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Abstract

:

We investigate the dynamical evolution of genuine multipartite correlations for N-qubits in a common reservoir considering a non-dissipative qubits-reservoir model. We derive an exact expression for the time-evolved density matrix by modeling the reservoir as a set of infinite harmonic oscillators with a bilinear form of interaction Hamiltonian. Interestingly, we find that the choice of two-level systems corresponding to an initially correlated multipartite state plays a significant role in potential robustness against environmental decoherence. In particular, the generalized W-class Werner state shows robustness against the decoherence for an equivalent set of qubits, whereas a certain generalized GHZ-class Werner state shows robustness for inequivalent sets of qubits. It is shown that the genuine multipartite concurrence (GMC), a measure of multipartite entanglement of an initially correlated multipartite state, experiences an irreversible decay of correlations in the presence of a thermal reservoir. For the GHZ-class Werner state, the region of mixing parameters for which there exists GMC, shrinks with time and with increase in the temperature of the thermal reservoir. Furthermore, we study the dynamical evolution of the relative entropy of coherence and von-Neumann entropy for the W-class Werner state.
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1. Introduction


Entanglement arising from the superposition principle and tensorial structure of Hilbert spaces is a striking feature of multiparty quantum systems [1]. In addition to playing a significant role in the foundation of quantum mechanics [2,3,4], entanglement has proved to be a crucial resource in quantum information tasks such as quantum teleportation [5], secret sharing [6], and superdense coding [7], to mention a few. Entanglement in a multipartite (more than two parties) system has also proved to be a significant resource. It plays an essential role in quantum metrology, and in some cases, protocols involving multipartite correlations are more robust than protocols involving two-party correlations [8,9]. For instance, a three-qubit maximally entangled GHZ state exhibits non-locality more strongly than two-qubit Bell states [10]. Moreover, three-party teleportation protocols have been shown to be less vulnerable to cheating as compared to two-party protocols [6,11]. Furthermore, protocols involving parties at several different spatially separated locations necessarily require multipartite correlation. Therefore, the characterization and quantification of genuine multipartite correlation has received significant interest [12,13,14,15,16,17]. Entanglement in bipartite two-qubit systems is well understood through several measures such as concurrence [18], entanglement of formation [19], negativity [20], etc. However, even for the simplest case of a three-qubit system, quantifying the underlying correlations is non-trivial [12]. For the faithful quantification of three-party correlations, which are used as a resource in teleportation and other quantum tasks, one requires a genuine correlation quantifier, which is zero for all biseparable and product states and non-zero for all non-biseparable states [14]. There exists several measures of genuine entanglement for pure tripartite systems [17,21,22]; however, quantifying genuine entanglement for a general three-qubit system still remains a challenging task. The author of [15] has defined a measure “genuine multipartite concurrence”, a quantifier of genuine multipartite entanglement, which is reduced to the Wooter’s bipartite concurrence for two qubits. However, a closed expression exists only for X-type states, wherein only the diagonal and anti-diagonal elements are non-zero. Another measure widely studied for mixed three-qubit states is the tripartite negativity, which is defined through the geometric mean of negativity corresponding to the three bipartitions [23].



A realistic quantum system can never be considered isolated, as the system will inevitably interact with the environment. The interaction between the system and the environment causes a brisk decline of quantum correlations in the system. Therefore, for all practical applications, it is of significant importance to carry out a careful study of the characterization and quantification of quantum correlations under environmental decoherence. The dynamics of quantum correlations of single-qubit, bipartite, and tripartite systems in an open system have been studied extensively [24,25,26,27,28,29,30,31,32,33,34,35]. Viola et al. [36,37] worked out an exact model for a two-state quantum system coupled to a reservoir of harmonic oscillators and also showed that decoherence can dynamically be suppressed through repeated effective time-reversal operations on the combined system and bath. Correlations of bipartite systems have been extensively studied for zero temperature reservoirs [28] and finite temperature reservoirs [38]. Zeng-Zhao Li et al. [33] studied the entanglement dynamics of two coupled qubits in different environments. Their investigation showed that at zero temperature, the entanglement of two qubits saturates to a non-zero value when qubits are placed in a common environment. Recently, dynamics of a more general bipartite correlation, namely quantum discord for two initially correlated qubits in two different reservoirs, was studied for ohmic reservoirs [38], and it was shown that the preservation duration gets longer, the lower the temperature of the environment, the weaker the environmental coupling, and the larger the temperature difference between the reservoirs. The dynamics of decoherence and quantum correlation for two Bose–Einstein condensates has also been studied, where the decoherence can be controlled by manipulating the interaction between the system and the environment [39]. Jun-Hong et al. [31] explored the dynamics of a quantum register for two and three-qubit systems with dipole–dipole interactions, interacting with a common environment. Their study indicated that the environment could incoherently induce entanglement among qubits in the decoherence free space. Decoherence in quantum correlation for a three-qubit system has been studied for the case of classical environmental noise, where the quantum correlations display different decaying behaviors, depending on the system–environment interactions and different types of noise considered [40]. We note that in addition to the harmonic oscillator model, a well-known alternative to model the environment is through spin chains [41], and the resulting decoherence on the correlations and consequently on information theoretic protocols has been extensively studied [42].



In this work, we study the dynamics of genuine multipartite concurrence of various multipartite correlated states in the presence of a common thermal reservoir. The reservoir is modelled with infinite quantum harmonic oscillators, and a non-trivial bilinear form of interaction Hamiltonian is considered such that the system is non-dissipative (i.e., interaction Hamiltonian commutes with the system Hamiltonian). We show that the symmetric GHZ class of Werner state experiences irreversible loss in the genuine correlation, with the decay rate depending on the spectral density under consideration. We find the preservation time of the genuine correlation for various spectral densities and different temperature, and show that the multipartite system experiences entanglement sudden death for most of the initially mixed states. For an asymmetric form of the GHZ-class Werner state and inequivalent sets of qubits obeying a sum of frequency rule, multipartite correlation persists for a long time, and the system shows robustness against environmental decoherence, whereas the same is observed to be the case for the W-class Werner state for a set of equivalent qubits. Therefore, the choices of qubits and the initial correlated multipartite state are of significant importance in the potential robustness of the existing multipartite correlations against environmental decoherence.



The paper is organized as follows. In Section 2, we present the N-qubit reservoir model and exactly solve for the time-evolved multipartite density matrix. In Section 3, we study the dynamics of genuine multipartite concurrence for a symmetric and asymmetric GHZ class of Werner state for various spectral densities. Furthermore, we investigate the decoherence in the W-class Werner state. Finally, in Section 4, we conclude with the summary of results and discussions.




2. Model: N-Qubits in a Common Environment


Consider a physical system of N non-interacting qubits with the energy levels separated by   2  Ω 1  , 2  Ω 2  , 2  Ω 3  , …  2  Ω N    immersed in a common thermal reservoir. The total Hamiltonian including N-qubits, reservoir, and the interaction term is given by,


   H T  =  H S  +  H R  +  H I  +  H  r e n   ,  



(1)




where   H S   is the Hamiltonian of the N-qubits system,   H R   is the Hamiltonian of the reservoir, and   H I   is the Hamiltonian representing the interaction between the qubits and the reservoir. The Hamiltonian of the N-qubits system is given by,


   H S  =  ∑  i = 1  N   Ω i   σ z i   



(2)




where    σ  z  i  =   | 0 〉  i   〈 0 |  +   | 1 〉  i   〈 1 |    with   i ∈ ( 1 , 2 , … , N )  . States    | 0 〉  i   and    | 1 〉  i   are the excited and ground state respectively, of the ith qubit. The thermal reservoir, which is an environment to the N-qubits, is modeled by a heat bath (at a temperature T) composed of an infinite set of harmonic oscillators with the Hamiltonian as following,


   H R  =  ∑ j   ω j   a  j  †   a j  ,  



(3)




where   ω j   is the frequency of jth harmonic oscillator.   a  j  †   and   a j   are the bosonic creation and annihilation operators satisfying the commutation relations    [  a k  ,  a j †  ]  =  δ  k j     and    [  a k  ,  a j  ]  = 0 =  [  a j †  ,  a k †  ]   . The interaction Hamiltonian is assumed to be of the following form,


   H I  =  H S   ∑ j   c j   (  a j †  +  a j  )  ,  



(4)




where   c j   is the coupling constant between the system of qubits and the jth harmonic oscillator of the thermal reservoir. One observes that   [  H I  ,  H S  ] = 0  ; therefore, the system is non-dissipative in nature. We note that this form of coupling has been previously studied in the context of quantum decoherence in trapped ions and Bose–Einstein condensates by Kuang et al. [39], for single-qubit systems by Viola and Lloyd [36], and for two-qubit systems by Yuan et al. [28].



Finally, the term   H  r e n    is a renormalization term first considered in [43], which is given by


   H  r e n   =  H S 2   ∑ j    c j 2   ω j   ,  



(5)




and this term is crucial for the total Hamiltonian to be diagonalizable.



The Hamiltonian (1) can be exactly solved by employing the following unitary transformation,


  U = exp   H S   ∑ j   c j   (  a j †  −  a j  )   .  



(6)







Applying U on the total Hamiltonian (1), one obtains a decoupled Hamiltonian of the form    H T ′  =  H S  +  ∑ j   ω j   a j †   a j   , whereas the initial total density operator    ρ T   ( 0 )    will become    ρ T ′   ( 0 )  = U  ρ T   ( 0 )   U †   , which evolves in time as    ρ  T  ′   ( t )  = exp  ( − i  H  T  ′  t )   ρ  T  ′   ( 0 )  exp  ( + i  H  T  ′  t )   . Through the converse transformation of (6), one obtains the total density operator associated with the total Hamiltonian (1) as,


   ρ T   ( t )  =  e  − i  H s  t    U  − 1    e  − i  H R  t   U  ρ T   ( 0 )   U  − 1    e  i  H R  t   U  e  i  H s  t   .  



(7)







Assuming that the system and reservoir are initially uncorrelated, the total initial density operator    ρ T   ( 0 )    can be written as a product state of the system and reservoir density operator, i.e.,    ρ T   ( 0 )  =  ρ S   ( 0 )  ⊗  ρ R   ( 0 )   , where    ρ S   ( 0 )    and    ρ R   ( 0 )    are the initial density operators for the system and reservoir, respectively. The reservoir density operator    ρ R   ( 0 )    can be expressed as    ρ R   ( 0 )  =  Π j   ρ j   ( 0 )   , where    ρ j   ( 0 )  =  ( 1 −  e  − β  ω j    )   e  − β  ω j   a  j  †   a j      corresponds to the initial density operator of the jth oscillator in thermal equilibrium at an inverse temperature  β . At any time t, the reduced density matrix for the system can be obtained by tracing over the reservoir   ρ  ( t )  =  Tr R   (  ρ T   ( t )  )   . It should be noted that the set   { |  a 1   a 2   a 3   …   a N  〉 }   where    a 1  ,  a 2  ,  a 3    …    a N  ∈  { 0 , 1 }    forms a basis of the N-qubit system, and the state    |   a 1   a 2   a 3    …    a N   〉    is an energy eigenstate of   H S   with eigenvalue    E   a 1  …  a N    =  ∑  i = 1  N    ( − 1 )   a i    Ω i   . In the computational basis, one obtains


      ρ   (  a 1  …  a N  )   (  b 1  …  b N  )     ( t )  =  ρ   (  a 1  …  a N  )   (  b 1  …  b N  )     ( 0 )   F   (  a 1  …  a N  )   (  b 1  …  b N  )     ( t )  ×       exp  − i (  E   a 1  …  a N    −  E   b 1  …  b N    ) t  ,     



(8)




where    ρ   (  a 1  …  a N  )   (  b 1  …  b N  )     = 〈   a 1    …    a N   | ρ |   b 1    …    b N   〉   , and the factor    F   (  a 1  …  a N  )   (  b 1  …  b N  )     ( t )    depends on the reservoir part and is obtained as,


      F   (  a 1  …  a N  )   (  b 1  …  b N  )     ( t )  =      Π j   Tr R  [ D  ( −  α   b 1  …  b N  j   )   e  i t  ω j   N j    D  (  α   b 1  …  b N  j   )            × D  ( −  α   a 1  …  a N  j   )   e  − i t  ω j   N j    D  (  α   a 1  …  a N  j   )   ρ j   ( 0 )  ] ,     



(9)




where    N j  =  a  j  †   a j   ,    α   a 1  …  a N  j   =  E   a 1  …  a N     c j  /  ω j   , and   D  ( α )  = exp  ( α  a †  −  α *  a )    is a displacement operator. Using the properties of a displacement operator, namely,


        D  (  α 1  )  D  (  α 2  )  = D  (  α 1  +  α 2  )  exp  ( i  Im  (  α 1   α  2  *  )  )           exp  ( β  N j  )  D  ( α )  exp  ( − β  N j  )  = exp  ( α  e β   a  j  †  −  α *   e  − β    a j  )  ,     



(10)




the above Equation (9) is reduced to


      F   (  a 1  …  a N  )   (  b 1  …  b N  )     ( t )  =      Π j  exp  − i    (  E   a 1  . . .  a N   2  −  E   b 1  . . .  b N   2  )   c  j  2  sin   ω j  t    ω  j  2    ×            Tr R   D  (  ξ   a 1  …  a N   b 1  …  b N  j   )   ρ j   ( 0 )   ,     



(11)




where    ξ   a 1  …  a N   b 1  …  b N  j   =  (  α   b 1  …  b N  j   −  α   a 1  …  a N  j   )   (  e  i  ω j  t   − 1 )   . Using the following result [44],


   Tr R  D  ( α )   ρ j    ( 0 )  = exp (    − 1  2    | α |  2  coth   β  ω j   2   ) ,   



(12)




the above Expression (11) is simplified to


      F   (  a 1  …  a N  )   (  b 1  …  b N  )     ( t )  =     exp  − i  ϕ   (  a 1  …  a N  )   (  b 1  …  b N  )     ∑ j     c  j  2  sin  (  ω j  t )    ω  j  2    ×        exp  − 2  τ   (  a 1  …  a N  )   (  b 1  …  b N  )     ∑ j    c  j  2   ω  j  2    sin 2   (    ω j  t  2  )  coth  (   β  ω j   2  )   .     



(13)




where    ϕ   (  a 1  …  a N  )   (  b 1  …  b N  )    =  E   a 1  …  a N   2  −  E   b 1  …  b N   2    and    τ   (  a 1  …  a N  )   (  b 1  …  b N  )    =   (  E   a 1  . . .  a N    −  E   b 1  . . .  b N    )  2   . In the continuum limit, we take    ∑ j  → ∫ d ω J  ( ω )   , where   J ( ω )   is the spectral density of the thermal reservoir, and    c j  → c  ( ω )   , and the above equation becomes,


      F   (  a 1  …  a N  )   (  b 1  …  b N  )     ( t )  =  e  − i  ϕ   (  a 1  . . .  a N  )   (  b 1  . . .  b N  )     Q 1   ( t )      e  − 2  τ   (  a 1  . . .  a N  )   (  b 1  . . .  b N  )     Q 2   ( t )    ,     



(14)




with,


      Q 1   ( t )      = ∫    c 2   ( ω )    ω 2   sin  ( ω t )  J  ( ω )  d ω        Q 2   ( t )      = ∫    c 2   ( ω )    ω 2    sin 2   (   ω t  2  )  coth  (   β ω  2  )  J  ( ω )  d ω .     



(15)







Therefore, we have the exact evolution for the N-qubits density operator, and hence, we can study the dynamics of various correlations. We note in passing that the interaction Hamiltonian considered in the above analysis is the simplest non-trivial bilinear operator on the system and reservoir state. In contrast, one can do a similar analysis with some arbitrary function of the system Hamiltonian   f (  H S  )   in the interaction term. It is important to note that in all these scenarios, the system Hamiltonian commutes with the total Hamiltonian, i.e.,   [  H S  ,  H T  ] = 0  . Therefore, the interaction is non-dissipative, which is also evident from the above analysis, where diagonal terms are shown to be unaffected.




3. Dynamics of Genuine Multipartite Correlations for N-Qubit States


3.1. GHZ-Class Werner States


We begin with a brief review of a genuine multipartite correlation and measure genuine multipartite concurrence (GMC). It is an entanglement measure that captures the multipartite entanglement and is zero if the system is separable across any bipartition i.e., product and biseparable states. This measure works for mixed-density matrices as well, and it reduces to the Wootter’s concurrence for two qubits [19]. Rafsanjani et al. provided an exact expression of GMC for an N-qubit X-state, where the density matrix contains only diagonal and anti-diagonal elements [15]. For a N-qubit system with a density matrix in the computational basis, the only non-zero elements are   ρ  i i    and   ρ  i ( n + 1 − i )   , where   i = 1 , … , n   with   n =  2 N   . Genuine multipartite concurrence for such states are given by


   C  G M   =  2 max { 0 , |   ρ  j ( n + 1 − j )   |  −  ∑  k ≠ j   n / 2      ρ  k k    ρ  ( n + 1 − k ) ( n + 1 − k )     }  ,  



(16)




where   j = 1 , 2 ,  …  n / 2  . In what follows, we will study evolution of genuine multipartite concurrence for the N-qubit Werner state, which is of the form,


   ρ W  =  x | ψ 〉 〈 ψ |  +  ( 1 − x )   I n  ,  



(17)




where   x ∈ [ 0 , 1 ]   is the mixing parameter,   | ψ 〉   is a genuine multipartite entangled pure state, and I is the n-dimensional identity matrix. It is noted that the density matrix is pure for   x = 1   and maximally mixed for   x = 0  . Equation (17) is in the form of an X-state when the pure state   | ψ 〉   is a generalized GHZ state, which is given by     | G H Z 〉   g e n   =  1  2    ( |  i 1   i 2  ⋯  i N  〉     ± |   j 1   j 2  ⋯  j N   〉 )   , where    i α  ≠  j α  ∈  { 0 , 1 }  ,  α = 1 , 2 , 3  . It is important to note that the X states density matrix is physically realizable in various scenarios [45,46]. For instance, pseudo-pure states in NMR spin systems are essentially of the same form as (17). More specifically, a highly mixed thermal state of the form can be described through a traceless deviation of maximally mixed state, i.e.,    ρ t  ≃  ( 1 − ϵ  ∑ i   σ  z  i  )  / n  , which upon an action of completely positive and trace preserving map yields a density matrix    ρ P  = T  (  ρ t  )  = 1 / n − ϵ α  (  ρ  p p   − 1 / n )   , with   ρ  p p    representing a pure state,  ϵ  representing a small deviation parameter, and  α , a factor determining signal loss, is essentially of the same form as the Werner state density matrix, with the mixing parameter   x = ϵ α   [47].



For the density matrix (17), with the    | ψ 〉  =  1  2    ( |  i 1   i 2  ⋯  i N  〉   + |   j 1   j 2  ⋯  j N   〉 )   , where    i α  ≠  j α  ∈  { 0 , 1 }  ,  α = 1 , 2 , 3 … N  , the genuine multipartite concurrence is obtained as


   C  G M    (  ρ W  )  = max  { 0 ,   2 ( n − 1 ) x − ( n − 2 )  n  }  ,  



(18)




which for a tripartite GHZ state i.e.,   n = 8   yields,


   C  G M    (  ρ W  )  = max  { 0 ,   7 x − 3  4  }  .  



(19)







Naturally, it takes the maximum value one for   x = 1  , i.e., maximally entangled GHZ states and non-zero for   x > ( n − 2 ) / 2 ( n − 1 )  . The GMC is zero for   x ≤ ( n − 2 ) / 2 ( n − 1 )  . Therefore, it is separable across at least one bi-partition; i.e., the density matrix can be written as a convex sum of bi-separable states.



Consider an N-qubit system in a common heat bath with the initial state given by   ρ  ( 0 )  =  ρ W   . As evident from the explicit form of (8), the diagonal elements will remain unchanged. For    | ψ 〉  =  1  2     ( | 00 ⋯ 0 〉  + | 11 ⋯ 1 〉 )   , there are only two non-zero off-diagonal elements of the density matrix    ρ  ( 00 ⋯ 0 ) ( 11 ⋯ 1 )   =  ρ  ( 11 ⋯ 1 ) ( 00 ⋯ 0 )  *   , and their time evolution is given by


   ρ  ( 00 ⋯ 0 ) ( 11 ⋯ 1 )    ( t )  =  x 2   e  − i Δ E t     e  − i  (  E  00 ⋯ 0  2  −  E  11 ⋯; 1  2  )   Q 1   ( t )      e  − 2   ( Δ E )  2   Q 2   ( t )    ,  



(20)




where   Δ E =  E  00 ⋯ 0   −  E  11 ⋯ 1    . Using    E  00 ⋯ 0   =  Ω 1  +  Ω 2  + … . +  Ω N    and    E  11 ⋯ 1   = −  E  00 ⋯ 0    , one obtains


   ρ  ( 00 … 0 ) ( 11 … 1 )    ( t )  =  x 2   e  − i 2 (  ∑  i = 1  N   Ω i  ) t    e  − 8   (  ∑  i = 1  N   Ω i  )  2   Q 2   ( t )    .  



(21)







Therefore, the genuine multipartite concurrence for   ρ ( t )   is obtained as


   C  G M    ( ρ  ( t )  )  = max  { 0 , x  e  − 8   (  ∑  i = 1  N   Ω i  )  2   Q 2   ( t )    −   n − 2  n   ( 1 − x )  }  .  



(22)







Since    Q 2   ( t )    is a positive and increasing function of both time and temperature, therefore, the region for which the state has genuine multipartite entanglement shrinks with the increase in time and temperature. More precisely, at    Q 2   ( t )   , the state has genuine multipartite entanglement for the region   x ∈    n − 2   n − 2 + n  e  − 8  ω  T  2   Q 2   ( t )      , 1   , where    ω T  =  (  ∑  i = 1  N   Ω i  )   . A few qualitative conclusions can be made without specifying the specific form of spectral density of the reservoir and relying on the fact that    Q 2   ( t )    is a positive and increasing function of time. It is immediately obvious that the region of mixing parameter x for which the state is genuine multipartite entangled decreases with the increase in time, the rate of which depends on the specific reservoir under consideration. Furthermore, for a given mixing parameter x, the correlation will decay with time, and the state encounters the sudden death of multipartite entanglement after a finite preservation time, as shown below for various spectral densities.



A simple choice of spectral density is   J  ( ω )  = η / [ 2 π  c 2   ( ω )  ]  , which at zero temperature yields a linear damping factor as [39],


   Q 2   ( t )  =   η t  4  ,  



(23)




where  η  is a characteristic parameters associated with the reservoir. The genuine multipartite concurrence becomes,


   C  G M    ( ρ  ( t )  )  = max  { 0 , x  e  − 2   (  ∑  i = 1  N   Ω i  )  2  η t   −   n − 2  n   ( 1 − x )  }  ,  



(24)




which reflects the exponential degradation of multiparty correlation and has been plotted for several mixing parameter and also with the increasing parameter  η  in Figure 1 for the tripartite case (n = 8). As evident from the plot, the state encounters the sudden death of genuine multipartite entanglement for all the states with   x < 1  . Further, the sudden death is more rapid with the increase in the characteristic parameter  η , which represents the interaction strength. The preservation time, i.e., time interval up to which correlation persists is obtained to be


  Δ  t P  =  1  2   (  ∑  i = 1  N   Ω i  )  2  η   ln    n x   ( n − 2 ) ( 1 − x )    ,  



(25)




where the mixing parameter   x > ( n − 2 ) / 2 ( n − 1 )  . As evident from the above expression, except for   x = 1  , the preservation time is finite, and therefore, the initial states in the region   ( n − 2 ) / 2 ( n − 1 ) < x < 1   will encounter the sudden death of genuine multipartite entanglement.



Ohmic reservoirs are modeled with the following spectral density [48],


  J  ( ω )  =   η ω    c 2   ( ω )     error  −  ω  ω 0     ,  



(26)




where  η  is a characteristic parameter of the reservoir and   ω 0   is a cut-off frequency specific to the reservoir. The damping factor    Q 2   ( t )    becomes


   Q 2   ( t )  = 2 η  ∫  0  ∞   1 ω   e  −  ω  ω 0      sin 2     ω t  2   coth    β ω  2    d ω ,  



(27)




which in general is difficult to evaluate. We will evaluate the damping factor for the case of zero, low, and high-temperature regions and study the correlation in these limits. Firstly, at the zero temperature, the damping factor is obtained to be    Q 2   ( t )  =  [ η ln  1 +   (  ω 0  t )  2   ]  / 2  . For this case, genuine multipartite concurrence for tripartite systems (n = 8) is plotted for various mixing parameters at fixed  η  and various interaction parameters  η  at a fixed mixing parameter, as shown in Figure 2. It is observed in this case that the decay in correlation is not exponential, which is a consequence of the logarithmic factor of time in the damping factor. We observe the sudden death of genuine tripartite entanglement for states with mixing parameter   x < 1  ; however, compared to the linear damping factor case, the sudden death is achieved much more slowly. The preservation time is evaluated to be


  Δ  t P  =  1  ω 0     exp   1  4 η  ω  T  2    ln    4 x   3 ( 1 − x )     − 1   1 2   ,  



(28)




which is much larger than the case when the damping factor is linear in time.



For a finite but small temperature, the damping factor for the Ohmic case becomes


   Q 2   ( t )  = η  ln   β  π t     1 +   (  ω 0  t )  2    sinh  (   π t  β  )    .  



(29)







The genuine multipartite concurrence is plotted with respect to time and inverse temperature at a fixed mixing parameter   x = 0.9  , as shown in Figure 3. It is observed that at all temperatures, the correlation remains almost constant for the time interval   0 < t <  T c   , where   T c   is defined as the characteristic time and then for time   t >  T c   , it decays rapidly to zero as the system experiences the sudden death of multipartite correlation. Furthermore, as the temperature increases, the characteristic time becomes smaller, and the decay rate of tripartite concurrence gets faster; therefore, correlation sudden death occurs more quickly.



A more interesting case occurs when the generalized GHZ state under consideration for the initial density matrix is    | ψ 〉  =  1  2    | 00 ⋯ 01 〉 + | 11 ⋯ 10 〉   . In this case, the non-zero diagonal elements in the density matrix are   ρ  ( 00 ⋯ 01 ) ( 11 ⋯ 10 )    and   ρ  ( 11 ⋯ 10 ) ( 00 ⋯ 01 )   , and using    E  00 ⋯ 01   =  ∑  i = 1   N − 1    Ω i  −  Ω N  = −  E  11 ⋯ 0    , one obtains the evolution of the off-diagonal elements as,


      ρ  ( 00 ⋯ 01 ) ( 11 ⋯ 10 )    ( t )  =  x 2  exp  − i 2  (  ∑  i = 1   N − 1    Ω i  −  Ω N  )  t − 8   (  ∑  i = 1   N − 1    Ω i  −  Ω N  )  2   Q 2   ( t )   .     



(30)







If all the qubits are equivalent i.e.,    Ω 1  =  Ω 2  = · · ·  Ω N   , the state suffers a similar kind of decoherence as seen earlier, i.e., the region of mixing parameters for which the state remains tripartite entangled reduces with the increase in time and temperature. Furthermore, for a given mixing parameter, the amount of correlation decays with the rate depending on the spectral density under consideration. Interestingly, for the damping factor    Q 2   ( t )    given by (23), the preservation time is obtained as,


  Δ  t P  =  1  2   (  ∑  i = 1   N − 1    Ω i  −  Ω N  )  2  η   ln    n x   ( n − 2 ) ( 1 − x )    .  



(31)







Considering the two-level systems such that    ∑  i = 1   N − 1    Ω i  ∼  Ω N   , the preservation time   Δ  t P  > > 1  . Hence, one can prolong the preservation time and therefore retain the correlation for a significant time with a certain choice of qubit and initially correlated GHZ-class Werner state. In the limiting case, there exists an interesting class of inequivalent qubits such that the sum of energy gap of qubits 1 to   N − 1   is the same as that of qubit N i.e.,    ∑  i = 1   N − 1    Ω i  =  Ω N   , then


   ρ  ( 00 ⋯ 01 ) ( 11 ⋯ 10 )    ( t )  =  x 2  = c o n s t a n t  ∀   β .  



(32)







Hence, in such a class of qubits, the state suffers no decoherence in the correlations. Genuine multipartite entanglement remains invariant in time for such inequivalent sets of three qubits. It is important to note that the persistence of correlation for the above mentioned constraints on qubit splitting is because the initial state   ρ ( 0 )   is close to an equilibrium state, and if the constraint is exactly satisfied, the initial state itself is an equilibrium state, where the equilibrium state is defined by the fact that it commutes with the total Hamiltonian, i.e.,   [  ρ  e q   ,  H T  ] = 0  . In the other cases, when this constraint is not satisfied, the initial state is not an equilibrium state, and due to dephasing, it results in the loss of the off-diagonal terms, hence becoming a diagonal state in the energy basis in the large time limit. Therefore, it is at the cost of loss in correlation that the state achieves equilibration when the constraint on qubit splitting is not satisfied. For instance, the energy gap of a two-level system can be tuned in NMR by modulating the applied external magnetic field, which by coupling through the magnetic moment results in an energy gap of order   μ B  . Therefore, it is quite evident that one can physically realize a set of three qubits such that the initially correlated state is robust in loss of correlations against environmental decoherence. Such a scenario will be beneficial for quantum tasks requiring genuine multipartite entanglement.




3.2. W-Class Werner States


In this section, we study the dynamical evolution for the W-class of Werner states. For explicitness, we limit our discussion to the tripartite case (n = 8); however, the general conclusions will hold for arbitrary N-qubit systems. Consider the initial density operator to be of the following form,


  ρ  ( 0 )  =  x | W 〉 〈 W |  +  ( 1 − x )   I 8  ,  



(33)




where the state    | W 〉  =  1  3    ( | 001 〉  +  | 010 〉  +  | 100 〉 )    is the symmetric W state,   x ∈ [ 0 , 1 ]   is the mixing parameter, and I is the identity matrix. Using Equation (8), one obtains the elements of density matrix at later times. The diagonal elements remains constant,


         ρ  ( 000 ) ( 000 )    ( t )  =  ρ  ( 011 ) ( 011 )    ( t )  =  ρ  ( 101 ) ( 101 )    ( t )  =  ρ  ( 110 ) ( 110 )    ( t )  =  ρ  ( 111 ) ( 111 )    ( t )  =   1 − x  8  ,           ρ  ( 001 ) ( 001 )    ( t )  =  ρ  ( 010 ) ( 010 )    ( t )  =  ρ  ( 100 ) ( 100 )    ( t )  =   5 x + 3  24  ,     



(34)




whereas the off-diagonal elements evolve as follows,


      ρ  ( 001 ) ( 010 )    ( t )      =  x 3   e  − 2 i (  ω B  −  ω C  ) t     e  − 4 i  ω A   (  ω B  −  ω C  )   Q 1   ( t )      e  − 8   (  ω B  −  ω C  )  2   Q 2   ( t )    ,        ρ  ( 001 ) ( 100 )    ( t )      =  x 3   e  − 2 i (  ω A  −  ω C  ) t     e  − 4 i  ω B   (  ω A  −  ω C  )   Q 1   ( t )      e  − 8   (  ω A  −  ω C  )  2   Q 2   ( t )    ,        ρ  ( 010 ) ( 100 )    ( t )      =  x 3   e  − 2 i (  ω A  −  ω B  ) t     e  − 4 i  ω C   (  ω A  −  ω B  )   Q 1   ( t )      e  − 8   (  ω A  −  ω B  )  2   Q 2   ( t )    .     



(35)







As observed from the above expressions, the magnitude of each off-diagonal element has a decaying exponential factor    Q 2   ( t )   , the explicit form of which depends on the choice of spectral density, which is accompanied by the energy difference between the qubits. Interestingly, when all the three qubits are equivalent, i.e.,    ω A  =  ω B  =  ω C   , there is no damping in the magnitude of the off-diagonal terms. Therefore, the state remains invariant in time, and the correlations are robust against environmental decoherence. This is in striking contrast to the case when the initial state is the GHZ-class Werner state, where to prolong the decay in correlation, one requires three inequivalent qubits.



The decoherence of a state as measured through von-Neumann entropy is defined in terms of time evolved density matrix as


  D ( t ) = − Tr ( ρ ( t ) log ρ ( t ) ) .  



(36)







For a specific case when the qubit A and B are identical, i.e,    ω A  =  ω B    and    ω A  −  ω C  = Δ  , one obtains the decoherence as


     D  ( t )  = −   3 ( 1 − x )  4  log    1 − x  8   −  λ +  log  (  λ +  )  −  λ −  log  (  λ −  )  ,     



(37)




where


   λ ±  =   1 + 3 x  8  ±  x 6    1 + 2 exp ( − 16  Δ 2   Q 2   ( t )  )   .  



(38)







The relative entropy of coherence defined through the metric relative entropy on the state of space has been shown to be a bonafide measure of coherence [49],


   C  R e l    ( ρ )  = S  (  ρ d  )  − S  ( ρ )  ,  



(39)




where the density matrix   ρ d   is obtained by removing all the off-diagonal elements from  ρ , and   S ( ρ )   is the entropy corresponding to the state  ρ  and given by,


  S  ( ρ )  = −  ∑ i   λ i  log  (  λ i  )  ,  



(40)




with   λ i   being the eigenvalues of  ρ . Evolution of the relative entropy of coherence for the W-class Werner state is obtained through the following expression,


   C  R e l    ( ρ )  =   1 − x  8  log    1 − x  8   −   5 x + 3  8  log    5 x + 3  24   −  λ +  log  (  λ +  )  −  λ −  log  (  λ −  )   



(41)




where   λ ±   is obtained as above for a specific choice of qubits.



In Figure 4, we plot the decoherence for the damping factor linear in time, given by (23) for various mixing parameters at a fixed interaction coefficient. It is observed that the von-Neumann entropy saturates after some time at a value depending on the mixing parameter. Furthermore, as seen from the plot for decoherence with changing interaction parameter at a fixed mixing parameter, the entropy saturates to the maximum value rapidly with the increase in  η , implying a speedup in decoherence. It is important to note that similar behavior will be observed for different choices of spectral density, since that damping factor is a positive and increasing function, and the only thing differing will be the rate of decoherence. Further, as explained earlier, the choice of qubits plays a significant role in the robustness against decoherence; the more the frequency of the qubits is similar to each other, the more the system is robust against environmental decoherence.





4. Conclusions


In conclusion, we found an exact expression for a time-evolved density matrix for an N-qubit system in a common heat bath through a thermal reservoir modeled as an infinite quantum harmonic oscillator and a bilinear non-dissipative interaction Hamiltonian. Using this, we studied the dynamics of the underlying multipartite correlation for various N-qubit systems. In particular, we studied the evolution of genuine multipartite concurrence for various GHZ-class Werner states, and we showed that for an asymmetric GHZ-class Werner state, an inequivalent choice of qubits obeying a sum of frequency rule results in the robustness of the correlation against environmental decoherence. We also found the preservation time of genuine multipartite concurrence for several spectral densities and showed that the sudden death of multipartite correlation occurs for states with mixedness parameter   x < 1  , wherein the rate of decay depends on the specific reservoir under consideration. Furthermore, we studied the decoherence in the W-class Werner state through von-Neumann entropy and showed that the correlations show robustness against environmental decoherence for N equivalent qubits. The studied behavior of genuine quantum correlations in a dephasing environment will be useful in implementing quantum tasks in such scenarios. Furthermore, with a straightforward extension to qubits placed in separate environments, one can study various thermodynamic aspects, which are affected by the behavior of correlations in the presence of a dephasing environment. In particular, it would be interesting to see the transient behavior of thermodynamics quantities and their variation for different values of N for an N-qubit system, and especially for the choice of the GHZ-class Werner state, which resists dephasing.







Author Contributions


All authors contributed equally to this work. All authors have read and agreed to the published version of the manuscript.




Funding


AKR, VS, and PKP acknowledge the support from DST, India through Grant No. DST/ICPS/ QuST/Theme-1/2019/2020- 21/01.




Conflicts of Interest


The authors declare no conflict of interest.




References


	



Nielsen, M.A.; Chuang, I. Quantum Computation and Quantum Information; Cambridge University Press: Cambridge, UK, 2002. [Google Scholar]

	



Einstein, A.; Podolsky, B.; Rosen, N. Can Quantum-Mechanical Description of Physical Reality Be Considered Complete? Phys. Rev. 1935, 47, 777–780. [Google Scholar] [CrossRef]

	



Schrödinger, E. Probability relations between separated systems. Math. Proc. Camb. Philos. Soc. 1936, 32, 446–452. [Google Scholar] [CrossRef]

	



Bell, J.S. On the Einstein Podolsky Rosen paradox. Phys. Phys. Fiz. 1964, 1, 195–200. [Google Scholar] [CrossRef]

	



Bennett, C.H.; Brassard, G.; Crépeau, C.; Jozsa, R.; Peres, A.; Wootters, W.K. Teleporting an unknown quantum state via dual classical and Einstein-Podolsky-Rosen channels. Phys. Rev. Lett. 1993, 70, 1895. [Google Scholar] [CrossRef]

	



Hillery, M.; Bužek, V.; Berthiaume, A. Quantum secret sharing. Phys. Rev. A 1999, 59, 1829–1834. [Google Scholar] [CrossRef]

	



Bennett, C.H.; Wiesner, S.J. Communication via one-and two-particle operators on Einstein-Podolsky-Rosen states. Phys. Rev. Lett. 1992, 69, 2881. [Google Scholar] [CrossRef]

	



Giovannetti, V.; Lloyd, S.; Maccone, L. Quantum-Enhanced Measurements: Beating the Standard Quantum Limit. Science 2004, 306, 1330–1336. [Google Scholar] [CrossRef]

	



Amico, L.; Fazio, R.; Osterloh, A.; Vedral, V. Entanglement in many-body systems. Rev. Mod. Phys. 2008, 80, 517–576. [Google Scholar] [CrossRef]

	



Greenberger, D.M.; Horne, M.A.; Zeilinger, A. Going Beyond Bell’s Theorem. In Bell’s Theorem, Quantum Theory and Conceptions of the Universe; Springer: Berlin/Heidelberg, Germany, 1989; pp. 69–72. [Google Scholar]

	



Karlsson, A.; Bourennane, M. Quantum teleportation using three-particle entanglement. Phys. Rev. A 1998, 58, 4394–4400. [Google Scholar] [CrossRef]

	



Vidal, G. Entanglement monotones. J. Mod. Opt. 2000, 47, 355–376. [Google Scholar] [CrossRef]

	



Aolita, L.; Chaves, R.; Cavalcanti, D.; Acín, A.; Davidovich, L. Scaling Laws for the Decay of Multiqubit Entanglement. Phys. Rev. Lett. 2008, 100, 080501. [Google Scholar] [CrossRef]

	



Ma, Z.H.; Chen, Z.H.; Chen, J.L.; Spengler, C.; Gabriel, A.; Huber, M. Measure of genuine multipartite entanglement with computable lower bounds. Phys. Rev. A 2011, 83, 062325. [Google Scholar] [CrossRef]

	



Hashemi Rafsanjani, S.M.; Huber, M.; Broadbent, C.J.; Eberly, J.H. Genuinely multipartite concurrence of N-qubit X matrices. Phys. Rev. A 2012, 86, 062303. [Google Scholar] [CrossRef]

	



Girolami, D.; Tufarelli, T.; Susa, C.E. Quantifying Genuine Multipartite Correlations and their Pattern Complexity. Phys. Rev. Lett. 2017, 119, 140505. [Google Scholar] [CrossRef]

	



Xie, S.; Eberly, J.H. Triangle Measure of Tripartite Entanglement. Phys. Rev. Lett. 2021, 127, 040403. [Google Scholar] [CrossRef] [PubMed]

	



Hill, S.; Wootters, W.K. Entanglement of a pair of quantum bits. Phys. Rev. Lett. 1997, 78, 5022. [Google Scholar] [CrossRef]

	



Wootters, W.K. Entanglement of formation of an arbitrary state of two qubits. Phys. Rev. Lett. 1998, 80, 2245. [Google Scholar] [CrossRef]

	



Vidal, G.; Werner, R.F. Computable measure of entanglement. Phys. Rev. A 2002, 65, 032314. [Google Scholar] [CrossRef]

	



Coffman, V.; Kundu, J.; Wootters, W.K. Distributed entanglement. Phys. Rev. A 2000, 61, 052306. [Google Scholar] [CrossRef]

	



Eisert, J.; Briegel, H.J. Schmidt measure as a tool for quantifying multiparticle entanglement. Phys. Rev. A 2001, 64, 022306. [Google Scholar] [CrossRef]

	



Jungnitsch, B.; Moroder, T.; Gühne, O. Taming Multiparticle Entanglement. Phys. Rev. Lett. 2011, 106, 190502. [Google Scholar] [CrossRef]

	



Yu, T.; Eberly, J.H. Sudden Death of Entanglement. Science 2009, 323, 598–601. [Google Scholar] [CrossRef] [PubMed]

	



Fanchini, F.F.; Werlang, T.; Brasil, C.A.; Arruda, L.G.E.; Caldeira, A.O. Non-Markovian dynamics of quantum discord. Phys. Rev. A 2010, 81, 052107. [Google Scholar] [CrossRef]

	



Mazzola, L.; Piilo, J.; Maniscalco, S. Sudden Transition between Classical and Quantum Decoherence. Phys. Rev. Lett. 2010, 104, 200401. [Google Scholar] [CrossRef]

	



Xu, J.S.; Xu, X.Y.; Li, C.F.; Zhang, C.J.; Zou, X.B.; Guo, G.C. Experimental investigation of classical and quantum correlations under decoherence. Nat. Commun. 2010, 1, 7. [Google Scholar] [CrossRef]

	



Yuan, J.B.; Kuang, L.M.; Liao, J.Q. Amplification of quantum discord between two uncoupled qubits in a common environment by phase decoherence. J. Phys. B At. Mol. Opt. Phys. 2010, 43, 165503. [Google Scholar] [CrossRef]

	



Zhang, W.M.; Lo, P.Y.; Xiong, H.N.; Tu, M.W.Y.; Nori, F. General Non-Markovian Dynamics of Open Quantum Systems. Phys. Rev. Lett. 2012, 109, 170402. [Google Scholar] [CrossRef]

	



Wu, T.; Shi, J.; Yu, L.; He, J.; Ye, L. Quantum correlation of qubit-reservoir system in dissipative environments. Sci. Rep. 2017, 7, 8625. [Google Scholar] [CrossRef]

	



An, J.H.; Wang, S.J.; Luo, H.G. Entanglement dynamics of qubits in a common environment. Phys. A Stat. Mech. Appl. 2007, 382, 753–764. [Google Scholar] [CrossRef]

	



Benatti, F.; Nagy, A. Three qubits in a symmetric environment: Dissipatively generated asymptotic entanglement. Ann. Phys. 2011, 326, 740–753. [Google Scholar] [CrossRef]

	



Li, Z.Z.; Liang, X.T.; Pan, X.Y. The entanglement dynamics of two coupled qubits in different environment. Phys. Lett. A 2009, 373, 4028–4032. [Google Scholar] [CrossRef]

	



Zhao, Y.; Zheng, F.; Liu, J.; Yao, Y. Dynamics of bipartite and tripartite entanglement in a dissipative system of continuous variables. Phys. A Stat. Mech. Appl. 2015, 423, 80–96. [Google Scholar] [CrossRef]

	



Gallego, M.A.; Coto, R.; Orszag, M. Generation of quantum correlations for two qubits through a common reservoir. Phys. Scr. 2012, T147, 014012. [Google Scholar] [CrossRef]

	



Viola, L.; Lloyd, S. Dynamical suppression of decoherence in two-state quantum systems. Phys. Rev. A 1998, 58, 2733–2744. [Google Scholar] [CrossRef]

	



Viola, L.; Knill, E.; Lloyd, S. Dynamical Decoupling of Open Quantum Systems. Phys. Rev. Lett. 1999, 82, 2417–2421. [Google Scholar] [CrossRef]

	



Xu, L.; Yuan, J.B.; Tan, Q.S.; Zhou, L.; Kuang, L.M. Dynamics of quantum discord for two correlated qubits in two independent reservoirs at finite temperature. Eur. Phys. J. D 2011, 64, 565–571. [Google Scholar] [CrossRef]

	



Kuang, L.M.; Tong, Z.Y.; Ouyang, Z.W.; Zeng, H.S. Decoherence in two Bose-Einstein condensates. Phys. Rev. A 1999, 61, 013608. [Google Scholar] [CrossRef]

	



Tchoffo, M.; Kenfack, L.T.; Fouokeng, G.C.; Fai, L.C. Quantum correlations dynamics and decoherence of a three-qubit system subject to classical environmental noise. Eur. Phys. J. Plus 2016, 131, 380. [Google Scholar] [CrossRef]

	



Breuer, H.P.; Petruccione, F. The Theory of Open Quantum Systems; Oxford University Press: Oxford, UK, 2007; p. 656. [Google Scholar]

	



Rao, D.D.B.; Panigrahi, P.K.; Mitra, C. Teleportation in the presence of common bath decoherence at the transmitting station. Phys. Rev. A 2008, 78, 022336. [Google Scholar] [CrossRef]

	



Caldeira, A.; Leggett, A. Quantum tunnelling in a dissipative system. Ann. Phys. 1983, 149, 374–456. [Google Scholar] [CrossRef]

	



Kuang, L.M.; Zeng, H.S.; Tong, Z.Y. Nonlinear decoherence in quantum state preparation of a trapped ion. Phys. Rev. A 1999, 60, 3815–3819. [Google Scholar] [CrossRef]

	



Yu, T.; Eberly, J.H. Evolution from Entanglement to Decoherence of Bipartite Mixed “X” States. Quantum Info. Comput. 2007, 7, 459–468. [Google Scholar]

	



Quesada, N.; Al-Qasimi, A.; James, D.F. Quantum properties and dynamics of X states. J. Mod. Opt. 2012, 59, 1322–1329. [Google Scholar] [CrossRef]

	



Cappellaro, P.; Hodges, J.S.; Havel, T.F.; Cory, D.G. Subsystem pseudopure states. Phys. Rev. A 2007, 75, 042321. [Google Scholar] [CrossRef]

	



Leggett, A.J.; Chakravarty, S.; Dorsey, A.T.; Fisher, M.P.A.; Garg, A.; Zwerger, W. Dynamics of the dissipative two-state system. Rev. Mod. Phys. 1987, 59, 1–85. [Google Scholar] [CrossRef]

	



Baumgratz, T.; Cramer, M.; Plenio, M.B. Quantifying Coherence. Phys. Rev. Lett. 2014, 113, 140401. [Google Scholar] [CrossRef]








[image: Quantumrep 04 00003 g001 550] 





Figure 1. Genuine multipartite concurrence plotted against time (in seconds) for the spectral density   J  ( ω )  = η / [ 2 π  c 2   ( ω )  ]   at zero temperature (for n = 8). (a) For various mixing parameters and a fixed interaction coefficient   η = 0.2  , (b) for various interaction coefficients  η  and a fixed mixing parameter   x = 0.7  . Entanglement sudden death is observed for states with   x < 1  , and it occurs more rapidly with increasing  η . 
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Figure 2. Genuine multipartite concurrence plotted against time (in units of    (  ω 0  )   − 1   ) for ohmic spectral density at zero temperature (for n = 8). (a) For various mixing parameters at fixed  η  (b) for various interaction parameters  η  at a fixed mixing parameter   x = 0.9  . Entanglement sudden death is observed for   x < 1  ; however, the decay rate is slower in this case than the exponential decay for the linear damping parameter case. 
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Figure 3. (a,b) Genuine multipartite concurrence with inverse temperature, and time (in seconds) for ohmic reservoir at a fixed mixing parameter   x = 0.9   and    ω 0  = 1  . As the temperature increases, the state experiences the sudden death of correlation sooner. 
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Figure 4. Decoherence as measured by von-Neumann entropy for damping factor linear in time (in seconds) (a) for different mixing parameters at a fixed interaction strength   η = 0.2  , (b) for different interaction strengths at a fixed mixing parameter   x = 0.9  . It is observed that for different mixing parameters, the entropy saturates after some time, and the rate at which it is achieved increases with the increase in  η . 
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