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Abstract: The solutions for a combination of the isotropic harmonic oscillator plus the inversely
quadratic potentials and a combination of the pseudo-harmonic with inversely quadratic potentials
has not been reported, though the individual potentials have been given attention. This study focuses
on the solutions of the combination of the potentials, as stated above using the parametric Nikiforov–
Uvarov (PNV) as the traditional technique to obtain the energy equations and their corresponding
unnormalized radial wave functions. To deduce the application of these potentials, the expectation
values, the uncertainty in the position and momentum, and the thermodynamic properties, such
as the mean energy, entropy, heat capacity, and the free mean energy, are also calculated via the
partition function. The result shows that the spectra for the PHIQ are higher than the spectra for
the IHOIQ. It is also shown that the product of the uncertainties obeyed the Heisenberg uncertainty
relation/principle. Finally, the thermal properties of the two potentials exhibit similar behaviours.

Keywords: wave equation; eigensolution; bound state; expectation value; Schrödinger equation

1. Introduction

The reliability of numerical techniques is a fact, but the analytical methods are less
time-consuming and less complicated, there are few potential functions that can be admit-
ted via an approximation scheme. The exact solutions of the different quantum potential
terms, such as the Manning–Rosen potential [1], Rosen–Morse potential [2], Morse poten-
tial [3], Pöschl–Teller potential [4], Coulomb potential [5], Yukawa potential [6], Hellmann
potential [7], Harmonic potential [8], and others, in the recent time, have attracted a lot of
attention because they contain the necessary information to study quantum models, and
they also justify the correctness of the quantum theory. The solutions are valuable results
that check and improve the models, as well as the numerical methods formulated to solve
the complicated physical systems. The most frequently used traditional techniques are
the Nikiforov–Uvarov method [9], asymptotic iteration method [10,11], supersymmetry
quantum mechanics [12,13], factorization method [14], 1/N shifted expansion method [15],
the supersymmetric WKB method [16], the exact and proper quantization rule [17], the
formula method for bound state problems [18], etc. In most cases, the solutions obtained
are the eigenvalues and eigenfunctions for both the relativistic and nonrelativistic regimes.
It is noted that in early quantum mechanics, there are a limited number of exactly solvable
problems. There are other reports on the Schrödinger equation [19,20]. Recently, efforts
have been devoted to the exactly solvable problems. The solvable problems can be clas-
sified as exactly solvable potentials that determine the full spectrum, analytically, for a
continuous range of values of the potential parameters. The second solvable problem is
the conditionally exactly solvable potentials with solutions that can only be generated for
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the specific values of the potential parameters. However, the analytic exact solutions of
some of these exponential-type potentials (ETPs), such as the Yukawa potential, Hellmann
potential, and Frost Musulin potential, are impossible for any ` = 0 state. Therefore, to
obtain the solution to such a system, the use of an approximation scheme to deal with the
centrifugal barrier is inevitable. Motivated by the interest in the non-ETPs, the present
work examines the influence of the potential parameters on the energy of a system and
some expectation values for a combination of the isotropic harmonic oscillator (IHO) and
the inversely quadratic (IQ) potential as well as a combination of the pseudo-harmonic (PH)
potential with the inversely quadratic (IQ) potential. The combination of the potentials to
be studied in this work are given by

VIHOIQ(r) =
mω2r2

2
+

D0

r2 , (1)

VPHIQ(r) =
Der2

r2
e

+
Der2

e + D0

r2 − 2De, (2)

where ω = 2π f , m is the mass of a string, f is the frequency of the vibration, D0 is a
potential strength, re is the equilibrium bond separation and De is the dissociation energy.

2. Methodology

In this study, the method of the parametric Nikiforov–Uvarov is applied. According
to Tezcan and Sever [21,22], a general form of the equation

d2ψ(s)
ds2 +

w1 − w2s
s(1− w3s)

dψ(s)
ds

+
−p0s2 + p1s− p2

s2(1− w3s)2 ψ(s) = 0, (3)

is useful in this method. Using Equation (3), the authors give the condition for the energy
equation and its corresponding wave function as

w2n− (2n + 1)w5 ++2w3w8 + (2n + 1 + 2
√

w8)
√

w9 = n(1− n)w3 − w7 − (2n + 1)w3
√

w8, (4)

ψ(s) = Nsw12(1− w3s)−w12−
w13
w3 P

(w10−1, w11
w3
−w10−1)

n (2w3s). (5)

The values of the parametric constants in Equations (4) and (5) are obtained, as follows:

w4 = 0.5(1− w1), w5 = 0.5(w2 − 2w3), w6 = w2
5 + p0, w7 = 2w4w5 − p1, w8 = w2

4 + p2,
w9 = w3(w7 + w3w8) + w6, w10 = 2

(
w4 +

√
w8 +

1
2

)
, w11 = w2 − 2(w5 −

√
w9 − w3

√
w8),

w12 = w4 +
√

w8, w13 = w5 −
√

w9 − w3
√

w8

. (6)

3. Bound State Solutions

To solve any quantum system for a given potential function, the Schrödinger equation
for a three-dimensional system containing the potential model is given as

p2

2µ
ψn,`,m(r) = (En,` −V(r))ψn,`,m(r), (7)

where En,` is the non-relativistic energy of the system, µ is the reduced mass of a particle,
V(r) is the interacting potential, and ψn,`,m(r) is the total wave function. Setting the
total wave function ψn,`,m(r) = Rn,`(r)Y`,m(θ, φ)r−1, the radial Schrödinger equation is
obtained as

d2Rn,`(r)
dr2 +

2µ

}2 [En,` −V(r)−Vcen(r)]Rn,`(r) = 0. (8)

The Vcen(r) in Equation (8) is a centrifugal potential given by the formula

Vcen(r) =
`(`+ 1)}2

2µr2 . (9)
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Plugging Equations (1) and (9) into the radial equation of Equation (8) and then, using
a transformation y = r2, Equation (8) becomes

d2Rn,`(y)
dy2 +

1
2y

dRn,`(y)
dy

+
− µmπ2 f 2y2

}2 +
µEn,`y

2}2 −
µD0
2}2 −

`(`+1)
4

y2 Rn,`(y) = 0, (10)

Comparing Equation (10) with Equation (3), the parameters in Equation (6) have their
respective values as

w1 = 1
2 , w2 = w3 = 0, w4 = 1

4 , w5 = 0, w6 = µmπ2 f 2

}2 , w7 = − µEn,`
2}2 ,

w8 = 1
16 + µD0

2}2 + `(`+1)
4 , w9 = µmπ2 f 2

}2 , w10 = 1 + 1
2

√
(1 + 2`)2 + 8µD0

}2 ,

w11 = 2
√

µmπ2 f 2

}2 , w12 = 1
4 + 1

4

√
(1 + 2`)2 + 8µD0

}2 , w13 = −
√

µmπ2 f 2

}2

. (11)

Substituting the correct parametric constants in Equation (11) into Equations (4) and
(5), respectively, the solutions for the IHOIQ potential are given as

En,` =
2}
µ

[√
µmπ2 f 2

(
2n + 1 +

1
2

√
(1 + 2`)2 +

8µD0

}2

)]
, (12)

Rn,`(y) = y
1
4+

√
1
16+

µD0
2}2 + `(`+1)

4 e
−
√

µD0
2}2 +

µmπ2 f 2

}2 y
L

2
√

1
16+

µD0
2}2 + `(`+1)

4

n

(
2

√
µD0

2}2 +
µmπ2 f 2

}2 y

)
. (13)

Using the PHIQ potential given in Equation (2), and follow the same procedures to
obtain Equation (12), we have the energy equation for the PHIQ potential as

En,` =
2}
µ

[√
µDe

2r2
e

(
2n + 1 +

1
2

√
(1 + 2`)2 +

8µ(Der2
e + D0)

}2

)
− µDe

}

]
. (14)

4. Expectation Values

Here, we obtained the expectation values via the Hellmann Feynman theory. Ac-
cording to this theorem [23,24], when the spatial distribution of the electrons has been
determined by solving the Schrödinger equation, then, all forces in the system can be
calculated through classical electrostatics. If the Hamiltonian H for a particular quantum
system is a function of some parameters q, with the eigenvalues and eigenfunctions of H,
respectively, given by En,`(q) and Rn,`(q), theoretically, then, we can write

∂Eq

∂q
=

〈
ψq

∣∣∣∣∂Hq

∂q

∣∣∣∣ψq

〉
, (15)

with the effective Hamiltonian of the potential as

HIHOIQ = − }2

2µ

d2

dr2 +
}2

2µ

`(`+ 1)
r2 +

mω2r2

2
+

D0

r2 , (16)

HPHIQ = − }2

2µ

d2

dr2 +
}2

2µ

`(`+ 1)
r2 +

Der2

r2
e

+
Der2

e + D0

r2 − 2De, (17)

we can obtain the expectation values. Setting q = D0,q = m, and q = `, for HIHOIQ, we
have the following expectation values〈

p2
〉
=

4π f
√

µm

}
√
(1 + 2`)2 + 8µD0

}2

. (18)
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〈
r2
〉
=

}
(

2n + 1 + 1
2

√
(1 + 2`)2 + 8µD0

}2

)
2π f
√

µm
. (19)

〈
r−2
〉
=

2π f
√

µm

}
√
(1 + 2`)2 + 8µD0

}2

. (20)

Setting q = µ, and q = De, for HPHIQ, Oyewumi and Sen [25] have the following
expectation values

〈
p2
〉
= 2µDe

√
}2

2µDer2
e

(
2n + 1 +

1
2

√
(1 + 2`)2 +

8µ(Der2
e + D0)

}2

)
− 4µDe√

(1 + 2`)2 + 8µ(Der2
e+D0)

}2

√
2µDer2

e
}2 , (21)

〈
r2
〉
=

√
}2r2

e
2µDe

(
2n + 1 +

1
2

√
(1 + 2`)2 +

8µ(Der2
e + D0)

}2

)
. (22)

Thermodynamic Properties

In this section, we calculate the thermodynamic properties of both potential (1) and
potential (2). To do this, first, the energy equation in Equations (12) and (14), respectively,
are written in the form

Enl = (4nQ1 + 2Q1 + Q1Q2) (23)

Enl = 4nΩ1 + (2Ω1 + Ω2) (24)

where
Q1 =

}
√

µmπ2 f 2

µ , Q2 =
√
(1 + 2l)2 + 8µD0

}2 ,

Ω1 = }
µ

√
µDe
2r2

e
, Ω2

}
µ

√
µDe
2r2

e

√
(1 + 2l)2 +

8µ(Der2
e+D0)

}2 − De
re

. (25)

The partition function is defined as

Z(β) =

λ∫
0

e−βEn dn (26)

Substituting Equation (23) for Equation (26), the partition function is given as

Z(β) = e−β(2Q1+Q1Q2)

λ∫
0

e−4βnQ1 dn (27)

Using Maple version 10.0, the partition function is evaluated as

Z(β) = − e−4λβQ1 e−β(2Q1+Q1Q2)

4βQ1
(28)

Other thermodynamic properties can be obtained using the partition function.

(a) Vibrational mean energy.

The vibrational mean energy is given as

U(β) = −∂ ln Z(β)

∂β
= −

{
e−βQ1(2+Q2+4λ)(2βQ1 + βQ1Q2 + 4λβQ1 + 1)

4β2Q1

}
. (29)

(b) Vibrational heat capacity.

The vibrational heat capacity is given as
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C(β) = kβ2 ∂2 ln Z(β)

∂β2 = −k


e−βQ1(2+Q2+4λ)

(
4β2Q2

1 + 4β2Q2
1Q2 + 16β2Q2

1λ + 4βQ1 + β2Q2
1Q2

2
+8β2Q2

1Q2λ + 2βQ1Q2 + 16β2Q2
1λ2 + 8λβQ1 + 2

)
4βQ1

. (30)

(c) Vibrational entropy.

The vibrational entropy is given as

S(β) = k ln Z(β)− kβ
∂ ln Z(β)

∂β

= k ln
{
− e−4λβQ1 e−β(2Q1+Q1Q2)

4βQ1

}
− kβ

{
e−βQ1(2+Q2+4λ)(2βQ1+βQ1Q2+4λβQ1+1)

4β2Q1

} . (31)

(d) Vibrational Free energy

The vibrational free energy is given as

F(β) = − 1
β

ln Z(β) =
1
β

ln

(
e−4λβQ1 e−β(2Q1+Q1Q2)

4βQ1

)
(32)

5. Discussion

In Table 1, the energy eigenvalues for the two different values of the angular momen-
tum were presented for various quantum states. A linear variation is observed between the
quantum state and the energy eigenvalues for the two categories of the potentials. The same
trend was also observed between the energy eigenvalue and the angular momentum. The
energy eigenvalues of the IHOIQ potential for the ground state and the first excited state
with two values of the strength of the IQ potential for the various masses, are presented
in Table 2. A linear variation between the mass of the spring and the energy eigenvalues
is observed. It has been shown, from the Table 2, that the result of the ground state of the
IHO potential with D0 = 3, is the same as the result of the first excited state of the IHO for
the different masses of the spring. The momentum and position expectation values, the
uncertainty, and the product of the expectations, as well as the product of the uncertainty
of the IHOIQ potential, are presented in Tables 3 and 4. The frequency varies directly
with the momentum expectation value, as well as with the uncertainty in the momentum,
but inversely with the position expectation value and the uncertainty in the position. The
same variation is observed against the mass of the spring in Table 4. The results from
Tables 3 and 4 showed that the product of the expectation of the momentum and the po-
sition at any frequency or mass is a constant. This was also noticed in the product of the
uncertainty. The results of the uncertainty showed that the more precisely a system is
measured, the less precisely the other can be measured. This aligned with the Heisenberg
uncertainty product given as

∆p∆r ≥ }
2

. (33)

It is noted that the expectation values in Equations (18) and (20) have a relation of the form〈
p2
〉
= 2

〈
r−2
〉

. (34)

In Tables 5 and 6, the momentum and the position expectation values, the uncertainty
and the product of the expectations, as well as the product of the uncertainty of the
PHIQ potential, are presented for the various dissociation energy and equilibrium lengths,
respectively. The results obtained in Tables 3 and 4 are equally obtained in Table 5. However,
the variation of the equilibrium bond length against the expectation values, the uncertainty
and their product, are the inverse of what is obtained in Tables 3–5. In all cases, the
uncertainty product obeys the standard Heisenberg uncertainty relation.
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Table 1. Energy eigenvalues of the IHOIQ potential and the PHIQ potential with µ = } = m = f = 1
and re = 0.1.

n
IHOIQ (D0=5) PHIQ (De=D0=1)

`=0 `=1 `=0 `=1

0 26.409819 28.285714 33.4494110 41.3654140
1 38.981248 40.857143 61.7336830 69.6496850
2 51.552676 53.428571 90.0179540 97.9339570
3 64.124105 66.000000 118.302225 126.218228
4 76.695533 78.571429 146.586496 154.502499
5 89.266962 91.142857 174.870768 182.786770
6 101.83839 103.71429 203.155039 211.071042
7 114.40982 116.28571 231.439310 239.355313
8 126.98125 128.85714 259.723581 267.639584
9 139.55268 141.42857 288.007853 295.923855

Table 2. Energy eigenvalues of the IHOIQ potential with µ = } = ` = m = f = 1.

m n=0 n=1

D0=0 D0=3 D0=0 D0=3

1 9.428571 22.00000 22.00000 34.57143
2 13.33401 31.11270 31.11270 48.89138
3 16.33077 38.10512 38.10512 59.87947
4 18.85714 44.00000 44.00000 69.14286
5 21.08293 49.19350 49.19350 77.30406
6 23.09519 53.88877 53.88877 84.68236
7 24.94566 58.20653 58.20653 91.46740
8 26.66803 62.22540 62.22540 97.78277
9 28.28571 66.00000 66.00000 103.7143

Table 3. Expectation values and uncertainty in the position and the momentum of the IHOIQ potential
with µ = } = ` = m = 1 and D0 = 5 for the various frequencies.

f 〈p2〉 〈r2〉 ∆p ∆r 〈p2〉〈r2〉 ∆p∆r

1 1.795918 0.715909 1.340119 0.846114 1.285714 1.133893
2 3.591837 0.357955 1.895214 0.598293 1.285714 1.133893
3 5.387755 0.238636 2.321154 0.488504 1.285714 1.133893
4 7.183673 0.178977 2.680238 0.423057 1.285714 1.133893
5 8.979592 0.143182 2.996597 0.378394 1.285714 1.133893
6 10.77551 0.119318 3.282607 0.345425 1.285714 1.133893
7 12.57143 0.102273 3.545621 0.319801 1.285714 1.133893
8 14.36735 0.089489 3.790428 0.299147 1.285714 1.133893
9 16.16327 0.079545 4.020356 0.282038 1.285714 1.133893

Table 4. Expectation values and the uncertainty in the position and momentum of the IHOIQ potential
with µ = } = ` = f = 1 and D0 = 5 for the various masses.

m 〈p2〉 〈r2〉 ∆p ∆r 〈p2〉〈r2〉 ∆p∆r

1 1.795918 0.715909 1.340119 0.846114 1.285714 1.133893
2 2.539812 0.506224 1.593679 0.711494 1.285714 1.133893
3 3.110622 0.413330 1.763696 0.642908 1.285714 1.133893
4 3.591837 0.357955 1.895214 0.598293 1.285714 1.133893
5 4.015796 0.320164 2.003945 0.565831 1.285714 1.133893
6 4.399084 0.292269 2.097399 0.540619 1.285714 1.133893
7 4.751553 0.270588 2.179806 0.520181 1.285714 1.133893
8 5.079624 0.253112 2.253802 0.503102 1.285714 1.133893
9 5.387755 0.238636 2.321154 0.488504 1.285714 1.133893
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Table 5. Expectation values and the uncertainty in the position and momentum at the ground state of
the PHIQ potential with µ = } = ` = f = 1 and D0 = 5 for the various masses.

De 〈p2〉 〈r2〉 ∆p ∆r 〈p2〉〈r2〉 ∆p∆r

1 63.668581 0.318400 7.979259 0.564269 20.272076 4.502452
2 90.068553 0.225285 9.490445 0.474642 20.291137 4.504568
3 110.33413 0.184061 10.504006 0.429024 20.308236 4.506466
4 127.41968 0.159502 11.288033 0.399378 20.323749 4.508187
5 142.46878 0.142753 11.936028 0.377827 20.337892 4.509755
6 156.06754 0.130397 12.492700 0.361106 20.350814 4.511188
7 168.56396 0.120801 12.983218 0.347564 20.362621 4.512496
8 180.18462 0.113070 13.423287 0.336258 20.373399 4.513690
9 191.08683 0.106670 13.823416 0.326604 20.383213 4.514777

Table 6. Expectation values and the uncertainty in the position and momentum at the ground state of
the PHIQ potential with µ = } = ` = f = 1, re = 0.1 and De = D0 = 5 for the various masses.

re 〈p2〉 〈r2〉 ∆p ∆r 〈p2〉〈r2〉 ∆p∆r

1 142.4688 0.142753 11.93603 0.377827 20.337892 4.509755
2 70.92286 0.288190 8.421571 0.536833 20.439257 4.520980
3 46.28354 0.438889 6.803200 0.662487 20.313320 4.507030
4 33.02793 0.597235 5.746993 0.772810 19.725440 4.441333
5 24.10503 0.765362 4.909687 0.874850 18.449065 4.295237
6 17.21077 0.945117 4.148587 0.972171 16.266201 4.033138
7 11.39367 1.138065 3.375451 1.066802 12.966739 3.600936
8 6.203733 1.345502 2.490729 1.159958 8.3471370 2.889141
9 1.408303 1.568486 1.186719 1.252392 2.2089030 1.486238

Figures 1–10 showed the thermodynamic properties of the PHIQ and IHOIQ potentials
for the various upper bound and temperature parameters. The figures in (a) are the thermal
properties for the IHOIQ potential while the figures in (b) are the thermal properties for
the IHOIQ potential. The variation of Z(β) against β for the different λ is presented in
Figure 1. Z(β) rises as β increases and tends to converge at a higher β. It shows that as
the temperature of the system becomes lower, Z(β) for the various λ, compact together. In
Figure 2, the variation of U(β) against β for different λ, is shown. U(β) varies inversely
with the temperature of the system. At every given temperature, the vibrational U(β) of
the IHOIQ potential are higher than the vibrational U(β) of the PHIQ potential. The mean
energy tends to converge as the temperature becomes lower. The convergence is more
obvious in the IHOIQ potential than in the PHIQ potential at higher temperatures. C(β) and
β vary directly with one another, as shown in Figure 3. C(β) at the different λ, converged
at the origin for the two potential systems, and diverged as β increased. The divergence
becomes greater for the PHIQ potential as β remains on the increase, but for the IHOIQ
potential, C(β) converged. Figure 4 presents the vibrational S(β) against β for the various λ.
The same behaviour was observed in Figure 1 and is also observed here. Thus, the effect
of β on S(β) and Z(β) are the same. Figure 5 shows the variation of the vibrational F(β)
against β for the different λ. The vibrational F(β) decreases monotonically as β increases.
As the temperature of the system lowers, F(β) becomes smaller and tends to converge.
The vibrational Z(λ) against λ for the various β, is shown in Figure 6. As λ increases, Z(λ)
also increases. Z(λ) of the two potentials for the different β, are the same. Figure 7 shows
the vibrational U(λ) against λ for the various β. U(λ) rises and tends to converge as λ

increases. A slight difference is observed in the two potential systems. Figure 8 presents
the variation of the vibrational C(λ) against λ for the different β. The effect seen in Figure 7
is also obtained in Figure 8. The variation of the vibrational S(λ) against λ for the different
β, is shown in Figure 9. The effect observed in Figure 6 is also observed in Figure 9. The
variation of the vibrational F(λ) against λ for the different β, is shown in Figure 10. The
vibrational F(λ) decreases exponentially while λ increases linearly. The vibrational F(λ) for
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the highest β in the IHOIQ potential corresponds to the vibrational F(λ) for the lowest β in
the PHIQ potential.
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Figure 1. (a,b) Vibrational partition function against the temperature parameter for the IHOIQ
potential and the PHIQ potential, respectively. The vibrational partition function increases as the
temperature parameter increases for the two interacting potentials. The IHOIQ converges more as
the temperature parameter increases. It shows that as the temperature of the system becomes lower,
Z(β) for the various λ, compact together.
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Figure 2. (a,b) Vibrational mean energy against the temperature parameter for the IHOIQ potential
and the PHIQ potential, respectively. The vibrational mean energy varies directly with the tempera-
ture parameter for both IHOIQ and PHIQ potentials with IHOIQ having the more convergence at
higher values of the temperature parameter. At every given temperature, the vibrational U(β) of the
IHOIQ potential are higher than the vibrational U(β) of the PHIQ potential.
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Figure 3. (a,b) Vibrational heat capacity against the temperature parameter for the PH with the IQ
potentials and the IHO with the IQ potentials, respectively. The vibrational heat capacity rises as the
temperature parameter increases. The heat capacity for PHIQ diverges while that of IHOIQ converges
as the temperature parameter rises. The divergence becomes greater for the PHIQ potential as β

remains on the increase, but for the IHOIQ potential, C(β) converged.
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Figure 4. (a,b) Vibrational entropy against the temperature parameter for the IHOIQ potential and the
PHIQ potential, respectively. The vibrational entropy varies directly with the temperature parameter.
The entropy at various upper bound converges as the temperature parameter rises. Thus, the effect
of β on S(β) and Z(β) are the same.
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Figure 5. (a,b) Vibrational free energy against the temperature parameter for the IHOIQ potential
and the PHIQ potential, respectively. The vibrational free energy decreases monotonically while the
temperature parameter increases linearly.
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Figure 6. (a,b) Vibrational partition function against the upper bound for the IHOIQ potential and
the PHIQ potential, respectively. The partition function for IHOIQ and PHIQ have the same behviour
for various temperature parameter.
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Figure 7. (a,b) Vibrational mean energy against the upper bound for the IHOIQ potential and the
PHIQ potential, respectively. The mean energy varies directly with the upper bound for different
values of the temperature parameter. A slight difference is observed in the two potential systems.
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Figure 8. (a,b) Vibrational heat capacity against the upper bound for the IHOIQ potential and the 
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Figure 8. (a,b) Vibrational heat capacity against the upper bound for the IHOIQ potential and the
PHIQ potential, respectively. The heat capacity increases with the upper bound for both potentials.
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Figure 9. (a,b) Vibrational entropy against the upper bound for the PH with the IQ potentials and
the IHO with the IQ potentials, respectively. The entropy varies directly with the upper bound but
converges at higher values of the upper bound.
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Figure 10. (a,b) Vibrational free energy against the upper bound for the PH with the IQ potentials
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as the upper bound increases gradually. The vibrational F(λ) for the highest β in the IHOIQ potential
corresponds to the vibrational F(λ) for the lowest β in the PHIQ potential.
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6. Conclusions

The result of the Schrödinger equation for the IHOIQ (isotropic harmonic oscilla-
tor with inversely quadratic) potential and the PHIQ (pseudoharmonic with inversely
quadratic) potential has been obtained via a simplified traditional method. It has been
shown that the result of the IHOIQ (isotropic harmonic oscillator with inversely quadratic)
at the ground state, is the same as the result of the IHO for the first excited state. It was
also shown that the spectra obtained for the IHOIQ (isotropic harmonic oscillator with
inversely quadratic) are lesser than the spectra obtained for the PHIQ (pseudoharmonic
with inversely quadratic). The product of the uncertainty obtained for the two potential
models obeyed the Heisenberg uncertainty inequality. Finally, the thermal properties for
the two potential models showed similar features.
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