
����������
�������

Citation: Papathanasiou, T.D.;

Tsiantis, A.; Wang, Y.

Obtaining the Dimensions and

Orientation of 2D Rectangular Flakes

from Sectioning Experiments in Flake

Composites. J. Compos. Sci. 2022, 6,

142. https://doi.org/10.3390/

jcs6050142

Academic Editors: Francesco

Tornabene and Thanasis Triantafillou

Received: 30 March 2022

Accepted: 9 May 2022

Published: 13 May 2022

Publisher’s Note: MDPI stays neutral

with regard to jurisdictional claims in

published maps and institutional affil-

iations.

Copyright: © 2022 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license (https://

creativecommons.org/licenses/by/

4.0/).

Article

Obtaining the Dimensions and Orientation of 2D Rectangular
Flakes from Sectioning Experiments in Flake Composites
Thanasis D. Papathanasiou 1,* , Andreas Tsiantis 1 and Yanwei Wang 2,3

1 Department of Mechanical Engineering, University of Thessaly, 383-34 Volos, Greece; armitatz@gmail.com
2 Department of Chemical and Materials Engineering, School of Engineering and Digital Sciences,

Nazarbayev University, Nur-Sultan 010000, Kazakhstan; yanwei.wang@nu.edu.kz
3 Laboratory of Computational Materials Science for Energy Applications, Center for Energy and Advanced

Materials Science, National Laboratory Astana, Nur-Sultan 010000, Kazakhstan
* Correspondence: athpapathan@uth.gr

Abstract: Recently, we developed and reported the statistical validity of two methods for determining
the planar aspect ratios of two-dimensional (2D) rectangular flakes in composites from the statistics
of intersection lengths: one method is based on the maximum intersection length, and the other
on the average intersection length. In this work, we show that these methods are valid and robust
not only for flakes having isotropic, random in-plane orientations, but for the more general situations
of planar orientations ranging from unidirectional (misalignment angle ε = 0), to partially aligned
(0 < ε < π/2), to flakes of isotropic, random-in-plane orientations (ε = π/2). We prove, by Monte
Carlo simulations and by numerical sectioning experiments, the validity of the proposed methods
for characterizing the extent of the partial alignment (the misalignment angle ε) of 2D rectangular
flakes in composites, based again on the statistics of the intersection lengths; this information can be
obtained from cross-sections of composite samples used in optical or electron microscopy or using
tomographic imaging techniques. The performance of these techniques was tested using blind
experiments in numerically sectioned composites which contained up to 106 individual flakes, and
was found to be very good for a wide range of flake aspect ratios.

Keywords: flake composites; microstructure characterization; sectioning technique; orientation
alignment; flake dimensions

1. Introduction

Two-dimensional (2D) microstructures, e.g., flakes, plates, tapes and ribbons, offer
unique properties as reinforcements for composite materials, and composites with such
planar reinforcements already received considerable attention in the 1950s, as summarized
in several early reviews [1–4]. By incorporating glass, silicon carbide (SiC), graphite, mica,
clay or metallic flakes into a polymer matrix, flake-filled polymeric composites may offer
significant processing and property advantages, such as high-dimensional stability and low
warpage in molding [5,6], uniform in-plane mechanical properties and superior mechan-
ical performance for 2D loading [2,3,7]; and nonstructural advantages, such as electrical
insulating [8], conductive coating (with metallic flakes) [9], enhanced thermal conductive
performance [10], corrosion protection [11], sound insulation [12] and appearance and
color control [13]. In recent years, research activities on flake composites have been further
boosted by the advent of and advances in graphene flakes and other 2D layered materials
as fillers [14–21].

Flake-filled composites have found uses as barrier materials for food and electronics
packaging [22–26], where the objective is to hinder the diffusion of oxygen, CO2 or other
vapors to and from a container while maintaining all the advantages of formability and
design afforded by plastic materials. One additional advantage is that the geometries
in which such barrier property improvement is to be realized are very similar to those

J. Compos. Sci. 2022, 6, 142. https://doi.org/10.3390/jcs6050142 https://www.mdpi.com/journal/jcs

https://doi.org/10.3390/jcs6050142
https://doi.org/10.3390/jcs6050142
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/jcs
https://www.mdpi.com
https://orcid.org/0000-0003-2955-5459
https://orcid.org/0000-0001-6075-4697
https://orcid.org/0000-0002-8488-9833
https://doi.org/10.3390/jcs6050142
https://www.mdpi.com/journal/jcs
https://www.mdpi.com/article/10.3390/jcs6050142?type=check_update&version=2


J. Compos. Sci. 2022, 6, 142 2 of 13

in which the mechanical superiority of flake-filled systems is also evident, such as in plates,
shells, cylinders and pipes; therefore, barrier improvement can be combined with good
mechanical performance [22–27]. We have recently demonstrated [28,29] that, in the partic-
ular case of flakes of rectangular shape, the barrier efficiency of the resulting composite is
a very strong function of the planar flake aspect ratio. The assumption of a certain shape,
size or orientation is very common in the technical literature, especially when models
for material properties are developed and/or when numerical simulations are carried out.
However, it introduces a serious source of uncertainty, since the actual shapes and sizes
of flakes in composites are usually not known a-priory. Therefore, the development of tech-
niques for determining the dimensions of flake particles (in our case, the width and aspect
ratio) from information that can be readily obtained experimentally is highly desirable.

Besides size and shape, knowledge of particle orientation is essential for correct pre-
diction of the properties of composites which incorporate slender particles, such as fibers
and flakes. In fact, obtaining the orientation of elongated particles in composite materials
is a long-standing problem in composite science. Composite parts are typically imaged
by physically sectioning the composite and observing a fracture surface or a polished
cross-section using optical or scanning/transmission electron microscopy [30–33], or by to-
mographic sectioning techniques. This problem has been handled in sufficient detail
in cases of fibrous composites, in 2D cross-sections of which the fibers appear as circles
or ellipses, depending on their orientations with respect to the sectioning plane [34–40].
In the case of composites in which the reinforcing particles have a thin, planar shape (flake
composites), flake orientation can be especially difficult to characterize experimentally. As
noted by Gaska et al. [26], while the cryo-fracturing method is widely used to expose fillers
(graphene flakes in their study) in thermoplastic nanocomposites, the alignment was not
clearly visible when only cryo-fracturing was used. In general, the problem of obtaining
the orientation of flakes from data obtained in a typical sectioning experiment has not been
solved yet.

Recently, we have presented two methods for the determination of the lateral dimen-
sions of thin rectangular flakes [41] from the distribution of lengths of the lines representing
the intersection of flakes with a sectioning plane. The first method finds the aspect ratio
r from the diagonal D of the rectangle, assuming that D ∼ max(H), subject to a user-
defined accuracy threshold, where H is the vector of intersection lengths. The second
method finds the aspect ratio r from the average length Hav of the flake cross-sections
and is valid in the range 1 < r < 15. These methods are extended in this work to sys-
tems in which the flakes assume random in-plane alignment in the interval [−ε,+ε],
with 0 < ε < π/2. In addition to demonstrating that the methods are valid and robust
for flakes having random in-plane orientations, we develop here a methodology that allows
for the determination of the extent of flake misalignment in partially-aligned flake systems
from knowledge of the statistics of intersection lengths. The performance of our techniques
was tested using blind experiments in numerically sectioned composites and was found
to be very good.

2. Theoretical Model and Methods

This work focuses on partially-aligned 2D rectangular flakes in composites. The flakes
are of rectangular shape of and of uniform size. We denote by S the short side and by W
the long side of the rectangle, its aspect ratio r = W/S and diagonal length D =

√
S2 + W2.

Flakes planes are parallel to the X-Y plane and have in-plane orientations, described by
the angle θ varying in the interval [−ε,+ε] in the X-Y plane. Figure 1 presents top views
of the sample geometries showing flakes with the aspect ratio r = 3, oriented at different
intervals [−ε,+ε] around the y-axis.

Three-dimensional representative volume elements (3D RVEs) containing flakes were
generated using an in-house random sequential addition (RSA) algorithm, as described in
Ref. [42], wherein the flakes are allowed to assume random in-plane orientations. A fail-safe
mechanism is implemented by which the calculation stops if a specified number of attempts
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(O(109)) is exceeded. More details on geometry generation and numerical sectioning are
reported in Ref. [41]. In the present work, we studied flakes with partial in-plane alignment
with the orientation angle in the interval [−ε,+ε], where 0 < ε < π/2. In comparison,
Ref. [41] focused on the two limiting cases of ε = 0 (i.e., flakes are unidirectional) and
ε = π/2 (i.e., flakes have isotropic, random in-plane orientations).

On the assumptions that flakes are of rectangular shape and flakes in different layers
are parallel to each other, we note that these assumptions are very much consistent with
the current state-of-the-art in the area of flake composites. Due to their planar shape, flakes
in a composite produced through a flow-processing technique will be expected to assume
orientations parallel to each other, with only minimal out-of-plane misalignment [43]. This
will be more true for flakes deposited using coating or lithographic techniques. However,
we are not aware of any experimental data that will support or disprove this hypothesis.

(a) (b)

Figure 1. Top view of sample geometries showing flakes oriented at different intervals [−ε,+ε]

around the y-axis. (a) ε = 15◦, (b) ε = 45◦. In both images the aspect ratio r = 3. For visual clarity,
only a few flakes are shown. In the sectioning experiments used to validate the results of this work,
each composite contained up to 106 individual flakes.

Numerical samples of 3D RVEs were generated by setting the value of flake number
density N/∆V and flake width S and aspect ratio r. Numerical sectioning experiments
(Figure 2) were carried out to obtain the H statistics—histogram, Hav for each sample and
〈H〉 for an ensemble of K = 10 samples in each case. In Figure 2 the process is illustrated.
It is obvious that the distance between the cutting planes must be > 2W to avoid counting
the same flake twice between cutting planes.
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(a)

(b)

Figure 2. Schematic showing a numerical sectioning experiment. (a) 3D RVE containing flakes
with their planes parallel to the X-Z plane and having random orientations in the X-Y plane.
Shown as well are the sectioning planes. (b) The sectioning planes showing only the flake in-
tersections as lines of variable length. The number of sections defines the ensemble size (here K = 4).
The number of intersections (lines) in each frame, defines the sample size (here M∼50 for clarity).
Reprinted from Papathanasiou et al. [41].

In the following, we investigate the case in which the flakes show a preferred orien-
tation, described by the angle θ varying in the interval [−ε,+ε]. Since the angle formed
between the sectioning plane and the long axis of the rectangle is π/2 + θ, for ε=0, we
derive the unidirectional case, in which all flakes are oriented with their long axis perpen-
dicular to the sectioning plane, and for ε=π/2, we recover the case of random-in-plane
orientations examined earlier. Our earlier analysis has shown that the intersection lengths
can be calculated as [41]:

1. 0 < θ < θ1

H =
S

cos(θ)
(1)

2. θ1 < θ < θ2

H =

[
D− 2L

cos(φ− θ)

]
cos(φ− θ)

sin(2θ)
(2)
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3. θ2 < θ < θ3

H =
W

sin(θ)
(3)

4. θ3 < θ < θ4

H =

[
D +

2L
cos(φ + θ)

]
cos(φ + θ)

sin(2θ)
(4)

5. θ4 < θ < π

H = − S
cos(θ)

(5)

where θ1 = π/2 − α − φ, θ2 = π − φ − arccos (2L/D), θ3 = π/2 − α + φ and
θ4 = π/2 + α + φ, and the two angles α = arcsin (2L/D) and φ = arctan (S/W) =
arctan (r−1) as shown in Figure 3. The algorithm described in Equations (1)–(5) is directly
applicable with the provision that the angle (θ) takes random values in the interval [−ε,+ε],
where 0 < ε < π/2.

Figure 3. Basic geometrical features of the problem. The intersection between the cutting plane
and the plane of the flake (line (c) in the schematic) will be tangent to a circle of radius L, centered
at the center of the flake. The counter-clockwise angle formed between the long axis of the rect-
angle and line c is π/2 + θ. Thus, θ = 0 corresponds to line (c) being perpendicular to the long
axis of the rectangle, and, when θ = π/2, line (c) is parallel to the long axis of the rectangle.
Reprinted from Papathanasiou et al. [41].

3. Results and Discussion

Figure 4 shows the distribution of intersection lengths, for flakes of aspect ratio
r = 2, 5, 10 and at various ε values. In each case, 2× 105 random pairs of (L, θ) were used
in obtaining the histograms. It is clear that, as in the case of random-in-plane orientations,
the highest frequency of intersection lengths coincides with the short side of the rectangle
(H/S = 1), and this offers a means of determining S. Contrary to what was observed
in [41], for the case of ε = π/2, there is no secondary peak in the H-histogram.

It is evident from Figure 4a that max(H) is a function of ε, and it is clear from Figure 4b
that max(H) is independent of the aspect ratio r. These observations form the basis of a method
for the determination of ε from max(H), as described in the following subsections.
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(a) (b)

Figure 4. (a) Histograms of intersection lengths, normalized by dividing with the short side (S)
of the rectangle, for flakes of aspect ratio r = 2 and three levels of ε values and (b) constant ε=π/6 and
three values of r. In each case, the number of bins is 100. The logarithmic axis is used for the frequency
of intersection lengths, since, when ε is small, the overwhelming majority of intersection lengths
are ∼S; very few intersections have lengths less or greater than S. It is obvious that the peak occurs
at H/S = 1 and also that there is no secondary peak when ε<π/2. In each case, 2× 105 random pairs
of (L, θ) were used in obtaining the histograms. It is also clear from (b) that max(H) is independent
of r, and from (a) it is evident that max(H) is a function of ε.

3.1. Determination of Partial Flake Alignment from the Maximum Intersection Length max(H)

With reference to Figure 3, it can be seen that for 0 < ε < ω, where ω = arccos (S/D) =

arccos
(

1/
√

1 + r2
)

is the angle between the vertical and the diagonal of the rectangle,
the cutting plane intersects the two opposite long sides of the rectangle, and it will be
H = S/ cos θ, as in Equations (1)–(5). For an infinitely large sample size, the maxi-
mum value of H will occur for the lowest value of cos θ. Since −ε < θ < ε, it will be
max(H) = S/ cos ε, which is only a function of ε. This result is only valid for ε < ω;
however, this is not a very restrictive requirement, since for r = 1, ω = 45◦, and for r = 2,
ω = arccos (1/

√
5) = 63◦, increasing further as r increases. For r = 5, 10 and 20, the values

of ω are 78.7◦, 84.3◦ and 87.2◦ respectively. For the following discussion, and for the sake
of brevity, we will use the above result for all flakes of r ≥ 2 and for ε ≤ 63◦. However,
the same approach can be used for larger values of ε as long as the range of acceptable flake
aspect ratios is appropriately reduced. For r ≥ 5, for example, the method is suitable for all
ε ≤ 78.7◦. Obviously, for slender ribbons, the approach is valid for all ε < π/2; in that
case we recover an approach similar to that used to determine the extent of misalignment
in long cylinders [34,44].

We have carried out simulations based on the model of Equations (1)–(5), supported
by numerical sectioning experiments, in order to investigate the practical utility of such
a correlation between max(H) and ε. The results are shown in Figure 5. As expected,
with increasing M, the data approaches the curve max(H) = S/cos ε, which, as elaborated
above, is the maximum achievable intersection length at each level of ε. For a finite sample
size M, it will be max (H) ∼ S/ cos ε, subject to a user-defined accuracy threshold. This
can be used to derive an estimate of the maximum misalignment angle as

εest= arccos [max (H)/S] (6)

This approach will always underestimate the actual misalignment angle ε. Figure 5a
gives an appreciation of the sample size needed to achieve this. It is clear that, as a result
of the restricted range of θ, the probability of finding acceptable max(H) is much higher
than in the case of flakes having random in plane orientations [41], and the required
sample sizes are significantly smaller. Figure 5b is a parity graph between the actual
ε used in the simulations and the value back-calculated from max(H). It is clear that
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the calculation is accurate even for very small sample sizes for small ε and for all aspect
ratios studied. As ε increases, progressively larger sample sizes are required.

(a) (b)

Figure 5. (a) Results of MC simulations, illustrating a correlation between max(H) and ε (in degrees),
obtained for 2 < r < 20, and for various sample sizes M. The correlation is valid for any r ≥ 2 and
0 < ε < 60◦ and for sample size M ≥ 103. (b) Parity graph between the actual misalignment angle ε

and the value of εest computed from Equation (6).

Further insights and justification of the results of Figure 5 can be gained by estimating
the probability of having intersection lengths, H, that satisfy

(1− h)
S

cos ε
< H <

S
cos ε

(7)

where h is an accuracy threshold. Since H = S/ cos θ, subject to the requirement that
L<W/2, as shown in Equations (1)–(5), Equation (7) is equivalent to requiring

arccos
(

cos ε

1− h

)
< θ < ε (8)

With θ uniformly distributed in the interval [−ε,+ε], the probability of satisfying
Equation (7) is

P =

[
1− 1

ε
arccos

(
cos ε

1− h

)]
r√

1 + r2
(9)

Equation (9) offers a means of assessing the sample size required to use max (H)
as a proxy for ε. The key result is that the probability is only a very weak function of r, and
also that it drops rapidly with increasing ε.

The probability of achieving intersection lengths that satisfy Equation (7) is also
computed using MC simulations based on the model of Equations (1)–(5). The results
are compared to the predictions of Equation (9) in Figure 6. According to Equation (9),
this probability is only weakly dependent on the flake aspect ratio. The MC results show
that this is indeed the case for small to moderate ε values (ε < 30◦ for h = 0.01), but that
the flake aspect ratio becomes a factor at higher degrees of misalignment. Specifically,
the probability of satisfying Equation (7) is the lowest at r = 2 and increases rapidly with
r, approaching the prediction of Equation (9) at higher r values. These results explain
the relatively small sample size required to achieve good accuracy in the calculation of ε
for ε < 30◦, as shown in Figure 5.
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Figure 6. The probability of achieving intersection lengths that satisfy Equation (7) at the 1% level
(h = 0.01), as a function of the misalignment angle ε. Lines show the predictions of Equation (9)
for two values of r. Points are results of MC simulations, using 2× 105 random pairs of (L, θ) and
5 repetitions at each level of r and ε. Since it must be cos ε/(1− h) < 1 in Equation (9), it follows that
for h = 0.01 that allowable values of ε are ε > 8.1◦. The vertical arrow next to the column of the MC
data at ε = 60◦ indicates the direction of increasing the aspect ratio r (2 < r < 20).

3.2. Estimation of Flake Aspect Ratio and/or Misalignment Angle from the Average
Intersection Length

The average intersection length Hav can be computed in a manner similar to the case
of flakes having random-in-plane orientations. Figure 7 shows the results for various values
of ε. It is clear that in this case that Hav is a function of both ε and r. We found that a similar
functional form describes the dependency of Hav on r, at all levels of ε, as was found earlier
when ε = π/2 [41]—namely,

Hav

S
=

r
α(ε)r + β(ε)

(10)

where the coefficient functions α(ε) and β(ε) take the form

α(ε) = 1− π − 2
π

(
2
π

)1.9
ε1.9 = 1− 0.1541ε1.9 (11)

β(ε) =

(
2
π

)1.8
ε0.8 = 0.4436ε0.8 (12)

These fits were designed so that Hav will satisfy the following conditions:

(i) At ε = 0 (flake axis perpendicular to the cutting plane), Hav/S = 1;
(ii) At ε = π/2 (flakes having random in plane orientations), we recover α = β = 2/π

and Hav/S = (π/2)[r/(r + 1)], as found in Ref. [41].

These coefficients are plotted as functions of misalignment angle ε in Figure 8.
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Figure 7. Comparison between the average intersection length Hav/S predicted from Equation (10) (lines)
and values computed from numerical sectioning experiments (points) for various values of ε and r.

Figure 8. Dependence of the coefficients α and β of Equation (10) on ε and the model fits suggested
by Equations (11) and (12).

Equation (10) suggests a scaling by which a master curve can be derived. This is
obtained by plotting the average intersection length Hav as Hav[α(ε)r + β(ε)] vs. r, where
α(ε) and β(ε) are computed from Equations (11) and (12) at each level of the misalignment
angle ε. The result of this scaling should be a straight line of unit slope. This is shown
in Figure 9, in which the results of 900 MC simulations with 0 < ε < π/2 and 1 < r < 21
are plotted, as suggested by Equation (10), for two sample sizes, namely, M = 500 and
M = 2000. The availability of Equation (10) offers the possibility of determining the flake
aspect ratio (r) from knowledge of Hav and of the extent of flake misalignment (ε). In this
case, the determination is unambiguous for r < 15, but progressively deteriorates at higher
r, requiring larger sample sizes, in a similar manner as discussed in our previous work
for the case of ε = π/2[41].

Another intriguing possibility offered by Equation (10) is the determination of the extent
of misalignment ε from knowledge of the average intersection length Hav and of the flake
aspect ratio r. To obtain an estimate of ε, one has to solve the non-linear algebraic equa-
tion of the form of Equation (10), where the coefficient functions α(ε) and β(ε) are given by
Equations (11) and (12) above. We tested the performance and limits of this approach by nu-
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merical sectioning experiments in actual three-dimensional flake systems exhibiting random
in-plane flake orientations in the interval [−ε,+ε], such as those shown in Figure 2.

(a) (b)

Figure 9. Computational results for Hav, plotted as suggested by Equation (10). Each data point was
obtained from one sample having M flake intersections with flakes of aspect ratio r and random
orientation in the interval [–ε, +ε], 0 < ε < π/2. While the scatter around the line of unit slope is
slightly higher at larger values of r and for a smaller sample size M, the best fit lines through all data
have slopes that are very close to 1.

The parity graph of Figure 10 shows the results and the range of (r, ε), in which
the proposed method can reliably predict the extent of misalignment from knowledge
of Hav and r. It is clear that the method is most accurate at larger ε values, and for
the sample sizes (M ∼ 104) used in Figure 10, the method is most accurate for ε > 35◦.
Together with the method based on max(H) presented earlier (Figure 5), which is most
efficient at small ε values, these two methods form a complete set of tools that allows
the determination of ε for the entire range [−π/2 < ε < π/2] and for all flake aspect ratios
r > 2.

Figure 10. Parity graph between misalignment angle in the actual sample (in degrees, horizontal
axis) and the back-calculated ε obtained by solving Equation (10) in which Hav and r are known
(vertical axis). Data points indicate results from samples at various values of r, as indicated, and for
the ε corresponding to the horizontal axis. Data points falling close to the line of slope one (shown)
indicate reliable algorithm predictions. In all cases, sample size M ∼ 104.

4. Conclusions

In this work, we have presented two methods for determining the range of flake mis-
alignment ε using the average intersection length Hav and the maximum intersection length
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max(H). The former is more accurate at larger ε, while the latter method, based on max(H),
is more accurate at small ε. Together, these form a tool set that allows the determination
of ε for the entire range of −π/2 < ε < π/2 and for all flake aspect ratios r > 2.

The effect of random in-plane orientation was included in our analysis and results;
however, it is not currently possible to deal with flakes having three-dimensional random
orientations. This is not a serious limitation, since, due to their planar shape, flakes usually
form layered structures with only modest out-of-plane orientations [43].

The focus of our work was on rectangular flakes of all aspect ratios, ranging from squares
to thin fiber-like filaments. Our work did not consider poly-disperse systems, such as those
that will result when flake attrition is significant. In addition, our work cannot be applied to
systems in which the flakes have irregular shapes. Such systems are currently very poorly
characterized and more research is needed in this direction.
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