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Abstract

:

We explore the chemical potential of a QCD-motivated van der Waals (VDW) phase change model for the six-quark color-singlet, strangeness S = −2 particle known as the hexaquark with quark content (uuddss). The hexaquark may have internal structure, indicated by short range correlations that allow for non-color-singlet diquark and triquark configurations whose interactions will change the magnitude of the chemical potential. In the multicomponent VDW Equation of State (EoS), the quark-quark particle interaction terms are sensitive to the QCD color factor, causing the pairing of these terms to give different interaction strengths for their respective contributions to the chemical potential. This results in a critical temperature near 163 MeV for the color-singlet states and tens of MeV below this for various mixed diquark and triquark states. The VDW chemical potential is also sensitive to the number density, leading to chemical potential isotherms that exhibit spinodal extrema, which also depend upon the internal hexaquark configurations. These extrema determine regions of metastability for the mixed states near the critical point. We use this chemical potential with the chemical potential-modified TOV equations to investigate the properties of hexaquark formation in cold compact stellar cores in beta equilibrium. We find thresholds for hexaquark layers and changes in maximum mass values that are consistent with observations from high mass compact stellar objects such as PSR 09043 + 10 and GW 190814. In general, we find that the VDW-TOV model has an upper stability mass and radius bound for a chemical potential of 1340 MeV with a compactness of C~0.2.
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1. Introduction


The thermodynamics of strongly interacting matter and the phase structure of QCD have been studied extensively from both a lattice perspective and from QCD-motivated phenomenological models. Many of these models have been bolstered by the rapidly growing accelerator measurements of the properties of quark gluon plasma and by astrophysical observations of compact dense stellar cores. However, the complexities and nonlinear dynamics of QCD have made it difficult to directly understand all of the properties of novel quark matter-bound states, such as tetraquark [1], pentaquark [2,3], and hexaquark [4] particles (note: authors also refer to the 6-quark particle as the hexaquark so the H symbol will not be confused with the Higgs). In the appropriate limits, such states can be modeled as loosely bound molecular quark states—diquarks with bound mesons, with color states qi͞ qj δij or baryons, with color states εijk qi qj qk, as SU(3)c color-singlet states or more strongly bound compact single-particle states, or as less common hybrid states of quarks and gluons or pure gluonic states [5]. For states with more than three quarks, there exist more pairings that give color-singlet states, for example [6], the      3 c   ¯  ⊗  3 c  =  1 c    and the    6 c  ⊗    6 c   ¯  =  1 c    result in a varied spectrum of states. The existence of such states indicates that a system such as a cold compact stellar core can consist of a mixture of quark clusters such as diquarks and triquarks [7] or as short length correlated groups in a particle such as a hexaquark, along with various color-singlet states. Various hexaquark flavor, isospin, spin, and angular momentum states have been studied, beginning with Jaffe examining a JP = 0+ dihyperon [8] with a focus on the d*(2380) I(JP) = 0(3+) [9,10,11] and interest in the (uuddss) flavor-singlet, charge-neutral, even-parity, spin-zero boson with baryon number and strangeness B = 2, S = −2. This last case is especially interesting because, as noted by Farrar [12,13], it may have a long-life ground state, making it an interesting candidate for dark matter and impacting the internal structure of compact stellar cores. As the pressure increases towards the central region of the core, the number of particles in each state will change and the central core region at the highest pressure can undergo a phase transition from a bound to an unbound quark gaseous state. Several authors have investigated this phase change for a cold neutron star model that is charge neutral and in beta equilibrium utilizing a system of quark clusters [14], quasiparticles [15], and quark drops [16] as partial intermediate states as the system approaches a free-quark gaseous state. One widely used model to investigate this behavior is a simple analytical model based upon the multicomponent van der Waals (VDW) equation of state (EoS), which incorporates particle species’ chemical potentials to accommodate changing particle numbers and includes a first-order phase transition. Such a generalized VDW model focused on dense fluids [17] was further developed by Vera [18] and extended the development of the Prigogine [19]-Flory [20]-Patterson [21] theory. For dense matter, the general VDW partition function and statistical method of Eu [22] with the multicomponent partition function method of Keffer [23], as developed by Vovchenko [24,25,26,27], has the advantages of including the excluded particle volume, incorporating attractive and repulsive interactions, exhibiting a first-order phase transition, including multicomponent mixtures, showing binodal and spinodal behavior, having a well-defined chemical potential, and exhibiting a critical point. VDW-based models have become an important way to gain insight into the hadronic deconfining phase transition [28,29,30] and as a model for a hadronic gaseous state [31]. Here we will apply the VDW EoS to a system of hexaquarks where the hexaquarks can have different internal structures consisting of diquark and triquark states [32]. The different binding strengths given by the color factors are represented by the VDW mixing parameters; the multicomponent VDW equations are used to analyze a system with combinations of the various hexaquark states. For example, we can analyze the properties of a hexaquark fluid consisting of hexaquarks that have a three-diquark internal structure. Or we can have a two-component fluid consisting of one component made from hexaquarks with a two-triquark substructure and the other component consisting of hexaquarks with three diquarks. While the VDW equations allow us to find the chemical potential and critical point for each fluid, the multicomponent VDW equations allow us to find the chemical potential and critical point for the mixture.



A potential arena where the impact of hexaquark internal structure, critical points, chemical potentials, and phase change phenomena could take place, and be constrained by observation, is in the dense core of a neutron star or a possible quark star [33]. As the observational data have become more robust and refined, more detailed models have emerged to help understand the varied mechanisms at play in dense QCD matter. Several models are gaining support from the observations of quark–gluon plasma, QGP, demonstrating the existence of a high-temperature, low-chemical-potential state of unconfined quarks, as seen at the SPS [34], LHC [35], and RHIC [36] laboratories. These experiments give a transition temperature near 155 MeV and an energy density near 0.8 GeV/fm3 [37]. Stellar cores represent systems of high baryon chemical potential, with high density and pressure which might be capable of exhibiting a deconfinement phase transition at high pressure as noted by Baym, et al. [38]. Isolated nonaccreting neutron stars are cold, less than ~0.1 MeV, and after a few hundred years can be nearly isothermal [39]. For larger masses and higher pressures, a transition to a quark star can occur which may have spin or tidal deformation [40], strange quarks [41,42], magnetic field effects [43], or color superconductivity [44]. For the known transition temperature, there is a baryon chemical potential, or, equivalently, a density or pressure, where the phase transition will occur which can be described by the EoS [45] and, when considering the case of an isotropic density and pressure as source terms, can be described by the TOV equations. As outlined in Baym [46], the constraints of charge neutrality and beta equilibrium can be used to estimate the chemical potential within the context of the MIT bag model, while at high temperatures, T > 1 MeV, the matter is out of beta equilibrium [47]. Charge neutrality for particle number density nj, mass density ρf, and electric charge qj for particle type, j, or flavor, f, can be expressed as    ∑   q f   n f    =  q e   n e    and    ρ B  =  ρ u  +  ρ d  +  ρ s   . The three-light quark flavors, changing weak interaction equilibrium conditions from the quark interactions, given by   d ↔ u +  e −  +    ν   e ′     ¯   ,   s ↔ u +  e −  +    ν   e ′     ¯   , and   s + u ↔ d + u  , constrain the chemical potentials. We consider the late-time case, in which the neutrinos and antineutrinos have exited the collapsed core on a time scale that is short compared to the long-term cooling time, effectively causing their chemical potentials to vanish to establish beta equilibrium, resulting in    μ d  =  μ u  +  μ   e −      and    μ s  =  μ d    Then, the pressure and energy density ε are given by   P = − ∂ U / ∂ V =  n 2  ∂ ( ε / n ) / ∂ n = n μ − ε  , where the chemical potential is   μ = ∂ ε / ∂ n   and n is the number density where the nuclear saturation density is nsat ~ 0.16 fm−3. For compact stars, these models allow for comparison to the MIT bag model [48] and the modified MIT bag model [49,50] for the pressure, P, energy density, ε, and chemical potential, μ, with the bag constant, B, expressed as   3 P = ( ε − 4 B ) = ε − 4 ( 3  μ 4  / 4 π )  , relating the baryon chemical potential to the bag constant, which is subject to the Franzon [51] constraint by stability requirements in neutron star models: 30 MeV/fm3 < B < 75.5 MeV/fm3. The chemical potential for multiquark particles is given by μ = m + EF, where EF is the Fermi energy. For a system of noninteracting fermions, the Fermi energy is given by    E F  = (  3  2 / 3    π  4 / 3    2  − 1 / 3   )   h  2    ( n / ( 2 s + 1 ) )   2 / 3   / m   for the reduced Planck constant,   h  , spin, s, number density, n, and mass, m [52,53]. For hexaquark states consisting of quarks, diquarks, and triquarks, which can have spin states s = 0, 1/2, 1, 3/2, the Fermi energy is in the range of 55–500 MeV and chemical potentials are in the range of 850–2100 MeV [54,55]. Knowledge of the baryon chemical potential and pressure in the core provides an important method for identifying a deconfining phase transition. Within the context of the Maxwell construction [56], this occurs when the hadronic and quark pressures and chemical potentials of quarks and leptons [57] are equal: Ph = Pq and μh = μq, where    μ q  = 3 (   ∑  q u a r k s     μ q   n q  +   ∑  l e p t o n s     μ l   n l      ) /   ∑  q u a r k s     n q      and    μ h  = (   ∑  h a d r o n s     μ h   n h  +   ∑  l e p t o n s     μ l   n l      ) /   ∑  h a d r o n s     n h      for the hadron, h, and lepton, l, labels for the chemical potentials and number densities. We only consider the case after the neutrinos have escaped; however, a more careful treatment by Dexheimer considers the protostar case with trapped neutrinos [58].



Here we will develop this model to find the range of chemical potentials of the hexaquark that can exist in a compact core within the Franzon stability range [59,60]. We will first introduce the VDW model and match the parameters to the quark interactions applicable to the determination of the chemical potential of the hexaquark. Using the multicomponent VDW equation, we examine the differences in the chemical potential that result from the molecular and independent constituent models of the hexaquark substructure. Values from the SHM [61] at RHIC [62] and ALICE [63] are matched with lattice values [64] to determine the functional form of the temperature dependent chemical potentials. We then examine the variation in chemical potential exhibited in a dense stellar core by solving the TOV system for the chemical potential. We use natural units where the Boltzmann constant, the speed of light, and Newton’s gravitational constant are set to unity.




2. Van der Waals Model Chemical Potential in a Hadronic Mixture


In this application of the VDW EoS, we consider a uniform state of bound quark clusters that can undergo a phase transition to free quarks, as performed by Zakout for the quark gluon plasma [65]. In the multicomponent VDW EoS, the system can consist of several different components which correspond to different types of clusters; here we are limiting the model to clusters that yield a hexaquark, i.e., each system consists of hexaquarks but the underlying hexaquark structure is governed by different short-range correlations giving different color factors which are modeled in the VDW mixing factors. These can consist of diquark and triquark clusters, each of which form hexaquarks, that can be mixed with a hexaquark with no internal structure. This system can then be viewed as a multicomponent fluid where each component is described by its own chemical potential. Following the statistical development of VDW EoS, we consider the multicomponent, Nc, van der Waals partition function given by


   Z  v d w      N i  , V , T   =   ∏  i = 1    N c      1   N i  !         V −   ∑  j = 1    N c      N j   b j       Λ i 3         N i    exp      N i    V k T     ∑  j = 1    N c      N j     a  i j        



(1)




where bj is the van der Waals effective volume of the jth particle of number Nj, the thermal de Broglie wavelength is


   Λ i  =    1  2 π  m i  T      



(2)




and the van der Waals interaction parameter is aij. We adopt the notation of aii = ai, noting that the aij is symmetric (aij = aji) and that there is a mixing rule,    a  i j   =    a i   a j    ( 1 −  k  i j   )  , where kij is a mixing parameter that is used to account for the color factor interaction differences between the strength of the diquark color interaction for non-singlet states and for color-singlet states. Using Sterling’s approximation, the pressure is


  p = T       ∂ ln Z   ∂ V       N , T   = T   ∑  i = 1    N c          N i    V −   ∑  j = 1    N c      N j   b j      −    N i     V 2  T     ∑  j = 1    N c      N j   a  i j          



(3)







The pressure expression is the equation of state, EoS, for our system. In terms of the single component number density, n = N/V, Equation (3) can be used to find the VDW speed of sound as


   c s 2  =    1 m    ∂ P   ∂ n     =  T  m     b n − 1    2    −   2 a n  m   



(4)




which in the limit of vanishing VDW constants gives the ideal gas law value of T/m. The critical point of the phase diagram can be found by solving the system of equations,


          P = P ( V , T , N ) ,     ∂ P   ∂ V   = 0 ,      ∂ 2  P   ∂  V 2    = 0      P c  =       ∑  i = 1    N c      N i    ∑  j = 1    N c      N j   a  i j           27       ∑  j = 1    N c      b j   N j       2    ,    T c  =   8     ∑  i = 1    N c      N i    ∑  j = 1    N c      N j   a  i j           27 k     ∑  i = 1    N c      N i          ∑  j = 1    N c      b j   N j        ,    V c  = 3   ∑  j = 1    N c      b j   N j       



(5)




for the critical values Pc, Vc, and Tc, while the resulting chemical potential for the ith species is


   μ i  = − T       ∂ ln Z   ∂  N i        T , V ,  N  j ≠ i     = T ln  N i  − T   ln     V −   ∑  j = 1    N c      N j   b j       Λ i 3      −    b i    V −   ∑  j = 1    N c      N j   b j        ∑  j = 1    N c      N j    +  2  V T     ∑  j = 1    N c      N j   a  i j        



(6)







When the van der Waals volume correction is small compared to the total volume, the logarithm term can be expanded as a power series and regrouped to express the chemical potential as the sum of a term that is independent of the van der Waals constants and a term with the explicit dependence on the van der Waals constants


     μ i  =  μ   i o    +  μ   i  a b     =  μ   i o    − T       ∑  k = 1  ∞    1 k      ∑  j = 1    N c        N j   b j   V         k  −    b i    V −   ∑  j = 1    N c      N j   b j        ∑  j = 1    N c      N j    +  2  V T     ∑  j = 1    N c      N j   a  i j                      μ   i o    = T ln      N i   Λ i 3   V    = T ln    n i   Λ i 3          ,    



(7)




where, for a single component small particle volume, bj/V << 1, with i = j = k = 1, the chemical potential in terms of the number density, nj = Nj/V, simplifies to


     μ 1   T  = ln    n 1   Λ 1 3    −     2  n 1   a  11    T  −    n 1 2   b 1 2    1 −  n 1   b 1       



(8)







This result can now be used with the measured values of the quark chemical potentials to determine the van der Waals constants and the chemical potential in dense matter, such as the central core of a compact star. For Nc particles in a system with equal number densities for each particle, n = n1 = n2, and symmetric interaction mixing for color factors, kii = kji, at equilibrium, the total chemical potential is


    μ =   ∑  i = 1    N c      μ i         μ i  =  μ   i o    − T   n   ∑  j = 1    N c      b j    −   2 n  b i    1 − n   ∑  j = 1    N c      b j        − 2   ∑  j = 1    N c      n j        a i   a j     1 / 2     1 −  k  i j        



(9)







In the VDW model, the chemical potential is singular at the phase transition where the effective volume of the constituents approaches the volume of the object when the number density is sufficiently large; such a density can arise in a compact stellar core during collapse. We use the chemical potentials for baryon number, isospin, and strangeness from SHM and lattice models to find the VDW constants consistent with Equation (8) for the three lightest quarks and the mass values from the PDG review of particle properties [66]. These values are then used to determine the chemical potentials and VDW constants for the systems of combined quarks forming particles with net-color or color-singlet states, the diquark, and triquark states. These form the building blocks for the hexaquark color-singlet states containing six quarks in the VDW model.



The composite particle states are constructed using the quark values from Table 1 with color factors to match the resulting state and find the chemical potential. These values represent the scalar S ground states which are nearly 220 MeV below their axial counterparts and are given in Table 2 [67,68].



These values can then be used with Equations (6) and (7) to express the chemical potentials as functions of temperature; plots for special cases are given in Figure 1 below.



In our analysis, the chemical potential, which depends upon b2, needs to be real-valued, and this provides an additional constraint on Equation (6) giving a relationship between a, n, T, and the chemical potential


    − 4 T +  μ 1  T −  T 2    l n    n 1   Λ 1 3      2  n 1        ≥ a ≥      μ 1  T −  T 2    l n    n 1   Λ 1 3      2  n 1      .  



(10)







These results can be applied to an environment where the Fermi energy is on the order of the chemical potential to explore shifts in the chemical potential, such as in a dense stellar core, which can be modeled using the TOV equations. Near the critical point, the expressions for the pressure and chemical potential can be simplified by expanding about the critical point, where μc and nc denote the chemical potential and density evaluated at the critical point, and using the dimensionless density ratio, z, resulting in the cubic expressions


        z =   n −  n c     n c        μ =  μ c  +   9  T c   n c   4  z    T   T c    − 1 +  1 4   z 2            p −  p c     p c        2 − z   = 8    T   T c    − 1     1 + z   + 3  z 3     



(11)







Using Equation (11), the pressure near the critical point can be expressed as a function of the chemical potential


  p =    p c  n   32  μ c   n c 2  − 32  n c 2  μ − 9    n 3  − 6  n c   n 2  + 11  n c 2  n − 6  n c 3     T c      9   n − 3  n c      n −  n c     n c 2   T c     



(12)




which is monotonically increasing up to the neighborhood of the critical point in a fashion similar to the MIT bag model. The extremum behavior of the chemical potential allows us to identify regions of metastability for the system in the neighborhood of the critical temperature. The chemical potential local minimum and maximum correspond to the spinodal limits of metastability while the phase transition is taking place. For the isotherms with T < Tc, the Maxwell construction replaces the equal area regions above and below the Maxwell constant pressure line during the mixed-phase transition in the phase diagram. It is in this region where condensing nanoclusters will form and coexist with the vapor phase; this does not shift the critical points used here where the isotherm of interest is along T = Tc [69]. These points are located at


          ∂ μ   ∂ n   = 0     n =  n c    1 ±  2   3        1 − T /  T c           



(13)







For equal particle numbers of each component, the two-component critical temperature can be expressed as


   T  C − 2   =   8    a 1    1 −  k  11     + 2    a 1   a 2      1 −  k  12     +  a 2    1 −  k  22         27    b 1  +  b 2       



(14)




which can be used to evaluate the critical chemical potential. The VDW constants can be used to determine the VDW critical temperature and chemical potential using Equations (4) and (10), where we consider the mixed states of the diquark and dibaryon hexaquark substructures and examples of mixed diquark-triquark-hexaquark combinations as shown in Table 3.



The critical values obey the VDW compressibility factor rule that the term Pc/(ncTc) is a constant at the critical point. It is useful to compare these results to the free quark MIT bag model. If we denote the bag constant by B, then the pressure, p, the baryon density, ρB, and the speed of sound, cs, are given by:


  p =  1 3       3 2      7 / 3    π  2 / 3    ρ B  4 / 3   − B ,    ρ B  =  1 3     ρ u  +  ρ d  +  ρ s    ,    c s  =    1 3     



(15)







In the MIT bag model the speed of sound is a constant but in the VDW model the speed of sound depends upon the temperature, particle mass, and density of the system. There is a causality limit to the temperature dependent speed of sound at the speed of light indicated in Figure 2. To compare these values and contrast the VDW case with the ideal gas law case, we plot the ratio of the speed of sound to the MIT bag model in Figure 2 below.



These values can now be used as indicators of potential quark states inside a compact stellar core of sufficient density where quark clustering, quasi-parton formation, mixed states, and phase changes can play a role in the possible final state configurations.




3. Stellar TOV Equations and the Chemical Potential


To investigate the conditions where a chemical potential phase transition can occur, we consider a static spherically symmetric mass as a dense stellar core with an ideal fluid source using the metric ansatz


  d  s 2  =  g  μ ν   d  x μ  d  x ν  =  e  − 2 Φ ( r )   d  t 2  +   1 −   2 m ( r )  r    d  r 2  +  r 2  d  θ 2  +  r 2    sin  2  θ d  ϕ 2   



(16)




with the Einstein and stress energy tensors given as


     G  μ ν   =  R  μ ν   −  1 2   g  μ ν   R = 8 π  T  μ ν        T  μ ν   =   ε + P    u μ   u ν  −  g  μ ν   P    



(17)







The resulting TOV equations for the pressure and mass are


      d p   d r   =     ρ ( r ) + p ( r )     m ( r ) + 4 π  r 3  p ( r )     r   r − 2 m ( r )           d m ( r )   d r   = 4 π  r 2  ρ ( r )    



(18)




which, when combined with the EoS, provide a system of equations describing the stellar core. Here we follow Hajizadeh [70] and change variables from pressure and energy density, ε, to the chemical potential, μ, and express the pressure equation in terms of the total baryon chemical potential as


    d μ   d r   =   μ ( r )   m ( r ) + 4 π  r 3  p ( r )     r   r − 2 m ( r )      



(19)




to examine the radial dependence in the interior of the stellar core. These equations represent a system of equations that can be solved numerically; however, to compare to the MIT Bag model, there is a stability requirement on the bag constant when strange matter is present. We will utilize the Franzon stability requirement to constrain values of the bag constant, 30 MeV/fm3 < B < 75.5 MeV/fm3, to compare the MIT bag model to the VDW model. There is also a constraint on the maximum mass for a given radius, requiring the core to not form a Schwarzschild black hole (R < 2 M or, in terms of compactness, C = M/R < 0.3). To incorporate the bag constant constraint, we solve the TOV equations with the MIT bag model EoS at the two limits and then identify a chemical potential value that gives the same mass radius curve. These curves are identified in Figure 3.



Solving the TOV equations numerically for a sample stellar core results in a class of curves similar to the one shown in Figure 3. Likewise, plotting the mass-radius parametrization gives limiting curves, as seen in Figure 3, where three curves exhibiting the maximum mass and radius are given the MIT bag model constraints. The hexaquark chemical potential values for the mixed states indicate a more complex phase-change structure, especially for the non-color-singlet states.




4. Conclusions


We have investigated the chemical potential of the hexaquark using a phase changing multicomponent van der Waals equation of state within the context of high-density nuclear matter in the core of a cold beta equilibrium system. In particular, we have examined different internal quark clustering models of the hexaquark that involve diquark and triquark states that may not be in a color-singlet combination and simple mixtures of these states. This leads to different color factors to describe the different color force interaction strengths. Such differences can be approximately modeled in the multicomponent VDW EoS by using the mixing parameter for pairwise interactions that obey the VDW mixing rule. As a result, different hexaquark internal structure arrangements will give different values for the magnitude of the chemical potential of the hexaquark as shown in Table 4.



Our results are similar to Eduardo [71] and Kang [72], where they examined QCD EoS in compact stellar cores and analyzed chiral chemical potential limits associated with maxima in stellar mass values. Our values are closer to the chemical potential of Lopes in the Maxwell construction, assuming charge neutrality to establish lepton number densities for the stable values of the bag constant [73]. Here we find that, in comparison, the VDW model overestimates the magnitude of the chemical potential but does give a maximum limit for the hexaquark case, indicating they could form in a specific type of compact stellar core. In the TOV representation with a VDW EoS of a compact core, stability bounds, causality limits, and black hole formation all constrain the range of the chemical potential or induce phase changes for hexaquarks that would result in a layering of the core. Our key result for the VDW EoS in the TOV framework with a cold beta equilibrium system is that, for chemical potentials 700 MeV > μ > 1340 MeV with 1.73 > M/MSolar > 2.37 and 10.3 km > R > 11.9 km, there is no single state pure hexaquark core that remains stable without a phase transition. However, the mixed states of correlated diquarks and triquarks can cluster to form layers of increasing chemical potential towards the center of the star. This analysis did not include any boson- or color-superconducting formation properties which would soften the EoS in a fashion similar to a phase transition, but which allow for much higher chemical potentials (μ > 1400 MeV [74]) and include features we are now exploring. As higher resolution multispectral observations improve, it will soon be possible to begin to determine the nature of the interior of high-density neutron stars and or quark star candidates such as GW 170817 [75].







Author Contributions


Formal analysis: K.A., E.V.S. and K.A.A.; methodology: K.A., E.V.S. and K.A.A.; investigation: K.A., E.V.S. and K.A.A.; final analysis, numerical solutions, and visualization: K.A., E.V.S. and K.A.A.; writing—original Draft: K.A., E.V.S. and K.A.A.; writing—review and editing: K.A., E.V.S. and K.A.A. All authors have read and agreed to the published version of the manuscript.




Funding


This research received no external funding.




Data Availability Statement


Not applicable.




Acknowledgments


The authors wish to thank Western Kentucky University, Schlarman Academy for their kind support throughout the work on this project. All plots and numerical solutions were generated in Mathematica and the insightful and helpful comments from anonymous referees.




Conflicts of Interest


The authors declare no conflict of interest.




References


	



Liu, Y.-R.; Chen, H.-X.; Chen, W.; Liu, X.; Zhu, S.-L. Pentaquark and tetraquark states. Prog. Part. Nucl. Phys. 2019, 107, 237–320. [Google Scholar] [CrossRef]

	



Chen, H.-X.; Chen, W.; Liu, X.; Zhu, S.-L. The hidden-charm pentaquark and tetraquark states. Phys. Rep. 2016, 639, 1–121. [Google Scholar] [CrossRef]

	



Marek, K.; Lipkin, H.J. A diquark–triquark model for the KN pentaquark. Phys. Lett. B 2003, 575, 249–255. [Google Scholar]

	



Glennys, R.F. Stable sexaquark. arXiv 2017, arXiv:1708.08951. [Google Scholar]

	



Andrew, K.; Lieber, M. Color vector potential effects on the glueball mass spectrum. Nuovo Cim. A 1989, 101, 297–306. [Google Scholar] [CrossRef]

	



Guang-Juan, W.; Meng, L.; Zhu, S.-L. Spectrum of the fully-heavy tetraquark state Q Q Q′ Q′. Phys. Rev. D 2019, 100, 96013. [Google Scholar]

	



Narodetskii, I.M.; Simonov, Y.A.; Veselov, A.I. Diquark and triquark correlations in the deconfined phase of QCD. JETP Lett. 2009, 90, 232. [Google Scholar] [CrossRef]

	



Jaffe Robert, L. Perhaps a stable dihyperon. Phys. Rev. Lett. 1977, 38, 195. [Google Scholar] [CrossRef]

	



Hungchong, K.; Kim, K.S.; Oka, M. Hexaquark picture for d*(2380). Phys. Rev. D 2020, 102, 74023. [Google Scholar]

	



ManYing, P.; Zhu, X.; Ping, J. Is d*(2380) a compact hexaquark state? arXiv 2023, arXiv:2301.03483. [Google Scholar]

	



Yubing, D.; Shen, P.; Zhang, Z. d*(2380) in a chiral constituent quark model. Prog. Part. Nucl. Phys. 2023, 104045, in press. [Google Scholar]

	



Farrar Glennys, R. A Stable Sexaquark: Overview and Discovery Strategies. arXiv 2022, arXiv:2201.01334. [Google Scholar]

	



Shahrbaf, M.; Blaschke, D.; Typel, S.; Farrar, G.R.; Alvarez-Castillo, D.E. Sexaquark dilemma in neutron stars and its solution by quark deconfinement. Phys. Rev. D 2022, 105, 103005. [Google Scholar] [CrossRef]

	



Yan-Jun, G.; Lai, X.-Y.; Xu, R.-X. A corresponding-state approach to quark-cluster matter. Chin. Phys. C 2014, 38, 55101. [Google Scholar]

	



Peng-Cheng, C.; Jiang, Y.-Y.; Liu, H.; Zhang, Z.; Zhang, X.-M.; Li, X.-H. Quark star matter at finite temperature in a quasiparticle model. Eur. Phys. J. C 2021, 81, 569. [Google Scholar]

	



Germán, L. From quark drops to quark stars: Some aspects of the role of quark matter in compact stars. Eur. Phys. J. A 2016, 52, 53. [Google Scholar]

	



Allen, P.; Cole, G.H.A. Dense fluid non-equilibria and the Prigogine theory. Mol. Phys. 1968, 14, 413–424. [Google Scholar] [CrossRef]

	



Vera, J.H.; Prausnitz, J.M. Generalized van der Waals theory for dense fluids. Chem. Eng. J. 1972, 3, 1–13. [Google Scholar] [CrossRef]

	



Ilya, P. Molecular Theory of Solutions; North Holland Pub. Co.: New York, NY, USA, 1957. [Google Scholar]

	



Paul, J.F.; Abe, A. Statistical thermodynamics of mixtures of rodlike particles. 1. Theory for polydisperse systems. Macromolecules 1978, 11, 1119–1122. [Google Scholar]

	



Patterson, D.; Delmas, G. Corresponding states theories and liquid models. Discuss. Faraday Soc. 1970, 49, 98–105. [Google Scholar] [CrossRef]

	



Chan, E.B.; Rah, K. Generic van der Waals equation of state and statistical mechanical representations of the van der Waals parameters. Phys. Rev. E 2001, 63, 31203. [Google Scholar] [CrossRef] [PubMed]

	



David, K. The Statistical Mechanical Derivation of the van der Waals Equation of State for a Multicomponent Fluid and Its Associated Thermodynamic Properties. Chemical Engineering, UTK. 2005. Available online: http://www.utkstair.org/clausius/docs/che330/pdf/vdw_statmech_multicomponent.pdf (accessed on 15 November 2022).

	



Vovchenko, V.; Anchishkin, D.V.; Gorenstein, M.I. Van der Waals equation of state with Fermi statistics for nuclear matter. Phys. Rev. C 2015, 91, 64314. [Google Scholar] [CrossRef]

	



Volodymyr, V.; Gorenstein, M.I.; Stoecker, H. van der Waals interactions in hadron resonance gas: From nuclear matter to lattice QCD. Phys. Rev. Lett. 2017, 118, 182301. [Google Scholar]

	



Volodymyr, V.; Motornenko, A.; Alba, P.; Gorenstein, M.I.; Satarov, L.M.; Stoecker, H. Multicomponent van der Waals equation of state: Applications in nuclear and hadronic physics. Phys. Rev. C 2017, 96, 45202. [Google Scholar]

	



Poberezhnyuk, R.V.; Vovchenko, V.; Gorenstein, M.I.; Stoecker, H. Noncongruent phase transitions in strongly interacting matter within the quantum van der Waals model. Phys. Rev. C 2019, 99, 24907. [Google Scholar] [CrossRef]

	



Vladimir, D.; Folomeev, V.; Ramazanov, T.; Kozhamkulov, T. Thermodynamics and statistical physics of quasiparticles within the quark–gluon plasma model. Mod. Phys. Lett. A 2020, 35, 2050194. [Google Scholar]

	



Bo-Qiang, M.; Zhang, Q.-R.; Rischke, D.H.; Greiner, W. Finite volume effect of nucleons and the formation of the quark-gluon plasma. Phys. Lett. B 1993, 315, 29–33. [Google Scholar]

	



Miao, H.; Chong-Shou, G.; Peng-Fei, Z. Volume effect of bound states in quark-gluon plasma. Commun. Theor. Phys. 2006, 46, 1040. [Google Scholar]

	



Hagerdorn, R.; Rafelski, J. From Hadron Gas to Quark Matter; 1. No. CERN-TH-2947; CERN: Geneva, Switzerland, 1980. [Google Scholar]

	



Lugones, G.; Horvath, J.E. Quark–diquark matter equation of state and compact star structure. Int. J. Mod. Phys. D 2003, 12, 495–507. [Google Scholar] [CrossRef]

	



Kent, Y.; Yunes, N. Approximate universal relations for neutron stars and quark stars. Phys. Rep. 2017, 681, 1–72. [Google Scholar]

	



Heinz, U. From SPS to RHIC: Breaking the barrier to the quark-gluon plasma. AIP Conf. Proc. 2001, 602, 281–292. [Google Scholar]

	



Emerick, A.; Zhao, X.; Rapp, R. Bottomonia in the quark-gluon plasma and their production at RHIC and LHC. Eur. Phys. J. A 2012, 48, 72. [Google Scholar] [CrossRef]

	



Teaney, D.; Lauret, J.; Shuryak, E.V. Flow at the SPS and RHIC as a quark-gluon plasma signature. Phys. Rev. Lett. 2001, 86, 4783–4786. [Google Scholar] [CrossRef] [PubMed]

	



Pandav, A.; Mallick, D.; Mohanty, B. Search for the QCD critical point in high energy nuclear collisions. Prog. Part. Nucl. Phys. 2022, 125, 103960. [Google Scholar] [CrossRef]

	



Gordon, B.; Hatsuda, T.; Kojo, T.; Powell, P.D.; Song, Y.; Takatsuka, T. From hadrons to quarks in neutron stars: A review. Rep. Prog. Phys. 2018, 81, 56902. [Google Scholar]

	



Yakovlev, D.G.; Pethick, C.J. Neutron star cooling. Annu. Rev. Astron. Astrophys. 2004, 42, 169–210. [Google Scholar] [CrossRef]

	



Kent, Y.; Yunes, N. I-Love-Q: Unexpected universal relations for neutron stars and quark stars. Science 2013, 341, 365–368. [Google Scholar]

	



Keith, A.; Andrew, K.; Brown, R.; Thornberry, B.; Harper, S.; Steinfelds, E.; Roberts, T. A QCD Model of the Chemical Potential Kaon Boundary Formation for a Compact Quark Star. Bull. Am. Phys. Soc. 2016, 61, 29. [Google Scholar]

	



Sedaghat, J.; Zebarjad, S.M.; Bordbar, G.H.; Panah, B.E. Structure of magnetized strange quark star in perturbative QCD. Phys. Lett. B 2022, 829, 137032. [Google Scholar] [CrossRef]

	



Keith, A.; Steinfelds, E.V.; Andrew, K.A. Cold Quark–Gluon Plasma EOS Applied to a Magnetically Deformed Quark Star with an Anomalous Magnetic Moment. Universe 2022, 8, 353. [Google Scholar]

	



Zacharias, R.; Panotopoulos, G.; Lopes, I. QCD color superconductivity in compact stars: Color-flavor locked quark star candidate for the gravitational-wave signal GW190814. Phys. Rev. D 2021, 103, 83015. [Google Scholar]

	



Luiz, L.L.; Biesdorf, C.; Marquez, K.D.; Menezes, D.P. Modified MIT Bag Models—Part II: QCD phase diagram and hot quark stars. Phys. Scr. 2021, 96, 65302. [Google Scholar]

	



Gordon, B.; Furusawa, S.; Hatsuda, T.; Kojo, T.; Togashi, H. New neutron star equation of state with quark–hadron crossover. Astrophys. J. 2019, 885, 42. [Google Scholar]

	



Mark, G.A.; Harris, S.P. β equilibrium in neutron-star mergers. Phys. Rev. C 2019, 98, 65806. [Google Scholar]

	



Hua, L.; Luo, X.-L.; Zong, H.-S. Bag model and quark star. Phys. Rev. D 2010, 82, 65017. [Google Scholar]

	



Chodos, A.J.R.L.; Jaffe, R.L.; Johnson, K.; Thorn, C.B.; Weisskopf, V.F. New extended model of hadrons. Phys. Rev. D 1974, 9, 3471. [Google Scholar] [CrossRef]

	



Kenneth, J. The MIT bag model. Acta Phys. Pol. B 1975, 6, 8. [Google Scholar]

	



Franzon, B.; Fogaça, D.A.; Navarra, F.S.; Horvath, J.E. Self-bound interacting QCD matter in compact stars. Phys. Rev. D 2012, 86, 65031. [Google Scholar] [CrossRef]

	



Lopez, O.; Durand, D.; Lehaut, G.; Borderie, B.; Frankland, J.D.; Rivet, M.F.; Bougault, R.; Chbihi, A.; Galichet, E.; Guinet, D.; et al. In-medium effects for nuclear matter in the Fermi-energy domain. Phys. Rev. C 2014, 90, 64602. [Google Scholar] [CrossRef]

	



Stuart L, S.; Teukolsky, S.A. Black Holes, White Dwarfs, and Neutron Stars: The Physics of Compact Objects; John Wiley & Sons: Hoboken, NJ, USA, 2008. [Google Scholar]

	



Jesse, F.G.; Lebed, R.F.; Peterson, C.T. The dynamical diquark model: Fine structure and isospin. J. High Energy Phys. 2020, 2020, 124. [Google Scholar]

	



Zhi-Gang, W. Fully-heavy hexaquark states via the QCD sum rules. arXiv 2022, arXiv:2201.02955. [Google Scholar]

	



Toshiki, M.; Chiba, S.; Schulze, H.-J.; Tatsumi, T. Hadron-quark mixed phase in hyperon stars. Phys. Rev. D 2007, 76, 123015. [Google Scholar]

	



Germán, L.; Mariani, M.; Ranea-Sandoval, I.F. Slow stable hybrid stars: A new class of compact stars that fulfills all current observational constraints. arXiv 2021, arXiv:2106.10380. [Google Scholar]

	



Dexheimer, V.; Torres, J.R.; Menezes, D.P. Stability windows for proto-quark stars. Eur. Phys. J. C 2013, 73, 1–11. [Google Scholar] [CrossRef]

	



Veronica, D.; Franzon, B.; Schramm, S. A self-consistent study of magnetic field effects on hybrid stars. J. Phys. Conf. Ser. 2017, 861, 12012. [Google Scholar]

	



David, A.F.; Franzon, B.; Navarra, F.S. Gluons in the stars. Int. J. Mod. Phys. E 2011, 20 (Suppl. S1), 183–188. [Google Scholar]

	



Reinhard, S.; Becattini, F.; Bleicher, M.; Steinheimer, J. The QCD phase diagram from statistical model analysis. Nucl. Phys. A 2019, 982, 827–830. [Google Scholar]

	



Hong, Z.; Liu, F.-H. Chemical potentials of quarks extracted from particle transverse momentum distributions in heavy ion collisions at RHIC energies. Adv. High Energy Phys. 2014, 2014, 742193. [Google Scholar]

	



Mario, C. Measuring μB at the LHC with ALICE. arXiv 2023, arXiv:2301.11091. [Google Scholar]

	



Kai, W. Quark-diquark potential and diquark mass from lattice QCD. Phys. Rev. D 2022, 105, 74510. [Google Scholar]

	



Ismail, Z.; Greiner, C.; Schaffner-Bielich, J. The order, shape and critical point for the quark–gluon plasma phase transition. Nucl. Phys. A 2007, 781, 150–200. [Google Scholar]

	



Particle Data Group; Workman, R.L.; Burkert, V.D.; Crede, V.; Klempt, E.; Thoma, U.; Tiator, L.; Gashe, A.K.; Aielli, G.; Allanach, B.C.; et al. Review of particle physics. Prog. Theor. Exp. Phys. 2022, 2022, 83C01. [Google Scholar]

	



Jesse, F.G.; Lebed, R.F.; Martinez, S.R. Spectrum of hidden-charm, open-strange exotics in the dynamical diquark model. Phys. Rev. D 2021, 104, 54001. [Google Scholar]

	



Abhijit, B.; Mishustin, I.N.; Greiner, W. Deconfinement phase transition in compact stars: Maxwell versus Gibbs construction of the mixed phase. J. Phys. G Nucl. Part. Phys. 2010, 37, 25201. [Google Scholar]

	



Vahagn, A.; Alvarez-Castillo, D.; Ayriyan, A.; Blaschke, D.; Grigorian, H. Two novel approaches to the Hadron-Quark mixed phase in compact stars. Universe 2018, 4, 94. [Google Scholar]

	



Hajizadeh, O.; Maas, A. A G2-QCD neutron star. arXiv 2016, arXiv:1609.06979. [Google Scholar]

	



Eduardo, S.F.; Pisarski, R.D.; Schaffner-Bielich, J. Small, dense quark stars from perturbative QCD. Phys. Rev. D 2001, 63, 121702. [Google Scholar]

	



Li-Kang, Y.; Luo, X.-F.; Segovia, J.; Zong, H.-S. A brief review of chiral chemical potential and its physical effects. Symmetry 2020, 12, 2095. [Google Scholar]

	



Luiz, L.L.; Biesdorf, C.; Menezes, D.P. Hypermassive quark cores. Mon. Not. R. Astron. Soc. 2022, 512, 5110–5121. [Google Scholar]

	



Blaschke, D.; Hanu, E.-O.; Liebing, S. Neutron stars with crossover to color superconducting quark matter. Phys. Rev. C 2022, 105, 35804. [Google Scholar] [CrossRef]

	



David, R.; Dai, L. Multimessenger parameter estimation of GW170817. Eur. Phys. J. A 2019, 55, 50. [Google Scholar]








[image: Particles 06 00031 g001 550] 





Figure 1. (a) The chemical potential in terms of the dimensionless thermodynamic variable μ/T as a function of temperature with increasing mass values; using our extrema and midpoint, the masses are: m1 = 2.3 GeV, m2 = 1.4 GeV, and m3 = 509 MeV and (b) chemical potential isotherms near the critical point exhibt the spinodal and metastable regions characteristic of a VDW EoS for two different mass values. The spinodal points are the local extrema of each curve. 
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Figure 2. (a) The variation in the speed of sound squared with temperature for the 3-diquark, hexaquark, and 2-triquark cases for the VDW and the ideal gas law EoS compared to the MIT bag model. (b) The variation in the speed of sound with density for the hexaquark, diquark and triquark cases for the VDW and ideal gas law EoS compared to the MIT bag model. 
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Figure 3. Chemical Potential vs radius inside a TOV star. In (a) the chemical potential as a function of radius is given for a 2 M star with the hexaquark threshold lines with the hexaquark, diquark, and mixed states shown. In (b) we numerically solve the chemical potential-modified TOV equations, Equations (18) and (19), showing the maximum mass for the hexaquark, diquark, and triquark systems and indicating their respective chemical potentials. 






Figure 3. Chemical Potential vs radius inside a TOV star. In (a) the chemical potential as a function of radius is given for a 2 M star with the hexaquark threshold lines with the hexaquark, diquark, and mixed states shown. In (b) we numerically solve the chemical potential-modified TOV equations, Equations (18) and (19), showing the maximum mass for the hexaquark, diquark, and triquark systems and indicating their respective chemical potentials.



[image: Particles 06 00031 g003]







[image: Table] 





Table 1. Quark VDW constants from baryon, isospin, and strangeness chemical potentials.
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	Particle
	m [MeV]
	a [GeV−2]
	b [GeV−3]





	Up
	2.2
	0.0011
	0.00201



	Down
	4.7
	0.0012
	0.00217



	Strange
	93
	0.0037
	0.00683
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Table 2. Van der Waals constants for the diquark and triquark, as well as different representations of the internal structure of the hexaquark.
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	Particle
	m [MeV]
	a [GeV−2]
	b [GeV−3]





	Diquark (ud)
	509
	0.0098
	0.0182



	Diquark (ds)
	698
	0.0137
	0.0251



	Triquark (uds)
	2077
	0.0419
	0.0748



	Hexaquark (uuddss)
	2110
	0.0472
	0.0839



	3-diquarks (ud)(su)(ds)
	1883
	0.0518
	0.0914



	2-triquarks (uds)(uds)
	2324
	0.0566
	0.0987
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Table 3. The critical values for the temperature from Equation (4) and chemical potential at the critical temperature for different hexaquark internal structures.
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	Hexaquark Structure
	Tc [MeV]
	Pc [MeV/fm3]
	nc [fm−3]
	μc [MeV]





	Hexaquark
	166.7
	429.1
	2.29
	2703.9



	3-diquarks
	167.9
	396.8
	2.11
	2720.5



	2-triquarks
	169.9
	371.8
	1.95
	2667.8



	Mixed: Diquark-hexaquark: k12 = 0, mixing 1:1
	151.9
	602.0
	3.54
	1125.8



	k12 = 0, mixing 2:1
	150.0
	725.0
	4.32
	1881.2



	k12 = 0.5 = k21, mixing 1:1
	117.3
	465.0
	3.54
	924.0



	k12 = 0.5 = k21, mixing 2:1
	112.6
	544.0
	4.31
	1465.8



	Mixed Triquark-hexaquark: k12 = 0, mixing 1:1
	166.2
	452.4
	2.43
	811.7



	k12 = 0 = k21, mixing 2:1
	166.1
	460.9
	2.47
	858.7



	k12 = 0.5 = k21, mixing 1:1
	124.7
	339.4
	2.43
	669.8



	k12 = 0.5 = k21, mixing 2:1
	128.5
	356.5
	2.48
	714.3










[image: Table] 





Table 4. The maximum mass and radius values that give the maximum compactness for different quark combinations corresponding to hexaquark internal structure with chemical potentials from Equation (9), where a Schwarzschild black hole has a compactness of 0.5.
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	Quark Configuration
	Mass [M/Mꙩ]
	Radius [km]
	Compactness





	3-diquarks
	2.05
	11.9
	0.172



	2-triquarks
	2.09
	10.3
	0.202



	Hexaquarks
	2.16
	11.2
	0.192



	Diquark:Hexaquark

k12 = 0.5 1:1
	1.64
	12.1
	0.136



	k12 = 0.5 2:1
	1.58
	12.8
	0.078



	Triquark:Hexaquark

k12 = 0.5 1:1
	1.73
	11.6
	0.149



	k12 = 0.5 2:1
	1.85
	11.3
	0.164
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