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Abstract

:

The question addressed is whether the free oscillations of a continuous system can be suppressed, or at least the total energy reduced, by applying external forces, using as example the linear undamped transverse oscillations of a uniform elastic string. The non-resonant forcing at an applied frequency, distinct from all natural frequencies, does not interact with the normal modes, whose energy is unchanged, and adds the energy of the forced oscillation, thus increasing the total energy, that is the opposite of the result being sought. The resonant forcing at an applied frequency, equal to one of the natural frequencies, leads to an amplitude growing linearly with time, and hence the energy is growing quadratically with time, implying an increase in total energy after a sufficiently long time. A reduction in total energy is possible over a short time, say over the first period of oscillation, by optimizing the forcing. In the case of a concentrated force, by optimizing its magnitude and location, the total energy with forcing in one period is reduced by a modest maximum of 2% relative to the free oscillation alone. The conclusion is similar for several concentrated forces. In the case of a continuously distributed force, by optimizing the spatial distribution, it is possible to reduce the energy of the total oscillation to one-fourth of that of the free oscillation over the first period of vibration. This shows that continuously distributed forces are more effective at vibration suppression than point forces.
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1. Introduction


The research in the present paper relates to the active suppression of (a) acoustic oscillations and (b) vibrations of beams. Concerning the first topic (a) of acoustic oscillations, the simplest one-dimensional case is the classical problem of sound propagation in ducts [1,2,3,4,5,6,7], including active noise reduction [8,9]. The extensions include the acoustics of ducts of generally varying cross-section that is studied most simply for quasi-one-dimensional propagation [10,11,12], when the wavelength is larger than the transverse dimensions of the duct; in this case, the classical wave equation is replaced by the horn wave equation, for which a variety of solutions exist [13,14,15,16,17,18,19,20,21,22,23,24]. An extension including mean flow is the quasi-one-dimensional propagation of sound in a duct of varying cross-section [25,26,27,28,29,30,31]. A different extension, without flow, is the acoustics of curved [32,33,34,35,36,37,38,39,40,41,42,43,44,45,46,47] or twisted [48] tubes. The applications of duct acoustics include the noise of jet engines and air conditioning systems.



The topic (b) of vibration of beams is based on the classic Bernoulli [49] and Euler [50] theory that is a standard introductory subject in textbooks on elasticity [51,52,53,54,55,56,57,58,59] and leads to the phenomenon of buckling [60], which has been considered in several conditions: (i) geometric and material non-linearities [61,62]; (ii) in combination with shear [63,64] that is more significant for thin-walled beams [65,66,67,68,69]; (iii) constraints [70,71,72], such as hyper or non-local elasticity [73,74]; (iv) vibrations [75,76], that can be excited by unsteady applied forces [77,78,79,80,81,82,83], leading to control problems [84]; (v) steady mechanical [85] or thermal [86,87,88] effects; and (vi) vibrations of tapered beams [89,90,91,92,93,94,95,96,97,98,99,100,101,102,103,104,105], with multiple applications like airplane wings and flexible aircraft and helicopters [106,107,108,109,110,111,112,113,114,115]. The applications include active vibration suppression [116,117,118,119,120].



There are generic topics applicable to active vibration suppression [121] independent of specific application. The active suppression of (a) noise is based on (A) boundary or radiation conditions introducing sound waves with opposite phase. The active suppression (b) of vibration of beams is based on (B) forcing by applied forces and/or moments either concentrated or continuously distributed or a superposition of both. The contrast between the two approaches suggests an hybrid case concerning the active suppression of transverse oscillations of an elastic string, instead of (A) superimposing oscillations with opposite phase through the boundary using (B) forcing by concentrated or distributed forces. The hybrid case is investigated by considering whether the energy of free transverse oscillations of an elastic string can be reduced by forcing. The ( α ) undamped and ( β ) damped cases are described by different equations, namely the ( α ) classical wave equation and ( β ) the wave-diffusion or telegraph equation. This suggests considering ( α ) the undamped case first in the present paper (part I) to assess the interaction of free and forced oscillations, including non-resonant and resonant cases; the additional effects of damping ( β ) are considered in a follow-on paper (part II).



Thus the transverse oscillations of an elastic string are used as a sample case on the use of forcing for active suppression of material vibration. There are two cases to be considered [122], depending on whether the forcing is (II) or not (I) at a natural frequency of the undamped system. Assuming the free oscillation of the system, at its natural frequency (or frequencies), the forcing at any other, non-resonant frequency (case I) will increase the total energy, because the energy of the forced vibration adds to that of the free vibration. Thus, no vibration suppression will occur, unless forcing is applied at the natural frequency, leading to the resonant case (case II). Concerning the remaining second case (case II), with resonance: (i) the free oscillations are sinusoidal, with constant amplitude; (ii) the forced resonant oscillation is sinusoidal with amplitude increasing linearly with time; (iii) the total, free plus forced, oscillation, has amplitude varying with time. It is clear that the oscillation cannot be totally suppressed, and the total energy will eventually increase. Thus, the question can be modified: for how long can the energy of oscillation of an undamped system be prevented from increasing by optimizing the resonant forcing relative to the free oscillation? This is the basic question addressed in the present paper.



In this introduction, different problems have been identified by distinct symbols: (i) acoustic oscillations (a) and vibrations of beams (b); (ii) active partial or total suppression introducing opposite oscillations from sources or through the boundaries (A) or by forcing with applied forces and moments (B); (iii) models without ( α ) and with ( β ) damping; (iv) cases of non-resonant (I) or resonant (II) forcing. An additional criterion (v) would be forcing by point or continuous forces. With this classification, the part I of the paper concerns the transverse oscillations of an elastic string (a), forced by point or continuous forces (B), including non-resonant (I) and resonant (II) cases, without damping ( α ), with damping ( β ) being deferred to part II. The applications are undamped systems described by the classical wave equation (part I) and damped systems described by the wave-diffusion or telegraph equation (part II). The wave equation applies to acoustic, elastic and electromagnetic waves, and damping effects can be thermal conduction or radiation, viscosity, electrical resistance and mass diffusion. The theory of oscillations applies not only to continuous systems, but also to discrete systems such as: (i) mechanical oscillators consisting of masses, springs, dampers and forcing actuators; (ii) electrical circuits consisting of inductors, capacitors and resistors powered by batteries; (iii) analogous circuits in acoustics, hydraulics and other fields.



The question of vibration suppression is answered by an exact, analytical solution, for the “simplest” vibrating system and forcing: (i) the transverse vibrations of an elastic string fixed at both ends; (ii) resonant forcing by a single or several concentrated forces or a distributed force; (iii) minimization of the energy over the first period of oscillation. After outlining the problem (Section 1), the method of solution is presented as follows: calculation of the free oscillations, as a superposition of natural modes, and of the response to a concentrated force, in non-resonant cases (Section 2); calculation of the total (kinetic plus elastic) energy density, averaged over a period, for free, forced and combined oscillations (Section 3), showing that the energy adds in the non-resonant case, but not in the resonant case; thus, the energy integrated over the length of the string can be minimized with regard to the magnitude of the force, to the position where it is applied or both simultaneously (Section 4). In this way, the total energy can be reduced marginally (by less 2%), by optimum forcing, over the first period, but not much longer, as shown (Section 5) by plotting the total oscillation and its energy over a period for optimal and non-optimal forcing conditions. The case of several concentrated forces at different locations is equivalent to a single overall force and location (Section 6), and leads to the same result. In the case of a continuously distributed force (Section 7), it is shown that it is possible to reduce the total energy of the oscillation over the first period by to at best one-fourth of the energy of the free oscillation. This requires an optimal choice of the forcing, as concerns spatial distribution and amplitude relative to the free oscillation, and shows (Section 8) that continuously distributed forces are more effective vibration suppressors than point forces.



This kind of analysis could be applied to more general vibrating systems [1,2,3,4,5,6,7,123,124].




2. Free Oscillations and Forcing by Concentrated Force


Consider the linear free vibrations of an elastic string that are described by the classical wave equation:


     ∂ 2   y ˜    ∂  x 2    −  1  c 2      ∂ 2   y ˜    ∂  t 2    = 0 ,  



(1a)




with wave speed c specified by:


  c ≡   T ρ   ,  



(1b)




where  ρ  is the mass density per unit length and T is the tangential tension, both assumed to be constant. The string is fixed at the two ends at   x = 0   and   x = L  :


   y ˜   0 , t  = 0 =  y ˜   L , t  .  



(2)







The transverse displacement is given by a superposition of normal spatial modes,


   y n   x  = sin    n π x  L   ,  



(3a)




with sinusoidal oscillations in time:


   y ˜   x , t  =  ∑  n = 1  ∞   y n   x    P n  cos    n π c t  L   +  Q n  sin    n π c t  L    .  



(3b)







The last solution is obtained with the method of separation of variables t and x. The amplitudes are determined by the initial deflection:


   y ˜   x , 0  =  ∑  n = 1  ∞   P n  sin    n π x  L   ,  



(4a)




and initial velocity:


    ∂  y ˜    ∂ t    x , 0  =   π c  L   ∑  n = 1  ∞  n  Q n  sin    n π x  L   ,  



(4b)




of the string at time   t = 0  . From the sine series (4a) and (4b) follows that the coefficients   P n   and   Q n   are specified respectively by the initial displacement:


   P n  =  2 L   ∫ 0 L   y ˜   x , 0  sin   k n  x   d x ,  



(5a)




and initial velocity:


   Q n  =  2  π c n    ∫ 0 L    ∂  y ˜    ∂ t    x , 0  sin   k n  x   d x ,  



(5b)




where   k n   denotes the wavenumber of the mode n:


   k n  ≡   n π  L  .  



(6a)







The corresponding wavelength is:


   λ n  ≡   2 π   k n   =   2 L  n  .  



(6b)







The wave period is:


   τ n  ≡   λ n  c  =   2 L   n c   ,  



(6c)




and the frequency is:


   ω n  ≡   2 π   τ n   =   n π c  L  =  k n  c .  



(6d)







The partial amplitudes    P n  ,  Q n    may be replaced by the amplitude   A n   and phase   α n  :


     P n     =  A n  cos   α n   ,     



(7a)






     Q n     =  A n  sin   α n   ,     



(7b)




with inverses:


     A n     =    P n 2  +  Q n 2    1 / 2   ,     



(7c)






     tan  α n      =   Q n   P n   .     



(7d)







In particular, if the string has no deformation at the initial time,    y ˜   x , 0  = 0  , then    P n  = 0   or equivalently    α n  = π / 2  . In contrast, if the string is released without velocity,   ∂  y ˜  / ∂ t  x , 0  = 0  , then    Q n  = 0   and therefore    α n  = 0  . Substituting (7a) and (7b) in (3b), the total oscillation is given by


   y ˜   x , t  =  ∑  n = 1  ∞   A n  sin   k n  x  cos   ω n  t −  α n   .  



(8)







The phase   α n   of each mode may be eliminated by changing time to:


   t ′  = t −   α n   ω n   ,  



(9a)




so that:


  cos   ω n  t −  α n   = cos   ω n   t ′   .  



(9b)







Thus there is no loss of generality in the following figures to set    α n  = 0  , since this is equivalent to a time shift.



The Figure 1 shows the dimensionless amplitudes,    y ˜  /  A n   , of the free oscillations for the first three natural frequencies,   n = 1 , 2 , 3  . The plots show the oscillations along the string as a function of the dimensionless coordinate,   x / L  . In the case of Figure 1, the string is released without velocity, therefore    Q n  = 0 =  α n    and    A n  =  P n   . Otherwise, if the string is released with some velocity, then    α n  ≠ 0   and that case is equivalent to a time shift (9a), implying (9b), of the plots in the Figure 1. According to (8), once the value of time shift   α n   is defined, the shape of the string is dependent on the dimensionless parameter   x / L  , and for each natural frequency it is plotted at six different times:


  t =  0.0 , 0.4 , 0.8 , 1.2 , 1.6 , 2.0  L / c .  



(10)







The total deformation of the string is the sum of all the contributions of each natural mode of shape (for each value of n). The deformation is dominated by the natural modes with larger values of   A n   (in modulus). That influence depends only on the initial deflection, that is, on the shape of the string at the initial time.



The Figure 1 illustrates the shape of the string at six equally spaced times between   t = 0   and   t = 2 L / c  . Each term of   y ˜   is proportional to   cos   ω n  t    that is a periodic function. Its period is given by (6c). Consequently, the first mode of deformation has period equal to   2 L / c  . Considering the second mode, the lowest period is   2 L /  2 c  = L / c  , implying that the   2 L / c   is also a period of the second mode. Generally, each mode of deformation of frequency   ω n   has the lowest period equal to   2 L /  n c    (increasing the mode of deformation n, the period decreases) and therefore, multiplying it by n,   2 L / c   is also the period of each mode. That is the reason why the Figure 1 illustrates the deformation from the initial time   t = 0   until the instant   t = 2 L / c   because it is the period of each mode of deformation (note that the plots are the same for the two instants). In particular, for   n = 2   the string made two complete oscillations, and for   n = 3   the string made three complete oscillations, at the final instant   t = 2 L / c  . The Figure 1 shows that the string is always fixed at the two ends for any mode of deformation all the time. Furthermore, for each mode n, the string has n peaks and   n − 1   nodes (not counting both ends of the string). These nodes and peaks remain at the same positions all the time due to the separation of variables t and x in the solution. According to the Figure 1, the plots are the same for the instants   t = 0.4 L / c   and   t = 1.6 L / c  . The temporal dependence of the oscillation   y ˜   is   cos   ω n  t    and because   cos   t 1   = cos  2 L / c −  t 1     for any instant   t 1  , the free oscillation has the property    y ˜   x , t  =  y ˜   x , 2 L / c − t   . The plots are also the same when   t = 0.8 L / c   and   t = 1.2 L / c   for the same reasons. However, the direction of the movement of the oscillation, that is determined by   ∂  y ˜  / ∂ t  , is not the same. For example, at the instant   t = 0.4 L / c  , the string of the first natural mode oscillation (  n = 1  ) is moving downwards while the same string at the instant   t = 1.6 L / c   is moving upwards.



Consider next the vibrations caused by a force, of frequency  ω  and amplitude F, concentrated at the point   x = ξ  :


     ∂ 2   y ¯    ∂  x 2    −  1  c 2      ∂ 2   y ¯    ∂  t 2    = F δ  x − ξ  cos  ω t + β  ,  



(11)




where  δ  is the Dirac delta function [125,126], that can be used to represent a concentrated force. The time dependence of the concentrated force is sinusoidal with applied frequency  ω ; this is one term of the representation by a Fourier series of any function of time with bounded fluctuation [127]. In (11) was introduced a phase shift  β  of the forced oscillation generally distinct from the phase shift   α n   of the free oscillations (8), that is determined through the Equation (7d) by the initial conditions (5a) and (5b). The response will have the same frequency and the same phase shift as the applied force:


   y ¯   x , t  = B  x  cos  ω t + β  ,  



(12a)




leading to the differential equation:


     d 2  B   d  x 2    +    ω c   2  B  x  = F δ  x − ξ  ,  



(12b)




that can be solved by expanding the Dirac delta function in sine series in the interval   0 , L  :


  δ  x − ξ  =  ∑  n = 1  ∞   a n  sin    n π x  L   .  



(13a)







This assumes that mathematically F is repeated at all   ξ + n L   positions with   n = 1 , 2 , 3 , …  , and with reversed sign   − F   at   − ξ − m L   with   m = 0 , 1 , 2 , …  , so that it specifies an odd function of x, with sine series (13a) with coefficients:


   a n  =  2 L   ∫ 0 L  δ  x − ξ  sin    n π x  L    d x =  2 L  sin    n π ξ  L   .  



(13b)







Substituting (13b) in (13a) follows that the Dirac delta function is represented by the Fourier sine series:


  δ  x − ξ  =  2 L   ∑  n = 1  ∞  sin    n π ξ  L   sin    n π x  L   .  



(13c)







Then, substituting the function   δ  x − ξ    in (12b), with   k ≡ ω / c  , leads to:


     d 2  B   d  x 2    +  k 2  B =   2 F  L   ∑  n = 1  ∞  sin   k n  x  sin   k n  ξ  ,  



(14)




and suggests the solution:


  B  x  =  ∑  n = 1  ∞   b n  sin   k n  x  ,  



(15a)




leading to the condition:


    k 2  −  k n 2    b n  =   2 F  L  sin   k n  ξ  .  



(15b)







Substituting (15b) in (15a) and then in (12a), the forced oscillations are given by


   y ¯   x , t  =   2 F  L  cos  ω t + β   ∑  n = 1  ∞   1   k 2  −  k n 2    sin   k n  ξ  sin   k n  x  ,  



(16)




for wavenumber k outside resonance,   k ≠  k n   , and for all   n = 1 , … , ∞  .



In the resonant case,   k =  k m    for some integer m, hence the m-th term of (16) would appear to be infinite. This is physically absurd, because the oscillation cannot have infinite amplitude or energy. It is the result of mathematical error, namely dividing (15b) by zero,    k 2  −  k m 2  = 0  , when   k =  k m   . Thus, the m-th term of (16) is invalid as a solution of (14) if   k =  k m    or   ω =  ω m   . To find a valid solution in this case [122,128], the Equation (15b) is rewritten with the time dependence:


    ω 2  −  ω m 2    b m  cos   ω m  t + β  =   2 F  c 2   L  sin   k m  ξ  cos   ω m  t + β  .  



(17)







Differentiating with regard to   ω m   to both sides of (17) leads to:


  −   ω 2  −  ω m 2    b m  t sin   ω m  t + β  − 2  ω m   b m  cos   ω m  t + β  = −   2 F  c 2   L  sin   k m  ξ  t sin   ω m  t + β  ,  



(18)




and letting  ω  tending to   ω m   yields:


   b m  cos   ω m  t + β  =   F  c 2     ω m  L   sin   k m  ξ  t sin   ω m  t + β  .  



(19)







Using the last equality (19) in the m-th term of (15a) and (15b), while the remaining terms   n ≠ m   are unchanged, leads to the forced response:


      y ¯   x , t      =  F   k m 2  L   sin   k m  ξ  sin   k m  x   ω m  t sin   ω m  t + β           +   2 F  L   ∑      n = 1       n ≠ m      ∞     k m 2  −  k n 2    − 1   sin   k n  ξ  sin   k n  x  cos   ω m  t + β  ,     



(20)




consisting of oscillations of constant amplitude at all wavenumbers    k n  ≠  k m   , except   k m  , for which the amplitude increases linearly with time.



The Figure 2 shows the modified amplitudes,    y ¯  L / F   (it is not dimensionless), of the forced oscillations for the first three natural frequencies,   n = 1 , 2 , 3  . As in the Figure 1, the plots shown the oscillations along the string as a function of the dimensionless coordinate,   x / L  . According to (20), and bearing in mind (6a), the position x appears always divided by L, in the dimensionless coordinate   x / L  . The total deformation of the string due to the external force is the sum of all the contributions of each natural mode of shape (for each value of n). The first three contributions are plotted in the Figure 2. In contrast with the free oscillation, the force F contributes equally to each deformation plotted in the Figure 2 for each value of n (and to the contributions not depicted in Figure 2 for   n ≥ 4  ) because forcing by an impulse in (13a) is equivalent to “white noise”. The total forced deformation is obtained summing each deformation and then multiplying it by   F / L  . Also, in contrast to the free oscillations, the forced oscillations do not depend on boundary conditions, that is, on the coefficients   P n   and   Q n  . In the Figure 2, it is assumed that the point force applied at   ξ = 0.25 L  . Consequently, the term   sin   k n  ξ    that appears in the solution is equal to   sin  n π / 4   . The forced frequency of the excitation is equal to the first natural mode of free oscillation, that is, the figure is obtained with    ω m  =  ω 1  = π c / 2 L   (  m = 1  ). Consequently, at the initial time (  t = 0  ), the string remains horizontal (   y ¯  = 0  ) for the first mode of deformation (  n = 1  ) because, according to (20), the resonant term is proportional to the time. Moreover, the Figure 2 is obtained with   β = 0  , which corresponds to a maximum amplitude of the oscillatory applied force at the initial time, according to the right-hand side of (11). The plots would be similar with   β ≠ 0  , since  β  only introduces a phase shift to the results. Therefore, the plots of the Figure 2 can be obtained with   β ≠ 0  , but for times distinct than those indicated above each plot of the figure. The exception is the resonant term because it also depends on the term    ω m  t  .



The Figure 2 shows the string at six times between   t = 0   and   t = 2 L / c  , the same as in the Figure 1. Each term of   y ¯   is proportional to   cos  ω t    that is a periodic function. Its period is   2 π / ω   and in the particular case of Figure 2 is equal to   2 π /  ω 1  = 2 L / c  . For that reason, the Figure 2 illustrates the deformation from the initial time   t = 0   until the instant   t = 2 L / c   because it is the period of all modes of deformation (note that the plots are the same for the two instants, although the deformation of the resonant mode,   n = 1  , is not periodic because it is proportional to    ω m  t  .). As opposed to the free oscillations, the period of each mode of oscillation is the same and it depends only on the frequency  ω  of the force. This was already imposed by the solution in (12a). However, in the resonant mode, when the frequency of the force is equal to one of the natural frequencies of the free oscillation, the resonant term is not periodic because the oscillation grows linearly with    ω m  t  .



As in the free oscillations, the Figure 2 shows that the string is always fixed at the two ends for any mode of forced deformation all the time. Furthermore, for each mode n, the string has n peaks and   n − 1   nodes (not counting both ends of the string). These nodes and peaks remain at the same positions all the time due to the separation of variables t and x in the solution. Moreover, the nodes and peaks of the forced oscillations are at the same position as those of free oscillations. Therefore, all the terms of forced oscillations have the same properties as the free oscillations (the only difference is the period of the oscillations as explained before). The only exception is in the resonant term where the amplitude of oscillation increase with time due to the term    ω m  t  . Another property in common with free oscillations is that the plots of the non-resonant forced oscillations are the same for the instants   t = 0.4 L / c   and   t = 1.6 L / c  . The temporal dependence of the oscillation   y ¯   is again   cos  ω t + β    and therefore theses oscillations have the property    y ¯   x , t  =  y ¯   x , 2 π / ω − t   , or in particular case of the Figure 2,    y ¯   x , t  =  y ¯   x , 2 L / c − t   . However, as in the free oscillations, the direction of the movement of the oscillation, that is determined by   ∂  y ¯  / ∂ t  , is not the same. The plots of the non-resonant oscillations are also the same when   t = 0.8 L / c   and   t = 1.2 L / c   for the same reasons. This property does not hold with the resonant term due to the term    ω m  t   (in the Figure 2, the resonant oscillation is the plot of   n = 1  ). It should also be noted that the resonant and non-resonant oscillations have phases in quadrature, hence when the non-resonant oscillation has maximum amplitude, the resonant oscillation has zero deformation, and vice-versa. This can be changed using the phase shift  β  in the forced oscillation, for example   β = −  α n  + π / 2   would bring the free and forced oscillations in phase.



The total oscillation, that is free plus forced oscillation:


  y  x , t  =  y ˜   x , t  +  y ¯   x , t  ,  



(21)




is given, for   ω ≠  ω n   , by:


  y  x , t  =  ∑  n = 1  ∞  sin   k n  x    A n  cos   ω n  t −  α n   +   2 F  L     k 2  −  k n 2    − 1   sin   k n  ξ  cos  ω t + β   ,  



(22)




in the absence of resonance, and, for   ω =  ω m   , by:


     y  x , t      =  ∑      n = 1       n ≠ m      ∞  sin   k n  x    A n  cos   ω n  t −  α n   +   2 F  L     k m 2  −  k n 2    − 1   sin   k n  ξ  cos   ω m  t + β            + sin   k m  x    A m  cos   ω m  t −  α m   +  F   k m 2  L   sin   k m  ξ   ω m  t sin   ω m  t + β   ,     



(23)




in the presence of resonance. Note that even in the case of zero phase shift,    α n  = 0 = β  , in neither case the forced oscillation can exactly cancel the free oscillation, because: (i) in the non-resonant case (22) the frequencies   ω ≠  ω n    are different; (ii) in the resonant case (23) the frequency is the same (  ω =  ω m    in the last term), but the amplitudes are different, since it is constant for the free oscillation, but is increasing linearly with time for the forced oscillation.



The plots (a) of the Figure 3 show the maximum amplitude (in modulus) of the free oscillations over time for the first three natural modes of oscillation,   n ≤ 3  . The other three plots of the Figure 3 show the maximum amplitude (in modulus) of the forced oscillations, each one for a different location of the applied force. In all three plots, the frequency of the force is equal to the first natural mode of the free oscillation, that is,   ω =  ω 1  = π c / L  . Therefore, the plots for   n = 1   represent the maximum amplitude of the resonant term. The Figure 3 shows the results for the instants between   t = 0   and   t = 2 L / c   because   2 L / c   is the period of all free oscillations. Since   2 L / c   is also the period of the applied force, the forced oscillations also have the same period. Note that in these plots, there is no phase shift of the free oscillations and applied force,    α n  = 0 = β  . If    α n  ≠ 0  , there is a phase shift on the result of n mode of oscillation, visualized in the plots (a) of the Figure 3. Setting   β ≠ 0   introduces a phase shift on all n non-resonant modes of forced oscillations, while on the m resonant mode, the plot is also modified, but not with a phase shift due to the term    ω m  t  .



The maximum amplitude of the free oscillations over time has also an oscillatory behaviour. Indeed, the maximum amplitudes over time can be deduced from (8), knowing the parameters   α n   and   A n  , and assuming the maximum value for   sin   k n  x   , equal to 1. Consequently, the maximum amplitude of free oscillations, for each mode of vibration n, is proportional to   cos   ω n  t −  α n    . Therefore, the maximum amplitude can reach the value   A n   when   t = L k /  n c  + L  α n  /  n c π    with k being a natural number. The number of times the maximum amplitude of the free oscillations occurs is greater when the value of n is decreased because the period of the oscillations is lower. These conclusions are similar when    α n  ≠ 0  .



The oscillatory behaviour is also present in the forced oscillations over time. The times at which the maximum amplitude occurs depend on the frequency of the applied force, not on its location, as shown in the Figure 3 for   β = 0  . In this situation, all the non-resonant terms have maximum amplitude when   t = k π / ω   (in this case, when   t = L k / c  ) with k being a natural number. The maximum amplitudes occur when the applied oscillatory force is also maximum. Indeed, this result can be deduced from (22) assuming   cos  ω t  = ± 1  . For the non-resonant oscillations, the maximum amplitude is greater when   k n   approaches the value k from the applied force (in the case of Figure 3, the greatest amplitudes of non-resonant forced oscillations are for   n = 2   because it is the mode of oscillation that is closest to the frequency of the applied force   n = 1  ). However, this property is not always true due to the value   sin   k n  ξ   . For instance, when the force is applied at the middle of the beam,   ξ = 0.5 L  , the non-resonant oscillation for   n = 2   is null (therefore, the oscillation for   n = 3   is greater). This exception results from (23) for the second term (  n = 2  ), knowing that   sin   k 2  ξ  = 0  . The Figure 3 also shows that the maximum amplitudes of the resonant term (in this case for   n = 1  ) increases over time because of the term    ω m  t   in (23). Also, the maximum amplitudes of the non-resonant oscillations happen when the resonant oscillation is zero, because when   cos  ω t  = ± 1  , then   sin  ω t  = 0  . The maximum amplitudes of the resonant oscillation occur when   sin  ω t  + ω t cos  ω t  = 0  . These conclusions are similar when   β ≠ 0  .



Next is investigated to what extent the forced oscillation can be used to reduce the energy of the free oscillation.




3. Minimization of Total (Kinetic Plus Elastic) Energy


The time average over a period  τ  is defined by:


   f  ω t   ≡  1 τ   ∫ 0 τ  f  ω t   d t ,  



(24a)




and can be reduced to an integration along a unit circular arc, assuming the period  τ  as   2 π / ω  , specified by:


  0 ≤ t < τ = 2 π / ω ⇔ 0 ≤ θ ≡ ω t < ω τ = 2 π ,  



(24b)




in the integral:


   f  θ   =  1  2 π    ∫ 0  2 π   f  θ   d θ  



(24c)







The total energy density per unit length averaged over a period is:


   e ˜   x  =  ρ 2       ∂  y ˜   x , t    ∂ t    2   +  T 2       ∂  y ˜   x , t    ∂ x    2   ,  



(25)




where the kinetic energy involves the mass density per unit length  ρ  and the elastic energy involves the tangential tension T. For a free oscillation with displacement (8), each mode n of vibration has period equal to   τ = 2 π /  ω n   , as in (6d). The velocity has a mean square over a period given by:


       ∂  y ˜   x , t    ∂ t    2   =  ∑  n = 1  ∞   ∑  r = 1  ∞   A n   A r   ω n   ω r  sin   k n  x  sin   k r  x   sin   ω n  t −  α n   sin   ω r  t −  α r    ,  



(26a)




and the strain has a mean square over a period given by:


       ∂  y ˜   x , t    ∂ x    2   =  ∑  n = 1  ∞   ∑  r = 1  ∞  =  A n   A r   k n   k r  cos   k n  x  cos   k r  x   cos   ω n  t −  α n   cos   ω r  t −  α r    .  



(26b)







The average over a period of the product of sines and cosines with different phases is given by (A1) and (A2) in the Appendix A:


   sin   ω n  t −  α n   sin   ω r  t −  α r    =  1 2   δ  n r   =  cos   ω n  t −  α n   cos   ω r  t −  α r     



(27)




where   δ  n r    is the identity matrix. Thus the average kinetic energy is given by


    e ˜  k  =  ρ 2       ∂  y ˜   x , t    ∂ t    2   =  ρ 4   ∑  n = 1  ∞     ω n   A n   2   sin 2    k n  x  ,  



(28a)




and the average elastic energy is given by


    e ˜  e  =  T 2       ∂  y ˜   x , t    ∂ x    2   =  T 4   ∑  n = 1  ∞     k n   A n   2   cos 2    k n  x  .  



(28b)







Using the wave speed (1a) in   ρ    ω n   2  = ρ    k n  c  2  = T  k n 2   , the total energy per unit length of string, which is the sum of average kinetic and elastic energies, is constant:


   E ˜  ≡   4  e ˜   x   T  =   4   e ˜  k   x  + 4   e ˜  e   x   T  =  ∑  n = 1  ∞     A n   k n   2  > 0 ,  



(29)




for the free oscillation.



The Table 1 shows the total energy density of the free oscillations along the string averaged over one period, for the first four modes of the vibration n. In this case, the total energy is constant along the string, not depending on explicit values of position x. The results of the Table 1 are obtained from (29) which follows from the mean square velocity (28a) and the mean square strain (28b). To obtain the mean squares, the values of   sin   ω n  t −  α n   sin   ω r  t −  α r     and   cos   ω n  t −  α n   cos   ω r  t −  α r     were needed. The time averages of the product of sines and cosines are calculated over a period in Appendix A; the period of both functions for the time average,   sin   ω n  t −  α n   sin   ω r  t −  α r     and   cos   ω n  t −  α n   cos   ω r  t −  α r    , is   2 L / c   for any combination of the values n and r (although in some cases the lowest period is   L / c   or even lower). The phase shifts   α n   and   α r   do not change the period of both functions. Therefore, in the Table 1, the first period is from   t = 0   until   t = 2 L / c  , the second period is from   t = 2 L / c   to   t = 4 L / c  , and so on.



As indicated by the Equation (29), the energy density is constant along the string for each mode of free oscillation n. The energy density increases with n because   A n   appears to the square in (29). Also modes with larger   A n   in modulus,    A n   , contribute more to the energy. For the same value of   A n  , modes of higher order n contribute more to the energy because   k n   increases with n in the respective energy density. Another property is that the contribution of each mode of oscillation n to the energy density is independent of the other modes of oscillation. Therefore, it is possible to show in a tabular form the contribution to the energy for each mode of oscillation separately, as outlined in the Table 1. The energy remains unchanged when the oscillations advance one period, because the time averages have the same values, so the results in the Table 1 are the same for different periods. Hence, the period used to perform the time average is irrelevant in the evaluation of the energy density of free oscillations.



The total energy averaged over a period for the forced oscillation is given by:


   e ¯   x  =  1 2  ρ      ∂  y ¯   x , t    ∂ t    2   +  1 2  T      ∂  y ¯   x , t    ∂ x    2   ,  



(30)




leading by (12a) to:


   e ¯   x  =  1 4  ρ  ω 2    B  x   2  +  1 4  T     d B   d x    2  .  



(31)







To obtain the last result, one of the intermediate steps is to evaluate the time averages of    sin 2   ω t + β    and    cos 2   ω t + β    because, according to (12a), the forced oscillation is proportional to   cos  ω t + β   . The period of both functions is   2 π / ω   (although the lowest period is   π / ω  ), noting that the phase shift of the applied force  β  does not change the period. Both time averages are equal to   1 / 2  , as shown in Appendix A. Using (15a) in (31), it follows that the energy of forced oscillations is:


   E ¯  ≡   4  e ¯   x   T  =  k 2     ∑  n = 1  ∞   b n  sin   k n  x   2  +    ∑  n = 1  ∞   k n   b n  cos   k n  x   2  .  



(32)







In the non-resonant case, where the frequency of the force  ω  is not equal to any of the natural frequencies of the free oscillation   ω n  , the Equation (15b), for which   k ≠  k n   , leads to:


   E ¯  =  k 2      2 F  L   ∑  n = 1  ∞   1   k 2  −  k n 2    sin   k n  ξ  sin   k n  x   2  +     2 F  L   ∑  n = 1  ∞    k n    k 2  −  k n 2    sin   k n  ξ  cos   k n  x   2  > 0 ,  



(33)




showing that the total energy density of the forced oscillation (33) is not constant along the string, unlike for the free oscillation (29), although both are positive. Moreover, the external force supplies energy to all forced n modes of oscillation, in contrast with the free oscillations, where in some n modes the contribution to the energy is zero when    A n  = 0  .



The Figure 4 shows the energy density of the forced oscillations along the string averaged over some period, for the first tree modes of the vibration n. The results of the Figure 4 are obtained from (33). Contrary to the free oscillations, the energy of forced oscillations for a certain mode n is coupled to the energy of all other modes of oscillation, as deduced from (33). It is not possible to plot the energy for a single mode of oscillation, in contrast to the Table 1 in which the energy values are indicated for each mode separately. Therefore, in the Figure 4: the solid line represents the contribution of the first mode of oscillation,   n = 1  ; the dashed line corresponds to the first two modes of oscillation,   n = 1   and   n = 2   combined, as if the two series in (33) was truncated after the second term; the dotted line is obtained with the same two series truncated after the third term,   n = 1   to   n = 3  . As explained before, the period  τ  in which the time averages were performed is   2 π / ω  . Hence, in the Figure 4, specifically in the plots (a) and (b), the period 1 is from   t = 0   until   t = 2 π / ω   and the period 2 is from   t = 2 π / ω   until   t = 4 π / ω  .



As indicated by the Equation (33), the energy density is not constant along the string and exhibits an almost oscillatory behaviour. The plots also show that using only the first three terms in the series of (33) is not accurate to represent the energy density and therefore more terms of the series should be used, although some properties can be verified. The contribution of each mode of oscillation n to the forced energy density is coupled to all the other modes of oscillation. Similar to the free oscillations, the energy remains unchanged when the forced oscillations advance one period, hence the plots (a) and (b) of the Figure 4 are the same for different periods. Consequently, the period used to perform the time average is also irrelevant in the evaluation of the energy density of forced oscillations (that is the reason why, in the plots (c) and (d), the period number is not stated because they are equal whatever the period). This property holds for any location  ξ  and frequency  ω  of the applied force.



Concerning the total energy of the total or combined (free plus forced) oscillation:


  e  x  =  1 2  ρ      ∂ y  x , t    ∂ t    2   +  1 2  T      ∂ y  x , t    ∂ x    2   ,  



(34)




since in the outside resonance the frequencies are different with   ω ≠  ω n   , the cross-products of sines and cosines have zero average over a period if the ratio of  ω  to some natural frequency   ω n   is equal to a rational number, recalling (A3) to (A5) in the Appendix A:


   cos   ω n  t −  α n   cos  ω t + β   = 0 =  sin   ω n  t −  α n   sin  ω t + β   ,  



(35)




and the energy is the sum of the parts due to the free and forced oscillations:


  e  x  =  e ˜   x  +  e ¯   x   



(36a)




with:


  E =   4 e  x   T  =  E ˜  +  E ¯  >  E ˜  .  



(36b)







If the frequency of the force  ω  is not equal to some rational number times the natural frequency   ω n  , the functions   cos   ω n  t −  α n   cos  ω t + β    and   sin   ω n  t −  α n   sin  ω t + β    may not be periodic and consequently their time averages to evaluate the integral in (24a) may result in a non-zero value. In that case, an additional term appear on the right-hand side of (36a) that represents the coupling between free and forced oscillations. Anyway, if starting with a free vibration consisting of normal modes, forcing at any other frequency will only serve to increase the energy. Thus, if the energy of the free oscillation can be reduced at all, it must be through forcing at a natural frequency, which then leads to resonance. It is investigated next whether it is feasible or not to prevent energy growth at an undamped resonance condition, and for how long.



Concerning forcing at a natural frequency with   ω =  ω m   , for all terms   n ≠ m  , the functions   cos   ω n  t −  α n   cos   ω m  t −  α m     and   sin   ω n  t −  α n   sin   ω m  t −  α m     are always periodic (Appendix A) with   τ = 2 L / c   (it may not be the lowest period). Therefore, the result (35) holds when   ω =  ω m    for certain m. Consequently, forcing at a natural frequency, for all terms   n ≠ m  , leads to the same result (22) as before, that is, the energies of the free and forced oscillations add up to (36b). Hence can be singled out for further analysis only the resonant term, specifically the second term on the right-hand side of (23), that is:


   y m   x , t  = sin   k m  x    A m  cos   ω m  t −  α m   +  F   k m 2  L   sin   k m  ξ   ω m  t sin   ω m  t + β   ,  



(37)




and the subscript m can be omitted in the sequel, corresponding to the change of notation     k m  ,  ω m  ,  A m  ,  α m   →  k , ω , A , α   , which cannot cause any confusion henceforth.



The total energy (kinetic plus elastic) of the total (free plus forced) resonant oscillation, for the resonant mode   n = m  , written explicitly in (37), is:


    2  e m   ρ  =      ∂  y m   x , t    ∂ t    2   +  c 2       ∂  y m   x , t    ∂ x    2   .  



(38)







It involves two terms: the first term, evaluated for the first period, is:


         ∂  y m   x , t    ∂ x    2      =  k 2   cos 2   k x    A 2    cos 2   ω t − α        F   k 2  L    2              +    F   k 2  L    2   sin 2   k ξ     ω t  2   sin 2   ω t + β            +  2    A F    k 2  L    sin  k ξ    ω t  cos  ω t − α  sin  ω t + β        F   k 2  L    2         



(39a)




and the second term, also evaluated for the first period, is:


         ∂  y m   x , t    ∂ t    2      =  ω 2   sin 2   k x    A 2    sin 2   ω t − α        F   k 2  L    2              +    F   k 2  L    2   sin 2   k ξ     sin  ω t + β  +  ω t  cos  ω t + β   2            −  2    A F    k 2  L    sin  k ξ   sin  ω t − α   sin  ω t + β  +  ω t  cos  ω t + β         F   k 2  L    2     .     



(39b)







In the last two equations appear the following averages over a period   2 π / ω = 2 L /  m c    evaluated in Appendix A as (A6) to (A14). The first result,


      cos 2   ω t − α      =  1 2  =   sin 2   ω t − α   ,     



(40a)




is independent of the period (for instance, if the integral in (24a) is evaluated from   t = 2 L /  m c    to   t = 4 L /  m c   , the last result would be equal). Since the last result is independent of the period, the last time average can be evaluated from   t = 0   to   t = 2 π / ω   because   τ = 2 π / ω   is always a period of the function, regardless the value of  α . In the calculation of the energy of forced resonant oscillations, the following averages over a period are also needed:


     ω t cos  ω t − α  sin  ω t + β      =  π 2  sin  α + β  −  1 4  cos  β − α  ,     



(40b)






       ω t  2   sin 2   ω t + β      =   2  π 2   3  −  π 2  sin  2 β  −  1 4  cos  2 β  ,     



(40c)






       sin  ω t + β  + ω t cos  ω t + β   2      =  1 2  +   2  π 2   3  +  π 2  sin  2 β  −  1 4  cos  2 β  ,     



(40d)






     sin  ω t − α   sin  ω t + β  + ω t cos  ω t + β       =   cos  α + β   2  −   cos  β − α   4  −  π 2  sin  α + β  .     



(40e)







These last results are only valid for the first “period”, that is, when the integral (24a) is evaluated from   t = 0   to   t = 2 π / ω  . Indeed, none of the last functions to do the time average are periodic functions, due to the term   ω t  . However, the results are deduced assuming   τ = 2 π / ω  . Substitution of (40a) to (40e) in the total resonant energy Equation (38) shows that the total energy, averaged over the first period, depends on phase values and on position, in the resonant case:


      2  e m   x    ρ  ω 2       =   A 2  2  +    F   k 2  L    2   sin 2   k ξ     2  π 2   3  +  1 2   sin 2   k x            −    A F   2  k 2  L    sin  k ξ   cos  β − α  cos  2 k x  + 2 cos  α + β   sin 2   k x  − 2 π sin  α + β            −    F  2  k 2  L    2   sin 2   k ξ   cos  2 β  + 2 π sin  2 β  cos  2 k x   .     



(41)







The phase  α  of the free oscillation can be set to zero by suitable choice of initial time. The total energy of the free plus forced resonant oscillation has four terms on the right-hand side of (41): (i) the first is the energy of the free oscillation; (ii) in the second term adds to the total energy, and is independent of the phases  α  and  β ; (iii) the third term, when   α = 0  , the factor in square brackets is simplified to   cos β − 2 π sin β  , and hence this term does not have a fixed sign, but reduces the total energy most for the forcing phase shift   β = − 2 arctan  2 π /  1 +   1 + 4  π 2       , when the factor in square brackets is    1 + 4  π 2    ; (iv) the fourth term does not depend on the phase of free oscillations, does not have a fixed sign and the reduction of the total energy due to that term depends not only on the phase  β , but also on the value   k x  . Choosing the phases   α = 0   and   β = 0  , the total energy is simplified to:


      2  e m   x    ρ  ω 2       =   A 2  2  +   2  π 2   3     F  2  k 2  L    2   sin 2   k ξ     8  π 2   3  − cos  2 k x   −    A F   2  k 2  L    sin  k ξ  .     



(42)







The Figure 5 shows the energy density of the total resonant oscillation (37) along the string averaged over one period, for the resonant mode of oscillation   n = m  . For the first period, the plots (a) of the Figure 5 are obtained from (42). The only difference to the other periods are the results of the time averages in (40b) to (40e). Independently of the period, the energy of the resonant oscillation   e m   has always three terms (as in (42) for the first period). One term is proportional to   A 2   and represents the free oscillation for the resonant mode of oscillation   n = m  . It is represented by the solid lines in the Figure 5. As usual with free oscillations, it is constant along the string and does not change with the period. A second term is proportional to    F 2  /  L 2    and is due to the forced oscillation in the resonant mode. It corresponds to the dashed lines. As usual with forced oscillations, it is not constant along the string and has an oscillatory term, not dominant because   cos  2 k x  ≤ 1 ≪ 8  π 2  / 3 ≈ 26.32   in (42). It also changes with the period because of the time averages (40b) to (40e) that appear in this contribution. The last term is proportional to   A F / L   and corresponds to the dotted lines. This term represents the coupling between free and forced oscillations in the resonant energy. It is constant along the string and does not change with the period when   α = 0 = β   as in the Figure 5. It is the only negative term in the energy   e m  . Otherwise, all the terms are proportional to   k 2   and therefore are dependent on the square of the frequency of the force   ω 2  . Therefore, for different frequencies of the force, the numeric values would be different, but the shape of the plots (constant for the solid and dotted lines; oscillatory for the dashed line) are unchanged.



Bearing in mind that (42) is the resonant energy density, or energy per unit length, for   α = 0 = β  , the total resonant energy for the string of length L:


  G  F , ξ  =  2  ρ  ω 2  L    ∫ 0 L   e m   x   d x ,  



(43)




is given by:


  G =  1 2   A 2  +   2  π 2   3     F   k 2  L    2   sin 2   k ξ  −    A F   2  k 2  L    sin  k ξ  .  



(44)







The term “total” energy has been used with three distinct meanings: (i) kinetic plus elastic energies; (ii) energy of the total or combined oscillation, that is free plus forced oscillation; (iii) energy of the string, that is energy density integrated over its length. The function (44), to be optimized, is the “total” energy in all of these three senses, that is the kinetic plus elastic energy density, averaged over one period, for the free plus forced resonant oscillation, integrated along the length of the string. This total energy should be minimized, by optimizing the magnitude F and location  ξ  of the force; the aim is to check whether, due to the presence of resonant forcing, the total resonant energy over the first period (44), can be made smaller than the energy    A 2  / 2   of the free oscillation in the first term.




4. Optimization of Strength and Location of Forcing Effect


Consider first the dependence of the total energy (44), with respect to the magnitude F of the applied force. The latter   F =  F +    is chosen so as to minimize the energy:


    ∂ G   ∂  F +    = 0 ,     ∂ 2  G   ∂  F + 2    > 0 .  



(45)







From (44) it follows that the energy does have a minimum with respect to the magnitude of the force:


     ∂ 2  G   ∂  F 2    =   4  π 2    3  k 4   L 2     sin 2   k ξ  > 0 ;  



(46)




equating to zero:


    ∂ G   ∂ F   = sin  k ξ     4  π 2  F   3  k 4   L 2    sin  k ξ  −  A  2  k 2  L    ,  



(47)




specifies the magnitude of the optimal force:


   F +  =  3  8  π 2     k 2  L A csc  k ξ  ,  



(48)




which minimizes the total energy:


   G +  ≡ G   F +  , ξ  =  1 2   A 2   1 −  3  16  π 2     .  



(49)







This optimal result does not depend on the point of application of the force. Compared with the energy of the free oscillation:


   G 0  =  1 2   A 2  ,  



(50a)




optimal forcing at resonance provides a very small reduction of energy:


    G +   G 0   = 1 −  3  16  π 2    = 0.981 ,  



(50b)




of less than 2%, over the first period. Since resonant forcing causes an oscillation of amplitude increasing with time, it is clear that even with optimal forcing, the total energy will exceed that of the free vibration, for a time span slightly longer than a period. Thus, active suppression of a normal mode by a resonant point force can be achieved very marginally, for a time span of at most one period.



It is shown next that the total energy has a maximum with respect to the point of application  ξ  of the concentrated force:


    ∂ G   ∂  ξ ±    = 0 ,     ∂ 2  G   ∂  ξ ± 2    < 0 .  



(51)







Substituting (44) in the first condition of optimization (51) leads to:


  0 =   ∂ G   ∂ ξ   =  F  k L   cos  k ξ   −  A 2  +   4  π 2   3    F   k 2  L    sin  k ξ   .  



(52)







There are two sets of stationary values: one coincident with (48):


  sin  k  ξ +   =  3  8  π 2      A  k 2  L   F +   ,  



(53a)




and one different:


  cos  k  ξ −   = 0 .  



(53b)







Since the minimization with regard to F did not depend on  ξ  in (49), it may be expected that the second set (53b) is not a minimum. Indeed, from (44) or (52), it follows that:


     ∂ 2  G   ∂  ξ 2    =   A F   2 L   sin  k ξ  +   4  π 2   3     F  k L    2   1 − 2  sin 2   k ξ   .  



(54)







In particular for the second set of roots (53b), it implies   sin  k  ξ −   = ± 1  , and the second condition of optimization (51) leads to:


       ∂ 2  G   ∂  ξ 2      ξ =  ξ −    =  F  2 L    ± A −   8  π 2   3    F   k 2  L     < 0 ;  



(55a)




the last expression is negative for − sign and also for + sign with   F >  3 / 8  π 2    k 2  L A   in (48), so the second condition of (51) is met. For the first set of roots (53a):


       ∂ 2  G   ∂  ξ 2      ξ =  ξ +    =  1 3      2 π F   k L    2  − 3     k A   4 π    2  =   4  π 2    3  k 2   L 2      F 2  −     3  k 2  L A   8  π 2     2   < 0 ,  



(55b)




so the second condition of (51) is met again. Thus, the case   F =  F +    is a minimum at constant  ξ , but   ξ =  ξ ±    is a maximum at constant F. The maximum   ξ =  ξ −    at constant F in (53b) would correspond in (48) to:


   F −  =   3  k 2  L A   8  π 2    csc  k  ξ −   = ±   3  k 2  L A   8  π 2    .  



(56)







The minimum for F in (48) with  ξ  fixed, and the maximum for  ξ  in (53a) and (53b) with F fixed, are particular cases of the general case when both F and  ξ  can vary.



The most general approach is to regard the total energy (44) as a joint function of magnitude F and location  ξ  of the applied force, so that the conditions of stationarity are:


    ∂ G   ∂ F   = 0 ,    ∂ G   ∂ ξ   = 0 ,  



(57)




and the second-order differential is:


   d 2  G =     ∂ 2  G   ∂  F 2     d  F 2  +     ∂ 2  G   ∂  ξ 2     d  ξ 2  + 2     ∂ 2  G   ∂ F ∂ ξ    d F d ξ .  



(58)







The second-order differential specifies (i) a global minimum if it is positive, (ii) a maximum if it is negative, and (iii) an inflexion or higher-order extremum if it is zero. Since G is (a) maximum (51) with regard to  ξ  at fixed F and (b) minimum (45) with regard to F at fixed  ξ , this suggests the case (iii) of inflexion or higher-order extremum, with the condition


  Δ ≡       ∂ 2  G / ∂  F 2       ∂ 2  G / ∂ F ∂ ξ        ∂ 2  G / ∂ F ∂ ξ      ∂ 2  G / ∂  ξ 2       = 0 .  



(59)







The condition (59) involves a cross-derivate which can be evaluated from (47) leading to:


     ∂ 2  G   ∂ F ∂ ξ   = cos  k ξ     8  π 2  F   3  k 3   L 2    sin  k ξ  −  A  2 k L    .  



(60)







The second order derivatives of (44) in (46), (54) and (60) are given, for the case (48)≡(53a), which includes (56) by:


         ∂ 2  G   ∂  F 2      ξ =  ξ +       = 3    A  4 π F    2  ,     



(61a)






         ∂ 2  G   ∂  ξ 2      ξ =  ξ +       =  1 3      2 π F   k L    2  − 3     k A   4 π    2  ,     



(61b)






         ∂ 2  G   ∂ F ∂ ξ     ξ =  ξ +       = ±  A  2 k L     1 −     3  k 2  L A   8  π 2  F    2    1 / 2   .     



(61c)







It can be checked that the determinant is zero,


     Δ =    ∂ 2  G   ∂  F 2       ∂ 2  G   ∂  ξ 2    −      ∂ 2  G   ∂ F ∂ ξ    2  = 0 ,     



(62)




confirming (59).



The Figure 6 provides an overview of the total resonant energy, given by (44), in the plane of the parameters   F / L   and   ξ / L  , the last one between 0 and 1. The values of the contour lines result from the difference between the resonant energy and the free oscillation energy, that is,   G −  A 2  / 2  , for the first period. It means that the value 0 of the contour plot happens when the forced resonant energy is zero, in other words, when the total resonant energy equals only the free oscillation energy,   G =  A 2  / 2  . The values of the contour plots depend also on the explicit value of A, because of the third term of (44). In this case, the Figure 6 is obtained setting   A = 1  . Each plot corresponds to a different resonant frequency. For example, the plots (a) of the Figure 6 corresponds to the frequency of the applied force  ω  equal to the first natural frequency of the free oscillation,   ω 1  . The thick red line highlights the combination of the values of the parameters   F / L   and   ξ / L   for a minimum possible resonant energy G.



Although the resonant energy depends on the two parameters F and  ξ  simultaneously, according to (44), the parameters are combined only in the form   F sin  k ξ   . The resonant energy can be interpreted as a quadratic equation of the combined parameter   F sin  k ξ   , that is,   G =  c 1    F sin  k ξ   2  +  c 2   F sin  k ξ   +  c 3    with    c 1  > 0  . Consequently, the minimum of the value of the resonant energy G is given by   F sin  k ξ  = −  c 2  /  2  c 1     which corresponds to the Equation (48) and to the thick red lines presented in the Figure 6. The figure shows therefore that the minimum value of the resonant energy can be obtained with a force applied at any position of the string, except at the points where   sin  k x  = 0  . In those positions, regardless the value of the applied force F, the resonant energy equals the free oscillation energy,   G =  A 2  / 2  , the same effect as if there is no applied force,   F = 0  . The contour values, as mentioned before, depend on the value of A; the minimum value of G, according to (49), also depends on the value of A. Furthermore, due to the thick red lines of the Figure 6, there are infinite combinations of the values of both parameters to get the minimum possible resonant energy. Observing the red lines, to reduce the resonant energy, the point force must be applied at a position where   cos  k x  = 0   if it is intended that the force has the lowest possible value. For instance, when   ω =  ω 1   , the best position to apply a force is at the middle of the string. The worst locations to apply a force are in the vicinity of the positions where   sin  k x  = 0   that are the ends of the string. The number of these best or worst locations to apply a force increases with the resonant frequency.




5. Oscillation and Energy for Optimal and Non-Optimal Forcing


The free vibrations of an elastic string consist of a superposition of normal modes. The question addressed in the present paper is whether forcing can be used to suppress totally normal modes, or failing that, at least reduce the energy of the total free plus forced oscillation relative to the energy of the free oscillation alone. Clearly, forcing at a frequency distinct from all natural frequencies will not do: it does not couple to the free motion, and just increases the total energy. Forcing at a natural frequency will cause resonance, that is an amplitude increasing linearly with time, for the forced vibration:


   y ¯   x , t  =  F   k 2  L   sin  k ξ  sin  k x  ω t sin  ω t  ,  



(63a)




compared to the free vibration:


   y ˜   x , t  = A sin  k x  cos  ω t  .  



(63b)







The total energy over the first period can be marginally reduced (48) if:


  F =  ε 0  A  k 2  L csc  k ξ  ,  



(64a)




with:


   ε 0  ≡  3  8  π 2    = 0.038 ,  



(64b)




but for longer time spans it will be increased by any choice of the magnitude of the forcing. The preceding result holds optimizing the magnitude F of the forcing at a fixed location.



The total or combined oscillation is given by:


  y  x , t  ≡  y ˜   x , t  +  y ¯   x , t  = sin  k x   A cos  ω t  +  F   k 2  L   sin  k ξ  ω t sin  ω t   ,  



(65)




which can be written in the form:


  y  x , t  = A sin  k x  g  θ , ε   



(66a)




with the independent variable  θ  defined by   θ ≡ ω t   in (24b) and the other independent variable  ε  as:


  ε ≡ F /  A  k 2  L  sin  k ξ  ,  



(66b)




leading to:


  g  θ , ε  ≡ cos θ + ε θ sin θ ,  



(66c)




where all the time dependence appears in (66c). The Equation (67) gives an indication of the energy:


  h  θ , ε  ≡   g  θ , ε   2  .  



(67)







The functions g and h are plotted respectively in Figure 7 and Figure 8 for small values of  ε  around   ε 0   in (64b):


  ε =  0.00 , 0.01 , 0.02 , 0.03 ,  ε 0  , 0.04 , 0.05 , 0.06 , 0.07 , 0.08 , 0.09 , 0.10  ;  



(68)




the thick line corresponds to   ε 0   and leads to the oscillation (in Figure 7) with the smallest energy or area below the curve in Figure 8. For larger values of  ε :


  ε =  0.0 , 0.1 , 0.2 , 0.3 , 0.4 , 0.5 , 0.6 , 0.7 , 0.8 , 0.9 , 1.0  ,  



(69)




the resonance dominates the total oscillation even in the first period, leading to large amplitude (in Figure 9) and energy (in Figure 10).



The conclusion that the energy of the combined oscillation cannot be kept below the energy of the free oscillation, for much longer than a period, applies to a single concentrated force. Use of several concentrated forces or a distributed force would be possible also, and is investigated next.




6. Forcing by Multiple Concentrated Forces


In the case of M forces   F m   concentrated at the points   x =  ξ m    with   m = 1 , … , M  , the undamped resonant response (63a) would be replaced by:


   y ¯   x , t  =  1   k 2  L   sin  k x  ω t sin  ω t   ∑  m = 1  M   F m  sin  k  ξ m   .  



(70)







This is equivalent by (63a) to a single force F concentrated at  ξ , such that:


  F sin  k ξ  =  ∑  m = 1  M   F m  sin  k  ξ m   .  



(71)







Thus, the conclusions are the same, for instance, regarding (64a), the energy over the first wave period can be marginally reduced if:


   ∑  m = 1  M   F m  sin  k  ξ m   =  ε 0  A  k 2  L ,  



(72)




where A is the amplitude of the free oscillation (63b) and   ε 0   is the constant (64b). The difference between (72) and (64a) is that there is a greater choice of pairs    F m  ,  ξ m   . A further case deserves investigation, namely that of continuously distributed forces.




7. Optimization of Continuously Distributed Forces


In the case of an applied force, which is harmonic in time, with frequency  ω  and continuously distributed in space, the forced wave Equation (11) is replaced by:


     ∂ 2   y ¯    ∂  x 2    −  1  c 2      ∂ 2   y ¯    ∂  t 2    = f  x  cos  ω t  ,  



(73)




which has a solution (12a), where   B  x    satisfies:


     d 2  B   d  x 2    +  k 2  B = f  x  .  



(74)







If the spatial force distribution   f  x    is a function of bounded fluctuation in   0 ≤ x ≤ L  , it has [129] a Fourier series representation:


  f  x  =  f 0  +  ∑  n = 1  ∞    f n  cos   k n  x  +  f  − n   sin   k n  x   .  



(75)







A solution of (74) may be sought as a series:


  B  x  =  ∑  n = − ∞  ∞   B n   x  ,  



(76)




in which the terms satisfy:


        d 2   B 0    d  x 2    +  k 2   B 0      =  f 0  ,     



(77a)






        d 2   B n    d  x 2    +  k 2   B n      =  f n  cos   k n  x  ,     



(77b)






        d 2   B  − n     d  x 2    +  k 2   B  − n       =  f  − n   sin   k n  x  ,     



(77c)




with given   f n  , k and   k n  .



In the non-resonant case   k ≠  k n   , the solution of (77a) to (77c) is a sinusoidal oscillation with constant amplitude, for all terms in (78b) and (78c) with   n ≠ 0  :


     B 0     =  f 0  /  k 2  ,     



(78a)






      B n   x      =   f n    k 2  −  k n 2    cos   k n  x  ,     



(78b)






      B  − n    x      =   f  − n     k 2  −  k n 2    sin   k n  x  ,     



(78c)




except for the term   n = 0   in (78a) that is constant. In the case of resonance,   k =  k m    for some m, the solution may be obtained as in (17) to (20), that is differentiating the numerator and denominator with regard to   k n  , leading to:


      B m   x      =   f m   2  k m    x sin   k m  x  ,     



(79a)






      B  − m    x      = −   f  − m    2  k m    x cos   k m  x  .     



(79b)







The first boundary condition of (2) is not satisfied by (78b), and the second boundary condition is not satisfied by (79b) in general, implying:


   f  − m   =  f 0  =  f 1  = … =  f  m − 1   =  f  m + 1   =  f  m + 2   = … = 0 ,  



(80)




as restrictions on the applied force (75), that simplifies to:


  f  x  =  f m  cos   k m  x  +  ∑      n = 1       n ≠ m      ∞   f  − n   sin   k n  x  .  



(81)







The forced response of the string is:


  B  x  =   f m   2  k m    x sin   k m  x  +  ∑      n = 1       n ≠ m      ∞    f  − n     k 2  −  k n 2    sin   k n  x  .  



(82)







Taking a free oscillation of the form (63b), it cannot be suppressed for the same reasons as before: (i) if   n ≠ m  , the last terms on the right-hand side of (82) have a different wavenumber; (ii) if the wavenumber coincides,   k =  k m   , the first term on the right-hand side of (82) shows that the undamped resonance has a growing amplitude which cannot be matched to the remaining term of (82), that is the total, free (63b) plus forced (first term on the right-hand side of (82)) oscillation is:


   y *   x , t  =  A +  f  2 k   x  sin  k x  cos  ω t  ,  



(83)




where the index m is again suppressed for brevity,     f m  ,  k m  ,  ω m   →  f , k , ω   .



As in (36a) and (38), the energy of the total oscillation per unit length of string is given by:


    2  E *   x   ρ  ≡      ∂  y *    ∂ t    2   +  c 2       ∂  y *    ∂ x    2    



(84)




where the time averages (24a) are evaluated readily, by (A6) and (A7), after substituting (83) into (84), leading to:


    2  E *   x   ρ  =   ω 2  2    A +  f  2 k   x  2   sin 2   k x  +    k 2   c 2   2     A +  f  2 k   x  cos  k x  +  f  2  k 2    sin  k x   2  ,  



(85)




which can be simplified to:


    2  E *   x   ρ  =   ω 2  2     A +  f  2 k   x  2  +    f  2  k 2     2   sin 2   k x  +  f  2  k 2     A +  f  2 k   x  sin  2 k x   .  



(86)







The total energy over the length of the string is defined as in (43), namely:


   G *   f  ≡  2  ρ  ω 2  L    ∫ 0 L   E *   x   d x ,  



(87)




and substitution of (86) in (87) leads to two integrals: (i) the first integral uses   k L = 2 π  :


    f 2   8  k 4  L    ∫ 0 L   sin 2   k x   d x =   f 2   16  k 4    ;  



(88a)







(ii) the second integral uses   β = k x  :


      1  2 L    ∫ 0 L   f  2 k   x  f  2  k 2    sin  2 k x   d x =   f 2   8  k 5  L    ∫ 0  2 π   β sin  2 β   d β = −   π  f 2    8  k 5  L   = −   f 2   16  k 4    .     



(88b)







Since (88a) and (88b) add to zero, the total energy over the length of the string (87) follows


   G *   f  =   A 2  2  +   A f L   4 k   +    f 2   L 2    24  k 2    .  



(89)







The total energy has a minimum, since the second order derivative of   G *   is positive. That minimum corresponds to   d  G *  / d f = 0   leading to the applied force


   f *  = −   3 k A  L  ,  



(90a)




or in dimensionless form,


   f *    L 2  A  = − 3 k L = − 6 π .  



(90b)







The minimum energy is:


      G *    f *   =   A 2  8  =  1 4   G 0  ,     



(91)







25% of the energy of oscillation, that is a 75% reduction. Thus, choosing the continuously distributed force (90a) leads, by (82), to a resonant oscillation:


      y ¯   x , t      =   f *   2 k   x sin  k x  cos  ω t  = −  3 2  A  x L  sin  k x  cos  ω t  ;     



(92)




the latter adds to the free oscillation, to produce a combined oscillation,


     y  x , t      = A  1 −  3 2   x L   sin  k x  cos  ω t  ,     



(93)




which reduces the energy by a factor 0.25 in (91), which is the lowest (because the second derivative is negative) attainable value. This value is lower than the obtainable (50b) with single (48) or multiple (72), (64b) point forces.




8. Conclusions


The question addressed in the present paper is whether the linear undamped free vibrations of an elastic string can be suppressed, or at least their total energy reduced, by using external applied forces concentrated or distributed along its length. The linear undamped free vibrations of an elastic string consist of the superposition of a fundamental mode and harmonics, and two cases are considered, namely the applied frequency of the external forces: (case I) does not coincide with any natural frequency, for non-resonant forcing; (case II) coincides with one of the natural frequencies for resonant forcing. The two cases are quite distinct because: (I) non-resonant forcing has constant amplitude and energy; (II) resonant forcing has amplitude increasing linearly with time, and hence energy increasing quadratically with time, until non-linear effects come into play.



Starting with (I) non-resonant forcing at an applied frequency distinct from all natural frequencies: (i) the energy, that is the sum of kinetic and elastic energies, in constant both for the (a) linear undamped free oscillation and for the (b) linear forced non-resonant oscillation; (ii) the applied frequency being distinct from all natural frequencies, there is no interaction with the free oscillations, whose energy remains the same; (iii) the forced non-resonant oscillation adds a constant energy, so the total energy of free plus forced oscillation is larger than the energy of the free oscillation alone; (iv) this is the reverse of the result sought, and thus non-resonant forcing cannot decrease and instead increases the total energy when superimposed on free oscillations. Thus, if it is possible at all to reduce the energy of free oscillations, it can only be through (II) resonant forcing using either (IIa) concentrated or (IIb) distributed forces, that can be optimized to minimize the total energy.



The reduction of the total energy of oscillation by resonant forcing is possible with two limitations: (i) it applies only to the free oscillation whose natural frequency coincides with the applied frequency, and has no effect on all the other modes; (ii) since the energy of the resonant forced oscillation increases quadratically with time, it will ultimately dominate the total energy over a sufficiently long time, so that total energy reduction is possible only over a short initial time, say the first period of oscillation. Thus, the question being addressed can be rephrased: can the resonant forcing reduce the total energy over the first period of oscillation? Although the answer is “yes” in both cases, the result is quite different for (IIa) concentrated and (IIb) distributed applied forces, using optimization in each case.



In the case (IIa) of single or multiple point forces, the total energy over the first period of oscillation, relative to the free oscillation, can be reduced by a maximum of no more than 2% by resonant forcing at an applied frequency equal to the natural frequency. The less than 2% reduction is a minimum of the total energy obtained by optimizing the magnitude of the applied concentrated force at a fixed location. Since the energy of the forced resonant oscillation increases quadratically with time, this small reduction is quickly overwhelmed beyond the first period of oscillation. The case (IIb) is rather more favourable, since by optimizing the magnitude and spatial variation of the continuously distributed force applied along the length of the string, the resonant forcing reduces the total energy over the first period of oscillation by 75% relative to the free oscillation alone. Since the energy of the forced oscillation increases quadratically with time, it becomes dominant for times moderately beyond one period. These results exclude the effects of damping, that is present in many practical situations, and is considered in the follow-on paper (part II).
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Appendix A. Averages over a Period


Several averages over a period (24a) to (24b) were used in the text. In all cases, the period  τ  of the function to be integrated must be determined.



(i) To evaluate the relation (27), the period of the function   sin   ω n  t −  α n   sin   ω r  t −  α r     has to be determined. The period of the trigonometric function   sin   ω n  t −  α n     is   2 π /  ω n  = 2 L /  n c    while the period of   sin   ω r  t −  α r     is   2 L /  r c   . Generally, the product of the two functions does not result in a periodic function. In this case,   2 L / c   is a period of both functions and therefore   2 L / c   is also a period of the multiplication of both (however, this does not imply that   2 L / c   is the lowest period; in some cases, the lowest period is   L / c  ). For that reason, the value of  τ  in (24a) is   2 L / c   for any combination of the values of n and r. The integrals in (27) are then given by:


     sin   ω n  t −  α n   sin   ω r  t −  α r       =  1 2   cos    ω n  −  ω r   t +  α r  −  α n             +  1 2   cos    ω n  +  ω r   t −  α r  −  α n    =  1 2   δ  n r   ,     



(A1)






     cos   ω n  t −  α n   cos   ω r  t −  α r       =  1 2   cos    ω n  +  ω r   t −  α n  −  α r             +  1 2   cos    ω n  −  ω r   t +  α r  −  α n    =  1 2   δ  n r   .     



(A2)




where   δ  n r    is the identity matrix. This result follows from the fact that when    ω n  ≠  ω r   , the time average is zero, otherwise it is   cos   α r  −  α n   / 2  . But in this last case, when    ω r  =  ω n   , meaning the same mode of oscillation, then    α r  =  α n   , and so the result is simplified to   1 / 2  .



(ii) In (35), the time averages are:


     cos  ω t + β  cos   ω n  t −  α n       =  1 2   cos   ω +  ω n   t + β −  α n             +  1 2   cos   ω −  ω n   t − β −  α n    = 0 ,     



(A3)






     sin  ω t + β  sin   ω n  t −  α n       =  1 2   cos   ω −  ω n   t + β +  α n             −  1 2   cos   ω +  ω n   t + β −  α n    = 0 ,     



(A4)




assuming that   ω /  ω n  = p / q   is a rational number so that   cos   ω ∓  ω n   t    is a periodic function with period:


  τ =   2 π   ω ∓  ω n    =   2 π   ω n    1  p / q ± 1   =    τ n  q   p ± q   .  



(A5)







Generally, let   τ 1   be a period of   f  t    and let   τ 2   be a period of   g  t   . Suppose that there are two positive integers   c 1   and   c 2   such that    c 1   τ 1  =  c 2   τ 2  = τ  . Then, the product of the two functions is also a periodic function. The period is  τ . On the other hand, if it is not possible to get the positive integers   c 1   and   c 2  , maybe the function   f  t  g  t    is not periodic. For example, if   f  t    is   sin   ω n  t −  α n     and has    τ 1  = 2 π /  ω n  = n π c / L   as a period, and   g  t    is   sin  ω t + β    and has    τ 2  = 2 π / ω   as a period, then   f  t  g  t    is a periodic function if    c 1  2 π / ω =  c 2  2 π /  ω n    (meaning that   ω /  ω n    must be equal to a rational number) or equivalently if   ω =  n  c 2  /  c 1    π c / L   . In this case, if the period of   ω n   is   2 L /  n c   , then   2 L / c   is also a period of the same function, regardless of the value of n. Consequently,   sin  ω t  sin   ω n  t    is a periodic function if   ω =   c 2  /  c 1    π c / L    or if   ω L /  π c  =  c 2  /  c 1   . The period of the product of both functions is   τ =  c 1   τ 1  =  c 1  π c / L =  c 2   τ 2  =  c 2  2 π / ω  .



(iii) The time averages evaluated in (i) can be simplified when    ω n  =  ω r  ≡ ω   and    α n  =  α r  ≡ α  , leading to the time averages (40a) given by:


      sin 2   ω t − α      =  1 2  ,     



(A6)






      cos 2   ω t − α      =  1 2  ,     



(A7)




where (A6) and (A7) follow from (A1) and (A2) respectively with   n = r  ;



(iv) The function in (40b) is not periodic due to the term   ω t  . In this case, it is assumed that   τ = 2 π / ω  . With this assumption, this last result depends on which “period” the integration is evaluated. For instance, if the limits of the integral are   2 π   and   4 π  , the result of the integration would not be the same. Using a trigonometric identity and the integration by parts, the time average for the first “period” is equal to:


     ω t cos  ω t − α  sin  ω t + β      =  1  2 π    ∫ 0  2 π   θ cos  θ − α  sin  θ + β   d θ          =  1  4 π    ∫ 0  2 π   θ  sin  α + β  − sin  α − β − 2 θ    d θ          =  π 2  sin  α + β  −  1 4  cos  β − α  .     



(A8)







(v) in (40c), the integration for the first period is given by:


       ω t  2   sin 2   ω t + β      =  1  4 π    ∫ 0  2 π    θ 2   1 − cos  2 θ + 2 β    d θ =   2  π 2   3  − I ,     



(A9)




with


    I    ≡  1  4 π    ∫ 0  2 π    θ 2  cos  2 θ + 2 β   d θ =  π 2  sin  2 β  +  1 4  cos  2 β  .     



(A10)







To evaluate the integral I, it was performed another integration by parts. Substituting (A10) in (A9) gives:


        ω t  2   sin 2   ω t + β   =   2  π 2   3  −  π 2  sin  2 β  −  1 4  cos  2 β  .     



(A11)







(vi) The time average (40d), from   t = 0   to   t = 2 π / ω   (the function is not periodic), is given by:


       sin  ω t + β  + ω t cos  ω t + β   2      =   sin 2   ω t + β   +    ω t  2   cos 2   ω t + β            + 2  ω t sin  ω t + β  cos  ω t + β            =  1 2  +   2  π 2   3  +  π 2  sin  2 β  −  1 4  cos  2 β  ,     



(A12)




using (A6) for the first time average and (A8) for the third time average, both with   α = − β  . The second time average is obtained similarly to (A9), knowing that    cos 2   θ + β  = 1 + cos  2 θ + 2 β   , so the time average of     ω t  2   cos 2   ω t + β    is equal to   2  π 2  / 3 + I  .



(vii) In (40e), knowing that:


      sin  ω t − α  sin  ω t + β   =  1 2  cos  α + β  −  1 2   cos  β − α + 2 ω t   =  1 2  cos  α + β  ,     



(A13)




the time average is equal to:


     sin  ω t − α   sin  ω t + β  + ω t cos  ω t + β       =  1 2  cos  α + β  −  π 2  sin  α + β           −  1 4  cos  β − α  ,     



(A14)




where were used (A13) and (A8) with the transformation   α → β   and   β → − α  .
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Figure 1. Dimensionless amplitudes of the free oscillations of a string fixed at the two ends and released without velocity, with    α n  = 0  , for the first three natural frequencies,   n = 1 , 2 , 3  . The plots are shown for six distinct dimensionless times. 
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Figure 2. Modified amplitudes of the forced oscillations of a string fixed at the two ends, with   β = 0  , for the first three natural frequencies,   n = 1 , 2 , 3  . The point oscillatory force is applied at 25% of the length of the string, measured from its beginning. The frequency of the force  ω  is equal to the first natural frequency    ω 1  = π c / L   of the oscillation of the string. The plots are shown for the same six distinct dimensionless times as in the Figure 1. 
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Figure 3. Maximum amplitude of the free or forced oscillations over time of a string fixed at the two ends and released without velocity,    α n  = 0  . There is no phase shift of the applied force,   β = 0  . The frequency of the point force  ω  is equal to the first natural frequency of the free oscillation    ω 1  = π c / L  . 
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Figure 4. Total energy density per unit length of the forced oscillations averaged over some period. The period 1 is from   t = 0   to   t = 2 π / ω  , the period 2 is from   t = 2 π / ω   to   t = 4 π / ω  , and so on. The force is applied at   x = 0.25 L  ,   x = 0.5 L   or   x = 0.75 L  . In this figure,  ω  is equal to   1.5 π c / L  , hence not being equal to any of the natural frequencies   ω n   of the free oscillations. 
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Figure 5. Total energy density per unit length of the free plus forced resonant oscillations averaged over one period. The period 1 is from   t = 0   to   t = 2 L / c  , the period 2 is from   t = 2 L / c   to   t = 4 L / c  , and so on. The force is applied at   x = 0.5 L  . The solid line represents the term of the resonant energy   e m   proportional to   A 2  , the dashed line represents the term proportional to    F 2  /  L 2    and the dotted line corresponds to the term proportional to   A F / L  . The frequency of the force  ω  is equal to   π c / L  , that is, equal to the first natural frequency   ω 1  . The plots are obtained with   α = 0 = β  . 
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Figure 6. Difference between the total resonant energy G, given by (44), and the free oscillation energy    A 2  / 2  , for a given pair of the parameters   ξ / L , F / L  . The thick red line represents the combination of the values of   ξ / L   and   F / L   to obtain the minimum possible resonant energy G. Each plot corresponds to a different resonant frequency. The plots are obtained for   A = 1  . 
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Figure 7. Peak spatial amplitude of the oscillation of the string, normalized to free oscillation amplitude, as a function of dimensionless time   θ ≡ ω t = 2 π t / τ   over one period   0 ≤ t ≤ τ   or   0 ≤ θ ≤ 2 π  . The magnitude of forcing relative to the amplitude of free oscillation is given with values around the optimum for minimum total energy (thick line). 






Figure 7. Peak spatial amplitude of the oscillation of the string, normalized to free oscillation amplitude, as a function of dimensionless time   θ ≡ ω t = 2 π t / τ   over one period   0 ≤ t ≤ τ   or   0 ≤ θ ≤ 2 π  . The magnitude of forcing relative to the amplitude of free oscillation is given with values around the optimum for minimum total energy (thick line).



[image: Applmech 03 00078 g007]







[image: Applmech 03 00078 g008 550] 





Figure 8. As in Figure 7 for the square of peak spatial amplitude of the oscillation of the string, normalized to free oscillation amplitude, representing dimensionless energy. 
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Figure 9. Amplitude as in Figure 7 for larger values of the forcing parameter. 
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Figure 10. Energy as in Figure 8, for the same values of forcing parameter as in Figure 9. 
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Table 1. Total energy density per unit length of the free oscillations averaged over some period. The first period is from   t = 0   to   t = 2 L / c  , the second period is from   t = 2 L / c   to   t = 4 L / c  , and so on. The numerical results correspond to the dimensionless parameter    e ˜  /  T  A n 2    .
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	Order of

Vibration n
	First

Period
	Second

Period
	Third

Period
	Fourth

Period





	   n = 1   
	2.467
	2.467
	2.467
	2.467



	   n = 2   
	9.870
	9.870
	9.870
	9.870



	   n = 3   
	22.207
	22.207
	22.207
	22.207



	   n = 4   
	39.478
	39.478
	39.478
	39.478
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