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Abstract: In this study, the solutions of the Schrodinger equation (SE) with modified Hylleraas
potential in arbitrary dimensions was obtained using the asymptotic iteration method (AIM) to obtain
the energy and wave functions, respectively. The energy equation was used to obtain the thermal
properties of this system. The effect of the potential parameters and dimensions on the energy spectra
and thermal properties was scrutinized thoroughly. It was found that the aforementioned affects the
thermal properties and energy spectra, respectively. In addition, we also computed the numerical
energy spectra of the MHP for the first time and discussed it in detail. The results of our study can be
applied to molecular physics, chemical physics, etc.

Keywords: asymptotic iteration method (AIM); Schrodinger equation; Hylleraas potential

1. Introduction

Quantum mechanics (QM) is a tool required for the proper understanding of how
a particle behaves in a micro-physical domain [1-3]. QM gives a logical mathematical
framework that brings about a good understanding of areas of physics which includes
plasmas, superconductor and semiconductor devices, physics of solids, etc. [4]. In addition,
QM encompasses all disciplines that are contained in modern physics such as thermody-
namics, statistical physics, particle physics, optics, etc. Even beyond the areas of physics,
QM is very important in the investigation of the basic dynamics of biological and chemical
trends [5].

Erwin Schrodinger formulated the concept of wave mechanics in 1926 and thus
proved to be one of the major breakthroughs in the area, as his QM formulation was
widely accepted. His formulation has proven to be more insightful by being able to
properly explain the dynamics of microscopic matter with what is popularly known as the
Schrodinger equation (SE): a second-order differential equation [4].

The energy spectrum and wave function of a system is obtained when the SE equation
is being solved with a particular interaction potential [6]. The interactions of particles
within a system determine the form of the potential in use. The different forms of potentials
include harmonic, Coulomb, Kratzer potential [7], Cornell [8], perturbed Yukawa [9]
and pseudoharmonic [10], Morse potential [11], Deng-Fan—Eckart potential, etc.; some
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combinations of these potentials have been done as well as extensive research to solve the
SE (approximately and exactly) [12-15].

Reviewing a range of research work on the analytical solutions of the SE shows
that multiple forms of interaction potentials have been used to reveal the fundamental
dynamics of a variety of systems with varying degrees of success [16]. In the study of a
host of physical systems, confining potentials play a very important role. Its importance
spans across various areas of physics including atomic and molecular physics, solid state
physics, nuclear physics, particle physics, chemical physics, etc. [8,14].

Relating to this, the adoption of the SE for the solution of some potentials of interest for
which I # 0 is difficult or could be said to be quasi-impossible. Some potentials including
the Coulomb [17], Harmonic potential [18], Kratzer potential [7], etc., have an exception
to this, are they are easily solved by the SE equation. The s-wave (I = 0) case can only be
solved exactly [7]; in contrast, the cases where we have | # 0, we implement numerous
approximation schemes that eventually approximate the centrifugal term in the SE. This
process will lead to the approximation of the bound state solutions [19,20].

For quantum mechanical studies, an important thing to note is that the exact solutions
of the SE play a very significant role; one notable importance is that these quantum
mechanical studies offer a scope that is interesting to investigate regarding applications in
diverse areas of physics. As earlier buttressed, the SE is exactly solvable only for limited
interaction potentials including the Harmonic and Coulomb potentials. It remains an
enormous task to apply this for complex potentials such as the exponential-type potentials;
this has continued to remain an issue for diverse researchers and offers a good challenge for
the expansion of techniques that already exist and also for the proper exploration of new
methods to the end that the catalogue of exactly solvable problems can be enlarged [21-24].

On this note, there is a need to properly study the modified Hylleraas potential (MHP)
mainly because it has not been properly studied in the past. The aim of this kind of study
will be the enhancing of this MHP by solving with the SE and also the evaluation of its
thermodynamic properties.

To dive into history, mathematical and theoretical physicists have developed a wide
range of mathematical methods for aid in the solution of the SE; these methods ranged from
numerical to analytical techniques. The interesting fact is that irrespective of the techniques
that were being used for the solution (except for some algebraic configurations), the solu-
tions obtained are similar. Some of these techniques include the factorization method [4,25],
shape invariant supersymmetry quantum mechanics (SUSYQM) approach [26], asymp-
totic iteration method (AIM) [27-30], Nikiforov—Uvarov (NU) method [23,31,32], Para-
metric NU method [33], formula method [34], Wentzel, Krammers, Brullion and Jeffery
(WKB]J) method [35,36], exact quantization rule (EQR) [37,38], and proper quantization rule
(PQR) [20]. These techniques are utilized in both non-relativistic and relativistic equations
for diverse potentials.

In the present work, we consider a general form of a confining potential, which is the
MHP; this is with the goal of increasing the catalogue of analytically solvable potentials
and their possible adoption in studying physical systems.

Thermodynamics is a very important part of physics that has its applications in diverse
areas. In extension, it offers an analysis of macroscopic thermodynamic quantities at the
molecular level. It also goes further to investigate the thermodynamic activities of systems
which comprise a large number of particles by adopting the probability theory. One of the
most vital advances of physics in the early twentieth century has been the exposition of the
macroscopic theory of thermodynamics in terms of the more abstract microscopic statistical
mechanics [39-41].

Various researchers have carried out studies on the thermodynamic properties for a
quantum system. Okorie et al. [42] assessed the thermodynamic properties for the modified
Kratzer plus screened Coulomb potential. Ikot et al. [43] assessed the thermodynamic
functions of exponential-type molecular potential in D dimensions. Ikot et al. [44] acquired
the thermal properties of the improved screened Kratzer potential (ISKP) model.
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2. The Hylleraas Potential (HP) and the Modified Hylleraas Potential (MHP)

The solutions of wave equations in relativistic and non-relativistic QM have recently
received great attention. A variety of researchers have made progress in evaluating their
energy and that of the corresponding wave functions. Nevertheless, this is due to its
applications in studying several physical systems of interest. HP is one of those potentials
that cannot be solved exactly as earlier buttressed. The potential was proposed as an
intermolecular potential and is one of the best potential models considered to explain the
vibrational energy of diatomic molecules [45].

Ikot et al. [46] noted that the HP is a special case of the multiparameter exponential-
type potential. Since Hylleraas presented this potential, not much work has been reported
on the bound state solution, whether in a relativistic and non-relativistic regime. Again,
Ikot [23] presented a modified version of the Hylleraas potential, which is given by

B Voa— e—2ar

V=i @
where « is the screening parameter. Ever since then, several adjustments have been pro-
posed, but the focus of this study will be on Equation (1). It is worthy to point out here that
since Hylleraas initiated this potential, very minute research has used it.

3. Solutions of the Schrodinger Equation with Modified Hylleraas Potential

The motion of a particle in a spherically symmetric potential in D dimensions is written
as [32,43,47]

dZRnl (7’) 2#

R2(D+21—1)(D+2] -3
ol +? Ey — V(r) — ( )( )

8ur?

Ryu(r) = 0. @

Due to the fact that the above equation cannot be solved analytically for I # 0 due to the
centrifugal term, the Greene and Aldrich approximation scheme [19] to the centrifugal term
is used; this is given as

1 4 062 872047

2= —2ar)2° (3)

r (1 —e—207)

It is convenient to point out here that for a short-range potential, the relation
Equation (3) is a good approximation to 1/7?, implying that it is not a good approxi-
mation to the centrifugal barrier when the screening parameter & becomes large. Thus,
the approximation is valid when ar << 1 [19]. By subsituting Equation (1) in Equation (2)
and using the Greene and Aldrich Approximation in Equation (3), one obtains

@Ru(e) , 1dRw(e)  (em+6)e*+ Qem+c+E—1)e—(em+8)

d?o o do 02(1—0)2 a(0) =0, (4

2722 2iPbe?’
¢=g¢aand vy = (D +2l —1)(D +2I — 3) /4. In the above equation, we have used ¢ = e~2*".
In order to solve Equation (4) using AIM [27], we propose the following physical radial
wavefunction R,;(0) = 0"(1 — 0)°fu(0) where v = \/e,; F cand § = 1/2+ \/y +1/4.
Now, by substituting the ansats in Equation (4), we obtain

E %
where we have used the following dimensionless notations ¢,; = — Ponl adl

2
dj;’élg(g) - Ao(e)%’g@ —s0(0)fu(e) =0, (5)
where
Ao(0) = (v+20+1)e—(2v+1) . 50(0) = (v+0)* — (e +¢)

o(1-0) o(1-0)
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With the aid of the quantization condition as discussed in Ref. [27], we arrive at the

following eigenvalues expressions

Ao(0) so(e) ’

0y = =0&1y=-0x+e,+g,

0 Mle) si(e) ° e
AM(e) si(e) ’

9 = :O@V:_l_éi €n+/

! Ma(0) sa(e) ! Vel T

= ’ =0&:=, 6)

An(0) sn(0) ‘

0, = =0 v, =-—-n—0Et+¢e,;+g,
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and then the explicit forms of ¢,,; and E,;;, respectively, are given by

e, = —c4leme-(nt VT 174+ 1/2)%?
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Figure 1 shows the variation of energy E,; values of the MHP against various potential
parameters. In Figure 1a, we plot E,; as a function of V/b for different values of D = 1
(red curve), 2 (green curve), 3 (black curve), 4 (blue curve) and 5 (purple curve). We notice
that the value of E,; decreases as the ration V{y/b increases. The value of E,; increases
as function of the parameter a at a fixed value of the ration Vj/b = 0.2, where the color
scheme is the same as in Figure 1a, as shown in Figure 1b. In Figure 1c, we show that the
value of E,; increases as the screening parameter « increases.
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Figure 1. Variation of E,; energy values of the MHP versus (a) ratio Vj /b (b) parameter a (c) screening
parameter « for different values of D, D = 1 (red curve), 2 (green curve), 3 (black curve), 4 (blue

curve) and 5 (purple curve).

In this study, the bound state solution of the modified Hylleraas potential has been
found in an arbitrary D-dimension via the asymptotic iteration method (AIM). From
Equation (7) and Table 1, it is clear that the two inter-dimensional states are degenerate
whenever (n,1,D) — (n,l+1,DF2) = EEI = E}iié. Thus, a knowledge of E}’gl forD =2
to 5 provides the information necessary to find E E, ; for other higher dimensions. It is also
observed that the energy increases as the screening parameter increases.
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Table 1. Numerical non-relativistic energy spectra of the MHP.

State « D=1 D=2 D=3 D=1 D=5
1s 0.025 —7.7003100 —31.8003000 —7.7003100 —3.2225300 —1.6503100
0.050 —1.7012500 —7.8012500 —1.7012500 —0.5568060 —0.1512500
0.075 —0.5917010 —3.3583700 —0.5917010 —0.0645409 0.1249650
0.100 —0.2050000 —1.8050000 —0.2050000 0.1061110 0.2200000
2s 0.025 —1.6503100 —3.2225300 —1.6503100 —0.9203130 —0.5225350
0.050 —0.1512500 —0.5568060 —0.1512500 0.0387500 0.1431940
0.075 0.1249650 —0.0645409 0.1249650 0.2149650 0.2650890
0.100  0.2200000 0.1061110 0.2200000 0.2750000 0.3061110
2p 0.025 —7.7003100 —3.2225300 —1.6503100 —0.9203130 —0.5225350
0.050 —1.7012500 —0.5568060 —0.1512500 0.0387500 0.1431940
0.075 —0.5917010 —0.0645409 0.1249650 0.2149650 0.2650890
0.100 —0.2050000 0.1061110 0.2200000 0.2750000 0.3061110
3s 0.025 —0.5225350 —0.9203130 —0.5225350 —0.2819450 —0.1253130
0.050 0.1431940 0.0387500 0.1431940 0.2069130 0.2487500
0.075 0.2650890 0.2149650 0.2650890 0.2960540 0.3166320
0.100 0.3061110 0.2750000 0.3061110 0.3256120 0.3387500
3p 0.025 —1.6503100 —0.9203130 —0.5225350 —0.2819450 —0.1253130
0.050 —0.1512500 0.0387500 0.1431940 0.2069130 0.2487500
0.075 0.1249650 0.2149650 0.2650890 0.2960540 0.3166320
0.100  0.2200000 0.2750000 0.3061110 0.3256120 0.3387500
3d 0.025 —1.6503100 —0.9203130 —0.5225350 —0.2819450 —0.1253130
0.050 —0.1512500 0.0387500 0.1431940 0.2069130 0.2487500
0.075 0.1249650 0.2149650 0.2650890 0.2960540 0.3166320
0.100  0.2200000 0.2750000 0.3061110 0.3256120 0.3387500
4s 0.025 —0.1253130 —0.2819450 —0.1253130 —0.0175965 0.0596875
0.050 0.2487500 0.2069130 0.2487500 0.2777620 0.2987500
0.075 0.3166320 0.2960540 0.3166320 0.3310700 0.3416320
0.100  0.3387500 0.3256120 0.3387500 0.3480860 0.3550000
4p 0.025 —0.5225350 —0.2819450 —0.1253130 —0.0175965 0.0596875
0.050 0.1431940 0.2069130 0.2487500 0.2777620 0.2987500
0.075 0.2650890 0.2960540 0.3166320 0.3310700 0.3416320
0.100 0.3061110 0.3256120 0.3387500 0.3480860 0.3550000
4d 0.025 —0.5225350 —0.2819450 —0.1253130 —0.0175965 0.0596875
0.050 0.1431940 0.2069130 0.2487500 0.2777620 0.2987500
0.075 0.2650890 0.2960540 0.3166320 0.3310700 0.3416320
0.100 0.3061110 0.3256120 0.3387500 0.3480860 0.3550000
4f 0.025 —0.5225350 —0.2819450 —0.1253130 —0.0175965 0.0596875
0.050 0.1431940 0.2069130 0.2487500 0.2777620 0.2987500
0.075 0.2650890 0.2960540 0.3166320 0.3310700 0.3416320
0.100 0.3061110 0.3256120 0.3387500 0.3480860 0.3550000

For completeness sake, the wave function of the system is given as

Rnl(Q) = (_1)11an

Tv+n+1) ,
T(2v+1)

0 (1—Q)‘52F1(—n,2(1/+5)+n;2v+l;g) (8)

where N, is the normalization constant and F;(—n,2(v + &) + n;2v + 1; ) is the hyper-
geometric function.
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4. Thermal and Magnetic Properties of Modified Hylleraas Potential (MHP)

In this section, we study the thermal properties of the modified Hylleraas potential.
Using a direct summation over all possible vibrational energy levels that are assessable to
the system, we can compute the vibrational partition function. Given the energy spectrum
in Equation (7), the partition function Z(g) of the MHP at finite temperature T is obtained
with the Boltzmann-Gibbs statistics as [14,29,48-50].

Nmax

Z(p) =) e PEr )

n=0

where B = 1/kgT, kp is the Boltzmann constantand n = 0,1,2,3, . .., #14y is the vibrational
quantum number with 7,4, as the upper bound of the viberational quantum number, and

n

Ay
Noax = —(;Jr\/m) +1/c(1—a). (10)

The summation in Equation (9) can be replaced by an integral. Therefore, Equation (9)
can be written as

it is obtained by setting = 0 and is given by

Nax+6 —B (13 +U1P2+7]2>

zp)= [ e\ dp, an
g

where p = 1 4 ¢ and the integral is evaluated in the region & < p < #yy + 7, and the

following notations have been introduced for mathematical simplicity: 179 = #2a2Q?/ (2y),

m = 10/Q? and 7, = — (P +2Q)#;. On evaluating the integral in Equation (11), we obtain

the partition function of the modified Hylleraas potential as follows

7(8) = ef sinh(B.\/7o7j1)

e {Exfly/=B(v/i0 — Bv/m) /] — Exfly/=B(\/o + By/m) /2] }, (12)

where t; = & and t, = nyax + 7. This expression represents the classical partition function.
The reason is that Equation (12) does not contain quantum corrections.

In Figure 2, we show plots of the partition function Z(p) as a function of V /b (a), a
(b), parameter D (c), and screening parameter a for different values of the f = 0.01 K1
(red curve), 0.02K~! (green curve), 0.05 K~ (black curve). Figure 2a clearly shows that the
partition function decreases with increasing Vj/b. Figure 2b displays the partition function
as a function of a for different values of . It is seen that the partition function first decreases
and then increases with increasing a. Figure 2¢ displays the partition function as a function
of dimensional parameter D for different values of B. It is seen that the partition function
decreases with increasing dimension D and then increases with rising D. Figure 2d shows
the plot of partition function as a function of screening parameter a with different values of
B. We notice that in the region 0 < a < 0.01, the partition function first decreases and then
rises as the screening parameter « rises.

In what follows, all thermodynamic properties of the MHD, such as the free energy,
mean energy, the entropy and specific heat, can be obtained from the partition function Z(p).
These thermodynamic functions for the MHP will be scrutinized in the following sections.
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Figure 2. Partition function Z() as a function of; (a) V/b, (b) parameter 4, (c) D and (d) screening
parameter & for different values of = 0.01K~! (red curve), 0.02K~! (green curve), = 0.05K~!
(black curve).

4.1. Free Energy

In this subsection, the free energy F(B, D,a,b, V) = —;ln(Z(ﬁ)) for MHP is stud-

ied. Figure 3 shows plots of the free energy F(B, D,a,b, V) versus V; /b, (b) parameter a,
(c) dimensions D and (d) screening parameter a for different values of g = 2.0 K1 (red
curve), 40K~! (green curve), 6.0 K~ (black curve). Figure 3a clearly shows that the free
energy first increases and then decreases with increasing Vj /b for different values of 5. We
show the plot of the free energy as a function of a different values of . The free energy
decreases with increasing a. Figure 3c displays the free energy as a function of dimension,
D for different values of . It is seen that the free energy increases monotonically with
increasing D. Figure 3d shows the plot of free energy as a function of screening parameter
« with different values of B. In this figure, we see that the free energy first rises with the
rising screening parameter and then decreases, as shown in Figure 3d.
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Figure 3. (a) Plots of free energy F(B, D, a,b, V) versus V;/b, (b) parameter 4, (c) D and (d) screen-
ing parameter a for different values of B = 2.0K™! (red curve), 40K~! (green curve), 6.0 K™!
(black curve).

4.2. Mean Energy

In this subsection, the mean energy U(B, D,a,b,Vy) = _dlndZﬁ(ﬁ) of the MHP is
analyzed. In Figure 4, we show plots of the mean energy U(B, D, a,b, Vj) as a function of
B, dimensions-D and other potential parameters. Figure 4a clearly shows that the mean
energy increases and then decreases with V; /b for different values of = 1.0K™! (red
curve), 2.0K~! (green curve), and 3.0 K~! (black curve). Figure 4b shows the plot of the
mean energy as a function of a4 different values of B. The mean energy decreases with
increasing a. Figure 4c displays the mean energy as a function of D for different values
of B. It is seen that the mean energy first increases and then decreases with increasing
D. Figure 4d shows the plot of mean energy as a function of « with different values of .
In this figure, we see that in the region 0 < a < 0.005, the mean energy first rises with
rising screening parameters and then decreases.
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Figure 4. (a) Mean energy U(B,D,a,b,Vy) as a function of V;/b, (b) parameter a, (c) D and (d)
screening parameter « for f = 1.0 K1 (red curve), 2.0 K1 (green curve), and 3.0 K1 (black curve).

4.3. Spacific Heat Capacity

. p . 2 InZ(p)

An analysis of the specific heat capacity C(B, D,a,b, V) = B T of the system
is extensively carried out in Figure 5. Figure 5 shows plots of the specific heat capacity
as a function of §, dimensions D, and other potential parameters. Figure 5a shows that
the plot of the specific heat capacity as a function of Vy/b for B = 0.01K™! (red curve),
0.02K~! (green curve), and 0.05 K~ (black curve). The specific heat capacity decreases
with increasing the ration Vj/b. Figure 5b shows the plot of the specific heat capacity as a
function of a with different values of B. The specific heat capacity decreases with increasing
the value of a. Figure 5c¢ displays the specific heat capacity as a function of dimension D
for different values of B. It is seen that the specific heat capacity increases with increasing
D. Figure 5d shows the plot of specific heat capacity as a function of screening parameter
« with different values of B. It noticed that the specific heat capacity increases and then
decreases as the screening parameter increases.
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Figure 5. (a) Plots of specific heat capacity C(B, D, a,b, V) as a function of /b, (b) parameter a,
(c) dimension D, and (d) screening parameter a for § = 0.01K~! (red curve), 0.02K~! (green curve),
and 0.05 K~ (black curve).

4.4. Entropy

Here, the entropy S(B, D, a,b,Vy) = InZ(B) — ﬁdlndzﬁ(ﬁ)
shows plots of the entropy S(B, D, a,b,Vj) as a function of V;/b, (b) parameter a, (c) D
and (d) screening parameter « for f = 0.01 K~! (red curve), 0.02 K1 (green curve), and
0.05K~! (black curve). Figure 6a clearly shows that the entropy decreases with increasing
Wo/b and decreases with increasing parameter 4, as shown in Figure 6b. Figure 6¢ displays
the entropy as a function of D for different values of B. It is seen that the entropy increases
first and then decreases with increasing dimension D. Figure 6d shows the plot of entropy
as a function of « with different values of 5. We see that the entropy increases first and then
decreases with rising screening parameter a.

of MHP is studied. Figure 6
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Figure 6. (a) Entropy S(B, D, a,b, V) versus V /b, (b) parameter 4, (c) D and (d) screening parameter
a for B = 0.01 K~ (red curve), 0.02K~! (green curve), 0.05K~! (black curve).

5. Conclusions

In this paper, we obtained the bound state solutions of the Schrodinger equation with
the modified Hylleraas potential in arbitrary dimensions using the asymptotic iteration
method (AIM). The energy and wave functions were obtained, respectively. With the
energy obtained, we evaluated the partition function, which was used to analyze the
thermodynamic properties of the model. From our graphical analysis, we show that the
thermal properties and energy spectra of the MHP depend on the potential parameters.
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