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Abstract: The frequency range of the leak noise in buried water pipes, measured using acoustic
correlators, depends significantly on the type of pipe and its location as well as the type of sensors
used. Having a rough idea of this frequency range can be beneficial for operators prior to conducting
tests; however, there is currently no method of predicting it except through practical experience, and
no model-based approach yet exists. This issue is addressed in the present paper by using a concise
and relatively simple analytical model of the water-pipe–soil system combined with the sensors’
frequency response. The influence of the various physical parameters of the system, such as the
pipe and soil properties and the sensor type, on the cross-power spectral density (CPSD) of leak
noise signals and, furthermore, the frequency range are investigated. The main factors that affect the
bandwidth are the distance between the sensors, wave speed of the predominantly fluid-borne wave
in the pipe and the attenuation of this wave. It is shown that the external medium has a profound
effect on the propagation and, in turn, on the bandwidth. The approach to predicting this bandwidth
is validated using experimental data from three different test sites.

Keywords: bandwidth of leak noise; cross-power spectral density; cross-correlation; buried plastic
water pipes; lambert function

1. Introduction

Wastage of water from distribution systems due to leaks and many other causes is a
prevalent problem across the world. For example, in the USA, about 16% of water is lost
on average [1]; in Europe, it varies between countries, but, on average, it is about 23% [2];
and in Brazil, it is about 38%, but in eight states, the loss is greater than 50% [3]. In 2014,
São Paulo was within 20 days of running out of water due to draught conditions [4], as
was Cape Town, South Africa, in 2018 [5]. Other cities such as Mexico City, Melbourne and
Jakarta are considered to be at risk [5], as are many states in India [6].

In 2016, the UK Water Industry Research Association (UKWIR) commissioned a series
of studies to investigate ways of achieving zero leakage by 2050. Five reports were produced
on this topic in 2017 [7], one which concerns leak detection and location using acoustic
methods, to which the reader is referred for a literature survey on this problem, along with
a comprehensive review provided by Puust et al. [8]. This paper uses a specific technique
for locating leaks, which involves using a leak noise correlator. These devices have been
in use for several years [9] and measure acoustic pressure in a pipe or pipe vibrations
at convenient access points located on either side of a leak. The maximum point in the
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cross-correlation of the measured signals provides the time difference between the arrival
of the leak noise at the sensors’ locations. This information is combined with the sensors’
spacing to determine the position of the leak [10].

As the leak noise travels along the pipe wall towards the sensors, it is filtered, and
the frequency response characteristic of the sensor further affects the shape of the leak
noise spectrum. The filtering effect of the pipe and the sensors combined acts as a low-pass
filter or a band-pass filter, depending on the sensors used [11,12]. After the publication of
these articles, there have been developments in creating more comprehensive models that
consider the effects of the surrounding soil [13,14], and investigated experimentally [15].

Recently, attempts have been made to improve the location of leaks using signal
processing techniques with different levels of complexity. Alternative ways of extracting
the leak noise signals from measured data have involved artificial neural networks and
machine-learning-based approaches [16–18], wavelet transform [19,20], and variational
mode decomposition [21–23]. The majority of research conducted on water leak detection
emphasizes the significance of estimating the frequency bandwidth that contains leak noise
features; however, currently, there is no model-based method to predict such a bandwidth,
which can vary significantly depending on factors such as the pipe material, location,
surrounding soil and type of sensors utilized. For practical purposes, it is beneficial for
operators of leak noise correlators to have an estimate of this frequency range prior to
conducting field tests. Currently, the only way to obtain such an estimate is by performing
field measurements, which can be a tedious and challenging process requiring a specialized
experimental setup. This paper proposes a solution to this issue by developing a simple
analytical model of the water-pipe–soil system coupled with the frequency response of
the sensors.

This aim of this paper is to examine the ways in which the physical parameters of a
buried or submerged plastic water pipe can impact the bandwidth of the leak noise. This
investigation includes both a theoretical analysis, using an analytical model, and analyses of
experimental data sets from three different regions around the world to assess the accuracy
of the model in estimating the frequency range of the measured leak noise. A concise
overview of the main findings of this research has been presented in the proceedings of
a conference in [24]. Here, a detailed description of the theory is given in turn, including
in-depth discussion towards the key factors affecting the bandwidth of the leak noise.

The paper is organised as follows: In Section 2, an overview of leak detection using
noise correlators is provided to show the role of the cross-power spectral density (CPSD)
function between the measured signals in this process. A discussion on how to define the
bandwidth of the leak noise, using the CPSDs presented in Section 2, is given in Section 3.
Following this, Section 4 derives closed-form solutions for the frequency bandwidth of
the measured leak noise from an in vacuo water-filled pipe. Section 5 extends the concept
presented in Section 4 to the case where the pipe is surrounded by an external medium.
Section 6 reports some experimental results, before the paper is closed with some conclu-
sions in Section 7. There is also an Appendix to the paper (Appendix A), which details an
analytical model of the buried/submerged plastic water pipe.

2. Overview of Leak Detection Using Cross-Correlation

Figure 1 shows a typical situation in which noise generated by a leak is used to pinpoint
the leak using an acoustic correlator. Vibration or acoustic sensors are generally attached to
convenient access points on either side of the suspected leak position. An expression for
the leak position d1 from the left-hand sensor shown in Figure 1 is d1 = (d− cT0)/2 [10],
where c is the speed of propagation of the leak noise, d = d1 + d2 is the total distance
between the sensors, and T0 = (d2 − d1)/c is the difference in arrival times of the leak
noise at the sensor positions (time delay). The time delay is the quantity measured in leak
noise correlators, which is estimated using the cross-correlation function (CCF), which, in
turn, is related to the CPSD. Once the time delay has been estimated, it can be combined
with knowledge of the velocity of the leak noise propagation in the pipe to pinpoint the
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position of the leak. In plastic pipes, leak noise is propagated in the form of a predominantly
fluid wave that is strongly coupled to the radial motion of the pipe wall [14,15,25,26], a
model of which is given in the Appendix A.

Acoustics 2023, 5 4 FOR PEER REVIEW  3 
 

 

is the total distance between the sensors, and ( )0 2 1
T d d c= −  is the difference in arrival 

times of the leak noise at the sensor positions (time delay). The time delay is the quantity 

measured in leak noise correlators, which is estimated using the cross-correlation function 

(CCF), which, in turn, is related to the CPSD. Once the time delay has been estimated, it 

can be combined with knowledge of the velocity of the leak noise propagation in the pipe 

to pinpoint the position of the leak. In plastic pipes, leak noise is propagated in the form 

of a predominantly fluid wave that is strongly coupled to the radial motion of the pipe 

wall [14,15,25,26], a model of which is given in the Appendix A.  

 

Figure 1. Schematic of leak noise propagation measurement in a buried plastic water pipe using 

vibration signals and a correlator. 

The CCF, ( )
1 2x x

R  , between the two measured signals ( )1
x t  and ( )2

x t , is used to 

estimate the time delay 
0

T . It is given by [10]  

( ) ( )  ( )
1 2 1 2 1 2

j1 1

2x x x x x x
R F S S e d   



+

−

−

= =  , (1) 

where  1F− •  is the inverse Fourier transform, ( )
1 2x x

S   is the CPSD between the meas-

ured signals,   is the circular frequency and j 1= − . The time delay estimate between 

the measured signals ( )1
x t  and ( )2

x t  is given by a distinct peak in the CCF. For a pure 

time delay, the gradient of the phase of the CPSD is equal to −
0

T .  

3. Defining the Frequency Bandwidth of Measured Leak Noise 

The frequency bandwidth of the measured leak noise from the two measurements 

can be determined from the CPSD, which, for pressure measurements, is given by [27] 

( ) ( )
1 2

*

1 2
( , ) ( , )

x x L
S S H d H d   = , (2) 

where the superscript * denotes the complex conjugate and ( )L
S   is the flat spectrum of 

the leak noise. The term ( ) j,  ( 1 or 2)ikd

i
H d e i

−
= =  is the frequency response function 

(FRF) between the acoustic pressure at the position of the leak and the acoustic pressure 

at the measurement point, in which k c=  is the wavenumber related to propagation 

of the leak noise in the pipe, which is derived in Appendix A. The FRF can also be written 

as ( ) j, i id d c

i
H d e e 


− −

= , where  Im k = −  gives the attenuation of the leak noise as 

( )
1 2x xR 

Figure 1. Schematic of leak noise propagation measurement in a buried plastic water pipe using
vibration signals and a correlator.

The CCF, Rx1x2(τ), between the two measured signals x1(t) and x2(t), is used to
estimate the time delay T0. It is given by [10]

Rx1x2(τ) = F−1{Sx1x2(ω)} = 1
2π

+∞∫
−∞

Sx1x2(ω)ejωτdω, (1)

where F−1{•} is the inverse Fourier transform, Sx1x2(ω) is the CPSD between the measured
signals, ω is the circular frequency and j =

√
−1. The time delay estimate between the

measured signals x1(t) and x2(t) is given by a distinct peak in the CCF. For a pure time
delay, the gradient of the phase of the CPSD is equal to −T0.

3. Defining the Frequency Bandwidth of Measured Leak Noise

The frequency bandwidth of the measured leak noise from the two measurements can
be determined from the CPSD, which, for pressure measurements, is given by [27]

Sx1x2(ω) = SL(ω)H∗(ω, d1)H(ω, d2), (2a)

where the superscript * denotes the complex conjugate and SL(ω) is the flat spectrum of
the leak noise. The term H(ω, di) = e−jkdi (i = 1 or 2

)
is the frequency response function

(FRF) between the acoustic pressure at the position of the leak and the acoustic pressure at
the measurement point, in which k = ω/c is the wavenumber related to propagation of
the leak noise in the pipe, which is derived in Appendix A. The FRF can also be written as
H(ω, di) = e−ωβdi e−jωdi/c, where β = −Im{k}/ω gives the attenuation of the leak noise as
it travels along the pipe wall, and c = ω/Re{k} . Thus, for acoustic pressure measurements
inside the pipe

S(p)
x1x2(ω) = SL(ω)e−ωβde−jωT0 , (2b)

where the superscript (p) denotes a pressure measurement. For velocity and acceleration
measurements of the pipe wall, the CPSDs are respectively given by [11]

S(v)
x1x2(ω) = A2

vω2SL(ω)e−ωβde−jωT0 and (2c)
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S(a)
x1x2(ω) = A2

aω4SL(ω)e−ωβde−jωT0 , (2d)

where the superscripts (v) and (a) denote the velocity and acceleration measurements,
respectively. The constants Av and Aa are related to the properties of the pipe and can be
arbitrarily set to 1 in this paper without loss of generalisation. The moduli of Equation (2b,d)
can be written in non-dimensional form as∣∣∣Ŝ(p)

x1x2(ω̂)
∣∣∣ = e−ω̂, (3a)

∣∣∣Ŝ(v)
x1x2(ω̂)

∣∣∣ = ω̂2e−ω̂

22e−2 , and (3b)

∣∣∣Ŝ(a)
x1x2(ω̂)

∣∣∣ = ω̂4e−ω̂

28e−4 , (3c)

where ω̂ = ωβd. Note that the maximum value of each of Equation (3a–c) is unity. Note
also that for both velocity and acceleration measurements, the combination of the FRFs
for the transducer and the FRFs for the pipe results in a band-pass filter [11]. To illustrate
the filtering behaviour of the pipe system, Equation (3b,c) is plotted in Figure 2 for a
water-filled massless pipe with no surrounding medium (in vacuo). For this type of system
both β and c are constants, so the peak of the CPSD occurs at a non-dimensional frequency
of 2 for velocity measurements and 4 for acceleration measurements [28]. The band-pass
characteristics of the systems are evident. Additionally, shown in the figure are two circles
and squares, which indicate the limits of the band-pass filter for a 10 dB drop from the
maximum peak for velocity and acceleration data, respectively.
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Figure 2. Normalised modulus of the CPSD for a massless in vacuo water-filled pipe. Acceleration
data, (thick blue line); velocity data, (thin red line). The modulus of the CPSD has a peak when ω̂ = 2
and ω̂ = 4 for velocity and acceleration data, respectively. The circles and the squares indicate the
limits of the bandwidth for a 10 dB drop from the maximum peak for velocity and acceleration data,
respectively.

4. Calculating the Frequency Bandwidth of Measured Leak Noise in an In Vacuo
Water-Filled Pipe

In the special case of a massless in vacuo water-filled pipe, it is possible to derive
closed-form approximate expressions for the upper and lower frequencies of the band-pass
filter effect of the pipe and transducer combination. To determine the bandwidth of the
filter, the minimum value of

∣∣Ŝx1x2(ω̂)
∣∣ that defines the lower and upper cut-off frequencies

needs to be chosen, and then the corresponding non-dimensional frequencies ω̂lower and
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ω̂upper can be determined. Letting
∣∣Ŝx1x2(ω̂lower)

∣∣ = ∣∣Ŝx1x2

(
ω̂upper

)∣∣ = µ, and then taking
the square root of Equation (3b) and the 4th root of Equation (3c), results in

− ω̂

2
e−

ω̂
2 = −µ

1
2

e1 and (4a)

− ω̂

4
e−

ω̂
4 = −µ

1
4

e1 , (4b)

for velocity and acceleration measurements, respectively. For the specific case of a massless
in vacuo water-filled pipe, β = β0 and c = c0 are constants, i.e., they are frequency
independent, which means that Equation (4a,b) can be further manipulated. It can be seen
that these equations are of the form f (z) = zez = α. To determine ω̂lower and ω̂upper, it
is necessary to find the solution z = f−1(α), which is, in fact, the Lambert W function,
i.e., z = W(α), named after Johann Heinrich Lambert [29,30]. This function has many
applications in science and mathematics, some of which are described in [30,31] along
with an interesting discussion about the function. The solutions of Equation (4a,b) can be
estimated by calculating the Lambert W function of the term on the right-hand side of each
equation. Thus, the upper and lower frequencies of the band-pass filter are given by

ω̂lower, upper = −rW(−α), (5)

where r = 2 and α = µ
1
2 /e1 for velocity measurements, and r = 4 and α = µ

1
4 /e1 . For the

problem in hand, the Lambert W function has two values corresponding to the lower and
upper cut-off frequencies of the band-pass filter characterising the system. Equation (5)
can be solved using in-built Lambert W functions in programs such as Matlab®, or can
be solved iteratively by noting that z = ln(−α) − ln(z) (note, however, that this only
converges to the upper cut-off frequency). Alternatively, approximate closed-form solutions
can be determined from series expansions of the Lambert W functions [30]. For velocity
and acceleration measurements, the lower and upper cut-off frequencies are, respectively
given by

ω̂lower ≈ r
(

α + α2 +
3
2

α3
)

and (6a)

ω̂upper ≈ −r
(

ln(α)− ln(− ln(α)) +
ln(− ln(α))

ln(α)

)
. (6b)

Note that for µ = 0.1, which is the level set in Figure 2, the non-dimensional lower
and upper cut-off frequencies are given by 0.27 and 6.73, respectively, for the velocity
measurements, and 1.09 and 9.95, respectively, for the acceleration measurements. The
errors in the approximations for the lower and upper cut-off frequencies determined using
Equation (6a,b) are −0.5% and −2.7%, respectively, for the velocity measurements, and
−3.1% and −6.7%, respectively, for the acceleration measurements.

The above analysis has shown that the bandwidth of measured leak noise in a massless
in vacuo pipe is governed by the product β0d. If β0d is small (large), then the CPSD of the
measured leak noise will have high (low) frequency content. Note that d is a constant.

5. Calculating the Frequency Bandwidth of Measured Leak Noise from a Buried Pipe
Surrounded by an External Medium

When the inertial effect of the pipe is considered, and/or when the pipe is surrounded
by a medium such as water or soil, then β 6= β0 and c 6= c0 are frequency dependent. In
these cases, Equation (6a,b) are no longer valid and the analysis to determine the frequency
range over which measured leak noise occurs is more complicated. This section is devoted
to the analysis of the system in the more general case when the pipe is either submerged
under water or buried in soil.
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5.1. Wave Speed and Attenuation Factor

Before considering the bandwidth of leak noise when there is a surrounding medium
to the pipe, the wave speed in the pipe given by c = ω/Re{k} and the attenuation factor
β = −Im{k}/ω need to be determined. The wavenumber k is a function of the pipe
geometry and material, and the properties of the surrounding medium are shown in
Appendix A. Using the model for the wavenumber in Appendix A and the properties of
the pipe and surrounding medium given in Tables 1 and 2, the wave speed is plotted in
Figure 3(ai–aiii) for systems with an MDPE pipe surrounding by water, clay soil and sandy
soil, respectively. Additionally, shown in the graphs are other wave speeds. One is the

wave speed for a massless in vacuo pipe given by [10] c0 ≈ cwater

(
1 + K̃(water)/K̂(pipe)

)− 1
2 ,

where K̃(water) = 2Bwater/a is the stiffness of the water and K̂(pipe) = Epipeh/a2 is the
hoop stiffness of the pipe. The others correspond to the shear and dilatational wave speeds
in the external medium, which are defined in Appendix A.

Table 1. MDPE pipe properties used in the simulations.

Properties of the MDPE Pipe Value

Young’s modulus Epipe (N/m2) 2× 109

Density ρpipe (kg/m3) 900
Loss factor ηpipe 0.06

Poisson’s ratio νpipe 0.4
Pipe mean radius a (mm) 84.5

Pipe-wall thickness h (mm) 11

Table 2. Water and soil properties used in the simulations.

Properties Water Stiff Clay Soil Sandy Soil

Bulk modulus Bwater, Bmedium (N/m2) 2.25× 109 4.0× 109 4.0× 107

Shear modulus Gmedium (N/m2) 0 2.4× 108 1.5× 107

Bulk and shear loss factor 0 0 0
Density ρmedium (kg/m3) 1000 2000 2000

Poisson’s ratio 0.5 0.47 0.33
Dilatational wave speed cd (m/s) 1500 1414 141

Shear wave speed cs (m/s) 0 346 86

In the in vacuo case of a massless water-filled pipe, the attenuation factor is given

by [10] β0 ≈
(
ηpipe/(2c0)

)(
1 + K̂(pipe)/K̃(water)

)−1
, where ηpipe is the loss factor of the

pipe wall. Note that this is a constant; however, as mentioned above, if the surrounding
medium and the inertia of the pipe wall are considered, then β is frequency dependent.
The actual attenuation factor, normalised by β0 for the systems with the corresponding
wave speeds shown in Figure 3(ai–aiii), are plotted in Figure 3(bi–biii). The specific features
of these graphs for a surrounding medium of water [32], clay soil and sandy soil [15,33]
are discussed in the following subsubsections. The properties of these test rigs have been
determined from measurements at different test sites, for example in [15,33], and are given
in Tables 1 and 2.
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Figure 3. Properties of three systems with same buried MDPE pipe for a surrounding medium of
(i) water, (ii), clay soil, and (iii) sandy soil; (a) wave speeds; pipe surrounded by the medium, (thick
blue solid line); massless in vacuo pipe (thin red solid line); shear wave in the external medium
(thick green dotted line); dilatational wave in the external medium, (thick black dashed-dotted line).
(b) Normalised value of β.

5.1.1. Pipe Surrounded by Water

The wave speed is plotted in Figure 3(ai). Additionally plotted is the wave speed
for a massless in vacuo pipe for comparison and the speed of the dilatational wave in
the surrounding water. The main effect of the pipe mass and the mass-loading effect
of the surrounding water is to marginally reduce the wave speed from c0 as frequency
increases. Because the wave speed in the pipe is less than the dilatational wave speed in
the surrounding medium, a wave does not propagate from the pipe into the surrounding
medium. Thus, the acoustic energy is contained within the pipe. However, because the
wave speed and the corresponding wavelength in the pipe reduces with frequency because
of mass loading, the attenuation factor β increases with frequency. This can be seen in
Figure 3(bi), which is a plot of β/β0 as a function of frequency. A change in β affects the
bandwidth of the measured leak noise, and this is discussed in Section 5.

5.1.2. Pipe Surrounded by Clay Soil

The wave speed is plotted in Figure 3(aii). Additionally plotted is the wave speed
for a massless in vacuo pipe for comparison and the wave speeds of the dilatational and
shear waves in the surrounding. At zero frequency, the wave speed in the pipe is given by

c ≈ cwater

(
1 + K̃(water)/

(
K̂(pipe)

(
1− ν2

pipe

)
+ 2Gmedium/a

))− 1
2 . Note that this is differ-

ent from that of the in vacuo case, which is given by c ≈ cwater

(
1 + K̃(water)/K̂(pipe)

)− 1
2 .

For the parameters given in Tables 1 and 2, this results in a wave speed of about 585 m/s. It
can be seen that as frequency increases, the wave speed first decreases by a small amount,
which is predominantly due to the mass loading of the soil, and then increases by a small
amount, which is due to radiation into the soil by the shear wave. Note that the dilatational
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wave does not propagate away from the pipe because its wave speed is greater than the
wave speed in the pipe.

The normalised value of β is plotted in Figure 3(bii). It can be seen that this is less
than unity at zero frequency, but it increases rapidly with frequency. As the pipe wave
speed is approximately constant with frequency, it has a negligible effect on β. The loss
of vibrational energy from the pipe to the soil is, thus, the main factor that influences the
frequency dependency of β.

5.1.3. Pipe Surrounded by Sandy Soil

The wave speed is plotted in Figure 3(aiii). Additionally plotted is the wave speed for
a massless in vacuo pipe for comparison and the wave speeds of the dilatational and shear
waves in the surrounding soil. As with the pipe surrounded by clay soil, at zero frequency, the

wave speed in the pipe is c ≈ cwater

(
1 + K̃(water)/

(
K̂(pipe)

(
1− ν2

pipe

)
+ 2Gmedium/a

))− 1
2 .

For the parameters given in Tables 1 and 2, this results in a wave speed of about 398 m/s,
which remains approximately constant over the whole frequency range shown. This is
much lower than for the pipe surrounded by clay soil because sandy soil has a much lower
shear modulus. As both the shear and dilatational wave speeds in the soil are smaller than
the pipe wave speed, they both propagate into the soil, leaking vibrational energy from
the pipe.

The normalised value of β is plotted in Figure 3(biii). It can be seen that this is slightly
less than unity at zero frequency, but it increases much more rapidly with frequency than for
the pipe surrounded by clay soil. This is because there is an additional wave propagating
into the soil, leaking more vibrational energy from the pipe. As the pipe wave speed is
approximately constant with frequency, it is the loss of vibrational energy from the pipe to
the soil that influences the frequency dependency of β.

5.2. Factors Affecting the Bandwidth of Measured Leak Noise

Having established the way in which the pipe system parameters affect the propaga-
tion of leak noise in terms of the propagation velocity and attenuation, the frequency range
of the leak noise is now considered. Figure 4 shows a way of describing each component of
the pipe system as a filter; consequently, the whole system becomes a cascade of filters.

As shown in Figure 4, there are three filters modelling the in vacuo pipe without
inertial effects, the pipe-wall mass effect, and the surrounding medium, respectively. One
filter describes the time delay (from the leak to the sensors’ location) and one filter is related
to the transducer’s dynamic behaviour, which is illustrated by using an accelerometer in
Figure 4. The filters related to the transducer and those related to both the water-filled pipe
and the surrounding medium are the ones affecting the frequency range of measured leak
noise. The filtering effects of each component of the system is analysed using the modulus
of the CPSD but not including accelerometers. This corresponds to pressure measurements
and is denoted by e−ωβd, which can be written as e−ω(β1+β2+β3)d or e−ωβ1de−ωβ2de−ωβ3d.
Figure 5(ai–iii) show the CPSDs for different combinations of filter responses, considering
an external medium of water, clay soil and sandy soil, respectively, with d being arbitrarily
set to 20 m. One filter is related to the massless in vacuo pipe

∣∣∣e−ωβ1d
∣∣∣, another one involves

the inclusion of inertial effects in the model
∣∣∣e−ω(β1+β2)d

∣∣∣, and the third one further includes

the external medium
∣∣∣e−ω(β1+β2+β3)d

∣∣∣. It is important to note that they are plotted on a dB
scale so that the low-pass behaviour of each case considered can be distinguished easily. It
is quite evident that the surrounding medium is a dominant factor. The system where the
pipe is buried in sandy soil, which has the largest value of β. has the most profound effect
on the measured leak noise frequency range.
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Figure 4. Schematic of the water-pipe system represented as a set of filters.
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Figure 5. Analysis of the water-pipe system behaviour described in terms of filters, with sensors
20 m apart. (a) Modulus of the filter response of the in vacuo pipe with no inertial effects, (thin solid
line); modulus of the response of the in vacuo pipe with mass, (thick dashed line); modulus of the
response of the pipe taking into account the surrounding medium, (thick solid line). (b) modulus
of the CPSDs corresponding to the systems in (a), including accelerometers at each measurement
position. (i) Water, (ii) Clay soil and (iii) Sandy Soil. The shaded region bounded by vertical dashed
green line is the frequency range for the full system (pipe, surrounding medium, accelerometers)
where the modulus of the CPSD is within 10 dB of the maximum.

In Section 3, it was shown that for a constant value of β, which is the case for a massless
in vacuo water-filled pipe, the modulus of the CPSD has a peak when ωβd = 4 or at a
frequency in Hz of f = 2/(πβd) for the accelerometer measurements. If β is not a constant,
which is the case when inertial effects of the pipe or the surrounding media are considered,
it is not possible to determine such a simple closed-form solution. In general, β increases
because of the external medium, and hence, its effect is to limit the measured leak noise to
lower frequencies. This is seen in Figure 5a. The CPSDs corresponding to those plotted
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in Figure 5(ai–iii) are combined with the FRFs for the sensors (accelerometers) and are
plotted normalised by the maximum value in Figure 5(bi–iii). Additionally, plotted is a
shaded region that corresponds to the frequency range where the |CPSD| > one tenth of
the maximum peak of the |CPSD|, i.e., where the modulus of the CPSD is within 10 dB of
the maximum. This is calculated numerically. It is possible to see a gradual shift to lower
frequencies when the inertial effect of the pipe along with the external medium are taken
into account. Moreover, when the surrounding medium changes from water to clay and to
sandy soil, there is a progressive shifting to lower frequency of the frequency range and a
narrowing of the bandwidth.

6. Experimental Work
6.1. Descriptions of Test Rigs

To investigate if the method presented in this paper can predict the frequency range of
leak noise data, some experimental results are compared with the analytical predictions.
Additionally, to evaluate the robustness of the proposed model, data from three very
different test rigs are considered. They are located in Blithfield (UK), Ottawa (Canada)
and São Paulo (Brazil). Their schematic diagrams are shown in Figure 6a–c, respectively.
Details of these test rigs have been reported previously (Blithfield [12], Ottawa [34,35], São
Paulo [15,27,33]) and so only important details are given here. Note also, that the way in
which the leak was created in the three test rigs is different. In each case, measurements
were made using accelerometers, and photographs showing the leaks together with the
sensor arrangements is shown in Figure 7a–c). Note that the photographs of the leaks in
the Ottawa and São Paulo test rigs show the pipes before they were buried.

The Blithfield test rig is 120 m long, has 5 access points, and is connected to the mains
water supply [12]. The pipe is made from high-performance polyethylene (HPPE) and is
buried at a depth of about 0.8 m in sandy soil. The estimated pipe and soil properties are
given in Tables 3 and 4 [27]. The measurement positions were at access points P1 and P2
(30 m apart) and the leak was created at point P1, as shown in Figure 6a. The access points
are underground metal hydrant valves, which connect the sections of the buried plastic
water pipe. The leak was generated using a small globe valve attached to the end of a
standpipe connected to the underground hydrant valve, as can be seen in Figure 7(ai), and
the vibration of the pipe was measured using type 4383 Bruel and Kjaer accelerometers,
one of which can be seen in Figure 7(aii). Two 60-second time histories were recorded using
a DATS data acquisition system at a sampling frequency of 5 kHz.

Table 3. Properties of the pipes in the experimental test rigs.

Properties of the Pipe Blithfield Ottawa São Paulo

Young’s modulus Epipe (N/m2) 1.78× 109 4.18× 109 4.3× 109

Density ρpipe (kg/m3) 900 900 900
Loss factor ηpipe 0.06 0.04 0.06

Poisson’s ratio νpipe 0.4 0.4 0.4
Pipe radius a (mm) 80 75 35.8

Pipe-wall thickness h (mm) 9.85 9.85 3.4

Table 4. Water and soil properties of the experimental test rigs.

Properties Blithfield Ottawa São Paulo

Bulk modulus Bmedium (N/m2) 1.36× 108 4.0× 108 4.0× 109

Shear modulus Gmedium (N/m2) 3.2× 107 1.0× 105 1.44× 108

Bulk and shear loss factor 0.06 0 0
Density ρmedium (kg/m3) 2000 2000 2000

Poisson’s ratio 0.39 0.5 0.49
Dilatational wave− speed cd (m/s) 299 447 1442

Shear wave− speed cs (m/s) 126 7 552
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 Figure 7. Photographs of the leak mechanism, instrumentation and measurement positions corre-
sponding to the test rigs shown in Figure 6. (a) Blithfield test rig in the UK, (b) Ottawa test rig in
Canada, (c) São Paulo test rig in Brazil. (i) Leak mechanism, (ii) Access point.

The Ottawa test rig is about 200 m long and consists of a PVC pipe connected to the
mains network. It is buried in soft clay soil at a depth of 2.4 m. The estimated pipe and
soil properties are given in Tables 3 and 4. Data from this test rig have been used in several
studies, for example [10,27,36,37]. The measurement positions were at access points P1
and P2, which are 102.6 m apart, with the leak located 29.1 m from point P1, as shown in
Figure 6b. The access points are above ground and are connected to the buried pipe by
risers. The leak was generated by way of a crack in the pipe, as illustrated in Figure 7(bi),
and the vibration was measured using accelerometers with a sensitivity of 1 V/g, one
of which can be seen in Figure 7(bii). Two 66-second time histories were recorded at a
sampling frequency of 500 Hz.

The São Paulo test rig is a small closed-circuit test rig that is separate from the mains
water system and pressurised by a centrifugal pump. It consists of a polyvinyl chloride
(PVC) pipe buried at a depth of about 0.5 m in stiff clay soil [15,33]. The estimated pipe and
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soil properties are given in Tables 3 and 4. The measurement positions were at access points
P1 and P2, which are 5.5 m apart, with the leak located 1.25 m from Point P1, as shown
in Figure 6c. The leak was generated by way of a small hole in the pipe with the water
being led away to a tank using a small diameter pipe, as illustrated in Figure 7(ci), and the
vibration of the pipe was measured using type 4506-B-003 Bruel and Kjaer accelerometers,
one of which can be seen in Figure 7(cii). Two 60-second time histories were recorded using
an LMS Scadas data acquisition system at a sampling frequency of 12.8 kHz.

6.2. Experimental Results

Figure 8 shows the experimental results for all three test rigs.
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Figure 8. Comparison of measurements carried out in the three experimental rigs and predictions
made using the proposed model with the parameters given in Tables 3 and 4. (a) |CPSD|, (b) phase
of the CPSD, (c) coherence; experimental results (thick solid blue lines); predictions (thin solid black
lines). The shaded region bounded by the thick dotted red lines denotes the bandwidth where there
is good coherence; the shaded area bounded by the thick dashed green lines denotes the frequency
range predicted by the model. (i) Blithfield, (ii) Ottawa and (iii) São Paulo.

In Figure 8, the graphs depict |CPSD| normalized by its maximum value, the phase
of the CPSD and the coherence. The predicted responses for the parameters given in
Tables 3 and 4 are also shown in Figure 8. The experimental measurements have leak
noise content within a certain bandwidth because of the band-pass filtering effects of the
pipe-surrounding medium-sensor systems and measurement noise [24]. These frequency
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bands are estimated roughly through the coherence function [37] and are denoted as a
shaded area in each case, whose edges are marked with vertical dotted red lines. The
predicted leak noise frequency bands, where |CPSD| are within 10 dB of their maximum
values, are also plotted as shaded areas, in which the edges are marked with vertical dashed
green lines. By examining Figure 8, it can be seen that for all the sites, the model cannot
predict the shape of the modulus of the CPSD very well because of measurement noise and
unmodelled effects, such as the ground surface, inhomogeneity of the soil, uncertainties
from the interface between the pipe and soil, pipe joints and discontinuities, and reflections;
however, it does capture the bandwidths, over which there is leak noise, reasonably well,
and it is possible to see a similar trend between the experiment and the theory, mainly for
Blithfield and São Paulo test rigs. The measured CPSD for the Ottawa test rig does not
match very well the theoretical one due to low level of coherence along with the effects
mentioned above. Furthermore, note that the model does capture the phase behaviour
reasonably well within the frequency ranges where there is leak noise for all the test rigs.
The main differences observed in the spectral bandwidth of the São Paulo test rig compared
to the other test rigs can be mostly attributed to two factors. Firstly, the pipe geometry
of the São Paulo test rig is smaller, as indicated in Table 3. Secondly, the soil in the São
Paulo test rig is significantly stiffer, indicated by the values of the bulk and shear moduli,
which are much higher compared to the soil in the other test rigs as shown in Table 4.
As the distance between the measurement position and the leak increases, the leak noise
bandwidth decreases and is restricted to lower frequencies. Attenuation of leak noise, as it
propagates in plastic pipes, contributes to this effect. This is highly influenced by the pipe
geometry/properties along with the properties of the surrounding medium.

7. Conclusions

This paper has demonstrated the influence of the physical parameters of the pipe-
soil–sensor system on the measured leak noise frequency range. The approach involves
integrating a compact analytical model of the pipe system with the frequency response
of the sensors and a model of the CPSD between the two sensors. The effects of the
physical parameters on the CPSD and further on the frequency range of the leak noise
for different types of surrounding medium, namely water, stiff clay soil and sandy soil,
have been investigated. The surrounding medium has a dominant effect on the bandwidth
of the measured leak noise. Moreover, it has been shown that the distance between the
sensors together with wave speed of the predominantly fluid wave in the pipe and the
attenuation of this wave are the three key factors affecting this range of frequencies. The
centre frequency can be impacted by the distance between the sensors, while the upper
and lower frequencies are not affected. A low (high) centre frequency is observed when the
sensors are placed at a large (small) distance from each other and when the soil has a small
(large) shear stiffness. The loss of energy propagating into the surrounding medium as the
leak noise wave travels along the pipe has a profound effect on the centre frequency and
the upper and lower frequencies of leak noise bandwidth. When a considerable amount of
vibrational energy propagates into the surrounding medium, then the centre frequency of
the CPSD gets lower, and it reduces the range of frequencies. Experimental data from three
different testing sites have successfully validated the method proposed in this paper for
predicting the bandwidth of the leak noise. Despite its advantages, this method has some
limitations including poor estimation when the level of coherence between the measured
signal is low. Other effects such as inhomogeneity of the soil, discontinuities due to pipe
connections/joints, reflections can also affect the predictions. Nevertheless, the applicability
of the method and its simplicity allow an estimate of the bandwidth of the measured leak
noise to be made for a given situation, which is extremely useful when using leak noise
correlators to pinpoint a leak.
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Appendix A

This appendix describes an analytical model of a submerged/buried plastic water
pipe. A schematic diagram of the pipe system, which includes the pipe wall, the water in
the pipe and the surrounding medium, is shown in Figure A1. It has a mean radius a and a
wall thickness h.
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Figure A1. A water-filled submerged/buried plastic pipe.

In the derivation of the analytical model the following simplifying assumptions
are made:

• The pipe and surrounding medium are of infinite extent in the axial direction, and the
surrounding medium is of infinite extent in the radial direction;

• The predominantly fluid-borne axis-symmetric wave is the only wave propagating in
the pipe and is responsible for the propagation of leak noise;

• The frequency range of interest is well below the pipe-ring frequency so that bending
in the pipe wall is neglected;

• The frequency range of interest is such that an acoustic wavelength of water is much
greater than the diameter of the pipe.

The analytical model, which is based on that described by Gao et al. [14], uses the
concept of wave dynamic stiffness. This is similar in concept to wave impedance described
by Fahy and Gardonio [38], but rather than using the variables of force (or pressure) and
velocity, displacement is used instead of velocity as this is more convenient. It essentially
involves a pressure that is harmonic in both space and time being applied to a structure or
a fluid such that p = Pej(ωt−kx), where ω is the circular frequency and k is the wavenumber.
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As the structure or fluid is assumed to be linear, the response is given by w = Wej(ωt−kx).
The wave dynamic stiffness is defined as the ratio P(ω, k)/W(ω, k) , i.e., it is a complex
quantity that is dependent on both frequency and the wavenumber. The real part of the
wave dynamic stiffness is related to the stiffness or inertial properties of the system, and
the imaginary part of the wave dynamic stiffness is related to energy dissipation. Here, the
wavenumber is written in terms of the wave dynamic stiffness of the component parts of
the system, i.e., the water in the pipe, the pipe wall and the surrounding medium. This
enables the behaviour of the predominantly fluid-borne wave in a buried plastic water
pipe to be interpreted in a physical rather than a mathematical sense. The wavenumber
derivation in terms of the wave dynamic stiffness of the component parts of the system
starts from the frequency domain equations that govern the axial and radial motion of the
pipe wall, which are given by [14][

Ω2 − (ka)2 − SL11 −jνpipe(ka)− SL12
−jνpipe(ka)− SL21 1−Ω2 − FL− SL22

]{
U
W

}
= 0, (A1)

where Ω = kLa, in which a is the mean radius of the pipe and kL = ω

√
ρpipe

(
1− ν2

pipe

)
/Epipe

is the compressional wavenumber of the pipe wall, in which Epipe, ρpipe, and νpipe are the
Young’s modulus, density and Poisson’s ratio of the pipe wall, respectively; FL and SLij
(i and j = 1, 2) are the fluid and the soil loading terms, respectively. Equation (A1) can be
written alternatively as [

K(pipe) + K(water) + K(medium)
]
u = 0, (A2)

where K(pipe) is the wave dynamic stiffness matrix for the pipe wall given by,

K(pipe) =

[
K(pipe)

11 K(pipe)
12

K(pipe)
21 K(pipe)

22

]
=

[
(ka)2K̃(pipe) −ω2ρpipeh jνpipe(ka)K̃(pipe)

−jνpipe(ka)K̃(pipe) K̃(pipe) −ω2ρpipeh

]
, (A3a)

in which K̃(pipe) = E∗pipeh/
[

a2
(

1− ν2
pipe

)]
is the hoop stiffness of a cylindrical ring of

unit length, in which the displacement in the axial direction is constrained to be zero;
E∗pipe = Epipe

(
1 + jηpipe

)
where ηpipe is the material loss factor of the pipe wall. If the

speed of a compressional wave in the pipe wall is much greater than the predominantly
fluid-borne wave in the pipe (which is the case for plastic water distribution pipes where
the wave speed in the pipe wall is typically between 3 and 4 times that of the predominantly
fluid-borne wave [25]), such that (ka)2K̃(pipe) >> ω2ρpipeh, then

K(pipe) =

[
K(pipe)

11 K(pipe)
12

K(pipe)
21 K(pipe)

22

]
≈
[

(ka)2K̃(pipe) jνpipe(ka)K̃(pipe)

−jνpipe(ka)K̃(pipe) K̃(pipe) −ω2ρpipeh

]
, (A3b)

The wave dynamic stiffness matrix for the water contained in the pipe is given by

K(water) =

[
0 0
0 −K(water)

]
=

0 0

0 −ω2ρwater
kR

water

J0(kR
watera)

J′0(kR
watera)

, (A4a)

where J0(•) is a Bessel function of the first kind of zero order, and kR
water =

√
k2

water − k2 is
the component of the wavenumber in the radial direction, in which kwater = ω/cwater is the
wavenumber for water, and where cwater is the wave speed in an infinite homogeneous body
of water, which is approximately 1500 m/s. At low frequencies, when the acoustic wave-
length in water is much greater than the diameter of the pipe J0

(
kR

watera
)
/J′0
(
kR

watera
)
≈
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−2/
(
kR

watera
)

. Additionally, noting that k2
water = ω2ρwater/Bwater , Equation (A4a) can be

written as

K(water) =

[
0 0
0 −K(water)

]
≈
[

0 0
0 K̃(water)/

(
1− k2

k2
water

)], (A4b)

where K̃(water) = 2Bwater/a , in which Bwater is the bulk modulus of water.
The wave dynamic stiffness matrix for the surrounding medium is given by

K(medium) =

[
K(medium)

11 K(medium)
12

K(medium)
21 K(medium)

22

]
= Gmedium

[
−αkR

d j
(
2− αHd

)
k

−j
(
2− αHd

)
k 2

a + αHsHdkR
s

]
, (A5)

where H0(•) is a Hankel function of the second kind of zero order, kR
s =

√
k2

s − k2, in which

ks = ω/cs is the shear wavenumber for the surrounding medium, and kR
d =

√
k2

d − k2,
in which kd = ω/cd is the dilatational wavenumber for the surrounding medium, where

cd =
√(

Bmedium + 4Gmedium/3
)
/ρmedium and cs =

√
Gmedium/ρmedium are the wave

speeds corresponding to dilatational and shear waves, respectively, in which
Bmedium, Gmedium and ρmedium are the bulk modulus, shear modulus and density of the
surrounding medium, respectively; Hs = H0

(
kR

s a
)
/H′0

(
kR

s a
)

, Hd = H0
(
kR

d a
)
/H′0

(
kR

d a
)

,
and α = k2

s /
(
kR

d kR
s Hs + k2Hd

)
.

If the surrounding medium is water, it has no shear stiffness, and Equation (A5)
becomes

K(medium) =

[
K(medium)

11 K(medium)
12

K(medium)
21 K(medium)

22

]
=

0 0

0 Bwater
k2

d
kR

d
Hd

, (A6)

Note that K(pipe)
21 = −K(pipe)

12 and K(soil)
21 = −K(soil)

12 . The second row of the matrix
equation in Equation (A1) can be rearranged to give an expression for the wavenumber in
terms of the wave dynamic stiffnesses of the pipe, the surrounding medium and the soil
to give

k = kwater

(
1 +

K̃(water)

K(pipe) + K(pipe_medium) + K(medium)

) 1
2

, (A7)

where K(pipe) = K(pipe)
22 , K(pipe_medium) =

(
K(pipe)

12 + K(medium)
12

)2
/
(

K(pipe)
11 + K(medium)

11

)
and K(medium) = K(medium)

22 . Note that the wavenumber is a function of the wave dynamic
stiffnesses. One of these is related to the water in the pipe K̃(water), one to the pipe alone
K(pipe), one to the surrounding medium alone K(medium), and one that is related to the
interaction between the surrounding medium and the pipe K(pipe_medium). Note, however,
that the wave dynamic stiffnesses in Equation (A7) are functions of k, so Equation (A7)
must be solved recursively [26]. If there is no axial distributed force acting on the pipe
from the surrounding medium, as would be the case if the surrounding medium is water,
then K(pipe_medium) = 0. This boundary condition was considered by Muggleton and
Yan [13] in the case when the surrounding medium is soil. Formulating the wavenumber in
terms of the wave dynamic stiffnesses of the components of the pipe system facilitates an
investigation into the way in which the pipe properties and the interface between the soil
and the pipe affects the wave behaviour in terms of the wave speed and wave attenuation.
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