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Abstract: In magnetic hard disk drives, it is important to evaluate the replenishment effect of a
submonolayer lubricant film under a more severe condition that the head–disk spacing has to be
reduced from the current 0.7 nm to ~0.5 nm. In contrast to the prevailing conventional diffusion
equation validated for multilayer liquid film, the author has already proposed a new diffusion
equation more suitable for submonolayer film by intuitively incorporating the density reduction effect
in the submonolayer liquid film. This paper presents a rigorous derivation of the disjoining pressure
(DP) from Lennard–Jones potential (LJP) and formulated the diffusion equation incorporating the DP.
The difference in the rigorous DP and diffusion equation from the previous versions is negligibly
small except in a small film thickness less than the van der Waals (vdW) distance. The theoretical
relationship between the vdW distance in the DP and the molecular force equilibrium distance in
the LJP is elucidated. Rigorous derivations of the DP and diffusion equation for multilayer liquid
film from the LJP are also presented. The superiority of the submonolayer diffusion equation over
the conventional equation in the submonolayer film regime is demonstrated by comparing their
theoretical diffusion coefficients with Waltman’s experimental data.

Keywords: submonolayer liquid film; disjoining pressure; diffusion equation; diffusion coefficient;
Lennard–Jones potential; spreading of liquid film; lubricant replenishment; head–disk interface;
magnetic disk lubricant

1. Introduction

In the field of micro- and nanotribology, evaluating the boundary lubrication and replenishment
effect of a submonolayer liquid film is becoming increasingly important. In particular, in hard disk
drives, the perfluoropolyether (PFPE) lubricant thickness has decreased to one monolayer and the
head flying height (clearance) above the lubricant surface has been reduced to the subnanometer level
to decrease the head–medium spacing and thus increase the recording density [1]. The flying head
clearance is controlled to decrease to the minimum allowable value during only read/write operations
by means of the thermal flying height control (TFC) technique [2]. The clearance of the commercially
available hard disk drives with the highest recording density is reduced to ~0.7 nm and is further
required to be less than ~0.5 nm without spacing variation and deterioration of wear reliability of the
head–disk interface. At such a small spacing, the probability of interaction and intermittent contact
between the head surface and asperities on the disk surface increases owing to the combined effects of
microwaviness and roughness of the disk surface [3].

To accommodate the increasingly severe conditions, boundary lubricant films with higher
resistance to slider-induced disturbance and higher retention to the underlying carbon film via
increased molecular polarity and bond ratio have been employed [4]. Although reduction of the
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mobile lubricant fraction contributes to preventing lubricant instability and transfer to the head
surface, it was also reported that some fraction of mobile lubricant plays an essential role in reducing
head wear [5,6]. This indicates that mobile lubricant molecules would have boundary lubrication effect
at asperity contact and can replenish to depleted parts generated by intermittent asperity contacts.
As a result, the bond ratio of monolayer lubricant film is increased to 80–90% in actual disk drives.
Therefore, it is important to evaluate the diffusion effect of a submonolayer lubricant film.

Fundamental studies on the kinetics of a thin liquid film in relation to the disjoining pressure
presented until the middle of 1990s were reviewed by de Gennes [7] and Oron et al. [8]. However,
the replenishment ability of molecularly thin PFPE lubricant on magnetic disks has been evaluated
from the spreading speed of the stepwise film boundary and the diffusion coefficient is often used
as a measure of the mobility of thin lubricant film. A theoretical expression of diffusion flow for a
thin liquid film was first proposed by Mate [9] by combining the disjoining pressure and Poiseuille
flow equation. The diffusion characteristics of molecularly thin PFPE lubricant films with and without
polar end groups were studied based on a simple diffusion equation by Karis and Tyndall [10] and
Tyndall et al. [11]. In these papers, the disjoining pressure for the dispersive component was expressed
as Πd = A/6πh3, where A is the Hamaker constant and h is the lubricant film thickness. For a polar
lubricant such as Z-dol, the measured polar surface energy γp as a polynomial function of lubricant
thickness h was additionally considered as a polar disjoining pressure Πp = ∂γp/∂h. Marchon and
Karis [12] proposed an advanced diffusion equation using the disjoining pressure Πd = A/6π(h + d0)3

and showed that the diffusion characteristics of the steplike boundary of a non-polar lubricant layer
with a thickness of a few nanometers can be quantitatively evaluated by this equation. Here d0 is the
van der Waals (vdW) distance between diamond-like-carbon (DLC) substrate and PFPE lubricant film.
This advanced disjoining pressure equation seems to be enlightened by the dispersive surface energy
function of the form −A/12π(h + d0)2 proposed by Waltman et al. [13]. As PFPE lubricant film has
been decreased to a monolayer thickness and the main fraction was bonded thereafter, a question
arose whether the conventional diffusion equation based on the Poiseuille flow model and disjoining
pressure for continuum medium can still hold for a submonolayer lubricant film.

Mate [14] investigated the spreading kinetics of PFPE lubricant nanodroplets with 0–8 hydroxyl
functional groups on a carbon-coated magnetic disk surface. He found that when the central
droplet dissipates into a pancake-shaped film, the spreading profile is well described by a diffusion
equation derived from the Poiseuille flow model with zero slip for Fomblin-Z and Z-dol lubricants
if the unknown viscosity is identified experimentally. The effective viscosities used to calculate the
circular droplet profile for Z and Z-dol lubricants appeared consistent with those obtained by the
blow-off experiment [15].

On the other hand, in [16], the replenishment speed of a depleted scar generated by 20 repeated
touchdowns of a flying head slider on a commercially used disk surface was investigated, where a
Z-Tetraol lubricant layer with a bonded layer thickness of 1.36 nm and an initial mobile lubricant
thickness of 0.24 nm (the bond ratio is 0.85) was coated. After the touchdown test, the replenishment
process of the depleted lubricant scar profile was evaluated using the conventional diffusion equation.
It was found that the effective viscosity of a thin mobile lubricant film was estimated to be about a
factor of 10 larger than the bulk viscosity at earlier elapsed time of a few hours of replenishment for the
assumed value of A = 0.5 × 10−19 J. It was also found that the replenishment speed was reduced as the
elapsed time increased to a few days. In that paper, the reflow speed of replenishment to a rectangular
depleted scar was also investigated. Based on the general feature that replenishment time decreases
proportionally to the square of the depleted scar width, a generic design chart for lubricant film was
proposed. From this chart, we can evaluate the allowable width of scar in which 50% replenishment
can be achieved after one revolution time of 8.3 ms (at 7200 rpm disk speed) as a function of the
lubricant thickness and the value of A/µ (µ is the lubricant viscosity).

Thereafter, it was found that the increase in the apparent viscosity at the shallowed scar was caused
by a permanent wear scar in the bonded layer generated by the severe repeated touchdown test [17].
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However, there remains a question why the effective viscosity in the current author’s paper becomes
relatively large compared with Mate’s research, although the discrepancy may be a partly result of
the differences in lubricant tested and the experimental model. Moreover, there is a discrepancy in
the definition of submonolayer film thickness between theory and experiment: the submonolayer
film thickness is experimentally determined as a product of the monolayer thickness and the ratio of
the measured density of the film to that of the bulk density, whereas this effect was not considered
in the conventional disjoining pressure and diffusion equation. Accordingly, the author proposed a
new disjoining pressure and flow equation modified by the density reduction effect on the Hamaker
constant and mass flow equation for the submonolayer lubricant thickness. Incorporating the new
disjoining pressure and mass flow equation with film-thickness-dependent viscosity function, a new
diffusion equation that is more valid for the submonolayer film was formulated [17]. From this theory,
it was found that the experimental replenishment profile could be calculated from the bulk viscosity if
the effective viscosity is assumed to linearly increase to a few times larger than the bulk viscosity at
the boundary of the bonded layer; moreover, approximately 30% of the depleted scar after 96 h was
caused by wear of the bonded layer. It was also found that diffusion coefficient in a submonolayer
regime can be evaluated by the new diffusion equation for a submonolayer lubricant film much better
than the conventional diffusion equation. In this paper, the diffusion equation incorporating the
new disjoining pressure and viscosity variation in the submonolayer film is called “submonolayer
diffusion theory” or “submonolayer theory” for simplicity in contrast to the conventional theory for a
continuous liquid film.

Recently, Waltman [18] measured the diffusion profile of a steplike submonolayer film of Z-Tetraol
lubricant and calculated the diffusion coefficient in a region of submonolayer lubricant thickness.
He demonstrated that the experimental diffusion coefficient for a submonolayer film thickness of
0.25–1.29 nm can be estimated more accurately by submonolayer diffusion theory than the conventional
diffusion theory. Then, by using the experimental diffusion coefficients, Waltman performed a
simulation study of how replenishment speeds are affected by various kinds of multiple depleted
troughs caused by heat assisted magnetic recording.

In the present author’s previous paper [17], however, the modified disjoining pressure for
a submonolayer film with reduced density was introduced intuitively rather than theoretically.
In addition, the theoretical derivation of the conventional disjoining pressure is not clear to the
best of the author’s knowledge for prior references. For this reason, this study aims to provide a
scientific foundation to the disjoining pressures for both submonolayer and multilayer films by rigorous
derivation from the Lennard–Jones potential (LJP). As a result, this paper can present a more rigorous
expression of the disjoining pressure and resulting diffusion equation for both submonolayer and
multilayer film. The superiority of this submonolayer diffusion theory is demonstrated by comparing
the theoretical diffusion coefficient with Waltman’s experimental results [18].

2. Disjoining Pressure for Submonolayer Liquid Film

2.1. Analytical Model and Assumptions

Figure 1 shows a schematic cross-sectional model of submonolayer lubricant film that is coated
on the surface of a smooth solid half space with a distance of d. The solid material is considered to be
DLC that is modeled as small compact DLC molecule balls. When lubricant molecules cover the DLC
surface with nearly 100% coverage, the lubricant thickness is defined as a monolayer and is denoted by
hm, which is nearly equal to the diameter of gyration. When lubricant is a submonolayer film, its mean
thickness h is smaller than hm. In the experiments, the density ρh of the submonolayer is measured.
Then, the submonolayer thickness h and its density ρh are respectively defined as

h =
ρh
ρl

hm and ρh = ρl
h

hm
(1)
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Figure 1. Schematic molecular model of submonolayer lubricant film and diamond-like-carbon (DLC).

In Figure 1, the xy plane of the rectangular coordinates O-xyz is fixed on the bottom surface of
submonolayer film and the z-axis is fixed in the direction of the solid half space.

2.2. Disjoining Pressure Derived from Attractive Term in LJP

As explained by Israelachvili [19], if the potential between one lubricant molecule located at x = y
= z = 0 and a molecule in the solid at a distance r from the lubricant molecule is expressed as w(r) =
−C/rn, the sum of the interactive energy between the liquid molecule and whole solid molecules is
derived by integrating the effect of an annular region from z = d to ∞, and x = 0 to ∞. The integrated
result is given by

w(d) = −2πCρs
1

(n− 2)(n− 3)
1

dn−3 (2)

Here, ρs is the number density of the DLC.
It is assumed in Figure 1 that the central position of each liquid molecule is located with a uniform

probability in the region between z = 0 and−h. Then, the number of liquid molecules in a small volume
of liquid with a unit area and a thickness of dz is given by ρhdz = ρlhdz/hm. Therefore, the surface
interaction energy W(d) between the submonolayer liquid film of unit area and the solid surface is
given by

W(d) =
∫ 0
−h w(d− z)ρhdz = 2πCρsρl h

(n−2)(n−3)hm

∫ 0
−h

1
(d−z)n−3 dz

= 2πCρsρl h
hm(n−2)(n−3)(n−4)

{
1

(d+h)n−4 − 1
dn−4

} (3)

Here, π2Cρsρl corresponds to the Hamaker constant A for a multilayered continuous liquid film
and DLC surface. Considering that the molecular pair potential of the attractive term of the LJP
corresponds to n = 6, the interaction energy Wa(d) due to only the attractive term of the LJP is written as

Wa(d) =
Ah

12πhm

{
1

(d + h)2 −
1
d2

}
(4)

Because Equation (4) represents the interaction energy between the submonolayer film with
a thickness of h and the solid surface, the disjoining pressure Πsa (subscripts s and a denotes
submonolayer theory and attractive term, respectively) due to the attractive term at a distance of d0 is
given by

Πsa = −
∂W(d)

∂d

∣∣∣∣
d=d0

=
Ah

6πhm

{
1

(h + d0)
3 −

1
d3

0

}
(0 < h ≤ hm) (5)
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Equation (5) is valid in the region 0 < h ≤ hm. When the liquid film thickness h is larger than hm,
we can obtain the disjoining pressure Πa for the continuous liquid film by replacing Ah/hm by A in
Equation (5), as follows:

Πa =
A

6π

{
1

(h + d0)
3 −

1
d3

0

}
(6)

Here d0 is considered to be the mean distance between the mean center position of liquid molecules
at the contacting film surface and the mean center position of solid surface molecules and corresponds
to the averaged sum of vdW radii of liquid molecules and solid surface molecules. The quantity Πsa in
Equation (5) is always negative when h > 0, and becomes zero in the second order of h when h→ 0.
In contrast, Πain Equation (6) becomes zero in the first order of h when h→ 0. Further, it is unnatural
that Πa approaches a constant value as h increases to infinity.

Note that the conventional disjoining pressure Πc1 for a continuous liquid film is obtained from
Equation (6), by ignoring the second term, as follows:

Πc1 =
A

6π

1

(h + d0)
3 (7)

Marchon and Karis [12] and Mate [14,20] used this disjoining pressure for the analysis of the
spreading behavior of a steplike boundary of a non-polar lubricant film although the former researchers
usually used the simpler disjoining pressure without considering d0 [7–11]. Although a detailed
derivation process of this equation is not known, Πc1 always takes a positive value when A > 0. It takes
a maximum value at h = 0 and becomes zero as h increases to infinity. Therefore, Equations (5) and (6)
show completely different characteristics from Πc1. In submonolayer diffusion theory [17], the present
author intuitively replaced the Hamaker constant A by Ah/hm because the Hamaker constant is
proportional to the density of submonolayer film and used the disjoining pressure Πs1 of the form

Πs1 =
Ah

6πhm

1

(h + d0)
3 (8)

Πs1 in Equation (8) becomes zero in the first order of h as h decreases to zero. This seems to be
more reasonable than Πc1 in a submonolayer regime. Here Πs1 is always positive when A > 0.

2.3. Disjoining Pressure Derived from LJP

The term 1/d0
3 in Equations (5) and (6) is why Πsa in Equation (5) and Πa in Equation (6) have

negative sign compared with Πs1 and Πc1 and Πa does not tend to zero as h increases. It is considered
that the existence of this term is a result of the derivation only from attractive term in the LJP. Therefore,
let us next derive the disjoining pressure from the LJP including both attractive and repulsive terms.

If the equilibrium distance of the interactive force between a pair of molecules is denoted as r0,
the LJP between a pair of molecules is given by

U(r) = ε

[( r0

r

)12
− 2
( r0

r

)6
]

(9)

Because Equation (3) was derived from a potential of the form w(r) =−C/rn, the surface interaction
energy in Equation (3) due to the attractive term in Equation (9) corresponds to the case where C = 2εr0

6.
Because the repulsive term in the LJP (9) is expressed as a potential w(r) = εr0

12/r12, the interactive
energy Wr(d) due to the repulsive term can be obtained, by replacing C by −C r0

6/2 in Equation (3)
and using n = 12 and π2Cρsρl = A, as follows:

Wr(d) = −
Ahr6

0
720πhm

{
1

(h + d)8 −
1
d8

}
(10)
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Therefore, the disjoining pressure Πsr due to the repulsive term in the LJP at vdW distance of d0

is given by

Πsr = −
∂W ′(d)

∂d

∣∣∣∣
d=d0

= −
Ahr6

0
90πhm

{
1

(h + d0)
9 −

1
d9

0

}
(11)

Then, from the sum of Πsa in Equation (5) and Πsr in Equation (11), the total disjoining pressure
Πst derived from the LJP becomes

Πst = −
Ah

6πhm

[
1

(h + d0)
3

{
1−

r6
0

15(h + d0)
6

}
− 1

d3
0

{
1−

r6
0

15d6
0

}]
(0 ≤ h ≤ hm) (12)

In the region of film thickness larger than the monolayer (h ≥ hm), replacing Ah/hm by A, the total
disjoining pressure Πt is given by

Πt =
A

6π

[
1

(h + d0)
3

{
1−

r6
0

15(h + d0)
6

}
− 1

d3
0

{
1−

r6
0

15d6
0

}]
(hm ≤ h) (13)

If the second term in the square brackets is not zero in Equation (13), Πt has a constant value as h
increases to infinity and this result is unnatural. Therefore, the second term in the square bracket must
be zero and thereby we have a condition

d0

(
1

15

)1/6
r0 = 0.637r0 (14)

This is the relationship between the molecular equilibrium distance r0 in the LJP and mean vdW
distance d0 between the liquid film and solid surface. Note that without this relationship, the disjoining
pressure Πt in Equation (13) takes a constant value even at infinite liquid thickness. This implies
that the relationship in Equation (14) is a necessary condition for consistently modeling the mutual
interactions expressed by the LJP between discrete molecules as a simple equation with respect to the
averaged physical quantities between continuous solid and liquid film.

When Equation (14) holds, the disjoining pressure Πs2 including both attractive and repulsive
terms becomes, from Equation (12),

Πs2 =
Ah

6πhm

1

(h + d0)
3

{
1−

d6
0

(h + d0)
6

}
(0 ≤ h ≤ hm) (15)

From Equation (13), the disjoining pressure Πc2 for a multilayer film is given by

Πc2 =
A

6π

1

(h + d0)
3

{
1−

d6
0

(h + d0)
6

}
(hm ≤ h) (16)

The disjoining pressure Πs2 in Equation (15) for a submonolayer film always takes a positive
value and becomes zero in the second order of h when h approaches zero. Because these features
are consistent with Πs1, it can be said that Πs2 corresponds to the rigorous solution of the previous
disjoining pressure Πs1 for submonolayer film. In Equation (16), Πc2 also has a positive value in the
entire range of film thickness similar to the conventional disjoining pressure Πc1. Here Πc2 becomes
zero in the first order of h as h decreases to zero and zero in the order of 1/h3 as h increases to infinity.
Therefore, it can be said that Πc2 corresponds to the rigorous solution of the prevailing disjoining
pressure Πc1. Although the derivation process of the conventional disjoining pressure Πc1 is not
clear to the best of the author’s knowledge, the present author thought that the validity of Πc1 is not
appropriate for submonolayer lubricant film [17]. This is because the disjoining pressure Πc1 takes
a maximum value at zero lubricant film thickness. From this analytical study, however, it is found
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that the rigorous disjoining pressure Πc2 derived from the LJP becomes zero at h = 0. It is also found
that Πc1 can be approximated from the solution effectively used in a film thickness region h ≥ 0.5d0

because the second term of Πc2 in Equation (16) becomes negligibly small.
To compare quantitatively the derived disjoining pressures, Πc1, Πc2, Πs1, and Πs2 normalized by

A/6πd0
3 are plotted in Figure 2a,b as a function normalized film thickness h/d0. Here, it is assumed

that d0 = 0.3 nm and hm = 4d0 = 1.2 nm. Figure 2b shows an enlarged illustration of Figure 2a to show
the difference between Πs1 and Πs2. From Figure 2a it is clear that Πc2 takes a maximum value at
h/d0 = ~0.25 and then approaches zero in contrast to Πc1. In the region where h/d0 > 0.5, Πc1 is very
close to the rigorous disjoining pressure Πc2. In addition, it is also found from Figure 2b that the
disjoining pressure Πs1 that was proposed in the previous paper [17] is very close to Πs2 where h/d0

> 0.5. Because it is assumed that hm = 4d0, Πs2 becomes equal to Πc2 at h/d0 = 4 as can be seen from
Figure 2b. This means that the disjoining pressure for submonolayer theory is continuously connected
with the conventional theory as the film thickness h exceeds the monolayer thickness hm.

Surfaces 2018, 1, x FOR PEER REVIEW  7 of 16 

disjoining pressure Πs1 for submonolayer film. In Equation (16), Πc2 also has a positive value in the 
entire range of film thickness similar to the conventional disjoining pressure Πc1. Here Πc2 becomes 
zero in the first order of h as h decreases to zero and zero in the order of 1/h3 as h increases to infinity. 
Therefore, it can be said that Πc2 corresponds to the rigorous solution of the prevailing disjoining 
pressure Πc1. Although the derivation process of the conventional disjoining pressure Πc1 is not clear 
to the best of the author’s knowledge, the present author thought that the validity of Πc1 is not 
appropriate for submonolayer lubricant film [17]. This is because the disjoining pressure Πc1 takes a 
maximum value at zero lubricant film thickness. From this analytical study, however, it is found that 
the rigorous disjoining pressure Πc2 derived from the LJP becomes zero at h = 0. It is also found that 
Πc1 can be approximated from the solution effectively used in a film thickness region h ≥ 0.5d0 because 
the second term of Πc2 in Equation (16) becomes negligibly small. 

To compare quantitatively the derived disjoining pressures, Πc1, Πc2, Πs1, and Πs2 normalized by 
A/6πd03 are plotted in Figure 2a,b as a function normalized film thickness h/d0. Here, it is assumed 
that d0 = 0.3 nm and hm = 4d0 = 1.2 nm. Figure 2b shows an enlarged illustration of Figure 2a to show 
the difference between Πs1 and Πs2. From Figure 2a it is clear that Πc2 takes a maximum value at h/d0 
= ~0.25 and then approaches zero in contrast to Πc1. In the region where h/d0 > 0.5, Πc1 is very close to 
the rigorous disjoining pressure Πc2. In addition, it is also found from Figure 2b that the disjoining 
pressure Πs1 that was proposed in the previous paper [17] is very close to Πs2 where h/d0 > 0.5. Because 
it is assumed that hm = 4d0, Πs2 becomes equal to Πc2 at h/d0 = 4 as can be seen from Figure 2b. This 
means that the disjoining pressure for submonolayer theory is continuously connected with the 
conventional theory as the film thickness h exceeds the monolayer thickness hm. 

 
Figure 2. (a) Comparison of disjoining pressure Πs1 of Equation (8), Πs2 of Equation (15), Πc1 of 
Equation (7), and Πc2 of Equation (16); (b) Enlarged view of (a). 

3. Diffusion Equation Incorporating the Rigorous Disjoining Pressure 

3.1. Diffusion Flow Model for Submonolayer Film 

Although the Poiseuille flow model for submonolayer film and the derivation process of the 
one-dimensional diffusion equation have been explained in detail in the previous paper [17], the 
derivation process of the diffusion equation based on the Poiseuille flow model is explained briefly 
here. 

Figure 3 shows a cross-section of a submonolayer liquid film on a solid surface and rectangular 
coordinates O-xz to analyze the liquid flow caused by the external pressure applied to the film surface 
and the disjoining pressure. The position z = 0 is chosen at the boundary with the solid surface. The 
monolayer thickness of the liquid is denoted by hm. The height of the film surface changes with respect 
to time t and position x and, thus, can be expressed as h(x, t). If we consider a small rectangular 
element of ABCD (dx × dz) close to the film surface as shown in Figure 3, the flow velocity u(z + dz) 
on the upper plane A–B is approximated by the mean velocity of molecules at the surface of h(z + dz). 
Similarly, it is considered that the flow velocity u(z) can be approximated by the mean molecular 

0

0.2

0.4

0.6

0.8

1

0 1 2 3 4 5

Π c1

Π s1, Π s2

Πc2

1.0

0.8

0.6

0.4

0.2

0
0        1         2        3        4         5

(a)

h/d0

Π
c1

(6
πd

03 /A
), 

Π
c2

(6
πd

03 /A
), 

Π
s1

(6
πd

03 /A
), 

Π
s2

(6
πd

03 /A
)

0

0.02

0.04

0.06

0.08

0.1

0 1 2 3 4 5
h/d0

Πc1, Πc2

Π s2

Π s1

0.1

0.08

0.06

0.04

0.02

0
0        1        2         3        4        5

(b)
Π

c1
(6

πd
03 /A

), 
Π

c2
(6

πd
03 /A

), 
Π

s1
(6

πd
03 /A

), 
Π

s2
(6

πd
03 /A

)

Figure 2. (a) Comparison of disjoining pressure Πs1 of Equation (8), Πs2 of Equation (15), Πc1 of
Equation (7), and Πc2 of Equation (16); (b) Enlarged view of (a).

3. Diffusion Equation Incorporating the Rigorous Disjoining Pressure

3.1. Diffusion Flow Model for Submonolayer Film

Although the Poiseuille flow model for submonolayer film and the derivation process of
the one-dimensional diffusion equation have been explained in detail in the previous paper [17],
the derivation process of the diffusion equation based on the Poiseuille flow model is explained
briefly here.

Figure 3 shows a cross-section of a submonolayer liquid film on a solid surface and rectangular
coordinates O-xz to analyze the liquid flow caused by the external pressure applied to the film surface
and the disjoining pressure. The position z = 0 is chosen at the boundary with the solid surface.
The monolayer thickness of the liquid is denoted by hm. The height of the film surface changes with
respect to time t and position x and, thus, can be expressed as h(x, t). If we consider a small rectangular
element of ABCD (dx × dz) close to the film surface as shown in Figure 3, the flow velocity u(z + dz)
on the upper plane A–B is approximated by the mean velocity of molecules at the surface of h(z +
dz). Similarly, it is considered that the flow velocity u(z) can be approximated by the mean molecular
velocity at the surface of h(z). If liquid molecules do not slip perfectly, u(z) and u(z + dz) can have
different values, so that the mean velocity can have the first derivative with respect to z. Then, we can
assume that the shear stress τz acting on the z plane is proportional to du/dz, similar to a Newtonian
flow. If we define this proportional constant as the viscosity µz, we can write

τz = µz
du
dz

(17)
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Figure 3. Coordinate system and forces acting on a small liquid element in a submonolayer film near a
liquid surface.

Here, the viscosity µz is generally a function of z.
Although we can treat any thickness-dependent viscosity model by using a polynomial expression

of z, we assume here that the effective viscosity µz changes linearly from µ0 to µm for the sake of
analytical simplicity, as follows:

µz = µ0(1 + αz/hm) (18)

where α is given by

α =
(µm − µ0)

µ0
= rµ − 1

(
rµ =

µm

µ0

)
(19)

Note that the definition of α is a non-dimensional quantity different from that in the previous
paper [17].

Next consider the equilibrium condition of all forces applied to the rectangular element ABCD
shown in Figure 3. The shear forces τz and τz+dz given by Equation (17) are applied to the lower
and upper surfaces, respectively, of the element. The pressure p is caused by the ambient pressure,
disjoining pressure, and capillary pressure. These pressures are a function of only x. Because pxdz
and px+dxdz are applied on the left- and right-hand sides of the element, as shown in Figure 2, we can
obtain the basic equation of equilibrium of the form

d
dz

(
µz

du
dz

)
=

dp
dx

(20)

3.2. Derivation of the Diffusion Equation

By integrating Equation (20) by z and considering a free surface of the submonolayer film,
we obtain

du
dz

=
1
µz

dp
dx

(z− h) (21)

Substituting Equation (18) into Equation (21) and integrating it, we can obtain the flow velocity
u. In the experimental and theoretical investigation of spreading kinetics of a small droplet in the
submonolayer thickness regime, Mate [14,20] found that spreading profiles can be evaluated by the
Poiseuille flow model without slip at the solid surface. Therefore, by determining the integral constant
to satisfy the no-slip condition at the solid surface, we obtain the velocity in the following form:

u =
hm

αµ0

dp
dx

{
z− hm + αh

α
ln
(

1 +
αz
hm

)}
(22)

The mass conservation equation of the liquid film at x is given by

∂ρh
∂t

+
∂

∂x

∫ h

0
ρudz = 0 (23)
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Denoting the integration part of the second term by q and using Equation (1) for the density ρ,
we obtain

q =
∫ h

0
ρudz = −ρmh

µ0α

dp
dx

[(
h +

hm

α

)2
ln
(

1 + α
h

hm

)
− 3

2
h2 − hmh

α

]
(24)

Putting Equations (1) and (24) into Equation (23), we can obtain the diffusion equation of the form

∂h2

∂t
=

1
µ0

∂

∂x

{
hI(h)

dp
dx

}
(25)

where

I(h) = hm
α

{(
h + hm

α

)2
ln
(

1 + α h
hm

)
− 3

2 h2 − hmh
α

}
(α 6= 0)

= h3

3

{
1− α

4

(
h

hm

)
+ α2

10

(
h

hm

)2
}

(α << 1)
(26)

In the spreading of the steplike liquid boundary and replenishment flow of a depleted groove
in a molecularly thin liquid film, it is known that the disjoining pressure plays a dominant role and
the capillary pressure can be ignored [16]. Because a higher disjoining pressure at a thinner film
thickness has the effect of increasing the film thickness compared with the neighboring thickness
at lower disjoining pressure, there is a relation of p = −Π. By substituting the rigorous disjoining
pressure p =−Πs2 and approximated pressure p =−Πs1 into Equation (25), we can obtain the diffusion
equation for submonolayer liquid film of the form

∂h2

∂t
=

A
12πµ0hm

d
dx

{
I(h)J(h)

dh2

dx

}
(27)

Here, J(h) for Πs2 and Πs1 are respectively given by

J(h) = JS2(h) =
1

(h + d0)
4

{
2h− d0 +

1

(h + d0)
5

[
1− 9h

(h + d0)

]}
(28)

J(h) = JS1(h) =
(2h− d0)

(h + d0)
4 (29)

On the other hand, if we put p = −Πc1 into the conservation equation of the Poiseuille flow for
multilayer liquid film, we can obtain the conventional diffusion equation of the form

∂h
∂t

=
A

6πµm

∂

∂x

{
h3

(h + d0)
4

∂h
∂x

}
(30)

By using the rigorous disjoining pressure Πc2 we can obtain

∂h
∂t

=
A

6πµm

∂

∂x

[
h3

(h + d0)
4

{
1−

3d6
0

(h + d0)
6

}
∂h
∂x

]
(31)

Equation (31) corresponds to the rigorous diffusion equation valid for a liquid film greater than
monolayer thickness. Note that when A > 0, the diffusion coefficient becomes positive in Equations
(30) and (31), resulting in normal diffusion flow. However, because Js1 and Js2 become negative when h
< ~d0/2, this implies that there is a limiting liquid thickness that cannot spread.
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4. Comparison of the Diffusion Coefficient Between Theories and Experiment

4.1. Theoretical Diffusion Coefficient

The lubrication effect of a thin lubricant film on the head–disk interface is considered to be
strongly influenced by the flow speed of replenishment to a depleted groove caused by intermittent
asperity contact. The mobility or replenishment speed of a lubricant film has been evaluated by
theoretical and experimental diffusion coefficients in the typical diffusion equation model [17,21,22].
Recently, Waltman [18] measured the diffusion coefficient of a steplike boundary of submonolayer
lubricant film and compared the calculated diffusion profile with experimental profiles. He also
compared the experimentally measured diffusion coefficient with theoretical ones and found that
the experimental diffusion coefficients agree well with those calculated from submonolayer diffusion
theory [17] compared with the conventional theory.

Therefore, we next show the theoretical diffusion coefficients for both submonolayer theory and
conventional theory and compare them with Waltman’s experimental data. From Equations (27)–(29),
the rigorous diffusion coefficient Ds2(h) for submonolayer theory with disjoining pressure Πs2 is
written as

Ds2(h) =
Arµ

12πµmhm
I(h)Js2(h) (32)

By using I(h) in Equation (26) and Js1(h) in Equation (29), the diffusion coefficient Ds1(h) for
Πs1 becomes,

Ds1(h) =
Arµ

12πµmhm
I(h)Js1(h) (33)

On the other hand, the diffusion coefficient Dc1(h) for the conventional disjoining pressure Πc1 in
Equation (7) is given by

Dc1(h) =
Ah3

6πµm(h + d0)4 (34)

The diffusion coefficient Dc2(h) for the rigorous conventional disjoining pressure Πc2 in
Equation (31) is

Dc2(h) =
Ah3

6πµm(h + d0)
4

{
1−

3d6
0

(h + d0)
6

}
(35)

4.2. Calculated Diffusion Coefficients and Comparison with Experimental Ones

Waltman [18] measured the diffusion coefficient of submonolayer film of Z-Tetraol (molecular
weight 2200) PFPE lubricant. He measured the spreading profile variations of steplike boundaries
whose initial lubricant thicknesses were 1.29, 0.97, 0.74, 0.51, and 0.25 nm, and calculated the diffusion
coefficients at those lubricant film thicknesses. Because Waltman considered the thickness of monolayer
of Z-Tetraol is 2.1 nm, hm = 2.1 nm is used in the calculations here unless otherwise noted. Marchon
and Karis [12] used 0.317 nm for the vdW distance d0. Fukuda et al. [23] estimated that the force
equilibrium distance of the non-bonded pair potential of a PFPE film-coated carbon surface was
0.46 nm based on coarse-grained molecular dynamics analysis. If we assume r0 = 0.46 nm, we obtain
d0 = 0.29 nm. Mate [14] used d0 = 0.3 nm when theoretically evaluating the diffusion profiles of a small
droplet. Referring to these values, we use d0 = 0.3 nm in the following calculation.

Figure 4 illustrates a comparison of the theoretical diffusion coefficients Ds1(h), Ds2(h), Dc1(h),
Dc2(h), and Waltman’s experimental values. The common parameter A/6πµm of theoretical diffusion
coefficients is determined so that Ds1(h), Ds2(h), Dc1(h), and Dc2(h) can coincide with the experimental
value of D = 7.69 × 10−13 m2/s at h = 1.29 nm. Because the actual viscosity ratio is not known,
we assume that rµ = µm/µ0 = 1. The effect of rµ on the diffusion coefficient functions is small as shown
in Figure 5.
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We note in Figure 4 that the diffusion coefficient Ds2 of submonolayer diffusion theory plotted by
a black solid line shows excellent agreement with experimental values plotted by triangular symbols.
The dashed line indicating Ds1 is very close to Ds2 in the region h > d0 and can be used as a good
approximated solution for Ds2. The black dotted line shows Ds1 when d0 = 0.2 nm and rµ = 0.3 are
used as in the same conditions as Waltman compared Ds2 with the experimental data [18]. We note
that Ds2 tends to deviate from the experimental data to the upper side in the lower thickness region.
In his paper, A/6πµm was determined so that Ds1(h) can coincide with the experimental diffusion
coefficients at h = 0.25 and 0.51 nm. Therefore, Ds1(h) at h = 7.4, 9.7, 12.9 nm deviates to the lower
side of the experimental values to some extent. From these results it is clear that Ds2 and Ds1 can
agree well with experimental values when a reasonable value of the vdW distance of 0.3 nm is used
for calculation.
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Figure 5. Effects of the viscosity ratio and monolayer thickness on diffusion coefficient functions.
(a) Effects of viscosity ratio µm/µ0 on Ds1(h) and Ds2(h); (b) Effects of monolayer thickness hm on Ds1(h).

In contrast, Dc2 and Dc1, depicted respectively by blue solid and dashed lines, do not decrease
until h decreases to ~0.4 nm and show characteristics completely different from the experimental
values. This is because Dc1 takes a maximum value at h = 3d0 = 0.9 nm and Dc2 is very close to Dc1.
The difference between Dc2 and Dc1 is less than 5% in the region h > d0, similarly to the relationship
between Ds2 and Ds1. The blue dotted line indicates Dc1 when d0 = 0.2 nm. In this case Dc1 takes
a maximum value at h = 0.6 nm and thus deviates further from the experimental results. From the
comparison between theory and experiment in Figure 5, it can be said that the submonolayer diffusion
equation including the decrease in density can evaluate the experimental diffusion coefficient function.
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It is also confirmed that the submonolayer diffusion equation using disjoining pressure derived from
the LJP is more valid for the kinetics of submonolayer liquid film.

The effects of rµ (=µm/µ0) and hm on the diffusion coefficient function for submonolayer theory
are shown in Figure 5 when d0 = 0.3 nm. Figure 5a shows Ds1 and Ds2 for various values of rµ when
hm = 2.1 nm. Here rµ is changed as 0.5, 1, and 2. The solid and dashed lines depicting Ds2 and Ds1 for
rµ = 1, respectively, are the same as shown in Figure 4. Here Ds2 for rµ = 0.5 depicted by closed circles
is almost the same as that for rµ = 1, whereas Ds2 for rµ = 2 depicted by closed squares is slightly larger
than Ds2 for rµ = 1 in the region where h < 0.4 nm. For rµ = 0.5, Ds1 (open circles) becomes slightly
smaller than that for rµ = 1 in a range of small h value and Ds1 for rµ = 2 (open squares) becomes
slightly larger than that for rµ = 1 in a range of large h values.

Figure 5b shows the effect of hm on diffusion coefficient function Ds1. Because the Ds1 is
overlapped with Ds2 and is difficult to distinguish from Ds2 in Figure 5a, the same results of Ds1

for hm = 2.1 nm are plotted in Figure 5b. When hm = 1.29 nm and rµ = 0.5, Ds1 is comparatively plotted
by a solid line. From a comparison between the open circle and solid line, we note that Ds1 decreases
only slightly in the range h > 0.3 nm and increases slightly in the range h < 0.3 nm when hm is decreased
by 61%. The effect of hm on the diffusion coefficient is very small. Accordingly, it can be said from
Figures 4 and 5,b that the diffusion coefficients Ds1 and Ds2 are hardly influenced by rµ and hm if the
physical parameter Arµ/µmhm is determined so that the theoretical diffusion coefficient coincides with
the experimental value at a representative liquid film thickness.

The theoretical diffusion coefficients shown in Figures 4 and 5 were calculated by determining
A/µm in such a way that they coincide with the experimental diffusion coefficient at an arbitrarily
chosen film thickness of h = 1.29 nm after specifying d0 and hm. Table 1 lists the value of A/µm

determined in this manner for four different diffusion coefficients and effective bulk viscosities
corresponding to typical values of the Hamaker constant when d0 = 0.3 nm. The Hamaker constant
A = 0.47 × 10−19 J is the value for the dispersive surface pressure in the DLC–PFPE film–air layer
calculated from Lifshitz theory [24]. Because the Hamaker constant calculated from Lifshitz theory is
based on the assumption that each medium is continuous material, the effective Hamaker constant for
the dispersive surface energy γd(h) of molecularly thin lubricant film is quantified experimentally by
fitting a mathematical expression of the form to the measured surface energy function.

γd(h) = γ0 +
A∗

24πµm(h + d0)
2 (36)

Here γ0 is the surface energy of bulk lubricant and A* is an effective Hamaker constant [25–27].
Waltman et al. [26] evaluated the effective Hamaker constant of Z-Tetraol (molecular weight is 2000) to
be 1.9 × 10−19 J and used this value in [18].

Table 1. Estimated physical parameter values calculated from the experimental diffusion coefficient at
h = 1.29 nm.

Diffusion Coefficient Dc1 Dc2 Ds1 Ds2

hm [nm] 2.1 2.1 2.1 1.29 2.1
rµ (=µm/µ0) 1 1 1 0.5 2 0.5 1 0.5 2

A/µm [×10−19 m3/s] 0.432 0.432 2.385 4.384 1.362 2.528 2.385 4.385 1.362
µm [Pa·s] (A = 0.47 × 10−19 J) 1.089 1.089 0.197 0.107 0.345 0.186 0.197 0.107 0.345
µm [Pa·s] (A = 1.9 × 10−19 J) 4.403 4.402 0.797 0.433 1.395 0.751 0.796 0.433 1.395

On the other hand, Tani et al. [27] experimentally evaluated A* to be 4.8 × 10−19 J. Therefore,
the bulk viscosities were calculated for the Hamaker constant values of 0.47 × 10−19 and 1.9 × 10−19 J
in Table 1. The effect of polar surface energy on diffusion coefficient function was ignored here
because it seemed to have a minor effect compared with the dispersive component, particularly on
disjoining pressure [26,27].
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From this table, we note that the values of A/µm and the estimated effective viscosity for Dc1

and Dc2 and those for Ds1 and Ds2 are almost the same values within three digits. Compared with
conventional theory, submonolayer theory estimates a smaller viscosity by one fifth even when rµ =
1. This is because the effective Hamaker constant for submonolayer theory is evaluated to a reduced
value owing to the decreased liquid density.

In cases of Ds1 and Ds2, the ratios of the estimated bulk viscosity µm at rµ = µm/µ0 = 1, 0.5, and 2
become 1, 0.54, and 1.75, respectively. This relationship between rµ and µm is reasonable. From the
estimated bulk viscosities for hm = 1.29 and 2.1 nm, we note that the effective viscosity can be estimated
as inversely proportional to the effective molecular thickness hm.

If we assume A = 0.47 × 10−19 J and rµ = 0.5, the estimated bulk viscosity is 0.107 Pa·s for
hm = 2.1 nm and 0. 186 Pa·s for hm = 1.29 nm. When we use A = 1.9 × 10−19 J [26], however, the bulk
viscosity is evaluated to be 0.751 Pa·s. If we use A = 4.8 × 10−19 J [27], we can obtain µm = 1.9 Pa·s.
Because the bulk viscosity of Z-Tetraol is estimated to be around 1 Pa·s, it can be said that the
submonolayer diffusion theory results in the more realistic relationship between Hamaker constant
and bulk viscosity compared with the conventional diffusion theory. Because the submonolayer
diffusion function can agree well with the experimental one in a wide range of submonolayer film
thickness h by using the effective Hamaker constant, it is inferred that the second derivative of the polar
surface energy with respect to film thickness is negligibly small compared with that of the dispersive
surface energy in the submonolayer thickness region [26,27].

According to the experimental and theoretical study (conventional diffusion equation) of the
spreading profile and speed of a pancake-type droplet performed by Mate [14], it was found that the
effective viscosity of non-polar PFPE film of Z-03 is estimated to be one order of magnitude smaller
than the bulk viscosity when A = 0.4× 10−19 J is assumed, whereas that of a polar PFPE film of Z-dol is
estimated to be twice as large as the bulk viscosity. Therefore, it can be said that submonolayer diffusion
theory is more appropriate for evaluating the spreading characteristics of non-polar submonolayer
liquid film than the conventional theory.

For polar liquid film that has some fraction of bonded layer, proper evaluation methods of
the effective Hamaker constant and effective viscosity for submonolayer film remain to be studied.
These problems are expected to be elucidated by the molecular dynamics analysis. In Waltman’s
experiment, about half of the Z-Tetraol film thickness was bonded on the DLC surface. Therefore,
there remains a question whether the effective film thickness can be regarded as the total film thickness.

Regardless of some unclear problems that remain to be studied, it can be said that this study
could provide the physical foundation of not only the submonolayer diffusion equation but also
the conventional diffusion equation. It has been revealed that the diffusion coefficient function
derived from the submonolayer diffusion theory can predict quantitatively the experimental diffusion
coefficient in a small film thickness region down to the vdW distance if the physical parameter A/µm

is identified by the experimental diffusion coefficient at a certain film thickness.

5. Conclusions

In this study, the disjoining pressure for a submonolayer liquid film coated on a solid surface has
been derived strictly from the LJP. Incorporating the rigorous disjoining pressure, a one-dimensional
diffusion equation for submonolayer liquid film considering the reduction of liquid density has been
formulated. Rigorous mathematical expressions of the disjoining pressure and diffusion equation for
multilayer liquid film model have also been presented. Diffusion coefficient functions of rigorous
diffusion equations for submonolayer and multilayer liquid film model have been presented and
compared with those of previous submonolayer diffusion equations and the conventional diffusion
equation. The validity of the new diffusion coefficient has been examined by comparing the theoretical
results with Waltman’s experimental data. Important results obtained in this study can be summarized
as follows.
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1. The disjoining pressure for a submonolayer liquid film model derived from the LJP and diffusion
equation for submonolayer liquid film incorporating the new disjoining pressure is a rigorous
mathematical solution for the disjoining pressure and diffusion equation proposed previously.
It was found that the previous submonolayer theory is a good approximated expression of the
rigorous submonolayer theory in the region of film thickness above d0.

2. From the axiomatic condition that the disjoining pressure must be zero at infinite film thickness,
the mean vdW distance d0 of the liquid–solid interface must be 0.637 times the molecular
equilibrium distance in LJP.

3. The conventional disjoining pressure for a multilayer continuous liquid film including the vdW
distance d0 cannot be derived from only the adhesive term of the LJP. The disjoining pressure
rigorously derived from the LJP contains an additional term. Although the disjoining pressure
derived from the LJP gives almost the same value as the conventional version in the region of
film thickness larger than 0.5d0, it exhibits different behavior for a film thickness smaller than
0.5d0 and becomes zero at zero film thickness in contrast to the conventional disjoining pressure
that has a maximum value at zero film thickness. It is considered that the disjoining pressure
derived from the LJP is more reasonable.

4. Four diffusion coefficients Ds2 (rigorous submonolayer theory), Ds1 (approximated submonolayer
theory), Dc2 (rigorous continuous layer theory), and Dc1 (conventional continuous layer theory)
have been compared with Waltman’s experimental diffusion coefficients by identifying the
multiplication factor A/µm from the experimental diffusion coefficient value at 1.29 nm film
thickness. When the presumable value of 0.3 nm is used for d0, Ds2 and Ds1 showed excellent
agreement with the experimental data in the entire range of measured film thickness although
Ds1 exhibited a slightly higher value in the region of film thickness less than d0. In contrast,
Dc2 and Dc1 showed quantitatively and qualitatively different behaviors from the experimental
data. This is because Dc2 and Dc1 take maximum values at a film thickness of ~3d0. As a result,
it can be concluded that the spreading, diffusion, and replenishment behaviors of submonolayer
liquid film can be evaluated by submonolayer theory if the amplification factor A/µm is identified
from an arbitrarily chosen experimental value.

Acknowledgments: This study was supported by the JSPS Grant-in-Aid for Scientific Research (C) No. 16K06039.

Conflicts of Interest: The authors declare no conflicts of interest.

Nomenclature

A Hamaker constant for a multi-layer lubricant film coated on a solid surface [J]
D Diffusion coefficient [m2/s]
O-xyz Rectangular coordinate system for lubricant flow analysis
d Mean distance between the liquid film and solid surface [m]
d0 Mean van der Waals distance between the liquid film and solid surface [m]
h Local thickness of the liquid film [m]
hm Thickness of the monolayer of liquid film [m]
p Pressure in the liquid film [Pa]
rµ = µm/µ0

t Time [s]
u Local velocity within the liquid film [m]
Π Disjoining pressure [Pa]
α = rµ − 1
µz Local viscosity of the submonolayer liquid film at a height of z [Pa·s]
µ0 Effective viscosity at the solid surface [Pa·s]
µm Viscosity of the liquid film for monolayer and multilayer liquid film [Pa·s]
ρl Density of the bulk liquid [kg/m3]
ρh Density of the submonolayer liquid film [kg/m3]
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