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Abstract: A numerically efficient technique is presented for computing the backscattered fields
from two spherical targets embedded in an underwater sediment. The bottom is assumed to be a
homogeneous liquid attenuating half-space. The transmitter/receiver is located in a homogeneous
water half-space. The distances between the transmitter/receiver and objects of interest are supposed
to be large compared to the acoustic wavelengths in water and seabed. In simulations, the spherical
scatterers of the same radius are assumed to be acoustically rigid. The interactions between two
spheres are not taken into account because of the strong attenuation in the bottom. The scattering
from one sphere in a wide frequency range is determined using the Hackman and Sammelmann’s
general approach. The arising scattering coefficients of the sphere are evaluated using the steepest
descent method. The obtained asymptotic expressions for the scattering coefficients essentially
allowed to decrease a number of summands in the formula for the form-function of the backscattered
acoustic field.

Keywords: scattering of acoustic waves; echo-signal; spherical rigid scatterer; form-function; Franz
type surface wave

1. Introduction

Acoustic scattering by multiple objects is an interesting problem with various practical
applications. The simplest realistic problem of multiple scattering by finite bodies appears
to be that by two spheres. Many publications on this subject can be found in [1–18].
However, an important case of buried scatterers has not been studied in these papers.

In the present paper, the interference of echo-signals from two buried spherical scat-
terers is investigated. The bottom is assumed to be a homogeneous liquid attenuating
half-space. The point source emitting the spherical incident wave of an angular frequency
ω is placed at point M of a homogeneous water half-space. Modeling is performed in a
wide frequency range of 40–60 kHz. The distance between scatterers and source/receiver
is about 100 m.

Generally speaking, the two spheres may be of different sizes. However, for simplicity,
later on in the discussions, the two spheres will be assumed to have the same radius.

The spherical scatterers of the same radius a are assumed to be acoustically rigid (i.e.,
homogeneous Neumann boundary conditions on the outer surface). The distance between
their centers is d. The geometry of the problems is depicted in Figure 1.

The scattering from one sphere in a wide frequency range is determined using the
Hackman and Sammelmann’s general approach [19–22]. The arising scattering coefficients
are evaluated using the steepest descent method [23,24].

An alternative and potentially attractive technique for computing the scattering co-
efficients of the sphere is the method of complex images [25–30]. The complex image
solution is based on the approximation of the reflection and transmission coefficients via a
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discrete sum of image point sources, with complex source point coordinates. The two main
advantages of this method are its validity in the near field and the existence of a simple
recursion relation in frequency [27] for computing the source parameters. The fitting of
the transmission coefficient, which is needed in those configurations where the source is
located in one of two media and the scatterer is located in the other medium, is affected by
convergence problems which have been reported in the literature [28]. For this reason, the
present work is focused on the steepest descent approximation of the scattering coefficients.

Acoustics 2023, 5 4 FOR PEER REVIEW    2 
 

 

 

Figure 1. The scattering geometry. Here:  𝑎 𝑎—the radii of the spheres;  𝑑—the distance between 

the centers of the spheres;  𝑏 𝑏—the distance from the centers of the spheres to the water/ground 

interface;  𝑦,  𝑦,  𝑧 �̃�—the horizontal and vertical distances between the centers of the spheres and 

the point source 𝑀;  𝜃  and  𝜃 —the angles corresponding to the mirror reflection path for the left 

sphere. 

The scattering from one sphere in a wide frequency range is determined using the 

Hackman  and  Sammelmann’s  general  approach  [19–22]. The  arising  scattering  coeffi‐

cients are evaluated using the steepest descent method [23,24]. 

An alternative and potentially attractive technique for computing the scattering co‐

efficients of the sphere is the method of complex images [25–30]. The complex image so‐

lution is based on the approximation of the reflection and transmission coefficients via a 

discrete  sum of  image point  sources, with  complex  source point  coordinates. The  two 

main advantages of this method are  its validity  in the near field and the existence of a 

simple recursion relation in frequency [27] for computing the source parameters. The fit‐

ting of  the  transmission coefficient, which  is needed  in  those configurations where  the 

source is located in one of two media and the scatterer is located in the other medium, is 

affected by convergence problems which have been reported in the literature [28]. For this 

reason, the present work is focused on the steepest descent approximation of the scatter‐

ing coefficients. 

The goal of this paper is to investigate in detail the structure of the interference of the 

echo‐signals from two or more spherical targets submerged in an underwater sediment 

and evaluate the influence of the Franz type surface wave and water/sediment interface 

reflections on the form‐function. 

Computing the far field scattered by objects inside an underwater sediment can be 

also performed via the Helmholtz–Kirchhoff integral (see, for instance, [31,32]). 

In [6] it is shown that in the case of two spherical scatterers in water it is possible to 

neglect the multiple scattering between scatterers if  𝑑 8𝑎. When targets are buried in 

the attenuating bottom, the condition  𝑑 8𝑎  is more than sufficient to neglect the multi‐

ple scattering between spheres. 

All computations and plots in this paper were performed using the computer algebra 

system Wolfram Mathematica. For special functions, such as spherical Hankel functions 

or spherical Bessel functions, the built‐in functionality is applied. 

This paper is organized as follows. In Section 2, we propose a numerically efficient 

technique for computing the echo‐signal from the only buried spherical target. In Section 

3, modeling of the scattered form‐function of the only buried spherical target is carried 

out and discussed. In Section 4, we present the results of the numerical calculations of the 

Figure 1. The scattering geometry. Here: a =
∼
a—the radii of the spheres; d—the distance between

the centers of the spheres; b =
∼
b—the distance from the centers of the spheres to the water/ground

interface; y,
∼
y , z =

∼
z—the horizontal and vertical distances between the centers of the spheres and the

point source M; θ and θb—the angles corresponding to the mirror reflection path for the left sphere.

The goal of this paper is to investigate in detail the structure of the interference of the
echo-signals from two or more spherical targets submerged in an underwater sediment
and evaluate the influence of the Franz type surface wave and water/sediment interface
reflections on the form-function.

Computing the far field scattered by objects inside an underwater sediment can be
also performed via the Helmholtz–Kirchhoff integral (see, for instance, [31,32]).

In [6] it is shown that in the case of two spherical scatterers in water it is possible to
neglect the multiple scattering between scatterers if d > 8a. When targets are buried in the
attenuating bottom, the condition d > 8a is more than sufficient to neglect the multiple
scattering between spheres.

All computations and plots in this paper were performed using the computer algebra
system Wolfram Mathematica. For special functions, such as spherical Hankel functions or
spherical Bessel functions, the built-in functionality is applied.

This paper is organized as follows. In Section 2, we propose a numerically efficient
technique for computing the echo-signal from the only buried spherical target. In Section 3,
modeling of the scattered form-function of the only buried spherical target is carried out
and discussed. In Section 4, we present the results of the numerical calculations of the
scattering form-function for two and three spherical scatterers. Section 5 is the summary of
relevant points. Finally, Section 6 concludes the paper.

2. Echo-Signal from the Only Buried Sphere

Throughout the entire paper, the attention is restricted to harmonic oscillations of
constant frequency f . The complex time dependence eiωt, with t representing time, i =

√
−1

and ω = 2π f , is factored out of equations.
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For definiteness, let us consider the scatterer with a center at point O (see Figure 1). To
evaluate the echo-signal from the buried spherical scatterer, let us use the method proposed
in [19–22], where the acoustic potential of the echo-signal is represented in the form,

Φ = − i
k

∞

∑
l=0

Tl

l

∑
m=0

Aml(r)Cml(r). (1)

In Equation (1), k = ω/c is the wave number in water, and Tl are the elements of the
free-field T-matrix for the acoustical scattering by the considered target. These elements are
found using the separation of variables and applying the appropriate boundary conditions
to the spherical harmonics. For the acoustically rigid sphere of a radius a embedded in an
underwater sediment,

Tl = −
j′l(kba)

h(1)′l (kba)
, (2)

where, kb = ω/cb is the wave number of a longitudinal wave propagating in the bottom,
h(1)l (x) is the spherical Hankel function of the 1st kind, jl(x) is the spherical Bessel function,
and the prime marking the spherical functions in Equation (2) indicates a derivative with
respect to the whole argument. The scattering coefficients of a sphere Aml(r) in Equation (1)
are as follows:

Aml(r) = aml

∫ ∞

0

qdq
h

W(q)Πm
l

(
hb
kb

)
Jm(qy)eibhb eih(z−b). (3)

Here,

aml = il−m+1(−1)l+m
√

εm

2π
, (4)

ε0 = 1, εm = 2 for m ≥ 1; Jm is the cylindrical Bessel function of the m-th order, q and
h(q) =

√
k2 − q2 are the horizontal and vertical components of the incident vector in water,

respectively, and Πm
l (x) are the normalized associated Legendre functions of the order l

and rank m (see, for example, [33])

Πm
l (x) =

√
2l + 1

2
(l −m)!
(l + m)!

Pm
l (x).

W(q) is the plane-wave transmission coefficient for propagation from water to bottom [24]

W(q) =
2ρhb

ρbh + ρhb
. (5)

Here, hb =
√

k2
b − q2, kb = ω/cb. The densities of water and bottom are denoted as ρ

and ρb, respectively. The following inequalities are assumed to be satisfied in the complex
q-plane: Imh(q) ≥ 0 and Imhb(q) ≥ 0.

In this paper, we will use the single-scatter approximation when Cml(r) = Aml(r).
The full multiple scattering solution modeling the backscattered field from a thin air-filled
spherical elastic shell in water close to the seabed or to the air-water interface was studied
in [34].

If the echo-signal from the scatterer is evaluated taking into account the full multiple
scattering, the coefficients Cml(r) in Equation (1) are found using a linear system of algebraic
equations (see [19–22,34]). In fact, to find Cml , it is necessary at each fixed frequency to
solve a system of lmax + 1 equations with lmax + 1 unknowns at m = 0, etc., and finally, a
system consisting of one equation with one unknown Clmax ,lmax at m = lmax. Coefficients
of these systems are integrals with slowly decreasing and rapidly oscillating integrands.
This makes computing the coefficients Cml(r) rather time consuming, and therefore in the
present paper we will consider the single-scatter approximation.
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The truncation level lmax in Equation (1) is set by a rule suggested by Kargl and
Marston [35],

lmax =
[
ka + 4.05(ka)

1
3
]
+ 3, (6)

where, [x] is the integer part of x. For a = 0.3 m, c = 1500 m/s and f = 60 kHz, Equation (6)
gives lmax = 95. Thus, computing the backscattered field (1), it will be necessary to sum up
more than 4500 summands.

The integral representation of the scattering coefficients (3) is valid for arbitrary fre-
quencies and distances between the source and the target. At frequencies of interest and
distances y from 90 m up to 100 m, considered in this paper for illustration, the inte-
grand in (3) is rapidly oscillating and slowly decreasing that makes the straightforward
calculation of scattering coefficients rather time consuming. To speed up the computa-
tion of integrals (3), we will evaluate them using the steepest descent method (see, for
example, [23,24]).

Let us change the variable in integral (3), putting q = ksin θ. If q = 0, then θ = 0. For
q→ ∞ , we have θ → π/2− i∞ . Since h =

√
k2 − q2 = kcos θ,

W(q) =
2cos θ

χcos θ +
√

n2 − sin2 θ
≡ U(θ), (7)

where, n = kb/k = c/cb is the refractive index at the water/bottom interface and χ = ρb/ρ
is the ratio of the densities of the bottom and water half-spaces.

Using properties of the Hankel functions H(1)
m and the associated Legendre functions

Pm
l , the obtained integral (under the assumption that kysin θ � 1) can be written in the form,

Aml(r) ≈ aml

√
k

2πy
e

iπ(m+ 1
2 )

2

∫
Γ

G(θ)eik f (θ)dθ, (8)

where, the integration contour is going along the straight line Reθ = −π/2 from i∞ to
0, then along the real axis from θ = −π/2 to θ = π/2 and finally along the straight line
Reθ = π/2 from 0 to −i∞; aml is given using Equation (4),

G(θ) = U(θ)
√

sin θΠm
l

(√
n2 − sin2 θ

n

)
, (9)

f (θ) = ysin θ + (z− b)cos θ + b
√

n2 − sin2 θ. (10)

Since, by assumption, kysin θ � 1, it is expedient to analyze the integral (8) using the
saddle point method (see, for example, [23,24]). The saddle point is found from equation,

d f
dθ

= ycos θ − (z− b)sin θ − b
cos θsin θ√
n2 − sin2 θ

= 0,

which can be rewritten in the form,

(z− b)tan θ + btan θb = y. (11)

The incident angle θ is connected with the refraction angle θb by the equality (the
Snell’s law),

nsin θb = sin θ, n =
kb
k

=
c
cb

.

From Figure 1 it follows that,

LS = (z− b)tan θ, OQ = btan θb, tan θb =
sin θ√

n2 − sin2 θ
.
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Thus, the geometrical interpretation of Equation (11) is the validity of equality,

LS + OQ = y.

Let us denote the root of Equation (11) via θ∗ and the corresponding value of θb—via
θ∗b . Then,

k f (θ∗) = kysin θ∗ + k(z− b)cos θ∗ + kb
√

n2 − sin2 θ∗,

or, using Equation (11),

k f (θ∗) = k
z− b
cos θ∗

+ kb
b

cos θ∗b
= kLM + kbOL,

where, LM and OL are the lengths of intervals forming the ray going from M to the origin
of coordinates O, respectively.

Thus, the estimation of integral (8) by the saddle point method gives,

Aml(r) ≈
√

εm

2π
e−

iπ(l+1)
2 B(r)Πm

l (cos θ∗b ). (12)

Here,

B(r) =
2
√

sin θ∗√
y
(

z−b
cos3 θ∗

+ b
cos3 θ∗b

)(
χcos θ∗ + ncos θ∗b

) eik f (θ∗). (13)

The angle θ∗ is found from Equation (11), and cos θ∗b =
√

1− sin2θ∗/n2, χ = ρb/ρ is
the ratio of densities of the bottom and water half-spaces.

Taking account of the second approximation in the saddle point method will add
to the expression (12) one more summand of the order 1/(ky)2. This summand will be
only essential at small angles θ∗. In this paper, we will consider parameters b = 0.5 m,
z− b = 50 m, and y = 100 m, when Equation (11) gives θ∗ = 1.097 rad (θ∗ = 62.9◦).

Our analysis of Aml(r) is complete if angle θ∗ is less than the angle of total internal
reflection α = arcsinn. If θ∗ > α, it is necessary to take into account the two-valuedness
of the function U(θ) (see Equation (7)) which enters into integral (8). Due to this two-
valuedness, in the expression (12) for Aml(r), an additional term corresponding to the
branch cut contribution appears.

Taking into account the representation (12) for the scattering coefficients Aml(r),
Equation (1) for the acoustic potential of the echo-signal from the sphere will take the form,

Φ(ka) ≈ − i
k
[B(r)]2

∞

∑
l=0

Tle−iπ(l+1)
l

∑
m=0

εm

2π
[Πm

l (cos θ∗b )]
2.

The summation theorem for the associated Legendre functions (see [33]) gives,

l

∑
m=0

εm

2π
[Πm

l (cos θ∗b )]
2 =

2l + 1
4

.

Thus,

Φ(ka) ≈ i
4πk

[B(r)]2
∞

∑
l=0

(−1)l(2l + 1)Tl . (14)

The obtained formula for the acoustic potential of the echo-signal needs summation
only with respect to l. The function B(r) is expressed via elementary functions. This formula
is valid for any spherical scatterer: acoustically rigid, elastic, or elastic shells, or to use the
proper elements of the T-matrix (for example, the T-matrix elements for a spherical elastic
shell filled with air can be found in Appendix A of [36]).
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3. Modeling of the Scattering Form-Function of the Only Buried Spherical Target

To study the frequency dependence of an echo signal, let us consider the form-function
of acoustic scattering. In a free water space this function is determined as,

F(ka) =
2r
a

∣∣∣∣Φ(ka)
Φinc

∣∣∣∣, (15)

where, Φ(ka) is the acoustic potential of the echo-signal at the reception point and
Φinc = exp(ikr)/(4πr) is the potential of the incident wave at the origin when there
is no scatterer (see [21]).

For the radiated spherical wave and the scattering geometry considered in this paper
(see Figure 1) at n < 1, Φinc is as follows (see [23,24] and the notations used in Equation (3)),

Φinc =
i

4π

∞∫
0

qdq
h

W(q)J0(qy)eibhb eih(z−b).

Evaluating this integral as performed to obtain Equation (14), we get,

Φinc ≈
B(r)
4π

. (16)

Finally, for the form-function of the acoustic scattering we get the expression,

F(ka) ≈ 2r
ka
|B(r)|

∣∣∣∣∣lmax

∑
l=0

(−1)l(2l + 1)Tl

∣∣∣∣∣. (17)

In this paper, a medium model with the following parameters is considered: b = 0.5 m,
z − b = 50 m, y = 100 m, and a = 0.3 m. The bottom is assumed to be sandy. The
longitudinal wave speed in the bottom cb = 1650 m/s, and the sound speed in water
c = 1500 m/s. The densities are ρb = 1900 kg/m3 and ρ = 1000 kg/m3, respectively. The
frequency changes in range of 40–60 kHz.

For the considered scattering geometry of the problem θ∗ = 1.097, α = arcsinn = 1.141.
Thus θ∗ < α.

In Figure 2, the graph of the form-function (17) of the backscattered field from a
spherical target of a radius a = 0.3 m immersed in a nonattenuating sandy sediment is
shown. Since the sphere is considered as a rigid body, there is no wave propagating inside
the sphere (no elastic effects) and the scattering problem reduces to a simple reflection
problem in the exterior domain for the sphere. In this case, the echo-signal consists of
three components: the mirror reflection (see the dashed lines in Figure 3a,b), the first
Franz creeping wave which is exited at the sphere boundary between the illuminated and
shadowed parts of the sphere (see the solid line in Figure 3a), and the wave which is shown
by a solid line in Figure 3b. Additionally, the second Franz wave envelopes the spherical
target one more time. As a result, its amplitude essentially decreases and the following
Franz waves are not visible on the plot of the scattering form-function. The interference
produces oscillations with a period equal to 1.336.
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Figure 3. (a) Simplified scheme of travel path for the Franz creeping wave (solid line) and the mirror
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water/non-absorbing sand interface (solid line) and the mirror reflection path (dashed line).

Similar computations were conducted in the case of the absorbing bottom. The bottom at-
tenuation was taken into account by considering cb as a complex value with Imcb = −4.46 m/s.
As before, the form-function F(ka) will be obtained using the Formula (17), where n is a com-
plex value n = c/cb = 0.909 + 0.002i.

In Figure 4, the graph of the form-function (17) of the backscattered field from a
spherical target of a radius a = 0.3 m immersed in an attenuating sandy sediment is
shown. The decrease observed in the scattering form-function as a function of ka is con-
nected with the factor exp{−k · Im f (θ∗)} = exp{−(ka)q}, where, q = OL/a · Imn and
OL = LQ/cos θ∗b = 0.5/0.204 = 2.453 m.

An approximate value of the form-function F(ka) obtained using (17) and an exact
value calculated using (1)–(4) and (15) for attenuating sandy sediment were compared at
several frequencies from the interval 40 ≤ f ≤ 60 kHz. At all these points, the difference
between them was of the order of 10−5. Thus, the agreement of the exact and asymptotic
formulae is excellent.
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4. Modeling of Interference of Echo-Signals from Two Spherical Scatterers

The form-function for two spherical scatterers of the same radius a is naturally defined
as (see [6]),

F(ka) =
2
a

∣∣∣∣∣∣ rΦ(ka)
Φinc

+

∼
r
∼
Φ(ka)
∼
Φinc

∣∣∣∣∣∣. (18)

Here,
∼
Φ(ka) is the acoustic potential of the sphere with a center at the point

∼
O (see Figure 1),

and
∼
Φinc is the potential of the incident wave at the origin

∼
O when there is no scatterer.

Let us consider two cases: d = 5 m (y = 100 m,
∼
y = 95 m) and d = 10 m (y = 100 m,

ŷ = 90 m). The graphs of the scattering form-functions for the only buried sphere with
∼
y = 95 m and ŷ = 90 m are shown in Figure 5.
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In Figure 6, the form-function (18) for two spherical targets immersed in an attenuating
sediment is shown for d = 10 m (y = 100 m, ŷ = 90 m). The dashed line is the sum of the
scattering form-function for the only sphere at y = 100 m (see Figure 4) and the scattering
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form-function for the only sphere at ŷ = 90 m (see the dashed line in Figure 5). The dotted
line is the absolute value of the difference between these two form-functions. The graph of
the of the scattering form-function is an oscillating curve with a small period of oscillations.
Therefore, we plot these graphs for 55 ≤ ka ≤ 60.
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In Figure 8, the form-function for two spherical targets buried in an underwater
sediment is shown for d = 5 m (

∼
y = 95 m, ŷ = 90 m).
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Based on the numerical calculations of the backscattered form-function for two spheres
with different separation between two spheres and different distances y,

∼
y and ŷ, following

conclusions may be appropriate:

(1) Due to coherent addition of the two signals backscattered from two targets, the upper
envelope of the two-sphere scattering form-function is the same as a sum of the form-
function curves for each of the two spheres. The lower envelope of the two-sphere
scattering form-function is the same as the modulus of the difference between these
form-function curves for each of the two spheres.

(2) The oscillation period of the two-sphere scattering form-function expressed via ka is
calculated as,

2πa∣∣∣∣ f (θ∗)− f
(∼

θ
∗)∣∣∣∣ . (19)

For y = 100 m, this period increases about two times (from 0.2141 to 0.4257) when
d increases from 5 m to 10 m. In case d does not change, but the bigger y for the pair of
spheres changes from y = 100 m to y = 95 m, the period of oscillation changes from 0.4251
to 0.4305.

(3) The influence of the sphere reflection and water/sediment interface reflection (see
Figure 3a,b, respectively) is not visible on the plots of the form-function because this
contribution is too weak to be detected on the curves.

The scattering form-function for three and more spherical scatterers of the same radius
a can be defined and calculated similarly to (18). For example, for three targets at y = 100 m,
∼
y = 95 m, and ŷ = 90 m, the scattering form-function will be of the form shown in Figure 9.
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Figure 9. The form-function for three spherical targets at y = 100 m,
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y = 95 m, and ŷ = 90 m (solid

line) and for the only sphere at y = 100 m (dashed line).

The plot of the scattering form-function for these three spherical targets immersed
in an attenuating sandy sediment becomes more complicated, i.e., quasiperiodic. The
value maxF(ka) increases in comparison with the analogous values for the plots shown in
Figures 6 and 7.

When the distance d between the centers of two spherical scatterers increases, the
values of the form-function decrease. When the distance d increases to some extent, the
three-sphere form-function will be close to the form-function of the nearer spherical target
from the source/receiver.

5. Discussion

An efficient method for computing the backscattered field from two or more targets
immersed in an absorbing underwater sediment has been presented. In simulations, the
targets are assumed to be spherical of radius a and acoustically rigid. The bottom is
assumed to be a homogeneous liquid attenuating half-space. The transmitter/receiver is
located in a homogeneous water half-space. The distances between the transmitter/receiver
and objects of interest are supposed to be large compared to the acoustic wavelengths in
water and sediment.

For calculation of the echo-signal from the only buried sphere, we have followed
the Hackman and Sammelmann’s general approach. The arising scattering coefficients
of the sphere were evaluated using the steepest descent method. The use of the obtained
asymptotic expansions also allowed to essentially decrease the number of summands in
the formula for the form-function of the backscattered acoustic field. The computational
examples demonstrate efficiency of the presented technique.

The obtained asymptotic formula for the form-function can be used for the elastic
target or the spherical elastic shell as well. In this case, it will only be necessary to replace
elements of the free-field T-matrix.

In the case of the only acoustically rigid spherical scatterer, the echo-signal consists
of three components: the mirror reflection, the Franz creeping wave which is exited at the
sphere boundary between the illuminated and shadowed parts of the sphere, and the wave
reflected from the water/non-absorbing sand interface. Taking into account the attenuation
in the sediment, provides results depending essentially on the geometry of the problem (on
depth of the scatterer and the length of the ray path propagating in a seabed).

The two spherical scattering form-function is an oscillation curve with a small period
of oscillations. The oscillation period of the two sphere form-function expressed via ka is
obtained using (19). The upper envelope is the same as a sum of the form-function curves
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from each of the two spheres. The lower envelope of the two-sphere form-function is the
same as the modulus of the difference between these form-function curves for each of the
two spheres.

At d = 10 m and 5 m, the periods calculated using this formula and the oscillation
periods of the curves in Figures 5 and 6 coincide with the accuracy of 10−6.

Simulations held for three spherical targets showed more complicated (quasiperiodic)
behavior of the plot of the scattering form-function, especially if the distance between two
neighboring scatterers is not constant.

6. Conclusions

This paper has presented an efficient method for computing the backscattered field
from two or more spherical targets immersed in an absorbing underwater sediment. The
scattering from one sphere in a wide frequency range is determined using the Hackman
and Sammelmann’s general approach.

This technique is based on the evaluation of the arising scattering coefficients of the
sphere via the steepest descent method. The efficiency comes from the availability to
significantly reduce the number of summands in the formula for the form-function, as
well as to substitute the integrals, which have slowly decreasing and rapidly oscillating
integrands, with the expression that only involves elementary functions.

An extension to include more general background media, such as stepwise stratified
media, should be fairly straightforward by adapting the method proposed by Hackman
and Sammelmann.

Author Contributions: Conceptualization, N.S.G. and F.F.L.; methodology, N.S.G. and F.F.L.; soft-
ware, K.S.S.; validation, N.S.G., F.F.L., D.V.N. and K.S.S.; formal analysis, N.S.G.; investigation, N.S.G.;
resources, N.S.G. and F.F.L.; data curation, N.S.G. and K.S.S.; writing—original draft preparation,
N.S.G. and K.S.S.; writing—review and editing, N.S.G., F.F.L., D.V.N. and K.S.S.; visualization, K.S.S.;
supervision, D.V.N.; project administration, D.V.N.; funding acquisition, D.V.N. All authors have
read and agreed to the published version of the manuscript.

Funding: The research is partially funded by the Ministry of Science and Higher Education of the
Russian Federation as a part of World-class Research Center Program: Advanced Digital Technologies
(contract No. 075-15-2022-312 dated 20 April 2022).

Data Availability Statement: Not applicable.

Conflicts of Interest: The authors declare no conflict of interest.

References
1. Allegra, J.R.; Hawley, S.A. Attenuation of sound in suspensions and emulsions: Theory and experiments. J. Acoust. Soc. Am. 1972,

51, 1545–1564. [CrossRef]
2. Commander, K.W.; Prosperetti, A. Linear pressure waves in bubbly liquids: Comparison between theory and experiments. J.

Acoust. Soc. Am. 1989, 85, 732–746. [CrossRef]
3. Sessarego, J.-P.; Sageloli, J. Étude théorique et expérimentale de la diffusion acoustique par deux coques sphériques élastiques.

ACUSTICA—Acta Acust. 1993, 79, 14–21.
4. Gaunaurd, G.C.; Huang, H. Acoustic scattering by a pair of spheres. J. Acoust. Soc. Am. 1995, 98, 495–507. [CrossRef]
5. Folacci, A.; Rossi, J.-L.; Sessarego, J.-P. GTD Analysis of Scattering by Two Elastic Spheres. ACUSTICA—Acta Acust. 1997, 83,

93–104.
6. Bjørnø, I.; Jensen, L.B. Numerical modelling of multiple scattering between two elastical particles. In Proceedings of the

OCEAN’98 Conference Proceedings, Nice, France, 28 September–1 October 1998; Volume 2, pp. 598–602.
7. Barbat, T.; Ashgriz, N.; Liu, C.-S. Dynamics of two interacting bubbles in an acoustic field. J. Fluid Mech. 1999, 389, 137–168.

[CrossRef]
8. Kapodistrias, G.; Dahl, P.H. Effects of interaction between two bubble scatterers. J. Acoust. Soc. Am. 2000, 107, 3006–3017.

[CrossRef]
9. Temkin, S. Attenuation and dispersion of sound in dilute suspensions of spherical particles. J. Acoust. Soc. Am. 2000, 108, 126–146.

[CrossRef] [PubMed]
10. Barbat, T.; Ashgriz, N. Planar dynamics of two interacting bubbles in an acoustic field. Appl. Math. Comput. 2004, 157, 775–824.

[CrossRef]

https://doi.org/10.1121/1.1912999
https://doi.org/10.1121/1.397599
https://doi.org/10.1121/1.414447
https://doi.org/10.1017/S0022112099004899
https://doi.org/10.1121/1.429330
https://doi.org/10.1121/1.429450
https://www.ncbi.nlm.nih.gov/pubmed/10923878
https://doi.org/10.1016/j.amc.2003.08.071


Acoustics 2023, 5 521

11. Temkin, S. Suspension Acoustics: An Introduction to the Physics of Suspension, 1st ed.; Cambridge University Press: Cambridge, UK,
2005.

12. Wu, J.H.; Liu, A.Q.; Chen, H.L.; Chen, T.N. Multiple scattering of a spherical acoustic wave from fluid spheres. J. Sound Vib. 2006,
290, 17–33. [CrossRef]

13. Lanoy, M.; Derec, C.; Tourin, A.; Leroy, V. Manipulating bubbles with secondary Bjerknes forces. Appl. Phys. Lett. 2015, 107,
214101. [CrossRef]

14. Valier-Brasier, T.; Conoir, J.-M.; Coulouvrat, F.; Thomas, J.-L. Sound propagation in dilute suspensions of spheres: Analytical
comparison between coupled phase model and multiple scattering theory. J. Acoust. Soc. Am. 2015, 138, 2598–2612. [CrossRef]
[PubMed]

15. Kubilius, R.; Pedersen, G. Relative acoustic frequency response of induced methane, carbon dioxide and air gas bubble plumes,
observed laterally. J. Acoust. Soc. Am. 2016, 140, 2902–2912. [CrossRef] [PubMed]

16. Maksimov, A.; Yusupov, V. Coupled oscillations of a pair of closely spaced bubbles. Eur. J. Mech. Fluids. 2016, 60, 164–174.
[CrossRef]

17. Maksimov, A.O.; Polovinka, Y.A. Scattering from a pair of closely spaced bubbles. J. Acoust. Soc. Am. 2018, 144, 104–114.
[CrossRef]

18. Valier-Brasier, T.; Conoir, J.-M. Resonant acoustic scattering by two spherical bubbles. J. Acoust. Soc. Am. 2019, 145, 301–311.
[CrossRef]

19. Hackman, R.H.; Sammelmann, G.S. Acoustic scattering in an inhomogeneous waveguide: Theory. J. Acoust. Soc. Am. 1986, 80,
1447–1458. [CrossRef]

20. Hackman, R.H.; Sammelmann, G.S. Multiple-scattering analysis for a target in an oceanic waveguide. J. Acoust. Soc. Am. 1988, 84,
1813–1825. [CrossRef]

21. Lim, R.; Lopes, J.L.; Hackman, R.H.; Todoroff, D.C. Scattering by objects buried in underwater sediments: Theory and experiment.
J. Acoust. Soc. Am. 1993, 93, 1762–1783. [CrossRef]

22. Tesei, A.; Maguer, A.; Fox, W.L.J.; Lim, R.; Schmidt, H. Measurements and modeling of acoustic scattering from partly and
completely buried spherical shells. J. Acoust. Soc. Am. 2002, 112, 1817–1830. [CrossRef]

23. Brekhovskikh, L.M.; Godin, O.A. Acoustic of Layered Media II: Point Sources and Bounded Beams, 2nd ed.; Springer: Berlin/Heidelberg,
Germany, 1999.

24. Brekhovskikh, L.M.; Godin, O.A. Acoustic of Layered Media I: Plane and Quasi-Plane Waves, 1st ed.; Springer: Berlin/Heidelberg,
Germany, 1990.

25. Nobile, M.A.; Hayek, S.I. Acoustic propagation over an impedance plane. J. Acoust. Soc. Am. 1985, 78, 1325–1336. [CrossRef]
26. Fawcett, J.A. Complex-image approximations to the half-space acousto-elastic Green’s function. J. Acoust. Soc. Am. 2000, 108,

2791–2795. [CrossRef]
27. Fawcett, J.A. A method of images for a penetrable acoustic waveguide. J. Acoust. Soc. Am. 2003, 113, 194–204. [CrossRef]
28. Fawcett, J.A.; Lim, R. Evaluation of the integrals of target/seabed scattering using the method of complex images. J. Acoust. Soc.

Am. 2003, 114, 1406–1415. [CrossRef]
29. Ochmann, M. The complex equivalent source method for sound propagation over an impedance plane. J. Acoust. Soc. Am. 2004,

116, 3304–3311. [CrossRef]
30. Taraldsen, G. The complex image method. Wave Motion 2005, 43, 91–97. [CrossRef]
31. Pierce, A.D. Acoustics: An Introduction to Its Physical Principles and Applications, 3rd ed.; Springer: Cham, Switzerland, 2019.
32. Zampolli, M.; Tesei, A.; Canepa, G.; Godin, O.A. Computing the far field scattered or radiated by objects inside layered fluid

media using approximate Green’s functions. J. Acoust. Soc. Am. 2008, 123, 4051–4058. [CrossRef]
33. Bateman, H.; Erdélyi, A. Higher Transcendental Functions; McGraw-Hill Book Company: New York, NY, USA, 1953; Volume 1, pp.

125–170.
34. Sessarego, J.-P.; Cristini, P.; Grigorieva, N.S.; Fridman, G.M. Acoustic scattering by an elastic spherical shell near the seabed. J.

Comput. Acoust. 2012, 20, 1250006. [CrossRef]
35. Kargl, S.G.; Marston, P.L. Ray synthesis of Lamb wave contribution to the total scattering cross section for an elastic spherical

shell. J. Acoust. Soc. Am. 1990, 88, 1103–1113. [CrossRef]
36. Grigorieva, N.S.; Fridman, G.M. Scattering of sound by an elastic spherical shell immersed in a waveguide with a liquid bottom.

Acoust. Phys. 2013, 59, 373–381. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.

https://doi.org/10.1016/j.jsv.2005.03.015
https://doi.org/10.1063/1.4936259
https://doi.org/10.1121/1.4932171
https://www.ncbi.nlm.nih.gov/pubmed/26520342
https://doi.org/10.1121/1.4964250
https://www.ncbi.nlm.nih.gov/pubmed/27794353
https://doi.org/10.1016/j.euromechflu.2016.09.013
https://doi.org/10.1121/1.5044754
https://doi.org/10.1121/1.5087556
https://doi.org/10.1121/1.394400
https://doi.org/10.1121/1.397148
https://doi.org/10.1121/1.406719
https://doi.org/10.1121/1.1509425
https://doi.org/10.1121/1.392902
https://doi.org/10.1121/1.1322024
https://doi.org/10.1121/1.1523082
https://doi.org/10.1121/1.1600726
https://doi.org/10.1121/1.1819504
https://doi.org/10.1016/j.wavemoti.2005.07.001
https://doi.org/10.1121/1.2902139
https://doi.org/10.1142/S0218396X12500063
https://doi.org/10.1121/1.399806
https://doi.org/10.1134/S1063771013040064

	Introduction 
	Echo-Signal from the Only Buried Sphere 
	Modeling of the Scattering Form-Function of the Only Buried Spherical Target 
	Modeling of Interference of Echo-Signals from Two Spherical Scatterers 
	Discussion 
	Conclusions 
	References

