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Abstract: In the present paper, we establish a new consecutive-type reliability model with a single
change point. The proposed structure has two common failure criteria and consists of two different
types of components. The general framework for constructing the so-called consecutive-k1 and
k2-out-of-n: F system with a single change point is launched. In addition, the number of path sets
of the proposed structure is determined with the aid of a combinatorial approach. Moreover, two
crucial performance characteristics of the proposed model are studied. The numerical investigation
carried out reveals that the behavior of the new structure is outperforming against its competitors.

Keywords: structures with two common failure criteria; reliability function; mean time to failure

1. Introduction

In numerous real-life applications, a captivate concern requests apt structural designs,
which can formulate the underlying phenomenon or process. A particular family of
reliability models, which has attracted quite a lot of research scrutiny during the last four
decades, is known as consecutive-type systems. The wealth of their usage in Reliability
Engineering and Statistical Modelling, has turned these systems into a crucial research tool.

Generally speaking, a great collection of consecutive-type systems appears in the
existing literature. One of the pioneer members of the aforementioned class is the so-
called consecutive-k-out-of-n: F structure consisting of n linearly (or circularly) ordered
components. The latter system stops its operation if and only if at least k consecutive
components fail (see, e.g., [1–3]). In addition, several generalizations of the consecutive-k-
out-of-n: F systems have been introduced and studied in detail. For instance, we refer to the
r-within-consecutive-out-of-n: F structure, which fails if and only if there exist k consecutive
units which include among them at least r failed ones (see [4–7]). In a slightly different
mode, reliability structures with a single failure consecutive-type criterion appear in [8,9].

On the contrary, it is quite often that a practitioner handles problems related to two
different failure criteria. For such cases, structures whose operation can stop due to more
than one reasoning are more common. The interested reader is referred to the (n,f,k)
structures (see, e.g., [10–12]), the <n,f,k> systems ([13,14]), the constrained-(k,d)-out-of-n
ones (see [15,16]) or the consecutive-k1 and k2-out-of-n: F structure ([17]).

In the present article, we introduce a new reliability system with two common failure
criteria having a single change point. More precisely, we propose the consecutive-k1 and
k2-out-of-n: F structure consisting of two different types of units, namely having a single
change point. In Section 2, we describe the general framework of the proposed reliability
model. An intriguing result is provided in Section 3 and refers to the determination of the
number of path sets of the proposed structure. Moreover, two reliability characteristics of it
are also studied. After carrying out a numerical investigation, we provide some evidence
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for the performance of the consecutive-k1 and k2-out-of-n: F structure with a single change
point (see Section 4). Finally, the Section 5 summarizes the contribution of the present
paper, while some practical concluding remarks are also highlighted.

2. The Constructing Framework for Consecutive-k1 and k2-out-of-n: F Systems with a
Single Change Point

In the present section, we give an account of the general framework of the proposed
reliability structure. Generally speaking, the consecutive-k1 and k2-out-of-n structure
contains n components in a line and fails if, and only if, there exist at least non-overlapping
consecutive k1 failed components and consecutive k2 failed components. Kindly note that
parameters k1, k2 are interchangeable, namely, their role is not distinguished. In that sense,
we assume hereafter and without loss of generality that k1 < k2.

In what follows, we assume that the first n1 components of the consecutive-k1 and
k2-out-of-n: F system share a common reliability p1 (units of Group 1, hereafter), while
the remaining ones, namely the remaining n2 = n− n1 units have reliability p2 (units of
Group 2, hereafter). Note that in our general approach (1 ≤ k1 < k2 ≤ n), the afore-
mentioned probabilities p2, p1 are not necessarily equal. Therefore, in our framework
the location of the n1-th unit is considered as the change point of the proposed model,
which shall be noted hereafter as consecutive-k1 and k2-out-of-n: F system with a single
change point.

The proposed setup is applicable in some real-life problems from different fields. For
instance, in a manufacturing framework we may assume that a production process requires
that the components are gradually supplied. In this setup, the first n1 components could
share a common reliability, while the next n2 components shall have a different reliability
from the first ones. Such cases may arise when the production process of the manufacturing
plant is improved or modified.

It goes without saying that if the probabilities p2, p1 do not differ, the proposed system
coincides to the common consecutive-k1 and k2-out-of-n: F (see [17] or [18]). Note that the
common consecutive-k1 and k2-out-of-n: F, which has been introduced in [17] does not
contain change points. In that sense, the proposed model generalizes the latter structure,
but it also offers a new system which seems to be more flexible and applicable to real-
life problems. For studies concerning alternative models with a single change point, the
interested reader is referred to [19] or [20].

Figure 1 offers an illustration for the proposed consecutive-k1 and k2-out-of-n: F system
with a single change point.
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In the above representation, the symbol � corresponds to units of Group 1 (with

reliability p1), while the symbol
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is related to units of Group 2 (with reliability p2). The
resulting model fails if and only if there exist k1 non-overlapping failed units (of either
Group) and k2 non-overlapping failed ones (of either Group). Note that the restriction
k1 + k2 ≤ n is quite obvious, while either k1 or k2 could be equal to or larger than
max(n1, n2). For example, let us consider the special case where the design parameters
of the proposed model are determined as n1 = 5, n2 = 3, k1 = 2, k2 = 3. The resulting
consecutive-2 and 3-out-of-8: F structure can be illustrated as

The structure illustrated at Figure 2 fails if and only if there exist two (non-overlapping)
consecutive failed units and three (non-overlapping) consecutive failed ones. The whole set
of failure scenarios with exactly five failed units are represented below (note that the black
boxes correspond to failed components, while the white ones express the operating ones).
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Figure 2. The consecutive-2 and 3-out-of-8: F system with a single change point.

As is readily obtained with the aid of Figure 3, the overall failure of the resulting
scheme will come whenever one of the following scenarios takes place:

• Two consecutive failed units of Group 1 and three consecutive failed units of Group 2;
• Three consecutive failed units of Group 1 and two consecutive failed units of Group 2;
• Two consecutive failed units of Group 1 and three consecutive failed units of Group 1;
• Four consecutive failed units of Group 1 located at places 2 to 5 (out of 8) and one

failed unit of Group 2 located at place 6 (out of 8).
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3. Main Results

In this section, we establish the main results of the present paper. We first determine
the number of path sets of the proposed consecutive-k1 and k2-out-of-n: F system with a
single change point. In particular, we aim at calculating the number of path sets of the
structure including i units of Group 1 and j units of Group 2 (rn1,n2,k1,k2(i, j), hereafter).
Based on this outcome, the reliability function and the mean time to failure of the proposed
reliability scheme are also studied.

Since there exists a single change point throughout the units of the proposed structure,
the first unit of Group 2, namely the first unit after the change point, could be either in a
functioning state or failed. In other words, we shall next study the proposed reliability
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system under two distinct schemes. According to the first scheme (Scheme 1, hereafter) the

first component of Group 2, e.g., the first
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appearing in the structure line, is supposed
to be in a working state. Therefore, if we denote by 0 and 1, the failure and functioning
state of each unit, respectively, a typical sequence of n binary elements (under Scheme 1),
including i working units of Group 1 (w.u.G1) and j working units of Group 2 (w.u.G2) is
illustrated as follows.

In the above figural representation xr, r = 2, 3, . . . , i (i ≤ n1) corresponds to the
number of 0 s which are located between two successive 1s throughout the units of Group 1,
namely xr is defined as the run of 0 s between the (r− 1) − th and the r − th working
unit of Group 1. Additionally, x1 simply denotes the units’ failures of Group 1 occurred
before the appearance of the first working unit of the same group. In other words, the
random variable xr, r = 2, 3, . . . , i represents the length of run of 0s in each urn between
successive 1s throughout the first n1 components of the structure. It goes without saying
that x1 expresses the length of the first run of 0s in the same side of the underlying structure.
It is easily deduced that quantities xr, r = 2, 3, . . . , i obey the next restrictions

0 ≤ xr ≤ n1, r = 1, 2, . . . , i + 1 and ∑i+1
r=1 xr = n1 − i. (1)

Note that Equation (1) could be alternatively written as

0 ≤ xr ≤∑r−1
m=1 xm − (r− 1), r = 1, 2, . . . , i + 1,

where ∑i+1
r=1 xr = n1 − i.

In a similar manner, we denote by ys, s = 1, 2, . . . , j (j ≤ n2) the amount of 0s
between successive 1s throughout the units of Group 2. In other words, random variables
ys, s = 1, 2, . . . , j express the length of run of 0 s in each urn between successive 1 s
throughout the n2 units of Group 2. The following conditions should be satisfied by the
above-mentioned random quantities.

0 ≤ ys ≤ n2, s = 1, 2, . . . , j and ∑j
s=1 ys = n2 − j. (2)

On the other hand, there exists a second scheme (Scheme 2, hereafter) for the under-
lying consecutive-k1 and k2-out-of-n: F system with a single change point that we should
take into account. Our focus remains to the status of the first unit of Group 2 located in the
structure line. Under Scheme 2 we assume that the particular unit has failed. Consequently,
a binary sequence of n elements (under Scheme 2), including i working units of Group 1
(w.u.G1) and j working units of Group 2 (w.u.G2) is illustrated as follows.

In the above figural representation, the random variables xr, r = 1, 2, . . . , i, i + 1
and ys, s = 1, 2, . . . , j, j + 1 are related once again to the length of runs of 0s in the
corresponding urn. Clearly, the abovementioned variables satisfy the following set of
conditions (under Scheme 2).

0 ≤ xr ≤ n1, r = 1, 2, . . . , i, i + 1, ∑i+1
r=1 xr = n1 − i− 1 and 0 ≤ ys ≤ n2, s = 1, 2, . . . , j, j + 1, ∑j+1

s=1 ys = n2 − j− 1 (3)

It is worth mentioning that the above-mentioned schemes, namely Scheme 1 and
Scheme 2, could be presented under an alternative (but in any case, equivalent) way.
Indeed, let us define y∗1 as the run of 0s before the first working component of Group 2.
Then, under the assumption that y∗1 > 0 (y∗1 = 0), the resulting scheme coincides to
Scheme 1 (Scheme 2). In what follows, we utilize the notations and schemes illustrated in
Figures 4 and 5.
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The next proposition offers an explicit expression for determining the quantities
rn1,n2,k1,k2(i, j), namely the number of path sets including i units of Group 1 and j units
of Group 2 for the proposed consecutive-k1 and k2-out-of-n: F system with a single
change point.

Proposition 1. Let us consider a consecutive-k1 and k2-out-of-n: F system with a single change
point, consisting of n1 (n2) units of Group 1 (2) with common reliability p1 (p2). The number of
path sets of the structure including i units of Group 1 and j units of Group 2 is determined by the
aid of the following

rn1,n2,k1,k2(i, j) = Ck2(i + 1, n1 − i) · Ck2(j, n2 − j)

+(i + 1) · Ck1(j, n2 − j) ·
n1−i
∑

x=k2

Ck1(i, n1 − i− x)

+j · Ck1(i + 1, n1 − i) ·
n2−j+1

∑
y=k2

Ck1(j− 1, n2 − j− y)

+
k2−2
∑

x = 0

k2−x−1
∑

y = 1
Ck2(i, n1 − i− x)·Ck2(j, n2 − j− y)

+i ·
n1−i
∑

z=k2

k1−2
∑

x=0

k1−x−1
∑

y=1
Ck1−x−1(j, n2 − j− y) · Ck1(i− 1, n1 − i− x− z)

+j ·
n2−i
∑

z=k2

k2−2
∑

x=0

k2−x−1
∑

y=1
Ck1(i, n1 − i− x) · Ck1(j− 1, n2 − j− y− z)

+
n1−i
∑

x=0

n2−j
∑

y=max(k2−x,0)
Ck1(i, n1 − i− x) · Ck1(j, n2 − j− y)

(4)

where

Ch(a, b) =
min(a,[b/h])

∑
g=0

(−1)g
(

a
g

)(
a + b− gh− 1

a− 1

)
, a > 0, b ≥ 0, h > 0 (5)

Proof. The consecutive-k1 and k2-out-of-n: F system with a single change point operates if
and only if

• there is no run of 0s of a length equal to or larger than k2 (Scenario 1)

or
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• there is exactly one run of 0s of a length equal to or larger than k2 (and in any case less
than k1 + k2) and simultaneously the length of the remaining runs of 0s is smaller than
k1 (Scenario 2). �

Under Scenario 2, the unique run of 0s having a length equal to or larger than k2 could
be located either at the first part (Choice 1) or at the second part of the structure (Choice 2).
Moreover, if the Scheme 2 is under investigation, a third choice is evident. More specifically,
under Scheme 2, the occurrence of the unique run of 0s having a length equal to or larger
than k2 can take place partially at the first and partially at the second side of the system
(Choice 3). In other words, the specific run could be formulated either exclusively with
units of Group 1, or exclusively with units of Group 2 or with a combination of them.

We first assume that the underlying consecutive-k1 and k2-out-of-n: F system with a
single change point follows Scheme 1 illustrated in Figure 4. In other words, we assume
that the first unit of Group 2 appearing in the structure line is working. Then, the total
number of binary sequences of units of Group 1 and Group 2 under Scheme 1 shall be
determined for each one of the above-mentioned scenarios separately. More specifically,

• under Scenario 1, the total number of binary sequences of units of Group 1 and
Group 2 under Scheme 1 equals to the number of integer solutions of the following
linear equations

x1 + x2 + . . . + xi+1 = n1 − i (6)

such that 0 ≤ x1 < k2, 0 ≤ x2 < k2, . . . , 0 ≤ xi+1 < k2,

y1 + y2 + . . . + yj = n2 − j (7)

such that 0 ≤ y1 < k2, 0 ≤ y2 < k2, . . . , 0 ≤ yj < k2.

However, the number of integer solutions for Equations (6) and (7) equal to Ck2(i + 1, n1 − i)
and Ck2(j, n2 − j), respectively. Therefore, the total number of binary sequences of units of
Group 1 and Group 2 under Scheme 1 and Scenario 1 is determined as

r1,1 = Ck2(i + 1, n1 − i)·Ck2(j, n2 − j). (8)

• under Scenario 2, there exist two possible choices as mentioned earlier (Choices 1 and
2). Under Choice 1, the unique run of 0s having a length equal to or larger than k2
contains exclusively failed units of Group 1. Therefore, the total number of binary
sequences of units of Group 1 and Group 2 under Scheme 1, Scenario 2 and Choice 1
equals to the number of integer solutions of the following linear equations

xd1 + xd2 + . . . + xdi
= n1 − i− xdi+1

(9)

such that 0 ≤ xd1 < k1, 0 ≤ xd2 < k1, . . . , 0 ≤ xdi
< k1 and xdi+1

≥ k2, where
{d1, d2, . . . , di+1} is a permutation of {1, 2, . . . , i + 1},

y1 + y2 + . . . + yj = n2 − j (10)

such that 0 ≤ y1 < k1, 0 ≤ y2 < k1, . . . , 0 ≤ yj < k1. However, the number of

integer solutions for Equations (9) and (10) equal to (i + 1)·∑n1−i
x=k2

Ck1(i, n1 − i− x)
and Ck1(j, n2 − j), respectively. Therefore, the total number of binary sequences of
units of Group 1 and Group 2 under Scheme 1, Scenario 2 and Choice 1 is determined as

r1,2,1 = (i + 1)·Ck1(j, n2 − j)·∑n1−i

x = k2
Ck1(i, n1 − i− x). (11)

On the other hand, under Choice 2, the unique run of 0s having a length equal to or
larger than k2 contains exclusively failed units of Group 2. Therefore, the total number of
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binary sequences of units of Group 1 and Group 2 under Scheme 1, Scenario 2 and Choice 2
equals to the number of integer solutions of the following linear equations

x1 + x2 + . . . + xi+1 = n1 − i (12)

such that 0 ≤ x1 < k1, 0 ≤ x2 < k1, . . . , 0 ≤ xi+1 < k1,

y f1 + y f2 + . . . + y f j−1
= n2 − j− y f j

(13)

such that 0 ≤ y f1 < k1, 0 ≤ y f2 < k1, . . . , 0 ≤ y f j−1
< k1 and y f j

≥ k2 where
{

f1, f2, . . . , f j
}

is a permutation of {1, 2, . . . , j}. However, the number of integer solutions for Equations (12)
and (13) equal to Ck1(i + 1, n1 − i) and j·∑n2−j+1

y=k2
Ck1(j− 1, n2 − j− y), respectively. There-

fore, the total number of binary sequences of units of Group 1 and Group 2 under Scheme 1,
Scenario 2 and Choice 2 is determined as

r1,2,2 = j·Ck1(i + 1, n1 − i)·∑n2−j+1

y = k2
Ck1(j− 1, n2 − j− y). (14)

We next assume that the underlying consecutive-k1 and k2-out-of-n: F system with a
single change point follows Scheme 2 illustrated in Figure 4. In other words, we assume
that the first unit of Group 2 appearing in the structure line is working. Then, the total
number of binary sequences of units of both groups under Scheme 2 shall be determined
separately for each one of the scenarios and choices mentioned before. More specifically,

• under Scenario 1, the total number of binary sequences of units of both groups under
Scheme 2 equals to the number of integer solutions of the following linear equations

x1 + x2 + . . . + xi = n1 − i− xi+1 (15)

such that 0 ≤ x1 < k2, 0 ≤ x2 < k2, . . . , 0 ≤ xi < k2,

y2 + y3 + . . . + yj+1 = n2 − j− y1 (16)

such that 0 ≤ y2 < k2, 0 ≤ y3 < k2, . . . , 0 ≤ yj+1 < k2 and xi+1 + y1 < k2, where
xi+1 ≥ 0, y1 > 0. Therefore, the total number of binary sequences of units of Group 1
and Group 2 under Scheme 2 and Scenario 1 is determined as

r2,1 = ∑k2−2

x = 0 ∑k2−x−1

y = 1 Ck2(i, n1 − i− x)·Ck2(j, n2 − j− y). (17)

• under Scenario 2, there exist three possible choices as mentioned earlier (Choices 1,
2 and 3). Under Choice 1, the unique run of 0s having a length equal to or larger
than k2 contains exclusively failed units of Group 1, namely it coincides to one of the
x1, x2, . . . , xi. Therefore, the total number of binary sequences of units of both groups
under Scheme 2, Scenario 2 and Choice 1 equals to the number of integer solutions of
the following linear equations

xd1 + xd2 + . . . + xdi−1
= n1 − i− xdi

− xi+1 (18)

such that 0 ≤ xd1 < k1, 0 ≤ xd2 < k1, . . . , 0 ≤ xdi−1
< k1 and xdi

≥ k2, where
{d1, d2, . . . , di} is a permutation of {1, 2, . . . , i},

y2 + y3 + . . . + yj+1 = n2 − j− y1 (19)
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such that 0 ≤ y2 < k1, 0 ≤ y3 < k1, . . . , 0 ≤ yj+1 < k1 and xi+1 + y1 < k1. Therefore,
the total number of binary sequences of units of Group 1 and Group 2 under Scheme
2, Scenario 2 and Choice 1 is determined as

r2,2,1 = i·∑n1−i

z = k2
∑k1−2

x=0 ∑k1−x−1
y=1 Ck1(j, n2 − j− y)·Ck1(i− 1, n1 − i− x− z). (20)

On the other hand, under Choice 2, the unique run of 0s having a length equal to or
larger than k2 contains exclusively failed units of Group 2, namely it coincides to one of
the y2, y3, . . . , yj+1. Therefore, the total number of binary sequences of units of both groups
under Scheme 2, Scenario 2 and Choice 2 equals to the number of integer solutions of the
following linear equations

x1 + x2 + . . . + xi = n1 − i− xi+1 (21)

such that 0 ≤ x1 < k1, 0 ≤ x2 < k1, . . . , 0 ≤ xi < k1,

y f1 + y f2 + . . . + y f j−1
= n2 − j− y f j

− y1 (22)

such that 0 ≤ y f1 < k1, 0 ≤ y f2 < k1, ..., 0 ≤ y f j−1
< k1, xi+1 + y1 < k1 and y f j+1

≥ k2,
where

{
f1, f2, . . . , f j

}
is a permutation of {1, 2, . . . , j}.

Therefore, the total number of binary sequences of units of both groups under Scheme
2, Scenario 2 and Choice 2 is determined as

r2,2,2 = j·∑n1−i

z = k2
∑k1−2

x=0 ∑k1−x−1
y=1 Ck1(i, n1 − i− x)·Ck1(j− 1, n2 − j− y− z). (23)

Finally, under Choice 3, the unique run of 0s having a length equal to or larger than
k2 coincides to xi+1 + y1. Therefore, the total number of binary sequences of units of both
group under Scheme 2, Scenario 2 and Choice 3 equals to the number of integer solutions
of the following linear equations

x1 + x2 + . . . + xi = n1 − i− xi+1 (24)

such that 0 ≤ x1 < k1, 0 ≤ x2 < k1, . . . , 0 ≤ xi < k1,

y2 + y3 + . . . + yj+1 = n2 − j− y1 (25)

such that 0 ≤ y2 < k1, 0 ≤ y3 < k1, . . . , 0 ≤ yj+1 < k1, xi+1 + y1 ≥ k2. Therefore, the
total number of binary sequences of units of both groups under Scheme 2, Scenario 2 and
Choice 3 is determined as

r2,2,3 = ∑xi+1+y1≥k2
Ck1(i, n1 − i− x)·Ck1(j, n2 − j− y). (26)

The desired result is readily deduced by combining Formulas (8), (11), (14), (17), (20),
(23) and (26).

Having at hand the expression provided in (4), the reliability and the mean time to
failure of the consecutive-k1 and k2-out-of-n: F system with a single change point can be
readily determined. We next make the common assumption that the number of units of each
type in the underlying structure is fixed. That practically means that the design parameters
n1, n2 are pre-determined. Under this assumption, the reliability of the consecutive-k1 and
k2-out-of-n: F system with a single change point can be computed via the following formula

Rn1,n2,k1,k2(p1, p2) =
n1

∑
i=0

n2

∑
j=0

rn1,n2,k1,k2(i, j)pi
1(1− p1)

n1−i pj
2(1− p2)

n2−j. (27)
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where rn1,n2,k1,k2(i, j) can be computed with the aid of (4).
Moreover, let us next denote by F1(t), F2(t) the cumulative density functions of

the components of Group 1 and Group 2, respectively, while F1(t) = 1 − F1(t) and
F2(t) = 1− F2(t) correspond to their reliability function, respectively. Then, the mean
time to failure (MTTF, hereafter) of the proposed consecutive-k1 and k2-out-of-n: F system
with a single change point, namely the expected time till the system no longer operates,
can be determined as

MTTFn1,n2,m,k(F1, F2) = ∑n1
i=0 ∑n2

j=0 rn1,n2,m,k(i, j)
∫ ∞

0
Fi

1(t)F1
n1−i(t)Fj

2(t)F2
n2−j(t)dt. (28)

Note that Formulas (4), (27) and (28) shall be implemented for providing the numerical
results given in the next section of the present work.

4. Numerical Results

In the present section we carry out a numerical investigation to shed light on the
behavior of the proposed consecutive-k1 and k2-out-of-n: F system with a single change
point. The numerical results and figural representations displayed throughout the next
lines, are based on the mathematical outcomes which have been presented and proved in
the previous section.

Let us first focus on the reliability of the consecutive-k1 and k2-out-of-n: F system with
a single change point. In particular, we study the performance of the proposed structure
under different values of the design parameters n1, n2, k1, k2. We mainly aim at delivering
remarks about how these parameters reflect the performance of the resulting structure.

Figure 6 depicts the reliability of the underlying system in terms of parameter n1 under
specific choices of the remaining parameters.
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Figure 6. The reliability of the consecutive-k1 and k2-out-of-n: F system with a single change point
(n2 = 4, k1 = 3, k2 = 3, p1 = 0.8).

As is readily observed, for larger values of parameter n1, the corresponding reliability
becomes smaller. The following figure sheds light on the performance of the proposed struc-
ture with respect to the parameter k1. Figure 7 illustrates the reliability of the consecutive-k1
and k2-out-of-n: F system with a single change point for different values of k1.

Figure 7 reveals that the larger the parameter k1 is, the better the performance becomes
of the corresponding system.

We next investigate the performance of the consecutive-k1 and k2-out-of-n: F system
with a single change point in comparison with the consecutive-k-out-of-n: F structure with
a single change point proposed in [19] and the m-consecutive-k-out-of-n: F structure with a
single change point proposed in [20]. In order to provide fair comparisons, we consider for
both systems the same design parameters p1, p2, n1, n2 and we evaluate the corresponding
reliability values.



Stats 2023, 6 447

Stats 2023, 6, FOR PEER REVIEW  9 
 

 

p2 

𝑀𝑇𝑇𝐹𝑛1,𝑛2,𝑚,𝑘(𝐹1, 𝐹2) = ∑ ∑ 𝑟𝑛1,𝑛2,𝑚,𝑘(𝑖, 𝑗) ∫ 𝐹̄1
𝑖(𝑡)𝐹1

𝑛1−𝑖(𝑡)𝐹̄2
𝑗
(𝑡)𝐹2

𝑛2−𝑗(𝑡)𝑑𝑡
∞

0

𝑛2
𝑗=0

𝑛1
𝑖=0 . (28) 

Note that Formulas (4), (27) and (28) shall be implemented for providing the numer-

ical results given in the next section of the present work. 

4. Numerical Results 

In the present section we carry out a numerical investigation to shed light on the 

behavior of the proposed consecutive-k1 and k2-out-of-n: F system with a single change 

point. The numerical results and figural representations displayed throughout the next 

lines, are based on the mathematical outcomes which have been presented and proved in 

the previous section. 

Let us first focus on the reliability of the consecutive-k1 and k2-out-of-n: F system with 

a single change point. In particular, we study the performance of the proposed structure 

under different values of the design parameters 𝑛1, 𝑛2, 𝑘1, 𝑘2. We mainly aim at delivering 

remarks about how these parameters reflect the performance of the resulting structure. 

Figure 6 depicts the reliability of the underlying system in terms of parameter n1 under 

specific choices of the remaining parameters. 

 

Figure 6. The reliability of the consecutive-k1 and k2-out-of-n: F system with a single change point 

(𝑛2 = 4, 𝑘1 = 3, 𝑘2 = 3, 𝑝1 = 0.8). 

As is readily observed, for larger values of parameter n1, the corresponding reliability 

becomes smaller. The following figure sheds light on the performance of the proposed 

structure with respect to the parameter k1. Figure 7 illustrates the reliability of the consec-

utive-k1 and k2-out-of-n: F system with a single change point for different values of k1. 

 

Figure 7. The reliability of the consecutive-k1 and k2-out-of-n: F system with a single change point
(n1 = 6, n2 = 6, k2 = 5, p1 = 0.5).

Based on the numerical comparisons presented in Table 1, we readily deduce that
the consecutive-k1 and k2-out-of-n: F system with a single change point achieves larger
reliability values and consequently outperforms its competitors, namely the corresponding
consecutive-k-out-of-n: F system with a single change point and the m-consecutive-k-out-
of-n: F system with a single change point. For instance, for the special case p1 = 0.7, p2 = 0.6,
n1 = 10, n2 = 5 the resulting consecutive-k1 and k2-out-of-15: F system for k1 = 3, k2 = 4
achieves reliability value equal to 96.8151% and 98.9616%, respectively. At the same time,
the consecutive-k-out-of-15: F system with a single change point and k = 3 or k = 4 seems
weaker since its corresponding reliability is equal to 69.0048% or 89.5755%, respectively. The
same conclusion is drawn if we look at the performance of the corresponding m-consecutive-
k-out-of-15: F system with a single change point, whose reliability for (m, k) = (3, 2) or (4, 2)
equals to 90.5603% and 88.2080%, respectively.

Table 1. Numerical comparisons between m-consecutive-k-out-of-n: F with a change point systems
and consecutive-k-out-of-n: F with a change point systems.

Consecutive-k-out-of-n: F
with a Change Point

m-Consecutive-k-out-of-n: F
with a Change Point

Consecutive-k1 and k2-out-of-n: F
System with a Single Change

Point

(n1, n2) (p1, p2) k Reliability (m, k) Reliability (k1, k2) Reliability

(10, 5) (0.8, 0.7)
3 0.868297 (3, 2) 0.958571 (3, 4) 0.994680
4 0.969613 (4, 2) 0.953963 (4, 3) 0.991787

(0.7, 0.6)
3 0.690048 (3, 2) 0.905603 (3, 4) 0.968151
4 0.895755 (4, 2) 0.882080 (4, 3) 0.989616

(12, 8) (0.8, 0.7)
4 0.950400 (3, 2) 0.916497 (3, 4) 0.991902
5 0.987742 (3, 3) 0.994343 (3, 5) 0.998053

(0.7, 0.6)
4 0.842588 (3, 2) 0.837928 (3, 4) 0.954128
5 0.945907 (3, 3) 0.969490 (3, 5) 0.984154

(15, 10) (0.8, 0.7)
5 0.983599 (3, 2) 0.888646 (4, 5) 0.997824
6 0.995840 (3, 3) 0.990176 (4, 6) 0.999482

(0.7, 0.6)
5 0.929143 (3, 2) 0.826399 (4, 5) 0.985979
6 0.975524 (3, 3) 0.950575 (4, 6) 0.995288
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5. Discussion

In the present work, the consecutive-k1 and k2-out-of-n: F system with a single change
point was established and studied in some detail. Two reliability characteristics of the
proposed system were investigated and the corresponding explicit expressions for de-
termining them were also deduced. The main contribution of the manuscript refers to
the determination of the number of path sets of a given size for the proposed reliability
structure. Based on the abovementioned result, one may readily reach closed formulae for
the computation of the corresponding reliability function and mean time to failure of the
system. An intriguing extension of the proposed model emerges under the assumption
that the number of components of each type is random. Such a case occurs if the single
change point of the underlying structure has not been emplaced at a certain location, but
contrariwise the change point is supposed to be random. The latter case simply expresses
the dynamic version of the proposed consecutive-k1 and k2-out-of-n: F system with a single
change point. Finally, an analogous reliability study of structures with two common failure
criteria and a single change point and maintenance policy could be an interesting topic for
future research.
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