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Abstract: When the concentration of a gas exceeds the equilibrium concentration in a liquid, the
gas–liquid system is referred as a supersaturated system. The supersaturation can be achieved by
either changing the pressure and/or temperature of the system. The gas from a supersaturated
liquid escapes either through bubble nucleation that usually occurs on solid surface and/or gas
diffusion through the gas–liquid interface. The bubble nucleation requires a minimum threshold
supersaturation. A waiting time is required to observe whether the applied supersaturation is
sufficient to initiate bubble nucleation. When the supersaturation is not sufficient to cause bubble
nucleation, some or all of the supersaturated gas may diffuse out from the liquid through the gas–
liquid interface before further reducing the pressure in order to increase the supersaturation. In this
article, using Fick’s second law of diffusion and Henry’s law, an analytical method is proposed to
estimate the level of supersaturations generated in three gas–liquid systems at different step-down
pressures. Characteristic times of the gas–liquid systems were estimated to validate whether the
waiting times used in this study are in accordance with the semi-infinite diffusion model used to
estimate the supersaturations generated.

Keywords: bubble nucleation; gas-liquid systems; supersaturation; step-down pressure; Fick’s
second law diffusion; characteristic time

1. Introduction

A gas–liquid system is referred to as supersaturated when the concentration of the
solute phase (gas) exceeds the equilibrium concentration in the solvent phase (liquid).
A supersaturated solution can be achieved by changing either the temperature and/or
pressure of the system [1,2]. Thermodynamically, the degree of supersaturation can be
described by chemical potential (µi), which represents the deviation from equilibrium at a
given temperature and pressure for a component i.

For a component i in a mixture, the chemical potential in an isothermal–isobaric
ensemble is given by:

µi(T, P, xi) =

(
∂G
∂Ni

)
T,P,Nj,j 6=i

where G is the free energy of the system j, Ni is the number of moles of the ith component,
T is the temperature, P is the pressure, j refers to the number of remaining components,
and xi is the molar fraction of the ith component in the mixture [3]. For a supersaturated
system, the change in chemical potential of the component i (∆µi) w.r.t. temperature and
pressure is >0.

Dissolution and exsolution of CO2 in and from water/brine are relevant in CO2
sequestration. Depending on whether the CO2 exsolution proceeds with or without bubble
nucleation, the pressure response and relative permeability characteristics of the fluids in
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the porous media would be influenced [4]. Bubble nucleation and growth are important in
sparkling beverages that are weakly supersaturated with CO2 [5]. During limnic eruptions,
which are natural calamities, high concentrations of gas slowly built up in the water column
of a lake suddenly erupt after a trigger mechanism leads to local supersaturation [6]. For
example, disproportionate accumulations of magmatic CO2 in the bottom layers of Lakes
Monoun and Nyos in Cameroon and their eruptions in 1984 and 1986, respectively, caused a
sudden release of huge quantities of CO2 into the atmosphere causing the loss of thousands
of lives. In addition, Lake Kivu located in the Democratic Republic of the Congo is known
to have about 2 and 10 trillion cubic feet of high concentrations of CH4 and CO2 gas,
respectively, in its deep water [7–9]. The presence of high concentrations of such gases in
the lake and the high population density in the nearby area pose a similar risk. The CH4-
water system is also relevant to nucleation of methane gas hydrates [10]. Nitrogen removal
from wastewater streams is necessary to limit eutrophication and algal blooms [11].

When the pressure of a gas-saturated liquid is reduced at a constant temperature, the
liquid becomes supersaturated with the gas and it may lead to bubble nucleation [12]. In
our study on the influence of wettability on pressure-driven bubble nucleation of sparingly
soluble gases CH4 and N2 in water, we observed that when a supersaturation is created
with a higher (500 mbar) step-down pressure, the liberation of dissolved gas occurred
through bubble nucleation on a hydrophobic solid surface. However, with a smaller
(100 mbar) step-down pressure, the dissolved gas separation occurred only via diffusion of
gas molecules from the liquid to the free gas through the gas–liquid interface, as there is
not enough supersaturation to cause bubble nucleation even when the pressure is reduced
to atmospheric pressure. In the case where bubble nucleation occurs with the available
supersaturation, a certain waiting time is required for the gas bubbles to nucleate and
grow in order to be observed using a microscope or naked eye, before applying further
step-down pressure for generating higher supersaturation. Therefore, in order to know
whether a given supersaturation is sufficient for bubble nucleation or not, it is important
to estimate the supersaturation level at different step-down pressures [2]. In this study,
we present a simple analytical method developed based on Fick’s second law of diffusion
and Henry’s law to estimate the supersaturations generated in three gas–liquid systems
(CO2-water, CH4-water, and N2-water) with two step-down pressures (100 and 500 mbar).
The three gas–liquid systems were chosen based on their importance in many natural and
industrial applications. Moreover, we also had conducted experimental investigations to
study the influence of wettability and step-down pressure on bubble nucleation of these
gases in water [2,13].

Gas liberation from its dissolved state (in the liquid) to free gas state requires supersat-
uration. In our previous experimental study, we observed that bubble nucleation did not
occur in a CO2-supersaturated water in a hydrophilic container, even when the pressure
was reduced in one step from the saturation pressure (6000 mbar) to atmospheric pressure
(0 mbar) [13]; whereas in the case of hydrophobic container, the incipiation pressure for
bubble nucleation and hence, the required supersaturation was observed to be influenced
by the surface wettability of the container for all the three gases (CO2, CH4, and N2) and
the step-down pressure for the sparingly soluble gases (CH4 and N2). A certain waiting
time is required at each pressure reduction step to ensure either enough time is given for
the bubbles to nucleate and grow, or to conclude that the supersaturation is not sufficient
to initiate the bubble nucleation. However, during the waiting time, some (or all) of the
supersaturated gas may diffuse out before initiating the next step-down pressure. There-
fore, it is important to know the actual supersaturation (which is the difference in the gas
saturations at the initial and current pressures minus the gas diffused out until that point
of time) in the system as a function of time during the waiting time in order to quantify the
actual supersaturation required to initiate the bubble nucleation. Therefore, in this study,
we investigated the influence of step-down pressure, and the waiting time between the
pressure reduction steps on supersaturation.
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2. Methodology
2.1. Derivation of Supersaturation Equation

The Fick’s second law of diffusion given below describes the one-dimensional diffusion
equation for binary mixtures of species A and B under transient condition [14,15]:

∂C
∂t

= DAB
∂2C
∂x2 (1)

where DAB is the diffusion coefficient of species A (gas) in species B (liquid), C is the solute
concentration, t is the time, and x is the position.

The derivation to solve Equation (1) is briefly demonstrated below; however, the
detailed derivation of the differential equation can be found out in the supplementary
section provided with this paper.

y = f (x, t) defined by the following dimensionless characteristic equation:

y =
x

2
√

DABt
(2)

∂y
∂x

=
1

2
√

DABt
, and

∂y
∂t

=
−x

4
√

DABt3
(3)

∂C
∂t

=
∂C
∂y
× ∂y

∂t
(4)

∂C
∂t

=
−x

4
√

DABt3
× ∂C

∂y
(5)

∂2C
∂x2 =

1
4DABt

× ∂2C
∂y2 (6)

From the Gaussian integral [16], we have

∫ ∞

0
exp

(
−y2

)
dy =

√
π

2
(7)

The following error function and the boundary conditions were used to solve Fick’s
second law of diffusion [14]:

erf (y) =
2√
π

∫ y

0
exp

(
−y2

)
dy (8)

The initial and boundary conditions for the gas–liquid system shown in Figure 1 are
given below:

CA = CAeq, at x = 0 and for any t

CA = CAS, at t = 0 and for all x

where CAS is the saturated gas concentration in mol/L (after complete saturation), CA is the
gas concentration after any time t, CAeq is the gas concentration at the gas–liquid interface
at equilibrium (with the current gas pressure) in mol/L. As mentioned earlier, y = f (x, t);
therefore, it is required to redefine x and y in Figure 1. In Figure 1, x is an independent
variable and it is a position in the liquid column, which is taken as 5 mm (total height of
the liquid column) for estimating CA in Tables S2–S7 in the Supplementary Material. y is a
dependent variable that varies with position in the liquid column, and the waiting time
after each pressure reduction step.
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Figure 1. Schematic of bubble nucleation system used to study gas diffusion and saturation in
a liquid.

Solving the differential equation mentioned in Equation (1) and applying the boundary
conditions, we get the following:

CA − CAeq

CAS − CAeq
= erf

(
x

2
√

DABt

)
(9)

Equation (11) is the solution to the problem for time-dependent diffusion assuming a
semi-infinite system.

For a given x, DAB, and t, assuming er f
(

x
2
√

DABt

)
as η, Equation (11) reduces to:

CA − CAeq

CAS − CAeq
= η (10)

The gas concentration CA in water at any given time can be determined using the
following equation:

CA = η ×
(
CAS − CAeq

)
+CAeq (11)

The equilibrium concentration of gas can be calculated by using Henry’s law for
low-pressure systems, which is given by:

CAeq = HgP (12)

where Hg is the Henry’s constant in mol/L/Pa and P is the partial pressure of the gas [17].
The saturation time for carbon dioxide, methane and nitrogen gases in water can be

estimated using the one-dimensional bounded diffusion equation, given below [14].

ts =
τl2

DAB
(13)

where τ is the dimensionless time, DAB is the diffusion coefficient in mm2/s, ts is the
diffusion time in seconds, and l is the height of the water column in mm.

For this study, τ is taken as 4 to achieve 99.99% gas saturation, and the height of the
water column l is 5 mm. The saturation times required to achieve 99.99% saturation of
carbon dioxide, methane, and nitrogen gases in water at the initial pressure, and constant
(η) in the diffusion equation, are given in Table S1, in the Supplementary Material provided
with this paper.
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2.2. Validation of Waiting Time after Each Pressure Reduction Step with ‘Characteristic Time’

Since semi-infinite diffusion solution is used to estimate the supersaturations in this
study, therefore, it is important to validate whether the waiting time, i.e., 15 min, after
each pressure reduction step satisfies the semi-infinite diffusion model. The characteristic
diffusion time (τs) for a gas to diffuse on a liquid column of height (L) and diffusion
co-efficient (D) is given by [18]:

τs =
L2

4DAB
(14)

3. Results and Discussion

The saturation times for CO2-water, CH4-water, and N2-water systems are 62,500 s
(17.4 h), 56,497 s (15.7 h), and 52,910 s (14.7 h), respectively (ref.: Table S1). The details of
characteristic time for all the three gases used in this study are given in Table 1.

Table 1. Characteristic time and η calculations for carbon dioxide, methane, and nitrogen gases.

Type of Gas Diffusion Coefficient
DAB (mm2/s) η

Characteristic Time
(s)

Carbon dioxide 0.0016 [19] 0.99678 3906 (1.09 h)
Methane 0.00177 [20] 0.99491 3531 (0.98 h)
Nitrogen 0.00189 [21] 0.99329 3307 (0.92 h)

Since the time allowed after each pressure reduction step (15 min) is much less than
the characteristic time, a semi-infinite diffusion model is applicable for this study. For
15 min waiting time, the supersaturation generated, remaining CO2 concentration, and
amount of CO2 diffused out from water after each pressure reduction step, for 500 mbar
and 100 mbar step-down pressures, are given in Tables S2 and S3, respectively. The corre-
sponding calculations for two sparingly soluble gases, methane and nitrogen, are given in
Tables S4–S7, respectively, in the Supplementary Material provided with this paper.

Effect of Waiting Time on Supersaturation after Each Pressure Reduction Step

To study the effect of waiting time on supersaturation in CO2-water, CH4-water, and
N2-water systems, the supersaturations were estimated at four different waiting times (15,
30, 45, and 60 min) for 100 and 500 mbar step-down pressures. Figure 2a–c represent the
effect of waiting time on supersaturation in CO2-water, CH4-water, and N2-water systems,
respectively. From the figures, it can be observed that as the waiting time increases, at a
given pressure, the supersaturation decreases as the consequence of the decrease in the
actual concentration of gas in the liquid phase for both the step-down pressures. In addition,
from the figures, it can be observed that the supersaturations generated in the CO2-water
system are an order of magnitude higher compared to those of CH4-water and N2-water
systems. This is due to fact that the Henry’s law constants for CO2 (3.36 × 10−7 mol/L/Pa)
are approximately 25- and 56-times higher than CH4 (1.36 × 10−8 mol/L/Pa) and N2
(6.02 × 10−9 mol/L/Pa) gases, respectively. Hence, the dissolved gas concentration of
CO2 in water is much higher compared to the sparingly soluble gases CH4 and N2 in the
pressure range considered in this work. The supersaturation calculations for both 100 and
500 mbar step-down pressures for the aforementioned gas–liquid systems are tabulated in
Tables S8–S13 (100 mbar), in the Supplementary Material provided with this paper. It is
important to note that the mathematical model presented in this study is not applicable at
the onset nucleation pressure for bubble nucleation or any pressure below that.
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4. Conclusions

In this study, an analytical method to estimate the supersaturations generated with two
different step-down pressures from an initial saturation pressure is presented. The proposed
method estimates supersaturation by integrating Fick’s second law of diffusion and Henry’s
law. The semi-infinite diffusion model was used to estimate the supersaturations generated
in gas–liquid systems. Since a certain waiting time is required to observe bubble nucleation
after creating a supersaturation, the waiting times used in this study were validated with the
characteristic times. In addition, we analyzed the effect of waiting time on supersaturation
and found that, at a given pressure, as the waiting increases, the supersaturation decreases
due to the decrease in the actual concentration of gas in the liquid. The supersaturation
is higher with the higher step-down pressure. The dissolved gas concentration of CO2
in water is much higher compared to CH4 and N2, in the pressure range of this work;
therefore, the supersaturations generated in the CO2-water system are correspondingly
higher compared to CH4-water and N2-water systems.

Supplementary Materials: The following are available online at https://www.mdpi.com/article/
10.3390/eng3010010/s1, Table S1: Saturation time calculations for carbon dioxide, methane, and
nitrogen gases in water, Table S2: Supersaturation and diffusion calculations for carbon dioxide
with 500 mbar (50,000 Pa) step-down pressure, Table S3: Supersaturation and diffusion calculations
for carbon dioxide with 100 mbar (10,000 Pa) step-down pressure, Table S4: Supersaturation and
diffusion calculations for methane gas with 500 mbar (50,000 Pa) step-down pressure, Table S5:
Supersaturation and diffusion calculations for methane with 100 mbar (10,000 Pa) step-down pressure,
Table S6: Supersaturation and diffusion calculations for nitrogen with 500 mbar (50,000 Pa) step-
down pressure, Table S7: Supersaturation and diffusion calculations for nitrogen with 100 mbar
(10,000 Pa) step-down pressure, Table S8: CO2 supersaturations generated in water with 500 mbar
(50,000 Pa) step-down pressure and different waiting times (saturation pressure: 6000 mbar or
600,000 Pa), Table S9: CO2 supersaturations generated in water with 100 mbar (10,000 Pa) step-down
pressure and different waiting times (saturation pressure: 6000 mbar or 600,000 Pa), Table S10: CH4
supersaturations generated in water with 500 mbar (50,000 Pa) step-down pressure and different
waiting times (saturation pressure: 6000 mbar or 600,000 Pa), Table S11: CH4 supersaturations
generated in water with 100 mbar (10,000 Pa) step-down pressure and different waiting times
(saturation pressure: 6000 mbar or 600,000 Pa), Table S12: N2 supersaturations generated in water
with 500 mbar (50,000 Pa) step-down pressure and different waiting times (saturation pressure:
6000 mbar or 600,000 Pa), Table S13: N2 supersaturations generated in water with 100 mbar (10,000 Pa)
step-down pressure and different waiting times (saturation pressure: 6000 mbar or 600,000 Pa).
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