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Abstract

:

Power- and signal- cable attachments have a significant impact on the vibrations of space structures. Recent works show the importance of having an analytical model to gain physical insight into the influence of cabling on the dynamics of host structures. The models in the literature focus mainly on pure bending vibrations and ignore the effect of coupling between different coordinates. Recently, the authors demonstrated the importance of modeling the coupling effects in cable-harnessed (CH) beams with straight and periodic wrapping patterns. In real-life situations, the cable attachment patterns are mostly non-periodic, and the cables are also attached to host structures that consist of a combination of several harness elements of same (homogenous) or different (non-homogenous) material properties. Hence, the fully coupled vibration model developed in this article is the first to analyze the vibrations of homogenous and non-homogenous CH beams with non-periodic wrapping patterns. The Frequency Response Functions (FRFs) of the developed model are compared with experiment FRFs in the case of the homogenous non-periodic wrapping pattern. The study shows that the coupling effects are pronounced in non-periodic wrapped CH beams, and the advantage of developing the coupled model over the decoupled model is shown through experimental validation.
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1. Introduction


Research on the influence of cabling on the dynamics of space structures has received increased attention in recent years. Power- and signal- cable harnesses account for a significant percentage of the total mass of these structures [1]. Hence, the cable harness is found to alter the vibratory behavior of space structures. Additionally, it is difficult to experimentally determine the effect of cable attachments before the structure is launched. As a result, it was deemed important to accurately model these effects, and the U.S. Air Force Research Laboratory (U.S. AFRL) [1,2,3] was the first research group to study the vibrations of cable-harnessed (CH) structures.



The goal of the U.S. AFRL included development of the Finite Element Model (FEM) and experimental techniques to study the vibration characteristics of CH structures with straight cable patterns, with a focus on decoupled bending vibrations. Babuska et al. [1] developed experimentally validated FEM models to study the stiffness effect due to straight cable attachments on the CH beams. Robertson et al. [2] and Goodding et al. [3] developed experimental techniques such as cable attachment to host structures and continuous vibration models, respectively, to study the decoupled bending vibrations in beams attached with straight cables. Coombs et al. [4] further expanded the research to analyze the vibrations of cable-harnessed panels using experiments. Kauffmann et al. [5,6] experimentally characterized the damping effects in standalone thick cables. The mentioned studies conclude that further analytical modeling is essential to properly understand the dynamic effects of cabling. Later, Spak et al. [7,8] developed analytical models and incorporated stiffness and damping effects in structures with straight cable patterns. The Distributed Transfer Function Method (DTFM) was also developed to accurately study the dissipation effect in CH structures across several bending modes. The works described so far further emphasize the importance of developing an analytical model to gain a physical understanding of the vibrations of CH structures. The primary purpose of formulating an accurate analytical model is to design high-fidelity control systems for the space structures. Additionally, an analytical model helps to obtain better physical insight into system dynamics when compared to the standard practice of using commercially available FEM models in the industry.



The mathematical models used by the U.S. AFRL consider the straight cable attachment pattern. However, the cables can be attached in a more complex manner, for example, they can be wrapped around the structure. To understand the dynamics of such structures, our research group developed low-order analytical models by considering periodic cable harnessing patterns. Martin and Salehian [9,10] developed experimentally validated models to analyze the pure bending vibrations of periodic CH beams. They assumed that the cable had pre-tension and that it applied a pre-compressive force on the host beam. Higher-order strain-displacement relations were developed, [9], and the model was experimentally validated [10]. The models developed by Martin and Salehian [9,10], however, ignored damping due to the cables, which was later introduced by Agrawal and Salehian [11], primarily for predicting accurate amplitudes in the frequency response in the resonant frequency region. In the studies described so far [9,10,11], the models ignore the effect of coordinate coupling.



Yerrapragada and Salehian [12,13] developed an experimentally validated vibration model that considers coordinate coupling in CH beams with straight and periodic wrapping patterns. It was reported that as the cabling on the beam increases, the coupling effect becomes significant and cannot be ignored. Earlier, in the experimental investigations by Martin and Salehian [10], the coupling effects were negligible due to the lower number of cables harnessed in their study. These studies primarily considered periodic wrapping patterns to study the dynamics of CH beams. In one of their recent works, Martin and Salehian [14] studied the decoupled vibrations of CH beams with a non-periodic wrapping pattern. The study was confined only to vibrations in the out-of-plane bending (OP) coordinate of the beam structure. It must be noted that wrapping the cable in a non-periodic manner is a more general case related to space structure cable-harnessing [1,4,7] than the straight and periodic wrapping cases.



In the above-mentioned studies, small vibration levels are considered. For small amplitudes, the linear assumptions hold true, and it can be assumed that the cable stays in contact in host structure. The CH structures for small vibration levels are analogous to the composite structures. In composites, the fibers are often aligned in different patterns in the matrix, depending on the directional strength requirements. Several vibration studies [15,16,17] on composite beams consider the coupling between the out-of-plane bending, torsion, and in-plane bending coordinates. Coupling in composites is due to the fibers’ material and their orientation. Ref. [18] demonstrates the significant differences in natural frequencies of coupled and decoupled models in composite beam vibrations. In practical CH structures related to space applications, the cables can be wrapped around the host structure in several periodic and non-periodic configurations. So, different elements of the CH structure can have different combinations of cable- and host-structure properties (geometric and material properties). However, in the studies published so far, the analytical models are limited to homogenous host structures in a periodic pattern. The investigation of coupling effects of CH beams with non-periodic pattern is an existing gap in the literature.



In the current paper, a generalized analytical model is developed to analyze the fully coupled vibrations of CH beams with both homogenous and non-homogenous host structures wherein the cable is harnessed in a non-periodic manner. The pattern consists of multiple fundamental elements, each comprising a diagonal cable section and a lumped-mass cable section. In structures with more cables and fewer fundamental elements, the effect of coupling will be more significant [13,19]. The coupling also depends on the material properties of the host structure and the cable. The coupling effects in the non-homogenous structures are found to be higher when compared to the homogenous structures for the considered different material properties in each fundamental element. Consideration of the combination of the coupling effects, non-periodic wrapping pattern, and non-homogenous host structures makes the developed model more generic for studying the vibrations of CH beams. Due to multiple non-periodic fundamental elements, the energy-equivalent homogenization technique developed by Martin and Salehian [9] for periodic CH beams cannot be used. Continuity conditions are applied at the interface of each fundamental element involving all the coordinates of motion to make the problem tractable. Finally, for homogenous host structures, the results obtained from the theoretical studies are validated using experiments.



In Section 2, the coupled PDEs for the CH beam with a non-periodic cable attachment pattern are presented. In Section 3, theoretical analysis is performed on both homogenous and non-homogenous CH beams. The FRF characteristics of the developed model are compared and analyzed with respect to the experiment FRF in the case of a non-periodic wrapped CH beam with a homogenous host structure. Experimental mode shapes for the torsion and in-plane bending (IP) modes are also presented to confirm their identities.




2. Mathematical Modeling


In Section 2, the CH beam system is described. First, the strain energies and kinetic energies (SE and KE) are obtained from the stress and strain tensors. Second, fully coupled PDEs are presented along with the procedure to obtain the natural frequencies.



2.1. Derivation of Strain and Kinetic Energies


The CH beam with the non-periodic cable attachment is shown in Figure 1a in the global coordinate system   − x y z  . A fundamental wrapping element of the full system is shown in Figure 1b along with the local coordinate system   − η y z  . Each wrapping element contains a diagonal cable part and a lumped-mass cable part at the end of each fundamental element. The wrapping angle is different in each element. This represents a more realistic case of cable attachment pattern than the periodic wrapping patterns previously studied by the authors [19]. The system shown in Figure 1b represents a homogenous cable harnessed structure where each fundamental element has the same material properties for the beam and cable. For the most generalized case, each fundamental of the host structure and cable have different material properties, and they are referred to as cable-harnessed structures with a non-homogenous host structure and non-homogenous cables. The following derivations are performed for the most generalized case.



The coordinates are defined as axial   u   x , t    , in-plane bending (IP)   v   x , t    , out-of-plane bending (OP)   w   x , t    , and torsion   θ   x , t    . The displacements of an ith element are denoted by    u i    η , t   ,  v i    η , t   ,  w i    η , t   ,   and    θ i    η , t     (refer to Figure 1b). The model assumptions are as follows [13,20]:




	
The cable will be in pre-tension during harnessing and remains in tension during structural vibrations.



	
The cable pre-tension, T, results in a pre-compressive load on the beam.



	
The cable remains attached to the beam during vibrations; friction between the beam and cable is ignored.



	
The cable strains are the same as that of the top fiber of the beam.








The second-order displacement field involving all the degrees of freedom using Euler–Bernoulli theory is shown in Equation (1) [9,21]:


   X   x , y , z , t   = u − y    ∂ x  v − z    ∂ x  w    Y   x , y , z , t   = v −  y  2 !        ∂ x  v    2  − z θ −  y  2 !    θ 2     Z   x , y , z , t   = w −  z  2 !        ∂ x  w    2  + y θ −  z  2 !    θ 2    



(1)




  X   x , y , z , t    ,   Y   x , y , z , t     and   Z   x , y , z , t     are the displacement components for all points of the beam of the given coordinates. To develop a fully coupled vibration model, consideration of all the coordinates in the displacement field is important.    ∂ x  =  ∂  ∂ x    . The Green–Lagrange strain tensor is given by Equations (2)–(4), respectively [9,21,22]:


     ε  x x     =  ∂ x  X +  1 2       ∂ x  X    2  +  1 2       ∂ x  Y    2  +  1 2       ∂ x  Z    2       =    ∂ x  u − y    ∂  x x   v − z    ∂  x x   w        +  1 2  [      ∂ x  u − y    ∂  x x   v − z    ∂  x x   w    2  +      ∂ x  v − z    ∂ x  θ    2       +      ∂ x  w + y    ∂ x  θ    2  ]    



(2)






    γ  x y   =  ∂ y  X +  ∂ x  Y +  ∂ x  X  ∂ y  X +  ∂ x  Y  ∂ y  Y +  ∂ x  Z  ∂ y  Z    = − z    ∂ x  θ + z    ∂ x  v    ∂  x x   w −  ∂ x  v    ∂ x  u + θ    ∂ x  w   



(3)






    γ  z x   =  ∂ z  X +  ∂ x  Z +  ∂ x  X  ∂ z  X +  ∂ x  Y  ∂ z  Y +  ∂ x  Z  ∂ z  Z    = y    ∂ x  θ + y    ∂ x  w    ∂  x x   v −  ∂ x  w    ∂ x  u − θ    ∂ x  v   



(4)




where    ε  x x     is the normal strain and    γ  x y     and    γ  z x     are the shear strains. The equations for the displacement field, the strain tensor, and the stress–strain relationship are used to arrive at the SE and KE of a fundamental element of the CH beam, employing the EB theory assumptions (Equations (5) and (6)).


      U i  =  1 2    ∫  0   l i         ∬     E  b i        ε  η η      b 2  +  G  b i        ε  η y      b 2  +  G  b i        ε  z η      b 2    d A     d η     +  1 2    ∫  0   l i       ∬   E  c i       T /  E  c i    A  c i   +  ε  η η     cos  2   ψ i  +  γ  η y   cos  ψ i  sin  ψ i     2  d A     d η   cos  ψ i        



(5)






   T i  =  1 2   ∫ 0   l i      ∬  ρ  b i       X ˙  2  +   Y ˙  2  +   Z ˙  2      d A   d η +  1 2    ∫  0   l i      ∬  ρ  c i       X ˙  2  +   Y ˙  2  +   Z ˙  2      d A     d η   cos  ψ i     



(6)







Here, superscript          ˙  =  ∂  ∂ t    .    A b    and    A c    are the areas of cross-section of the beam and the cable, respectively.    E  b i     and    E  c i     are the Young’s modulus of the beam and the cable for the    i  t h     fundamental element, respectively.    ρ  b i     and    ρ  c i     are the densities of the beam and the cable for the    i  t h     fundamental element, respectively.     G  b i     is the shear modulus of the beam for the    i  t h     fundamental element.  b  and  h  are the width and thickness of the beam. The    i  t h     fundamental element has the length    l i    and the wrapping angle is    ψ i  =   tan   − 1      b   l i       , where        ε  η η      b  = − T cos  ψ i  /  E  b i    A b  +  ε  η η     and        γ  η y      b  = − T sin  ψ i       b 2   4  −  y 2    / 2  G  b i    I  z z   +  γ  η y    ;        γ  η z      b  =  γ  η z     are the strains experienced by the beam. The SE contribution in a fundamental element due to the cable (   U  i c    ) and the beam (   U  i b    ) are shown in Equations (7) and (8), respectively:


       U  i c   =  1 2    ∫  0   l i      ∬  E  c i       T /  E  c i    A c  +  ε  η η     cos  2   ψ i  +  γ  η y   cos  ψ i  sin  ψ i     2  d A     d η   cos  ψ i          =  1 2    ∫  0   l i      ∬  E  c i        T 2     E  c i  2   A c 2    +  ε  η η  2    cos  4   ψ i  +  γ  η y  2    cos  2   ψ i    sin  2   ψ i  + 2  ε  η η     cos  2   ψ i  ( T /  E  c i    A c  )          + 2  γ  η y   cos  ψ i  sin  ψ i  ( T /  E  c i    A c  ) + 2  ε  η η    γ  η y     cos  3   ψ i  sin  ψ i    d A     d η   cos  ψ i         



(7)






       U  i b   =  1 2    ∫  0   l i        ∬    E  b i        ε  η η       b i  2  +  G  b i        ε  η y       b i  2  +  G  b i        ε  z η       b i  2    d A     d η             =  1 2    ∫  0   l i        ∬    E  b i       − T cos  ψ i  /  E  b i    A b  +  ε  η η      2  +  G  b i       − T sin  ψ i       b 2   4  −  y 2    / 2  G  b i    I  z z   +  γ  η y      2          +  G  b i        γ  z η      2    d A     d η      



(8)







Substituting the strain tensor Equations (2)–(4) in Equations (7) and (8) and neglecting terms with an order   ≥ 3  , we obtain the SE due to the cable and the beam, and the intermediate derivation step is shown in Appendix A Equations (A1) and (A2). The terms of strain energy expression with an order   ≥ 3   often result in non-linearities in the vibration model. Such higher-order terms are neglected, as the goal of this study is to investigate the linear vibrations. Our early study [9] on linear decoupled vibration of cable-harnessed structures emphasized the importance of using second-order displacement along with a Green–Lagrange strain tensor to obtain accurate frequency responses with respect to the experiment. Hence, a Green–Lagrange strain tensor is also used in this study. The total SE in an element can be obtained using    U i  =  U  i b   +  U  i c    . The final forms of the SE and KE in the fundamental element are shown in Equations (9) and (10):


   U i  =  1 2    ∫  0   l i    (   c ^   1 i        u i ′     2  +   c ^   2 i    η       v i ″     2  +   c ^   3 i        w i ″     2  +   c ^   4 i    η       θ i ′     2  + 2   c ^   5 i      u i ′       θ i ′    + 2   c ^   6 i      w i ″       θ i ′    + 2   c ^   7 i      u i ′       w i ″         + 2   c ^   8 i      v i ′       θ i ′    + 2   c ^   9 i      v i ′       w i ″    + 2   c ^   10 i    η     w i ″       v i ″    + 2   c ^   11 i    η     v i ″       θ i ′    + 2   c ^   12 i    η     u i ′       v i ″         + 2   c ^   13 i    η     w i ′       θ i ′    ) d η     



(9)






   T i  =  1 2    ∫  0   l i        k ^   1 i         u ˙  i     2  +   k ^   2 i         v ˙  i     2  +   k ^   3 i         w ˙  i     2  +   k ^   4 i    η        θ ˙  i     2    d η    



(10)




where superscript   (  ) ′  =  ∂  ∂ η   .   c ^   j i     and     k ^   j i     represent the SE and KE coefficient of the    i  t h     fundamental element where  j  is an index. The constant terms in Appendix A Equations (A1) and (A2) do not play any part in the vibration analysis, as the constant terms vanish when Hamilton’s principle is applied. The constant terms are not shown in the final strain energy. The terms   −   ∫  0   l i    T  z c  sin    ψ i      ∂ θ   ∂ η   d η  ,     ∫  0   l i    2 T cos    ψ i       y c   η     ∂ 2  v   ∂  η 2      d η   and     ∫  0   l i    2 T cos    ψ i      −  z c     ∂ 2  w   ∂  η 2      d η   in Appendix A Equation (A1) result in non-homogenous boundary conditions in the governing equations of motion, as shown in the previous works by our research group [9,10]. An appropriate choice of time-independent solution will convert the non-homogenous boundary condition into a homogenous one. The eigenvalue problem to obtain the natural frequencies remains unaffected due to this operation [9,10] and hence, those decoupled terms are omitted in the final strain energy expression, Equation (9). The coefficients of Equations (9) and (10) are presented in Equation (11). The developed model for the non-homogenous structure can be reduced to that of the homogenous structure by considering the same material properties for the beam (   ρ  b i   =  ρ b   ,     E  b i   =  E b  ,  G  b i   =  G b   ) and the cable (   ρ  c i   =  ρ c   ,     E  c i   =  E c   ) across all the fundamental elements.


     c ^   1 i   =  E  b i    A b  +  E  c i    A c    cos  3   ψ i       c ^   2 i    η  =  E  b i    I  z z   +  E  c i    A c       y c   η     2    cos  3   ψ i  + T      y c   η     2  cos  ψ i     −   T  I  z z   cos  ψ i     A b         c ^   3 i   =  E  b i    I  y y   +  E  c i    A c   z c 2    cos  3   ψ i  + T  z c 2  cos  ψ i  −   T  I  y y   cos  ψ i     A b         c ^   4 i    η  =  G  b i   J +  E  c i    A c   z c 2  cos  ψ i    sin  2   ψ i  + T        y c   η     2  +  z c 2    cos  ψ i     −   T J cos  ψ i     A b         c ^   5 i   = −  E  c i    A c   z c  sin  ψ i    cos  2   ψ i       c ^   6 i   =  E  c i    A c   z c 2  sin  ψ i    cos  2   ψ i       c ^   7 i   = −    E  c i    A c    cos  3   ψ i  + T cos  ψ i       z c       c ^   8 i   = − T cos  ψ i   z c       c ^   9 i   = T sin  ψ i   z c       c ^   10 i    η  =    E  c i    A c    cos  3   ψ i  + T cos  ψ i       y c   η   z c       c ^   11 i    η  =  E  c i    A c   z c   y c   η  sin  ψ i    cos  2   ψ i       c ^   12 i    η  = −    E  c i    A c    cos  3   ψ i  + T cos  ψ i       y c   η       c ^   13 i    η  = T cos  ψ i   y c   η       k ^   1 i   =  ρ  b i    A  b i   +    ρ  c i    A c    cos  ψ i         k ^   2 i   =  ρ  b i    A  b i   +    ρ  c i    A c    cos  ψ i         k ^   3 i   =  ρ  b i    A b  +    ρ  c i    A c    cos  ψ i         k ^   4 i    η  =  ρ  b i    I  x x   +    ρ  c i    A c    cos  ψ i           y c   η     2  +  z c 2      



(11)







   I  y y   = ∬  z 2    d A   and    I  z z   = ∬  y 2    d A  .   J = b  h 3     1 3  −   0.21 h  b    1 −    h 4    12  b 4         .    I  x x   =  I  y y   +  I  z z    . In Equations (9) and (10), it is observed that the coefficients     c ^   2 i   ,   c ^   4 i   ,   c ^   10 i   ,   c ^   11 i   ,   c ^   12 i    ,     c ^   13 i     and     k ^   4 i     are spatially variable. This would make it impossible to obtain an analytical solution, using the coupled PDEs, that will be obtained from the exact strain and kinetic energies of Equations (9) and (10). The variable coefficients in Equations (9) and (10) are averaged over the length of the element. The resulting SE and KE for a given element are shown in Equations (12) and (13):


   U  a i   =  1 2    ∫  0   l i    (  c  1 i        u i ′     2  +  c  2 i      η i         v i  ″      2  +  c  3 i        w i  ″      2  +  c  4 i        θ i ′     2  + 2  c  5 i      u i ′       θ i ′         + 2  c  6 i      w i ″       θ i ′    + 2  c  7 i      u i ′       w i ″    + 2  c  8 i      v i ′       θ i ′         + 2  c  9 i      v i ′       w i ″    ) d η     



(12)






   T  a i   =  1 2    ∫  0   l i       k  1 i         u ˙  i     2  +  k  2 i         v ˙  i     2  +  k  3 i         w ˙  i     2  +  k  4 i         θ ˙  i     2    d η    



(13)







In the case of non-periodic CH beams in this paper, the wrapping angle and, in some cases, the material properties vary from one element to the other. A homogenization approach developed by the authors before [19] cannot be applied in this case. As a result, continuity conditions at the interface of the two elements must be applied.




2.2. Solution to the Coupled Partial Differential Equations


Once the SE and KE of the element are obtained as described in Section 2.1, the energies of the CH system can be obtained as shown in Equations (A4) and (A5). Then, the Extended Hamilton’s principle [23,24]   δ   ∫    t 1     t 2       T  s y s t e m   −  U  s y s t e m     d t = 0   is applied to the entire system and is used to derive the fully coupled PDEs for the CH beam. The boundary conditions and continuity conditions at the interface are also derived, and are shown in Appendix A Equation (A7). From these equations, the eigenvalue problem is formulated. The constant-coefficient coupled PDEs are shown in Equations (14a)–(14d). The procedure to formulate the eigenvalue problem of these coupled PDE types is shown in our previous work [12,13].


   k  1 i      u ¨   i  −  c  1 i      ∂ 2   u i    ∂  x 2    −  c  5 i      ∂ 2   θ i    ∂  x 2    −  c  7 i      ∂ 3   w i    ∂  x 3    = 0  



(14a)






   k  2 i      v ¨   i  +  c  2 i      ∂ 4   v i    ∂  x 4    −  c  8 i      ∂ 2   θ i    ∂  x 2    −  c  9 i      ∂ 3   w i    ∂  x 3    = 0  



(14b)






   k  3 i      w ¨   i  +  c  3 i      ∂ 4   w i    ∂  x 4    +  c  6 i      ∂ 3   θ i    ∂  x 3    +  c  7 i      ∂ 3   u i    ∂  x 3    +  c  9 i      ∂ 3   v i    ∂  x 3    = 0  



(14c)






   k  4 i      θ ¨   i  −  c  4 i      ∂ 2   θ i    ∂  x 2    −  c  5 i      ∂ 2   u i    ∂  x 2    −  c  6 i      ∂ 3   w i    ∂  x 3    −  c  8 i      ∂ 2   v i    ∂  x 2    = 0  



(14d)




where    c  j i     and    k  j i     represent the SE and KE coefficient of the    i  t h     fundamental element. The final averaged coefficients are shown in Appendix A Equation (A3). The cable strain is evaluated at      y c   η  ,  z c    =   η tan  ψ i  −  b 2  ,  h 2     . The solution form of PDEs in Equations (14a)–(14d) is assumed to be Equation (15):


         u i    x , t          v i    x , t          w i    x , t          θ i    x , t         =        U i         V i         W i         Θ i         e   α i  x    e  j ω t    



(15)




where   j =   − 1    .



Substituting Equation (15) into Equations (14a)–(14d), we obtain:


  −  k  1 i    U i   ω 2  −  c  1 i    U i   α i 2  −  c  5 i    Θ i   α i 2  −  c  7 i    W i   α i 3  = 0  



(16a)






   −  k  2 i    V i   ω 2    +  c  2 i    V i   α i 4    −  c  8 i    Θ i   α i 2  −  c  9 i    W i   α i 3  = 0   



(16b)






  −  k  3 i    W i   ω 2  +  c  3 i    W i   α i 4  +  c  6 i    Θ i   α i 3  +  c  7 i    U i   α i 3  +  c  9 i    V i   α i 3  = 0  



(16c)






  −  k  4 i    Θ i   ω 2  −  c  4 i    Θ i   α i 2  −  c  5 i    U i   α i 2  −  c  6 i    W i   α i 3  −  c  8 i    V i   α i 2  = 0  



(16d)







The fixed end     x = 0     boundary conditions are shown in Equation (17):


   U 1   0  =  Θ 1   0  =  W 1   0  =   ∂  W 1    ∂ x    0  =  V 1   0  =   ∂  V 1    ∂ x    0  = 0  



(17)







The free end     x = l     boundary conditions are shown in Equations (18a)–(18f):


   c  1 n     ∂  U n    ∂ x   +  c  5 n     ∂  Θ n    ∂ x   +  c  7 n      ∂ 2   W n    ∂  x 2    +  m  14    ω 2   U n  = 0  



(18a)






   c  2 n      ∂ 2   V n    ∂  x 2    = 0  



(18b)






   c  2 n      ∂ 3   V n    ∂  x 3    −  c  9 n      ∂ 2   W n    ∂  x 2    −  c  8 n     ∂  Θ n    ∂ x   +  m  24    ω 2   V n  = 0  



(18c)






   c  3 n      ∂ 2   W n    ∂  x 2    +  c  6 n     ∂  Θ n    ∂ x   +  c  7 n     ∂  U n    ∂ x   +  c  9 n     ∂  V n    ∂ x   = 0  



(18d)






   c  3 n      ∂ 3   W n    ∂  x 3    +  c  6 n      ∂ 2   Θ n    ∂  x 2    +  c  7 n      ∂ 2   U n    ∂  x 2    +  c  9 n      ∂ 2   V n    ∂  x 2    +  m  34    ω 2   W n  = 0  



(18e)






   c  4 n     ∂  Θ n    ∂ x   +  c  5 n     ∂  U n    ∂ x   +  c  6 n      ∂ 2   W n    ∂  x 2    +  c  8 n     ∂  V n    ∂ x   +  m  44    ω 2   Θ n  = 0  



(18f)







In Equations (18a)–(18f), the lumped-mass expressions are shown in Appendix A Equation (A6). The continuity conditions for the coupled model at the interface,   x =  x i   —including the effect of all the coordinates, where the displacement, slope, moment, and shear are assumed to be continuous—are shown in Appendix A Equation (A7).



Converting Equations (16a)–(16d) into a matrix representation we obtain Equation (19):


       A i      4 X 4            U i         V i         W i         Θ i          4   X   1   =    0    4   X   1    



(19)




where [   A i   ] is given by


        −  c  1 i    α i 2  −  k  1 i    ω 2     0    −  c  7 i    α i 3      −  c  5 i    α i 2       0     c  2 i    α i 4  −  k  2 i    ω 2      −  c  9 i    α i 3      −  c  8 i    α i 2         c  7 i    α i 3       c  9 i    α i 3       c  3 i    α 4  −  k  3 i    ω 2       c  6 i    α i 3        −  c  5 i    α i 2      −  c  8 i    α i 2      −  c  6 i    α i 3      −  c  4 i    α i 2  −  k  4 i    ω 2         











By enforcing      A i     α i  ,   ω     = 0  , a non-trivial solution to Equation (19) is obtained. In Appendix A Equations (A8) and (A9), the determinant of co-factor elements gives the final spatial solution. The PDE solution can be written as Equation (20):


         u i    x , t          v i    x , t          w i    x , t          θ i    x , t         =   ∑   k = 1   12    d  k i          U  k i     α =  α  k i            V  k i     α =  α  k i            W  k i     α =  α  k i            Θ  k i     α =  α  k i            e   α  k i   x    e  j ω t    



(20)




where    d  k i     is a constant.



References [25,26,27] developed a matrix method to formulate the eigenvalue problem from continuity conditions in zigzag structures (energy-harvesting applications). The matrix method is advantageous as it results in smaller determinant values compared to the standard methods for coupled vibration systems [25]. Larger determinant values from the traditional methods make the frequency finding inaccurate, particularly for the higher modes. Substituting Equation (20) into the continuity conditions, Equation (A7), we obtain Equation (21):


     M   i           d  1  i         d  2  i        ⋯ ⋯      d  11  i         d  12  i           T  =    N    i + 1            d  1   i + 1          d  2   i + 1         ⋯ ⋯      d  11   i + 1          d  12   i + 1            T   



(21)







Applying this for all fundamental elements:


           d  1  n         d  2  n        ⋯      d  11  n         d  12  n           T  =    N   n     − 1      M    n − 1            d  1  1         d  2  1        ⋯      d  11  1         d  12  1           T   



(22)







Combining all the matrices, we obtain:


                 M  6 X 12      0             M  6 X 12      l       N  12 X 12      n     − 1        M  12 X 12       n − 1   … … .        ⏟    Q  ω             d  1  1         d  2  1        ⋯      d  11  1         d  12  1           T  =    0    12   X   1    



(23)







The frequency equation is obtained from the determinant     Q  ω    = 0   in Equation (23). The natural frequencies can be obtained graphically [13] by plotting     Q  ω      versus  ω . The system investigated in this paper is a practical CH beam which has well-defined natural frequencies. The matrix        N  12 X 12      i    is invertible for such systems, with a practical set of parameters. The procedure to obtain the frequency response function after including the effect of base excitation is included in Appendix A Equations (A10)–(A14).





3. Results and Discussion


In Section 3, the variation in natural frequencies of the CH beam due to changing the number of cables (   n c   ) is investigated. For sensitivity analysis, homogenous and non-homogenous host structures are selected. Vibration experiments are then performed on two different homogenous CH beams. The FRFs obtained from the proposed coupled model and experiment are analyzed.



3.1. Sensitivity Analysis for Homogenous and Non-Homogenous Cable-Harnessed Structures


In Section 3.1, the effect of varying    n c    on the first two OP modes is studied. The wrapping patterns of different systems considered in the theoretical study are shown in Figure 2. Each element has a diagonal cable section represented by a solid line and a lumped-mass section represented by a dotted line in Figure 2. The host structures considered in Figure 2a,b are homogenous. The beam and cable sections in each fundamental element have the same material properties. In Figure 2a, the wrapping pattern has the largest element closest to the clamp end of the cantilever. In Figure 2b, each element has a different cable wrapping angle.



The system parameters selected for the analysis of homogenous structures in Figure 2a,b are shown in column 2 of Table 1. In Figure 2c–f, the same wrapping patterns as Figure 2a,b are selected. In Figure 2c,d, the beam section in each fundamental element has different material properties. The cable has the same material properties in each fundamental element. The system parameters for Figure 2c,d are shown in column 3 of Table 1. In Figure 2e,f, the beam section in each element has different material properties. The cable section in each element is also assumed to have different material properties. The system parameters for Figure 2e,f are shown in column 4 of Table 1.



In Figure 3, the number of cables is varied on the x-axis. The effective cross-section area of the cables increases with the increase in the number of cables. The coupling coefficients also become stronger with an increase in the effective area of the cables. The ratio of the natural frequencies of the CH beam    ω g    (subscript denotes the    g  t h     mode) to the bare beam (   ω  b g    ) is plotted on the y-axis of Figure 3 (   ω g  /  ω  b g    ) for the first two OP modes. Initially, the frequencies of the respective bare beams (beams with no cable attachment) are determined.



For the homogenous host structure in Figure 3a,b, as    n c    increases, the frequencies of both the modes increase. A significant stiffening effect is observed for both modes. In Figure 3g, for the homogenous host structure with a periodic pattern (the same material and geometric parameters as column 2 of Table 1, along with the same wrapping angles), there is a significant stiffening effect like in the semi-periodic pattern case of Figure 3a. The developed generalized analytical model becomes more important when the CH structure has a non-periodic pattern. In more realistic cases of CH structures, the cables are attached in a non-periodic pattern where the material properties of the host structure and cable are different in different fundamental elements. Such cases are analyzed in Figure 3d–f. For the non-homogenous beam in Figure 3c, the frequencies of the two modes increase with    n c   . In Figure 3d, both modes show a stiffening effect. In addition, due to the vicinity of the node of the second mode to the lumped-mass section, a greater stiffening effect is observed for the second mode. Additionally, the node occurs near the element where the beam section has the lowest modulus and density. The mass effects for this case are lower, especially for the second mode.



System 1—homogenous host structure and homogenous cables; System 2—non-homogenous host structure and homogenous cables; System 3—with non-homogenous host structure and non-homogenous cables.



The case with a non-homogenous host structure and different cable properties across each element is shown in Figure 3e,f. Like the previous cases, we observe a stiffening effect in the case of the semi-periodic wrapping pattern. Additionally, with the increase in    n c   , the mass effects start to dominate for both the modes. The cable densities selected are higher for Figure 3e,f when compared to the cases of Figure 3a–d. In Figure 3f, like Figure 3d, we observe different levels of stiffening for both modes due to the node of the second mode being closer to the lumped-mass section. Due to the larger cable densities, mass effect is observed when only one cable is used, as the normalized frequency is less than one. The natural frequencies appear to approach a saturation value with the increase in the number of cables, after which it is expected to decrease due to the increase in mass effects.



This case study suggests that it is important to have a model that can consider the coupling effects in non-periodic pattern CH structures. The different natural frequency trends in Figure 3b–f, for non-periodic pattern cases, suggest different levels of mass, stiffness and coupling effects across the first two modes. The model developed in this article can be highly useful to predict the natural frequencies of CH beams where different fundamental elements have different material properties and variable wrapping angles. The coupling effects become very significant depending on the material parameters, the number of cables and the type of wrapping pattern. Hence, the development of a coupled model is highly essential for the systems with a non-periodic pattern.




3.2. Experimental Setup


In Section 3.2, experimental investigations of two samples—wrapping pattern 1 and wrapping pattern 2—were performed. The experimental setup of the structures is shown in Figure 4a. The non-periodic pattern is described earlier in Figure 2a,b, respectively. Wrapping patterns 1 and 2 will be referred to as samples 1 and 2, respectively. The system parameters of the two samples (wrapping patterns 1 and 2) are shown in Table 2. The cable material parameters were the same as in our previous experimental characterization studies [10,12].



First, very small notches were made on the host structure and pre-tensioned cables were wrapped in a non-periodic pattern. The cable pre-tension was applied with the help of modular weights, as shown in Figure 4a. After the wrapping process, the host structure was clamped at one end to a metal fixture and the modular weights were removed. The cantilevered structure was attached to a The Modal Shop 2075E electrodynamic shaker with the help of a metal fixture. The boundary condition considered for both of the samples was that of a cantilever. Once the wrapping was complete, the beam was fixed at one end and glue was applied at discrete cable locations. Cables attached at discrete locations to the beam constituted a more realistic setup of a CH beam (see previous research by the U.S. AFRL group [1,3]). The beams were made from Al 6061 alloy metal sheets. The cable considered was a Power Pro fishing line with a strength of 80 lb [12,14]. A Siemens LMS SCM 05 SCADAS was used to define the input profile to the shaker and process the measured experimental data. The shaker motion was controlled with The Modal Shop power amplifier 2050E09. The control accelerometer used was a PCB piezotronics 352A24. The schematic of the vibration experiment, along with the instruments, is shown in Figure 4b.



The non-contact displacement sensor used was a Polytec OFV-5000 laser vibrometer, which works on the principle of the Doppler effect. Harmonic base excitation was applied to the CH beams in the OP direction. The experiment settings were defined in the Siemens LMS Sine Control Module Software. The Sine Control Module also recorded and processed the data from the experiment. To identify the torsion and IP modes, experiment mode shapes were obtained. For the torsion-dominant mode, the structure was divided into three columns. One column was along the centerline, and the other two columns were along the two edges. The sensing location resolution was 1 cm along the length. Using the data captured along multiple sensing locations, the deflection shape of the structure was obtained by the Siemens LMS software at the torsional-dominant frequency. Similarly, to find the IP frequencies, the CH beam was excited using a PCB 086C01 impact hammer.




3.3. FRF Comparison between Theory and Experiment


In Figure 5, the FRF comparison between the coupled and decoupled models with respect to the experiment FRFs are presented. The coupled model assumes the CH beam is more flexible than the decoupled model. Therefore, the FRFs of coupled theory developed in this paper match better with the experiment than those of the decoupled theory model [14], demonstrating the importance of coupling in CH beams with a non-periodic pattern. In addition, some contribution to the improvement of the frequencies from the coupled theory results from the lumped mass enhancing the already-present coupling effects that occur due to the diagonal cable, and this coupling occurs to a greater extent at peak-curvature locations.



Further discussion on curvature analysis is presented in Section 3.4. In real-world systems with significant cabling, it is important to move towards the coupled model. Additionally, the cable attachments and wrapping are rarely periodic. Hence, developing a coupled vibration model for a non-periodic CH beam with different displacements for different beam-cable fundamental elements is highly useful.



The frequencies of the model and experiment are tabulated in Table 3 and Table 4 for samples 1 and 2, respectively. The decoupled model assumptions by Martin and Salehian [14] give larger errors with respect to the experiment than the coupled model. Overall, the OP- and torsion-dominant modes show good agreement with the experiment. In addition, for the first mode of sample 2, the error of the model is larger than the higher OP modes. At the first mode, there is a possibility that the assumption that the cable remains attached everywhere on the structure contributes to model inaccuracy. The IP modes show a larger error in Table 3 and Table 4 for both the samples, as the clamping force for the cantilevered structure is predominantly in the thickness direction. In the IP direction, the clamp is not perfectly rigid, so, the error is on the higher side for the IP modes. Overall, the FRF obtained from the coupled model shows a good match with respect to the experiment.




3.4. Curvature Analysis and Mismatched Modes


In Figure 5a, the coupled theory over-estimates the fifth mode frequency (fourth OP mode) for sample 1. The theory and experiment mode shapes are compared for modes 5 and 7 (fifth OP mode) in Figure 6a,b. To obtain the experiment mode shapes in the OP direction, the sensing is performed along the centerline with a location resolution of 0.5 cm. The node locations of OP modes 4 and 5 of the theory and experiment match well. Additionally, for sample 2 from Figure 5b, the theory under-predicts the sixth mode (fourth OP mode) and over-predicts the eighth mode (sixth OP mode). For sample 2, the mode shapes of the fourth, fifth and sixth OP modes from the theory match well with the experiment in Figure 6c–e. To obtain more insight into the mismatched modes for sample 1, the theoretical curvature        ∂ 2  W   ∂  x 2        is plotted for OP mode 4 (mismatched mode in FRF) and mode 5 (well-matched mode in FRF) in Figure 7a,b. The lumped-mass sections are represented by red dots in Figure 7 at the interface of the two elements. From Figure 7a, for the fourth OP mode, the second and the third peaks of the curvature are near the lumped-mass locations.



The first lumped-mass location is in the vicinity of the first curvature node. The bending stiffness of the structure is proportional to the curvature. For the mode represented in Figure 7a, the mass effect is higher as the two curvature peaks are closer to the lumped-mass locations.



Therefore, the frequency of this mode from the experiment is lower than the model frequency. In addition, some of the over-prediction from the model could also be due to the averaging approach to convert the variable coefficients into constant coefficients in Equations (9) and (10). In Figure 5b, for the fifth OP mode, the match between the theory and the experiment is good. At this mode, the three lumped-mass locations are away from the curvature peaks, so the significant mass effect observed in the fourth OP mode is not seen in the fifth OP mode.



For sample 2, the curvature plots are presented in Figure 7c–e. In Figure 7c, for the fourth OP mode, the lumped masses of the structure are near the curvature nodes. We expect larger stiffening for this mode experimentally. For the sixth OP mode, the shear effect of the cable will start to increase, which the model ignores. Because of the shear effect, the coupled model slightly over-predicts the sixth OP mode.



In addition, in sample 1, for the fourth OP mode, the peak locations of the curvature are closer to the lumped-mass locations. The presence of lumped masses near the curvature peaks enhances the coupling effect in the system. At higher modes, the number of curvature peaks increases, and the likelihood of curvature peak or node locations coinciding with the lumped-mass locations increases. This makes the coupled model highly important for the non-periodic cable-harnessed structures to accurately predict the frequencies than the decoupled model.




3.5. In-Plane-Bending- and Torsion-Dominant Experimental Mode Shapes


The experimental mode shapes for sample 1 of torsion- and IP-dominant modes are plotted in Figure 8a–c. As mentioned earlier in Section 3.2, to obtain these experiment mode shapes, the geometry of the experimental structures is first defined in the Siemens LMS Sine Control Module software. To obtain the torsion-dominant mode, the structure mesh is first divided into three columns (one centerline and two along the edges). Then, the geometry is meshed along the length for every 1 cm. For the several sensing locations, the motion of the structure is recorded for the torsion-dominant mode and the mode shapes obtained from the software. Similarly, to obtain the IP mode shapes, the geometry is defined along the line with 1 cm discretization in the software. The motion of the structure is obtained for several sensing locations in IP direction, and the software gives the IP mode shapes.



In the torsional-dominant mode (Figure 8a), two extreme points along the width have out-of-phase displacement. This can be observed near the free end of the beam. An IP-dominant mode has bending deformations in the X-Y plane (coordinates defined in Figure 8b). The corresponding theoretical mode shapes of sample 1 are shown in Appendix A Figure A1 to confirm their identities. In our previous work, [13], we explain the procedure to decide the mode shape dominance in a coupled system. We also observe sharp or small peaks associated with the IP mode in the experimental FRF of Figure 5a. Further, to accurately identify the IP mode, an impact test is performed. In Figure A3a, the FRF for the impact test is presented to obtain the IP frequencies. Similarly, the torsional- and IP-dominant experimental mode shapes for sample 2 are presented in Figure 8d–g, and the FRF from the impact test is presented in Figure A3b for the IP frequencies. The corresponding mode shapes from the theory for the torsion and IP modes are presented in Figure A2 for sample 2.





4. Conclusions


In this article, a fully coupled vibration model is developed to analyze CH beams with a non-periodic wrapping pattern. For the theoretical studies, both homogenous and non-homogenous structures were selected. In the theoretical studies, the number of cables was varied and their effect on the normalized coupled natural frequencies of both homogenous and non-homogenous structures was studied. It was observed that homogenous structures show a significant stiffening effect for the first two OP-dominant modes. In the non-homogenous host structure and the homogenous cable system, the stiffening effect is higher for a lower number of cables and the mass effects start to dominate as the number of cables increases. In non-homogenous host structures and non-homogenous cable systems, the natural frequencies tend to approach a saturation value due to the mass effect of the high-density cables in some of the fundamental element sections. In addition, for the wrapping pattern with the smallest element near the tip of the cantilever, the second mode shows a significantly greater stiffening effect than the first mode. This is due to the proximity of the node of the second mode to the lumped-mass cable section. The node occurs near the beam section, which has the lowest modulus and density. The theoretical study showed how variation in material properties and wrapping angles across different fundamental elements changes the natural frequencies.



Two samples with homogenous beam structures and homogenous cables were experimentally investigated. The FRF from the coupled model matched better with the experiment FRF than the decoupled FRF. The SE in the OP-dominant mode depended on the curvature. Employing the coupled model of this paper provided improvement in predicting the natural frequencies, especially for higher modes where the peak or node locations of the curvature were in the vicinity of lumped-mass locations. In real-world space structures, the amount of cable harnessing on the host structure is significant; they are mostly non-periodic and the host structures are non-homogenous. For such systems, it is advantageous to move towards a model that takes into consideration the material non-homogeneity, variable wrapping angles, and the coupling effects, to accurately predict the mass and stiffening effects due to cable harnessing.
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Nomenclature




	    A b  ,  A c    
	Cross-sectional area of the beam and the cable



	  b  
	Width of the beam



	  h  
	Thickness of the beam



	     c ^   k i     
	Strain energy coefficients for Euler–Bernoulli based model of ith fundamental element



	    c  k i     
	Strain energy coefficients for the constant coefficient model of ith fundamental element



	     k ^   1 i   −   k ^   4 i     
	Kinetic energy coefficients of ith fundamental element



	    k  1 i   −  k  4 i     
	Kinetic energy coefficients of the constant coefficient model of ith fundamental element



	  l  
	Length of the beam



	    n c    
	Number of cables



	    r c    
	Radius of the cable



	  T  
	Pre-tension of the cables



	    w b   t    
	Base excitation



	   x a   ,    x s   
	Actuation and sensing location



	   y c   η   ,    z c   
	y and z coordinates of the cable where strains are evaluated



	    ψ i    
	Wrapping angle of ith element



	    ω f    
	Excitation frequency



	    ω g    
	Natural frequency of the    g  t h     mode for cable-harnessed beam



	    ω  b g     
	Natural frequency of the    g  t h     mode for beam with no cable



	       b ,  ¯   h ¯      
	   =   b / 2 , h / 2     



	    l i    
	Length of ith fundamental element



	    ρ  b i   ,  ρ  c i     
	Beam and cable densities of ith fundamental element



	    E  b i   ,  E  c i     
	Beam and cable Young’s modulus of ith fundamental element



	    G  b i   ,  G  c i     
	Beam and cable shear modulus of ith fundamental element



	    m  1 i   ,  m  2 i   ,  m  3 i   ,  m  4 i     
	Lumped-mass effect due to the horizontal part of the cable in the axial, in-plane bending, out-of-plane bending and torsional directions of ith fundamental element



	   X , Y   a n d   Z   
	Displacement components at all points of the body of the beam



	    X ˙  ,  Y ˙    a n d    Z ˙    
	Velocity components at all points of the body of the beam








Appendix A


The intermediate derivation steps to obtain Equations (9) and (10) are shown below in Equation (A1). The higher-order terms (order   ≥ 3  ) are neglected in the strain energy.


   U  i c   =  1 2    ∫  0   l i    [     E  c i    A c    cos  3     ψ i    + T c o s    ψ i            ∂ u   ∂ η      2  +    E  c i    A c       y c   η     2   cos 3     ψ i    + T      y c   η     2  cos    ψ i             ∂ 2  v   ∂  η 2       2        +    E  c i    A c   z c 2    cos  3     ψ i    + T  z c 2  cos    ψ i             ∂ 2  w   ∂  η 2       2       +    E  c i    A c  cos    ψ i     sin 2     ψ i         z c     2  + T cos    ψ i           y c   η     2  +  z c 2            ∂ θ   ∂ η      2  + T cos    ψ i          ∂ v   ∂ η      2       + T cos    ψ i          ∂ w   ∂ η      2  + 2 T cos    ψ i       y c   η    ∂ w   ∂ η     ∂ θ   ∂ η   −  z c    ∂ v   ∂ η     ∂ θ   ∂ η          + 2    E  c i    A c   cos 3     ψ i    + T cos    ψ i        −  y c   η    ∂ u   ∂ η      ∂ 2  v   ∂  η 2    −  z c    ∂ u   ∂ η      ∂ 2  w   ∂  η 2    +  y c   η   z c     ∂ 2  v   ∂  η 2       ∂ 2  w   ∂  η 2           − 2  E  c i    A c    cos  2     ψ i    sin    ψ i     z c      ∂ u   ∂ η     ∂ θ   ∂ η   −  y c   η     ∂ 2  v   ∂  η 2      ∂ θ   ∂ η   −  z c     ∂ 2  w   ∂  η 2      ∂ θ   ∂ η          + 2 T sin    ψ i      −   ∂ u   ∂ η     ∂ v   ∂ η   +   ∂ w   ∂ η   θ +  z c    ∂ v   ∂ η      ∂ 2  w   ∂  η 2      − 2 T  z c  sin    ψ i      ∂ θ   ∂ η        + 2 T cos    ψ i        ∂ u   ∂ η   −  y c   η     ∂ 2  v   ∂  η 2    −  z c     ∂ 2  w   ∂  η 2      ] d η + Constant   Term + Higher   Order   Terms     



(A1)






       U  i b   =  1 2    ∫  0   l i    [    E  b i    A b  − T cos    ψ i            ∂ u   ∂ η      2  +    E  b i    I  z z   −   T cos    ψ i       I  z z        A b             ∂ 2  v   ∂  η 2       2               +    E  b i    I  y y   −   T cos    ψ i       I  y y        A b             ∂ 2  w   ∂  η 2       2  +    G  b i   J −   T J cos    ψ i       A b            ∂ θ   ∂ η      2  − T cos    ψ i          ∂ v   ∂ η      2               − T cos    ψ i          ∂ w   ∂ η      2  + 2 T sin    ψ i      ∂ u   ∂ η     ∂ v   ∂ η   − 2 T sin    ψ i      ∂ w   ∂ η   θ − 2 T cos    ψ i      ∂ u   ∂ η   ] d η              + Constant   Term + Higher   Order   Terms      



(A2)







The coefficients for the averaged strain energy and kinetic energy expressions, Equations (12) and (13), are as follows:


       c  1 i   =    ∫ 0   l i       E  b i    A b  +  E  c i    A c    cos  3   ψ i      d η      b  tan  ψ i        =  E  b i    A b  +  E  c i    A c    cos  3   ψ i         c  2 i   =    ∫ 0   l i       E  b i    I  z z   +  E  c i    A c       y c   η     2    cos  3   ψ i  + T      y c   η     2  cos  ψ i  −   T  I  z z   cos  ψ i     A b      d η      b  tan  ψ i              =  E  b i    I  z z   +  E  c i    A c      b ¯  2   3    cos  3   ψ i  + T     b ¯  2   3  cos  ψ i  −   T  I  z z   cos  ψ i     A b           c  3 i   =    ∫ 0   l i       E  b i    I  y y   +  E  c i    A c   z c 2    cos  3   ψ i  + T  z c 2  cos  ψ i  −   T  I  y y   cos  ψ i     A b      d η      b  tan  ψ i              =  E  b i    I  y y   +  E  c i    A c    h ¯  2    cos  3   ψ i  + T   h ¯  2  cos  ψ i  −   T  I  y y   cos  ψ i     A b           c  4 i   =    ∫ 0   l i       G  b i   J +  E  c i    A c   z c 2  cos  ψ i    sin  2   ψ i  + T        y c   η     2  +  z c 2    cos  ψ i  −   T J cos  ψ i     A b      d η      b  tan  ψ i              =  G  b i   J +  E  c i    A c   z c 2  cos  ψ i    sin  2   ψ i  + T         b ¯  2   3  +   h ¯  2    cos  ψ i  −   T J cos  ψ i     A b           c  5 i   =    ∫ 0   l i    −  E  c i    A c   z c  sin  ψ i    cos  2   ψ i    d η      b  tan  ψ i        = −  E  c i    A c   h ¯  sin  ψ i    cos  2   ψ i         c  6 i   =    ∫ 0   l i     E  c i    A c   z c 2  sin  ψ i    cos  2   ψ i    d η      b  tan  ψ i        =  E  c i    A c    h ¯  2  sin  ψ i    cos  2   ψ i         c  7 i   =    ∫ 0   l i    −    E  c i    A c    cos  3   ψ i  + T cos  ψ i     z c    d η      b  tan  ψ i        =    E  c i    A c    cos  3   ψ i  + T cos  ψ i     h ¯         c  8 i   =    ∫ 0   l i    − T cos  ψ i   z c    d η      b  tan  ψ i        = − T cos  ψ i   h ¯         c  9 i   =    ∫ 0   l i    T sin  ψ i   z c    d η      b  tan  ψ i        = T sin  ψ i   h ¯         k  1 i   =  k  2 i   =  k  3 i   =    ∫ 0   l i       ρ  b i    A b  +    ρ  c i    A c    cos  ψ i        d η      b  tan  ψ i        =    ρ  b i    A b  +    ρ  c i    A c    cos  ψ i             k  4 i   =    ∫ 0   l i       ρ  b i    I  x x   +    ρ  c i    A c    cos  ψ i           y c   η     2  +  z c 2          d η      b  tan  ψ i        =  ρ  b i    I  x x   +    ρ  c i    A c    cos  ψ i            b ¯  2   3  +   h ¯  2           



(A3)







The strain and kinetic energy expressions for the entire system are shown in Equations (A4) and (A5):





    U  s y s t e m   =  1 2    ∑   i = 1  n    ∫    l i     l  i + 1     (  c  1 i         ∂  u i    ∂ x      2  +  c  2 i      η i           ∂ 2   v i    ∂  x 2       2  +  c  3 i          ∂ 2   w i    ∂  x 2       2       +  c  4 i         ∂  θ i    ∂ x      2  + 2  c  5 i       ∂  u i    ∂ x         ∂  θ i    ∂ x     + 2  c  6 i        ∂ 2   w i    ∂  x 2          ∂  θ i    ∂ x          + 2  c  7 i       ∂  u i    ∂ x          ∂ 2   w i    ∂  x 2      + 2  c  8 i       ∂  v i    ∂ x         ∂  θ i    ∂ x          + 2  c  9 i       ∂  v i    ∂ x          ∂ 2   w i    ∂  x 2      ) d x      



(A4)






    T  s y s t e m   =  1 2    ∑   i = 1  n    ∫    l i     l  i + 1        k  1 i         u ˙  i     2  +  k  2 i         v ˙  i     2  +  k  3 i         w ˙  i     2  +  k  4 i         θ ˙  i     2    d x     



(A5)







The expressions for    m  1 i   ,  m  2 i   ,  m  3 i   ,    m  4 i     in Equations (18) and (A7) are shown below:


       m  1 i   =  m  2 i   =  m  3 i   =  ρ  c i    A c      4  h ¯  + 2  b ¯           m  4 i   =  ρ  c i    A c    4   b ¯  2   h ¯  +   4   h ¯  3   3  +   2   b ¯  3   3  + 2  b ¯    h ¯  2         



(A6)







The continuity conditions are shown in Equation (A7):


       U i  =  U    i + 1            c  1 i     ∂  U i    ∂ x   +  c  7 i      ∂ 2   W i    ∂  x 2    +  c  5 i     ∂  Θ i    ∂ x   =  c  1   i + 1       ∂  U i    ∂ x   +  c  7   i + 1        ∂ 2   W i    ∂  x 2    +  c  5   i + 1       ∂  Θ i    ∂ x   −     m  1 i    ω 2   U    i + 1            V i  =  V    i + 1             ∂  V i    ∂ x   =   ∂  V    i + 1       ∂ x          c  2 i      ∂ 2   V i    ∂  x 2    =  c  2   i + 1        ∂ 2   V    i + 1       ∂  x 2           c  2 i      ∂ 3   V i    ∂  x 3    −  c  8 i     ∂  Θ i    ∂ x   −  c  9 i      ∂ 2   W i    ∂  x 2    =  c  2   i + 1        ∂ 3   V    i + 1       ∂  x 3    −  c  8   i + 1       ∂  Θ    i + 1       ∂ x   −     c  9   i + 1        ∂ 2   W    i + 1       ∂  x 2    −  m  2 i    ω 2   V    i + 1            W i  =  W    i + 1             ∂  W i    ∂ x   =   ∂  W    i + 1       ∂ x             c  3 i      ∂ 2   W i    ∂  x 2    +  c  9 i     ∂  V i    ∂ x   +  c  6 i     ∂  Θ i    ∂ x   +  c  7 i     ∂  U i    ∂ x              =  c  3   i + 1        ∂ 2   W i    ∂  x 2    +  c  9   i + 1       ∂  V i    ∂ x   +  c  6   i + 1       ∂  Θ i    ∂ x   +  c  7   i + 1       ∂  U i    ∂ x                c  3 i      ∂ 3   W i    ∂  x 3    +  c  6 i      ∂ 2   Θ i    ∂  x 2    +  c  7 i      ∂ 2   U i    ∂  x 2    +  c  9 i      ∂ 2   V i    ∂  x 2               =  c  3   i + 1        ∂ 3   W i    ∂  x 3    +  c  6   i + 1        ∂ 2   Θ i    ∂  x 2    +  c  7   i + 1        ∂ 2   U i    ∂  x 2    +  c  9   i + 1        ∂ 2   V i    ∂  x 2               −  m  3 i    ω 2   W    i + 1               Θ i  =  Θ    i + 1            c  4 i     ∂  Θ i    ∂ x   +  c  5 i     ∂  U i    ∂ x   +  c  6 i      ∂ 2   W i    ∂  x 2    +  c  8 i     ∂  V i    ∂ x   =  c  4   i + 1       ∂  Θ    i + 1       ∂ x   +  c  5   i + 1       ∂  U    i + 1       ∂ x   +     c  6   i + 1        ∂ 2   W    i + 1       ∂  x 2    +  c  8   i + 1       ∂  V    i + 1       ∂ x   −  m  4 i    ω 2   Θ    i + 1          



(A7)







Regarding the continuity conditions in Equation (A7), the displacement in first and eleventh rows; and the slope in second and twelfth rows; of the axial and torsion motion are assumed to be continuous. In rows three to six, IP and rows seven to ten OP; displacement; slope; moment; and shear are assumed to be continuous.



The mode shape parameter    α i    can be written in terms of  ω . The spatial solutions    U i  ,  V i  ,  W i   , and    Θ i    are shown in Equation (A8):


   a  41 i    U i  +  a  42 i    V i  +  a  43 i    W i  +  a  44 i    Θ i  = 0  



(A8)




where    a  4 w i     represents the elements of matrix [   A i   ]. To satisfy the condition in Equation (A8), the spatial solutions should be as in Equation (A9):


    U  k i   =       − 1     6 + 1    F  41 i         V  k i   =       − 1     6 + 2    F  42 i         W  k i   =       − 1     6 + 3    F  43 i         Θ  k i   =       − 1     6 + 4    F  44 i       



(A9)







To mimic the conditions that will be used for experimental testing, the effect of base excitation at the clamped end must be introduced    w i    x , t   =  w b   t  +  w  i , r e l     x , t     in the fully coupled equations of motion. The base excitation assumed is harmonic and is of the form    w b   t  =    a  b a s e   /  ω f 2    sin  ω f  t  , where    a  b a s e     is the base acceleration and    ω f    is the forcing frequency. The equations after including the effect of base excitation can be formulated similarly to in [10,28,29], and are shown in Equation (A10):


    k  1 i      u ¨   i  −  c  1 i      ∂ 2   u i    ∂  x 2    −  c  5 i      ∂ 2   θ i    ∂  x 2    −  c  7 i      ∂ 3   w  i , r e l     ∂  x 3    = 0     k  2 i      v ¨   i  +  c  2 i      ∂ 4   v i    ∂  x 4    −  c  8 i      ∂ 2   θ i    ∂  x 2    −  c  9 i      ∂ 3   w  i , r e l     ∂  x 3    = 0      k  3 i      w ¨   i  +  c  3 i      ∂ 4   w  i , r e l     ∂  x 4    +  c  6 i      ∂ 3   θ i    ∂  x 3    +  c  7 i      ∂ 3   u i    ∂  x 3    +  c  9 i      ∂ 3   v i    ∂  x 3       = −    k  3 i   +  m  3 i   δ   x −  x i         w ¨   b       k  4 i      θ ¨   i  −  c  4 i      ∂ 2   θ i    ∂  x 2    −  c  5 i      ∂ 2   u i    ∂  x 2    −  c  6 i      ∂ 3   w  i , r e l     ∂  x 3    −  c  8 i      ∂ 2   v i    ∂  x 2    = 0   



(A10)




where    w  i , r e l     is the relative displacement in the OP direction with respect to the base. The procedure to obtain FRF is outlined in Equations (A11)–(A14). The readers may refer to the previous works by our group [10,14] regarding the detailed steps for incorporating the effect of base excitation to arrive at the final frequency response function. The solution for the steady-state relative displacement is as follows:


   w  r e l     x , t   =  a  b a s e     ∑   g = 1  ∞       k  3 i      W  g ,   r e l     x =  x s      Q    ω g 2  −  ω f 2      sin  ω f  t    



(A11)






  Q =   ∑   i = 1  n      ∫  0 l     W  g i     d x   +   ∑   i = 1   n − 1    m  3 i    W  g i      x i    +  m  3 i    W  g n      x n     



(A12)




where    ω g    is the natural frequency. The total displacement of the structure, after including    w b   t   , is shown in Equation (A13):


  w   x , t   =    a  b a s e   /  ω f 2    sin  ω f  t +  a  b a s e     ∑   g = 1  ∞       k  3 i      W  g ,   r e l     x =  x s      Q    ω g 2  −  ω f 2      sin  ω f  t  



(A13)







The expression for the FRF is as in Equation (A14):


  W    ω f    =    1   ω f 2    +   ∑   g = 1  ∞     k  3 i      W  g ,   r e l     x =  x s      Q    ω g 2  −  ω f 2       



(A14)







The theoretical mode shapes of sample 1 and sample 2 that are referred to in Section 3.5 are shown in this Appendix A. The mode shapes for sample 1 are shown in Figure A1 and for sample 2 in Figure A2. The experimental IP bending FRFs are shown in Figure A3 for both samples.
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Figure A1. Coupled theoretical mode shapes for sample 1: (a) first IP mode; (b) first torsion mode; (c) second IP mode. 
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Figure A2. Coupled theoretical mode shapes for sample 2: (a) first IP mode; (b) first torsion mode; (c) second torsion mode; (d) second IP mode. 






Figure A2. Coupled theoretical mode shapes for sample 2: (a) first IP mode; (b) first torsion mode; (c) second torsion mode; (d) second IP mode.
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Figure A3. IP FRF obtained from impact testing for: (a) sample 1; (b) sample 2. 
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Figure 1. (a) Representation of homogenous non-periodically wrapped CH beam; (b) local element with its coordinate system. 
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Figure 2. Top view representation of CH beams with non-periodic wrapping pattern: (a,b) homogenous host structure and homogenous cables; (c,d) non-homogenous host structure and homogenous cables; (e,f) non-homogenous host structure and non-homogenous cable attachments. 






Figure 2. Top view representation of CH beams with non-periodic wrapping pattern: (a,b) homogenous host structure and homogenous cables; (c,d) non-homogenous host structure and homogenous cables; (e,f) non-homogenous host structure and non-homogenous cable attachments.
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Figure 3. Effect of number of wrapped cables on the normalized natural frequency of first two modes for: (a,b) homogenous beam and cables; (c,d) non-homogenous beam and homogenous cables; (e,f) non-homogenous beam and non-homogenous cables. (g) Periodic wrapping pattern. 
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Figure 4. (a) Vibration experiment setup of the samples of CH beams with non-periodic wrapping pattern on the shaker, along with the schematic of the structure attachment to the shaker; (b) schematic of the vibration experiment on the CH beam, along with the instruments used. 
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Figure 5. Coupled and decoupled analytical FRFs and experiment FRF for: (a) sample 1; (b) sample 2. 
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Figure 6. Experimental and theory OP mode shapes for sample 1—(a) mode 5, and (b) mode 7; for sample 2—(c) mode 6, (d) mode 7, and (e) mode 8. 
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Figure 7. Theoretical plots for curvature for sample 1—(a) mode 5, and (b) mode 7; for sample 2—(c) mode 6, (d) mode 7, and (e) mode 8.  [image: Vibration 05 00015 i001] represents position of lumped-mass section. 
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Figure 8. Experiment mode shape: sample 1—(a) first torsion mode at 459.5 Hz, (b) first IP mode at 121 Hz, and (c) second IP mode at 752.8 Hz; for sample 2—(d) first torsion mode at 363.2 Hz, (e) second torsion mode at 1137.2 Hz, (f) first IP mode at 151.5 Hz, and (g) second IP mode at 952 Hz. 






Figure 8. Experiment mode shape: sample 1—(a) first torsion mode at 459.5 Hz, (b) first IP mode at 121 Hz, and (c) second IP mode at 752.8 Hz; for sample 2—(d) first torsion mode at 363.2 Hz, (e) second torsion mode at 1137.2 Hz, (f) first IP mode at 151.5 Hz, and (g) second IP mode at 952 Hz.
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Table 1. System parameters used in theoretical studies with combinations of homogenous and non-homogenous host structure and cable non-periodic wrapping pattern.
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	Parameters
	System 1
	System 2
	System 3





	Beam length ( l ) [mm]
	250
	250
	250



	Beam width ( b ) [mm]
	10
	10
	10



	Beam thickness ( t ) [mm]
	0.782
	0.782
	0.782



	No. of fundamental elements
	4
	4
	4



	Cable radius (  r c  ) [mm]
	0.21
	0.21
	0.21



	Pre-tension of cables ( T ) [N]
	4
	4
	4



	Density of each beam element [kg/m3]
	
	
	



	    ρ  b 1     
	2768
	2768
	2768



	    ρ  b 2     
	2768
	7850
	7850



	    ρ  b 3     
	2768
	1100
	1100



	    ρ  b 4     
	2768
	8790
	8790



	Young’s Modulus of each beam element [GPa]
	
	
	



	    E  b 1     
	68.9
	68.9
	68.9



	    E  b 2     
	68.9
	210
	210



	    E  b 3     
	68.9
	5
	5



	    E  b 4     
	68.9
	121
	121



	Shear Modulus of each beam element [GPa]
	
	
	



	    G  b 1     
	25.7
	25.7
	25.7



	    G  b 2     
	25.7
	81
	81



	    G  b 3     
	25.7
	1.8
	1.8



	    G  b 4     
	25.7
	43.2
	43.2



	Density of each cable element [kg/m3]
	
	
	



	    ρ  c 1     
	1400
	1400
	1400



	    ρ  c 2     
	1400
	1400
	7850



	    ρ  c 3     
	1400
	1400
	1400



	    ρ  c 4     
	1400
	1400
	8790



	Young’s Modulus of each cable element [GPa]
	
	
	



	    E  c 1     
	128.04
	128.04
	128.04



	    E  c 2     
	128.04
	128.04
	210



	    E  c 3     
	128.04
	128.04
	128.04



	    E  c 4     
	128.04
	128.04
	121
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Table 2. Parameters of two CH beams in experiment investigations.
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	System Parameters
	Sample 1
	Sample 2





	Width ( b ) [mm]
	10
	13.1



	Thickness ( t ) [mm]
	0.782
	0.782



	Length ( l ) [mm]
	250
	250



	Number of Cables
	9
	8



	Cable pre-tension ( T ) [N]
	14
	14



	Number of fundamental elements (   n e   )
	4
	4



	Beam density (   ρ b   ) [kg/m3]
	2768
	2768



	Beam modulus of elasticity (   E b   ) [GPa]
	68.9
	68.9



	Cable radius (   r c   ) [mm]
	0.21
	0.21



	Beam shear modulus (   G b   ) [GPa]
	25.7
	25.7



	Cable density (   ρ c   ) [kg/m3]
	1400
	1400



	Cable modulus of elasticity (   E c   ) [GPa]
	128.04
	128.04
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Table 3. Coupled, decoupled and experiment natural frequencies of sample 1.
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	Mode No
	Experiment

[Hz]
	Coupled

[Hz]
	Decoupled

[Hz]
	% Coupled and Experiment
	% Decoupled and Experiment





	1
	13.2 (OP)
	12.5
	16.6
	−5.5%
	26.1%



	2
	78.6 (OP)
	78.2
	104.2
	−0.5%
	32.5%



	3
	121.0 (IP)
	140.3
	-
	15.9%
	-



	4
	215.7 (OP)
	218.9
	291.9
	1.5%
	35.3%



	5
	384.8 (OP)
	429.8
	570.0
	11.7%
	48.1%



	6
	459.5 (Torsion)
	447.1
	-
	−2.7%
	-



	7
	709.1 (OP)
	706.4
	946.3
	−0.4%
	33.4%



	8
	752.8 (IP)
	879.9
	-
	16.9%
	-
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Table 4. Coupled, decoupled, and experiment natural frequencies of sample 2.
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	Mode No
	Experiment

[Hz]
	Coupled

[Hz]
	Decoupled

[Hz]
	% Coupled and Experiment
	% Decoupled and Experiment





	1
	13.7 (OP)
	11.9
	14.9
	−13.1%
	8.9%



	2
	76.9 (OP)
	74.7
	93.3
	−2.8%
	21.3%



	3
	151.5 (IP)
	179.7
	-
	18.6%
	-



	4
	213.4 (OP)
	208.8
	260.7
	−2.2%
	22.1%



	5
	363.2 (Torsion)
	347.0
	-
	−4.5%
	-



	6
	438.9 (OP)
	407.4
	511.5
	−7.2%
	16.5%



	7
	679.0 (OP)
	675.2
	843.4
	−0.6%
	24.2%



	8
	965.7 (OP)
	1008.1
	1256.0
	4.4%
	30.1%



	9
	1137.2 (Torsion)
	1045.3
	-
	−8.1%
	-



	10
	952.0 (IP)
	1123.5
	-
	18.0%
	-
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