = (x1 cos x2, g(x1), x1 sin x2) .
(11)

For Γg

A1(x) =
√

1 + [g′(x)]2, A2(x) = x, (12)

and

R1(x) =
A1(x)3

g′′(x)
, R2(x) = A1(x)A2(x). (13)
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2.3. Perforations

Perforated domains are characterized by the penetration patterns, which in turn
depend on the underlying manufacturing processes and the related hole coverage, typically
given as a percentage.

The quantity used to characterize perforated sheets of metal is the ligament
efficiency η. Let us assume that the holes are ellipses with a, b as the horizontal and
perpendicular semiaxis, and the separation of the centers used in the definitions is Px and
Py, respectively. Following [17–19], one can define both the horizontal and perpendicular
ligament efficiency, denoting them as ηx and ηy, respectively. For regular arrays of holes,

ηx = (Px − 2 a)/Px, ηy = (Py − 2 b)/Py, (14)

and for triangular arrays, allowing for alternating layers,

ηx = (Px − 4 a)/Px, ηy = (Py − 4 b)/Py. (15)

For circular holes, the radius r = a = b, of course, and further if the pattern is regular
η = ηx = ηy. Both pattern types are illustrated in Figure 2. Notice that the triangular
pattern in the figure has a tighter packing than that implied by (15).

P
x

h1 h2

(a)

P
x

P
y

(b)

Figure 2. Penetration patterns. (a) Regular pattern. (b) Triangular pattern.

2.4. Finite Element Method

All numerical simulations reported here have been computed with two different high-
order continuous Galerkin codes in 2D solving the variational formulation on conforming
meshes of quadrilateral or triangular elements.

One of the challenges in shell problems is to avoid numerical locking. Instead of
using special shell elements [1], one can let the higher-order FEM alleviate the locking and
accept that some thickness dependent error amplification or locking factor, K(t) ≥ 1, is
unavoidable. For the hp-FEM solution, one can derive a simple error formulation

error ∼ K(t)(h/LD)
p, (16)

where h is the mesh spacing, LD is the diameter of the domain, and p is the degree of
the elements. It is possible that K(t) diverges as t tends to zero, with the worst case
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being for pure bending problems: K(t) ∼ 1/t. In (16), the latter part follows from standard
approximation theory of the FEM. It is the term K(t) that is shell specific. If the bending part
in the energy expressions given below dominates, the energy norm depends linearly on t
and hence any energy error estimate has an inverse dependence, that is, ∼ 1/t. This simple
error formula suggests why higher-order methods are advantageous in shell problems: the
mesh over-refinement in the "worst" case is ∼ (1/t)1/p, which for a fixed t = 1/100, say,
indicates that for p = 4 the requirement is moderate in comparison to the case of p = 1.
This also suggests that convergence in p is a useful measure if the problem is otherwise
difficult to analyze exactly. For a more detailed discussion on this and further references,
see [20,21].

Implementations

The first solver used in this study is implemented with Mathematica, providing exact
geometry handling of the holes via blending functions [22]. The second one is AptoFEM, a
parallel code implemented in FORTRAN90 and MPI. Both codes allow for arbitrary order
of polynomials to be used in the elements including different orders of polynomials in
individual elements in the same mesh [14].

3. Shell Models

If the shell of revolution is defined by the profile function f (x) defined over some in-
terval x ∈ I = [x0, x1], then using the derivatives of the profile function all shell geometries
can be classified in terms of Gaussian curvature (see, for instance, [23]). The analysis of
shell problems is greatly simplified if the type of curvature is uniform.

1 Parabolic (Zero Gaussian curvature shells). f ′′(x) = 0, ∀ x ∈ I.
2 Elliptic (Positive Gaussian curvature shells). f ′′(x) < 0, ∀ x ∈ I.
3 Hyperbolic (Negative Gaussian curvature shells). f ′′(x) > 0, ∀ x ∈ I.

Dimensionally Reduced Elasticity Equations: Naghdi Model

Consider a shell of (constant) thickness d, the mid-surface ω of which occupies a region
to of some smooth surface Γ. This is a three-dimensional body equipped with principal
curvature coordinates as defined in Section 2.2 for which the 3D theory of linear elasticity
could be considered "exact" for small deformations. One of the classical dimension reduc-
tion models is applied here, since these models reveal the nature of shell deformations more
explicitly. Such models are often reasonably accurate for thin shells [3]. The displacement
field u has five components, u, v, w, θ, and ψ, each of which is a function of two variables
on the mid-surface of the shell. The first two components represent the tangential displace-
ments of the mid-surface, w is the transverse deflection, and θ and ψ are dimensionless
rotations. The model is similar to the Reissner–Mindlin model for plate bending and is
sometimes named after Naghdi. Assume that the shell consists of homogeneous isotropic
material with Young modulus E and Poisson ratio ν. Then, the total energy of the shell in
our dimension reduction model is expressed as

F (u) = 1
2

S(d a(u, u) + d3 b(u, u))− q(u), (17)

where S = E/(12(1− ν2)) is a scaling factor, q is the external load potential, and a(u, u)
and b(u, u) represent the portions of total deformation energy that are stored in membrane
and transverse shear deformations and bending deformations, respectively. The latter are
quadratic forms independent of d and defined as
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a(u, u) = am(u, u) + as(u, u)

= 12
∫

ω

[
ν(β11(u) + β22(u))2 + (1− ν)

2

∑
i,j=1

βij(u)2
]

A1 A2 dγ +

6(1− ν)
∫

ω

[
(ρ1(u)2 + ρ2(u))2

]
A1 A2 dγ, (18)

b(u, u) =
∫

ω

[
ν(κ11(u) + κ22(u))2 + (1− ν)

2

∑
i,j=1

κij(u)2
]

A1 A2 dγ, (19)

where βij, ρi, and κij stand for the membrane, transverse shear, and bending strains, respec-
tively. The strain-displacement relations are linear and involve at most first derivatives of
the displacement components.

Remark 1. In the following, we shall omit the constant factor d S from the energy expressions.
Consequently, all results can be considered to be scaled with a factor (d S)−1.

Following [16], the bending strains κij are

κ11 =
1

A1

∂θ

∂x
+

ψ

A1 A2

∂A1

∂y
,

κ22 =
1

A2

∂ψ

∂y
+

θ

A1 A2

∂A2

∂x
, (20)

κ12 = κ21 =
1
2

[
1

A1

∂ψ

∂x
+

1
A2

∂θ

∂y
− θ

A1 A2

∂A1

∂y
− ψ

A1 A2

∂A2

∂x

− 1
R1

(
1

A2

∂u
∂y
− v

A1 A2

∂A2

∂x

)
− 1

R2

(
1

A1

∂v
∂x
− u

A1 A2

∂A1

∂y

)]
,

similarly the membrane strains βij

β11 =
1

A1

∂u
∂x

+
v

A1 A2

∂A1

∂y
+

w
R1

,

β22 =
1

A2

∂v
∂y

+
u

A1 A2

∂A2

∂x
+

w
R2

, (21)

β12 = β21 =
1
2

(
1

A1

∂v
∂x

+
1

A2

∂u
∂y
− u

A1 A2

∂A1

∂y
− v

A1 A2

∂A2

∂x

)
,

and finally the shear strains ρi

ρ1 =
1

A1

∂w
∂x
− u

R1
− θ, (22)

ρ2 =
1

A2

∂w
∂y
− v

R2
− ψ.

Remark 2. When the shell parametrisations defined above are used, all terms of the form ∂Ai/∂y
are identically zero.

The energy norm ||| · ||| is defined in a natural way in terms of the deformation energy
and taking the scaling into account:

E(u) := |||u|||2 = a(u, u) + d2 b(u, u). (23)
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Similarly for bending, membrane, and shear energies:

B(u) := d2 b(u, u), M(u) := am(u, u), S(u) := as(u, u). (24)

The load potential has the form q(v) =
∫

ω f(x, y) · v A1 A2 dx dy. If the load acts
in the transverse direction of the shell surface, i.e., f(x, y) = [0, 0, fw(x, y), 0, 0]T , and
f ∈ [L2(ω)]5 holds, then the variational problem has a unique weak solution u ∈ [H1(ω)]5.
The corresponding result is true in the finite dimensional case, when the finite element
method is employed.

In the following discussion, both free vibration and buckling problems will be briefly
covered. To this effect, the mass matrix is defined as M(t) = t Ml + t3 Mr, with Ml

(displacements) and Mr (rotations) independent of t.
The geometric stiffness matrix used in buckling analysis in the dimensionally re-

duced case is still without a universally agreed definition (See Appendix B). Here, in the
cylindrical case, the geometric stiffness matrix Ug is taken to be the inner product of the
axial derivative of the transverse deflection with itself as suggested in [11]. Formally,
Ug(v) =

∫
ω(∂w/∂x)2 A1 A2 dx dy.

4. Boundary and Internal Layers

The theory of one-dimensional hp-approximation of boundary layers is due to
Schwab [24]. Boundary layer functions are of the form u(x) = exp(−a x/δ), 0 < x < L,
where δ ∈ (0, 1] is a small parameter, a > 0 is a constant, and L is the characteristic length
scale of the problem under consideration. Even though in certain classes of problems it is
possible to choose a robust strategy leading to uniform convergence in δ, the distribution
of the mesh nodes depends on p, and over a range of polynomial degrees p = 2, . . . , 8, say,
the mesh is different for every p. In 2D, this requires one to allow for the mesh topology to
change over the range of polynomial degrees. In this study, the short-range layers have
been addressed in the meshes, but optimality in p has not been attempted.

It is useful to define the central concepts in a problem-independent manner.

Definition 1 (Layer Element Width). For every boundary layer in the problem, one should have
an element of width O(p δ) in the direction of the decay of the layer.

Note, that with c constant, if c p δ→ L as p increases, the standard p-method can be
interpreted as the limiting method. Boundary layers can also occur within the domains, i.e.,
be internal layers, or emanate from a point. For our discussion, it is useful to define the
concept of boundary layer generators (see [3]).

Definition 2 (Layer Generator). The subset of the domain from which the boundary layer decays
exponentially, is called the layer generator. Formally, the layer generator is of measure zero.

The layer generators are independent of the length scale of the problem under consideration.
The types of layers that a shell structure can exhibit depend on its geometry, that is,

on local curvature. Elliptic, parabolic, and hyperbolic structures each possess a distinctive
set of layer deformations. The layer structure is classically assumed to be an exponential
solution to the homogeneous Euler equations of the shell problem. In [3], it is shown using
the Ansatz u(ξ, η) = Ueλξeikη that solutions with Reλ < 0 such that the characteristic
lengths L = 1/Reλ → 0 are of the form L ∼ t1/n where n ∈ {1, 2, 3, 4}. Here, ξ is the
coordinate orthogonal to the layer generator. From these, the layer with n = 2 is present
in all geometries, whereas layers with n = 3 and n = 4 are present only in hyperbolic
and parabolic geometries, respectively. The case n = 1 arises from a shear deformation
and shows up only when a model similar to the model of Reissner and Naghdi is used
in analysis.

If the curved generators are included [5], more characteristic lengths can be found.
In particular, for elliptic shells with a parabolic curved layer generator, any n ≥ 2 can be
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induced. Consider a shell structure generated by a rotation around the y-axis of the profile
g(x) = α(x− x0)

m, x0 ≤ x ≤ x1 so that at x = x0 the geometry parameters will vanish,
otherwise we have an elliptic shell. The solution to the shell problem under unit pressure is
a layer deformation in the scale L = t1/(m+1).

Finally, the long-range layers have the characteristic lengths L ∼ t−1 and L ∼ t−1/2,
where the first one is the axial torsion boundary layer, and the second is, for instance,
induced by kinematic constraints in part of a long cylinder such a T-junction. These layers
are referred to as long-range Fourier modes in Section 3.2 of [3]. The layer chart for a long
cylinder is given in Figure 3.

1

t
tt

t
4

-H 0 H
-π

0

π

-H 0 H

-π

0

π

Figure 3. Layer structure: Parabolic long cylinder. The expected length scales are indicated with the
arrows. The generators are the boundaries at x = ±H, and the hole in the center. The location of the
center does not play a role. If the periodic boundary at y = ±π is free, under torsion there will be a
very long layer ∼ 1/t. The hole also generates a short range axial layer, which is not indicated.

5. Numerical Simulations

The three simulation sets considered here have been tabulated in Table 1. They have
been selected to illustrate each of the three main types of long-range layers including perfo-
rated variants. The relative effects of the perforations on the fundamental natural frequency
are given as ratios of the perforated and reference frequencies. For every realization of
the shell geometry, five logarithmically equidistant thicknesses ∈ [1/1000, 1/100] have
been used. All parabolic cases have been computed using both Naghdi and shallow shell
models and as expected, the differences are negligible. The hyperbolic and elliptic cases
have been simulated with the Naghdi model only. In all cases where short-range layers
have been present at the clamped boundaries, the meshes have been adapted a priori to the
corresponding length scales. In all structures with perforation patterns, the holes are free;
that is, there are no kinematical constraints.
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Table 1. The set of simulations with key parameters. The profile functions for the parabolic and
hyperbolic cases are f (x) = 1 and f (x) = 1 + (1/2)(x/H)2, respectively. For every individual
simulation, five logarithmically equidistant thicknesses ∈ [1/1000, 1/100] have been used. H is the
half-width, p the uniform polynomial order, and N is the total number of degrees of freedom. In
the non-perforated Slit Shell simulations, the meshes are topologically equivalent. In the perforated
cases, the hole coverage percentage is 25%, the triangular pattern is 200× 10 resulting in 3791 holes,
and the regular pattern is 1000× 10 resulting in 10,000 holes.

Case Geometry Perforation H p N

Wind Turbine:
Manhole Parabolic 60 8 197,440

Parabolic 1000 6 2,127,240
Hyperbolic 1000 6 2,127,240

Slit Shell:
Torsion Effect Parabolic 100 5 1,907,980

Parabolic Triangular 100 5 2,841,675
Hyperbolic 100 5 1,907,980
Parabolic 1000 5 1,907,980
Parabolic Regular 1000 5 7,126,755

Hyperbolic 1000 5 1,907,980
Curvature

Effect Mixed Multipanel 6 490,145

The selected polynomial orders can be justified by considering the energy convergence
in p. In Figure 4, two examples of convergence graphs are shown.
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Figure 4. Numerical Locking: p-convergence in energy. Total energy at p = 5 is taken as the reference.
(a) Circular plate with an elliptic extension under unit pressure on the extension. (b) Long slit
parabolic cylinder with a regular perforation pattern under torsion loading. In both cases starting at
p = 4, the relative error in energy is sufficiently small, justifying the selected polynomial orders.

5.1. Wind Turbine: Manhole

The first simulation concerns the long-range layer on long or tall structures with a
kinematically constrained section within the domain. The manhole title is inspired by
an example in [8], (Figure 1). The authors discuss the effects of various stiffeners for the
manhole of a wind tower. In their FEM analysis figure, the long-range effect is clearly
visible but not shown at full length. The construction reported has a dimensional thickness
of 3/100, so it falls within the realm of thin structures.

In Figures 1a and 5, the overall solutions are shown for parabolic and hyperbolic
shells, respectively. The overall features predicted in the layer chart of Figure 3 are clearly
visible in both cases. The effect of the length H of the structure is shown in Figure 6. The
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long-range extends further in the longer cylinder as expected, since H = 10 ∼ 1/
√

t,
whereas H = 100� 1/

√
t.

Figure 5. Long hyperbolic shell with an ellipsoidal hole. Transverse deflection profile when the
dimensionless thickness t = 1/100, all boundaries are kinematically fully constrained, u = v = w =

θ = ψ = 0, and the loading is the unit pressure.

(a) (b)

Figure 6. Two long cylinders: Transverse deflection profiles. In both cases, the dimensionless
thickness t = 1/100, all boundaries are kinematically fully constrained, u = v = w = θ = ψ = 0, and
the loading is the unit pressure. (a) H = 10. (b) H = 100, with the centre section shown.

The asymptotic behavior of the eigenmodes in the free vibration of shells of revolution
is known [25]. It is of interest to monitor the effect of the hole to the lowest eigenvalue.
Transverse profiles are shown in Figure 7. Since the hyperbolic profile is only mildly
hyperbolic and the interval of thicknesses is kept realistic, the profiles appear very similar
with the oscillations only slightly more concentrated in the center in the hyperbolic case.
Assuming the same material parameters, the eigenvalue amplification due to the hole is
smaller in the hyperbolic case. In both cases, the amplification decreases as t→ 0. This is
due to angular oscillations (wave numbers) increasing as t→ 0 and hence the interaction
of the hole and the layers becomes weaker.
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(a) (b)

(c) (d)

(e) (f)

Figure 7. Free vibration: Transverse deflection profiles of first eigenmodes. In both cases, H = 30
and all boundaries are kinematically fully constrained, u = v = w = θ = ψ = 0. From top:
t ∈ {1/1000, 1/100

√
10, 1/100}. Ratio of the observed eigenvalue over the reference eigenvalues:

(a,c,e) (Parabolic) – {1.1, 1.3, 1.8}. (b,d,f) (Hyperbolic) – {1.1, 1.3, 1.7}.

Of course, for cylindrical or parabolic shells, there is also the relative long layer of
4
√

t in the angular dimension. In Figure 8, this effect is shown by visual comparison of
two profiles corresponding to different thicknesses. Since the eigenmodes oscillate in the
angular direction as seen in Figure 7, the effect of the hole is very small in the eigenvalues,
with the increase in the ratio less than 1%.

(a) (b)

Figure 8. Manhole: Transverse deflection profiles. In both cases, H = 30, boundaries are kinematically
fully constrained, u = v = w = θ = ψ = 0, and the loading is the unit pressure. (a) t = 1/100,
w ∈ [−0.10, 0.24]. (b) t = 1/1000, w ∈ [−0.56, 0.38].

Remark 3. For hyperbolic shells, the 4
√

t layer does not exist. Instead, there is a 3
√

t layer along the
characteristics of the surface. In Figure 5, the shell is nearly parabolic in the vicinity of the hole and
therefore this feature is not visible.

Confirming the correct length scales is difficult since the long-range effects do not
occur in isolation, but in all cases the deflection profile is a linear combination of different
characteristic features. Using interpolated representations, the long-range effect is associ-
ated with the inflection point of the curve. The two thinnest cases are used to estimate the
constant of the layer, and this value is used to predict the corresponding locations in the
other cases.

In Figure 9a, another view to the angular layers is given. In addition, in Figure 9b,
the agreement with the predicted length scale is illustrated. However, it appears that the
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clamped end at x = H already affects the overall profile. The estimated constant is c = 0.85
leading to model L ∼ c(1/

√
t). In Figure 10, two long configurations with different geome-

tries have been considered. The displacement graphs over a set of thicknesses show the
stronger short-range effects. As can be seen, in the longer cases, H = 1000, the agreement
is very good indeed. Notice that the good agreement is on the axial rotation component θ,
which means that domain expertise has been necessary to find the right component.
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Figure 9. Manhole: Transverse deflection profiles and predicted characteristic length scales. Case
H = 30 with ellipsoidal hole at (1 − H, π): (a) Profiles at x = 0. (b) Observed characteristic
length scales.
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Figure 10. Long-range layers: Predicted characteristic length scales. In all cases, the inflection points
have been computed for the two thinnest cases and the constant has been set with these points. The
constants are from left to right: c1 = 3.5, c2 = 3.25, leading to models L ∼ ci(1/

√
t), i = 1, 2. The rest

of the points have been selected based on the theoretical prediction. The agreement is surprisingly
good. (a) Parabolic case, center hole, H = 1000, θ-component. (b) Hyperbolic case, center hole,
H = 1000, θ-component.

5.2. Slit Shells: Torsion Effect

The torsion layer ∼ 1/t is naturally the most difficult to recover from simulation
data. The effect on a slit cylinder is illustrated in Figure 11. The boundary at x = −H is
clamped, u = v = w = θ = ψ = 0, but all other boundaries are free. The loading is a unit
torsion load acting on the boundary at x = H. The technique used in the previous case was
not successful here. Indeed, the exact layer could not be found from the data. However,
the effect of H can be deduced indirectly by observing the rate of change of curvature
of the displacement profile over a set of thicknesses after the loading is scaled by t3.
In Figure 12a, for H = 100 the slopes for both geometries, including a parabolic perforated
case, the trends are constant. In Figure 12b, for H = 1000 the observed trends are somewhat
polluted, but the important aspect for this discussion is that as the shell becomes longer,
and the torsion effect becomes milder indicating the presence of a long-range layer. Since
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this phenomenon also exists at H = 1000� 1/t for t = 1/100, it is likely that it is due to
the corresponding predicted layer.

Figure 11. Slit cylinder: Transverse deflection profile. Perforation pattern is triangular with hole
coverage of 25%.
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Figure 12. Slit shell of revolution: Effect of the length of the shell on torsion loading acting on the
free end. Parabolic and hyperbolic cases, with a perforated parabolic one as the third option. The
torsion layer leads to smaller effect close to the fixed boundary. Shown is the observed transverse
deflection at x = 20 along the midline of the surface. (a) H = 100. The slope of the loglog-graphs is
=3. (b) H = 1000. The slope of the loglog-graphs is =2.

Interestingly, the first eigenmode corresponds to the kind of rotation caused by the
chosen loading in the static case, and therefore the figure has been omitted. Now, the
perforated case is softer (the holes are free), and hence the ratios are less than one, and
decreasing as t→ 0. For t = 1/100, the ratio is 0.64, whereas for t = 1/1000, it is 0.42.

5.3. Curvature Effect

The third and final simulation adds two aspects: First, the layer generator is curved,
and second, the shell geometry is not of uniform type. The shell of revolution is formed
by letting a profile function g(x) = 1, x ∈ [1, 1 + π], and = 1 + (x − π)α, x ∈ [π, 2π].
In other words, the inner section is a plate and the outer section is an elliptic extension
with curvature dependent on α. One realization is shown in Figure 1b. The parameter α
determines the length of the layer. Two sets of simulations with α = 2 or = 3 are computed
on the multipanel mesh of Figure 13a. The inner holes are free and therefore as α increases
and t→ 0 for a fixed loading, the displacement amplitudes increase due to the sensitivity
of the problem. However, for a given range of thicknesses, the response of the structure is
reasonable (see Figure 13b).
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Figure 13. Circular plate with an elliptic extension. Pressure load is acting on the right-hand-side half
of the domain. The boundaries at x = 1 and x = 1 + 2π are clamped, u = v = w = θ = ψ = 0, the
y = 0 and y = 2π boundaries are periodic. The inner circular hole has a radius = 1. (a) Multipanel
mesh. (b) Quadratic extension, w-component (transverse deflection), t = 1/100.

For small values of α the recovery of the length scales is successful (see Figure 14).
In the previous study on curved generators, the plate was not present, and the structure
was not perforated. This clearly indicates that these effects are features of the elasticity
equations irrespective of the effective material properties.
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Figure 14. Circular plate with an elliptic extension. Profiles along y = π. As above, in all cases the
inflection points have been computed for the two thinnest cases and the constant has been set with
these points. The constant is the same in both cases: c = 2.25, leading to model L ∼ c(1/tα+1). The
rest of the points have been selected based on the theoretical prediction. Again, the agreement is
very good indeed. (a) Quadratic extension, w-component (transverse deflection). (b) Cubic extension,
w-component (transverse deflection).

The eigenanalysis becomes more involved in this case. As can be seen in Figure 15,
the (relative) transverse deflection profiles are almost dramatically different. This is due to
the free holes in the elliptic part exhibiting sensitivity [6]. The eigenmode includes strong
oscillations in the elliptic part, a phenomenon that does not have any corresponding effect
in the reference case where the oscillation is confined to the plate section. It is due to
sensitivity that the eigenvalues ratios increase as t → 0. For t = 1/100, the ratio is 0.26,
whereas for t = 1/1000, it is 0.48.



Eng 2023, 4 899

(a) (b)

Figure 15. Circular plate with an elliptic extension. First eigenmodes at t = 1/100. The boundaries
at x = 1 and x = 1 + 2π are clamped, the y = 0 and y = 2π boundaries are periodic. The
inner circular hole has a radius = 1. (a) Reference domain. (b) Perforated domain, w-component
(transverse deflection).

6. Conclusions

Shell structures have a rich family of boundary layers including internal layers. Each
layer has its own characteristic length scale, which depends on the thickness of the shell.
The long-range layers do exist, and in certain problem classes play an important role.
Interestingly, since they are not well-known, it is possible that in some problems new
modeling ideas might be brought forward if only they were recognized in the right contexts.

The simulation of such structures is subject to numerical locking, and high-order finite
element methods provide one way to derive reliable solutions. The observed asymptotic
behavior is consistent with the theoretical predictions. These layers are shown to also
appear on perforated structures underlying the fact these features are properties of the
elasticity equations and not dependent on the effective materials.
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Appendix A. Mathematical Shell Model

In the following, the Naghdi model is simplified by assuming that ω is a domain
expressed in the coordinates x and y. The curvature tensor {bij} of the midsurface is
assumed to be constant and a = b11, b = b22, and c = b12 = b21. The shell is then called
elliptic when a b− c2 > 0, parabolic when a b− c2 = 0, and hyperbolic when a b− c2 < 0.
The above assumptions are valid when the shell is shallow, i.e., the midsurface differs only
slightly from a plane. In the simplest case, one may set dω = dxdy and write the relation
between the strain and the displacement fields as

β11 =
∂u
∂x

+ aw, β22 =
∂v
∂y

+ bw, β12 =
1
2

(
∂u
∂y

+
∂v
∂x

)
+ cw,

ρ1 = θ − ∂w
∂x

, ρ2 = ψ− ∂w
∂y

,

κ11 =
∂θ

∂x
, κ22 =

∂ψ

∂y
, κ12 =

1
2

(
∂θ

∂y
+

∂ψ

∂x

)
.

(A1)
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This choice of shell model gives us additional flexibility in the design of the numerical
simulations since the model admits non-realizable shell geometries. This is due to the
assumption that the local curvatures are constant at every point of the surface.

Remarkably, for parabolic shells these strains differ from those of the standard Naghdi
model only in κ12 and ρ1, when the radius is = 1. Naturally, for non-parabolic geometries
the differences are much more extensive. Notice that the resulting system has constant
coefficients, which simplifies the implementation of the model significantly.

Appendix B. On Buckling Modes

The critical load of the real shell is known to be very sensitive to small geometric
imperfections and deviations in boundary conditions, which are difficult to take into
account in linear or nonlinear stability theory. As a result, theoretical and experimental
results do not agree well in many loading scenarios. In any case, the linear stability theory
provides useful information regarding the buckling behavior of thin shells [11].

The first buckling modes are shown in Figure A1. Interestingly, even in the reference
case, the lowest mode can exhibit axial oscillations. In the profile of the thinnest configura-
tion with a hole, symmetry appears to be lost. This is due to the extreme ill-conditioning of
the problem. Also in contrast with the free vibration, here the eigenvalue ratio between
the perforated and reference configurations does not change as t → 0 (see Figure A2).
In both cases, the dependence is linear, which is in fact a new result. It should be noted
that in simulations with the given buckling model, the observed spectrum is clustered for
every fixed thickness. For instance, the relative difference within the first ten modes is less
than 1% in the case with a hole, and a fraction higher in the reference case. In fact, it has
been proposed that the Shapiro–Lopatinsky conditions are not satisfied in the limit and the
coercivity is lost, just as for the sensitive elliptic shells [6].

(a) (b)

(c) (d)

(e) (f)

Figure A1. Buckling modes: Transverse deflection profiles of first modes. In both cases, H = 30, the
hole is kinematically fully constrained, u = v = w = θ = ψ = 0, and the ends have v = w = ψ = 0.
From top: t ∈ {1/1000, 1/100

√
10, 1/100}. (a,c,e) Parabolic reference. (b,d,f) Parabolic with a hole.
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Figure A2. Buckling modes: Linear dependence of the observed smallest λ (eigenvalue corresponding
to the critical load) to the thickness. Thick line: Reference. Dashed line: With hole.

This set of simulations simply illustrates the inherent complexity of the buckling
problem in this context. Many fundamental concepts remain open starting from the
selection of the right model and kinematic constraints.
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