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Abstract: Large cylindrical worm gear set of ISO type I are manufactured using endmill tools on
universal CNC machine tools. This manufacturing method requires neither special gear-generating
machines nor special tools. The tooth flank forms of ISO type I cylindrical worm gears are involute
helicoids as a standard. The targeted theoretical tooth flanks of the worm and the mating worm
wheel are determined based on a tooth contact analysis (TCA) of such worm gear set. The cutting
conditions of the worm are determined after the offset distance between the worm axis, and the
central axis of the endmill tool is calculated. Afterward, the worm is manufactured by controlling
only two axes on machine tools using a swarf milling method by use of the side of the endmill
tool under the determined conditions. Meanwhile, the targeted theoretical tooth flanks of the
mating worm wheel are modeled in 3-dimensional computer-aided design software, and the worm
wheel is manufactured by a swarf milling method in a computer-aided manufacturing process. The
comparison of experimental and analytical tooth contact patterns indicates almost no difference
between the two tooth contact patterns.

Keywords: CNC machine tool; cylindrical worm gear set; gear manufacturing; ISO type I; tooth
contact analysis

1. Introduction

A worm gear set is a type of staggered shaft gear that transmits power and motion be-
tween two shafts that are neither intersecting nor parallel and is constituted by a cylindrical
or toroidal worm (or worm screw) that meshes with a worm wheel having tooth flanks [1].
These gear sets achieve a high reduction ratio, and therefore a large multiplication of torque
can be realized using only one set of mechanical geared members [2–4].

Such worm gear sets are usually used in many kinematic systems, including indexing
mechanisms in machine tools, indexing heads, rotary tables, car steering gears, worm
reducers in positioning systems, ship control systems, and so on [5]. Simon has clarified
the characteristics of a new type of cylindrical worm gear drive [6]. Shreehah et al. have
proposed modification of the geometry and technology of cylindrical worms [7]. Deng et al.
have developed a parametric study of meshing characteristics with respect to different
meshing rollers of the anti-backlash double-roller enveloping worm gear [8]. Litvin et al.
have developed tooth modification, contact, and stress analyses [9]. Chen et al. have
clarified the contact characteristics of recess action worm gear drives with double-depth
teeth [10]. Jiaxing et al. have conducted static shear strength calculations of plastic helical
gears mating with steel worms [11]. Sohn et al. have discussed geometric interference in
cylindrical worm gear drives using oversized hob to cut worm gears [12]. Osakue et al.
have conducted design sizing of cylindrical worm gearsets [13]. Shi et al. have conducted
a technology and experimental study of unequal pitches meshing between metal worms
and plastic helical gears [14]. Liu et al. have proposed a meshing theory of the axial

J. Manuf. Mater. Process. 2023, 7, 53. https://doi.org/10.3390/jmmp7020053 https://www.mdpi.com/journal/jmmp

https://doi.org/10.3390/jmmp7020053
https://doi.org/10.3390/jmmp7020053
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/jmmp
https://www.mdpi.com
https://orcid.org/0000-0002-4348-3028
https://doi.org/10.3390/jmmp7020053
https://www.mdpi.com/journal/jmmp
https://www.mdpi.com/article/10.3390/jmmp7020053?type=check_update&version=2


J. Manuf. Mater. Process. 2023, 7, 53 2 of 16

arc tooth profile of cylindrical worm drive [15]. Mu et al. have developed a meshing
theory of involute worm drive [16]. Deng et al. have tried high-precision machining
of ZC1 worm gear drives with large modulus [17]. Boral et al. have manufactured ZC
cylindrical worms [18]. Balajti has determined undercutting avoidance for designing the
production technology of worm gear drives with a curved profile [19]. These literatures
have contributed to the high precision and high performance of worm gears.

There are many types of tooth flank forms in cylindrical worm gears. The ISO type
I worm gears, which have an involute helicoid tooth flank form, are widely applied in
industry circles because of their ease of manufacturing on a special hobbing machine. In
this case, the worm wheel is principally generated by a hob cutter having the same form as
the tooth flank of the mating worm that conjugates at the worm gear tooth flank. However,
to ensure a long tool life and smooth power transmission, a cylindrical hob with land edges
must be applied.

A worm gear set is usually applied for the outmoded motion and power transmission
of pulverized coal mills in thermal power generations, rolling mills of iron manufacturing
plants, and industrial machinery with large gears. The application of large worm gear sets
has increased in recent years, and their requirement is expected to increase further, owing
to the rise in the demand for the renovation of old plants worldwide.

Meanwhile, Sergej et al. have developed a cross-platform CNC kernel for a multi-axis
machine tool [20]. Nakamoto et al. have advanced in multi-axis control and multitask-
ing machining [21]. These multi-axis machine tool technologies have been applied to
spiral bevel gears with complicated tooth flanks using common endmill tools or disk
cutters [22–30]. Moreover, the technologies have also been applied to straight bevel
gears [31] and skew bevel gears [32]. In addition, the technologies have been applied
to spur gears [33–35] and double helical gears [36], and so on. Large cylindrical worm gears
have also been manufactured by the same approach [37]. The targeted tooth flank forms
of large cylindrical worm gear set were of the Niemann type comprised of concave and
convex circular arcs.

In this study, both large worm and mating worm wheels of ISO type I are manufactured
using endmill tools on universal CNC machine tools, as mentioned above. The tooth flank
forms of the worm gears of ISO type I are involute helicoids. This manufacturing process
has the following advantages: (i) The modification of the tooth flank is free; (ii) It is also
possible to manufacture the basic plane, hole surface, and outside surface of the workpiece;
(iii) Only one-time setup is required; and (iv) Special generating machines and special tools
are not required.

The required tooth flank geometry of the worm wheel, in addition to that of the worm,
is determined on the basis of the TCA results. Next, the cutting conditions of the worm are
determined following the calculation of each offset distance between the worm axis and
the central axis of the endmill tool. Afterward, considering the determined conditions, the
worm is manufactured using a swarf milling method by controlling only two axes and with
the side of the endmill tool. Meanwhile, the targeted theoretical tooth flanks of the mating
worm wheel are modeled in a 3-dimensional computer-aided design (CAD) program,
and the worm wheel is manufactured by a swarf milling method in a computer-aided
manufacturing (CAM) process. The experimental and analytical tooth contact patterns are
compared, and the two tooth contact patterns are determined to be nearly identical.

2. Tooth Flanks of Worm and Worm Wheel

The tooth flank form of ISO type I cylindrical worm is an involute helicoid generated
by a hob cutter. The tooth flank form is deviated from an involute curve in the entry and
exit sides, while the tooth flank form in the center of the tooth width of a worm wheel
is an involute curve by a hob cutter. An arbitrary point that rotates about the worm axis
performs a screw motion. The locus of the point is the screw surface, and it forms the tooth
flank of the worm. The locus of the contact lines in meshing between the tooth flanks of the
worm and worm wheel forms the tooth flank of the worm wheel.
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2.1. Tooth Flank of Worm

The tooth flank of the worm is considered with respect to a rectangular Gaussian
coordinate system whose z-axis coincides with the worm axis, as shown in Figure 1. The
tooth flank of the worm is generated by a straight line that performs a screw motion.
Considering the straight line as a variable position parameter u, as shown in Figure 2, the
x, y, and z components of the position vector of the generating line of the tooth flank are
represented by A, B, and C in Equation (1):

A = x(u), B = y(u), C = z(u) (1)
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Considering θ as the angle of rotation of the screw motion of the generating line and a
variable parameter, the position vector x of the tooth flank of the worm at the angle θ1 of
rotation of the worm may be written as

x(u, θ) = xi + yj + zk

x = A cos θ − B sin θ

y = A sin θ + B cos θ

z = h(θ − θ1) + C

(2)

where i, j, and k are the unit vectors in the directions of x, y, and z axes, respectively. h is
the pitch of screw motion and is given by

h =
Pz

2π
(3)

where Pz is the axial displacement corresponding to one complete revolution. The worm
has a right-hand configuration when h is positive and a left-hand configuration when
h is negative. Considering the cylindrical worm gear set of ISO type I, A, B, and C in
Equation (2) can be represented by

A = rg, B = u, C = u tan γg (4)

where rg is the cylindrical base radius and γg is the lead angle on the base cylinder. Substi-
tuting Equation (4) for Equation (2), the following equations yield:

x = rg cos θ − u sin θ

y = rg sin θ + u cos θ

z = h(θ − θ1) + u tan γg

(5)

x, y, and z in Equation (5) express the coordinates of the tooth flank of the ISO type I
worm in O-xyz.

2.2. Tooth Flank of Worm Wheel

Figure 3 shows the relation between the worm axis and the axis of the worm wheel
in O-xyz. ω1 and ω2 are the angular velocity vectors of the worm and worm wheel,
respectively. The z-axis is the worm axis as well as in Figure 1. The perpendicular common
with the worm axis and axis of the worm wheel is the y-axis. e means the offset distance
between the worm axis and the axis of the worm wheel.

The velocity vectors of the worm and worm wheel at the contact point, v1 and v2,
respectively, are expressed as follows:

v1 = ω1k× x
v2 = ω2i× (x − e j)

(6)

The relative velocity w of the worm wheel with respect to the worm at this point is
represented by

w(u, θ) = v2 − v1
= ω2{εyi− (z + εx)j + (y − e)k} (7)

where ε is ω1/ω2 = z2/z1.
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The worm wheel is principally generated by a tool that has the same form as the tooth
flank of the worm without a modified tooth flank. Considering the relative velocity w
corresponding to the angle of rotation θ and surface unit normal n of the worm tooth flank,
the condition of contact of these two gear tooth flanks is satisfied [38,39]:

n(u, θ)•w(u, θ) = 0 (8)

n is obtained from

n(u, θ) =
∂x
∂u ×

∂x
∂θ∣∣∣ ∂x

∂u ×
∂x
∂θ

∣∣∣ (9)

Substituting Equations (7) and (9) in Equation (8), the line of contact between the
worm and worm wheel can be represented as a function of θ by Equation (10):

− z tan γg cos θ + y− (e− εh) = 0 (10)

Therefore, the contact line corresponding to the angle of rotation θ in screw motion is

z =
−y + (e− εh)

tan γg cos θ
(11)

Substituting y and z components in Equation (5) with Equation (10), Equation (12) yields

−
{

h(θ − θ1) + u tan γg
}

tan γg cos θ + rg sin θ + u cos θ − (e− εh) = 0 (12)

The contact lines in Equation (11) change with the angle of rotation of the worm θ1,
represented by Equation (5). Equation (12) is written as a function of θ when u is given. In
this instance, the lines of contact corresponding to the angle of rotation θ1 of the worm can
be obtained. Therefore, the contact lines move with the rotation of the worm, and the locus
surface x1(u, θ, θ1) can be obtained since θ1 is also a variable parameter.

The worm wheel is rotated by θ1/ε when the worm is rotated by θ1. Therefore, the
locus surface x1 is rotated about the x-axis by θ1/ε after x1 moves parallel to the y-axis by
−e. The tooth flank of the worm wheel obtained after this may be represented as

x2 = A
(
− θ1

ε

)
(x1(u, θ, θ1)− ej) (13)
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where A is the coordinate transform matrix with respect to the rotation about the x-axis
and is represented by

A(θ) =

1 0 0
0 cos θ − sin θ
0 sin θ cos θ

 (14)

The surface unit normal n2 of the tooth flank of the worm wheel is represented by

n2 = A
(
− θ1

ε

)
n(u, θ, θ1) (15)

3. Tooth Contact Analysis of Worm Gear Set

The meshing of the worm and worm wheel is considered in the coordinate system
O-xyz as shown in Figure 3. The tooth contact pattern and transmission errors were
analyzed without load. Based on the investigation of the experimental tooth contact pattern,
the tooth contact pattern moves to the entry side somewhat with the load. Therefore, the
tooth contact pattern was determined so that it appears on the exit side somewhat without
load, considering the movement of the tooth contact pattern by the load in this study. The
method used for the analysis is well-documented in the literature [39]. We recall that the
tooth flanks of the worm and worm wheel, and therefore they are in point tangency. This
means that two tooth flanks have at a common point the same position vector, and the
normal surface vectors are collinear.

Table 1 shows the fundamental specifications of the worm gear set. The number of
threads on the worm is 1. The mean diameters of the worm and worm wheel are 260.0 mm
and 805.0 mm, respectively. The right side in Figure 4 shows the analytical results of tooth
contact pattern, and the left side shows those of transmission errors taking the contact
ratio into consideration. When the gap between the tooth flanks of the worm and worm
wheel is less than 80 µm, two tooth flanks contact is considered. The tooth contact pattern
appears around the midpoint on the tooth flank of the worm wheel. The transmission
errors, including the meshing before and after basic meshing, are also shown. The shape
of the transmission errors in Figure 4 is parabolic, implying continuous contact along the
parabolic path before and after meshing. The gear set with parabolic transmission errors
is not sensitive to the misalignment in accordance with the amplitude of the transmission
errors. Therefore, the motion and power transmission are smooth even when misalignment
exists. The amplitude of transmission errors is approximately 3 arcsec and is very small.
The amount of modification of the tooth flanks can control this value.

Table 1. Fundamental specifications of worm gear set.

Worm Worm Wheel

Number of teeth
Outside diameter
Mean diameter
Tooth bottom diameter
Face width
Hand of spiral

1
320.0 mm
260.0 mm

190.58 mm
1400.0 mm

Right

23
865.0 mm
805.0 mm

735.58 mm
275.0 mm

Left

Tooth profile
Central distance between axes of worm
and worm wheel e
Axial module
Pressure angle
Lead angle

ISO type I
532.5 mm

35.0
20.0 deg.

7.6668 deg.
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4. Manufacturing of Worm and Worm Wheel

Figure 5 shows the flowchart of the process for TCA and manufacturing of ISO
type I worm and worm wheel by end milling on universal CNC machine tools. TCA
is done before manufacturing these gears, as indicated in Section 3. When the tooth
contact pattern obtained from the analysis is satisfied, the NC data for manufacturing the
worm is generated, and it can be manufactured using an endmill tool on a universal CNC
machine tool. Meanwhile, the worm wheel is modeled in 3-dimensional CAD software and
manufactured using a CAM process using an endmill tool on a universal CNC machine
tool. Finally, the experimental tooth contact pattern of the manufactured worm and worm
wheel is examined until it matches the theoretical pattern to a satisfactory level.

4.1. Manufacturing of Worm
4.1.1. Offset-Cutting Method

An offset-cutting method is used to manufacture the worm. This method does not
require a CAD/CAM system. The contact points between the tooth flank of the worm
and the side surface of the endmill tool are analyzed, and the corresponding NC data
are generated.

A 5-axis controlled intelligent combined machine (Okuma Multus B750) was used for
the manufacturing process. This machine has the possibility of some kinds of machining,
such as milling and turning. In addition, this machine had five degrees of freedom, namely,
linear motion along the x-axis, y-axis, and z-axis, the B-axis that represents the tool inclina-
tion, and the C-axis that represents the rotation of the workpiece. For manufacturing the
worm, only the motions along the z-axis and C-axis are controlled, and thus, manufacturing
of the worm follows a screw-type motion.
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CNC machine tools.

Figure 6 shows the offset-cutting method of the right tooth flank of the worm in the
x–z cross section. Suppose that the worm tooth flank and endmill tool contact at point Q.
In this instance, the position vector expressing the coordinates of the point Q in O-xyz is
represented as xr as shown in Equation (5). The distance between the worm axis and the
central axis of the endmill tool is defined as the offset distance. The surface unit normal
nr of the tooth flank xr intersects the axis of the endmill tool as the swarf milling method
utilizes the side of the endmill tool. The y component ny of nr constantly equals zero,
as shown in Figure 6, as only the z-axis and C-axis are controlled. In this method, θ is
determined for a given value of u since ny is a function of u and θ. The convex and concave
of the tooth flank are opposite in comparison with the Niemann profile [37]. x component
T of the right side of the tooth space is represented by

T = A cos θ − B sin θ +
d
2

nx (16)

where d is the diameter of the endmill tool. nx is the x component of nr. A and B in
Equation (16) are expressed as a function of u, and nx is expressed as a function of u and θ.
θ is determined from ny = 0 when u is given. Therefore, T is obtained by substituting the
determined u and θ for Equation (16). The position vector xcr expressing the coordinates of
the rotational center E of the edge of the endmill tool is expressed as:

xcr(u, θ) =

xcr
ycr
zcr

 =

 T
A sin θ + B cos θ

h(θ − θ1) + C + dnz/2

 (17)

where nz is the z component of nr.
Meanwhile, the position vector xcl expressing the coordinates of the rotational center

E of the edge of the endmill tool of the left side of the tooth space is expressed as:

xcl(u′, θ′) =

xcl
ycl
zcl

 =

−A′ cos θ′ − B′ sin θ′

−A′ sin θ + B′ cos θ′

h′(θ′ − θ′1)− C′

 (18)
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where A, B, C, u, θ, h, and θ1 in the right tooth flank are replaced by A′, B′, C′, u′, θ′, h′,
and θ1

′.
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Figure 6. Offset-cutting method of worm.

The tooth flank is checked for the penetration of the edge of the endmill tool, and u’
and θ’ that express the left and right tooth flanks are determined. In this instance, the z
component of the rotational center of the edge of the endmill tool zcl is compared to that of
the right tooth flank. The diameter of the endmill tool is reduced, and the penetration of
the tooth flank can be prevented when zcl < zcr is satisfied.

4.1.2. Manufacturing of Worm

The worm was manufactured using some kind of coated carbide endmill tool on the
5-axis controlled combined machine according to the method described in Section 4.1.1
using a dedicated NC processor. The manufacturing of the worm had three stages. The
first stage involved a roughing operation, which was carried out using ball endmill tools
of diameters of 40 mm, 32 mm, 25 mm, and 16 mm, respectively, before carburizing. The
second stage was a semi-finishing operation, and it was carried out twice with an allowance
of 0.1 mm via a swarf milling method using radius endmill tools. In this instance, the
milling pass was 0.63 mm. The third stage was the finishing operation using the same
method but with an allowance of 0.02 mm. In this instance, the milling pass was 0.3 mm.
Table 2 shows the cutting conditions for semi-finishing and finishing operations in worm
manufacturing. Figure 7 shows the manufacturing of a worm on a universal CNC machine
tool. The manufacturing times in semi-finishing and finishing operations were about
820 × 2 min and 1845 min, respectively.

Table 2. Cutting conditions for semi-finishing and finishing operations in worm manufacturing.

Semi-Finishing Finishing

Diameter of endmill tool (mm) 20.0 20.0
Rotational speed (rpm) 3000 3000

Feed rate (mm/min) 3000 2800
Depth of cut (mm) 0.1 × 2 0.02
Milling pass (mm) 0.63 0.3

Time/one tooth (min) 820 × 2 1845
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The manufacturing of the worm was completed successfully without any adverse
events.

4.2. Manufacturing of Worm Wheel
4.2.1. CAD/CAM Processes

Numerical coordinates and their surface unit normals for the right and left tooth
flanks of the worm wheel were produced on the basis of the TCA results in Figure 4.
In the modeling of the tooth flank of the worm wheel, the tooth flank is represented in
Equation (13). However, tooth thickness exists between the right and left tooth flanks. The
tooth thickness of the worm wheel is determined as follows. The tooth thickness of the hob
is also determined when that of the worm is first determined in a special hobbing machine.
Afterward, the tooth thickness of the worm wheel without backlash is determined when
the worm wheel is generated by a hob cutter that is identical to the tooth flank of the
worm. Finally, the tooth thickness of the worm wheel is determined when the backlash is
provided. The phases of the coordinates of the right and left tooth flanks were then shifted
by one pitch each, and after this process was repeated, the numerical coordinates on the
left and right tooth flanks were produced. Once the data of the face and root of the tooth,
outer edge, inner edge, and so on are generated, the tooth flank of the worm wheel can
be modeled.

Figure 8 shows a 3-dimensional CAD model of the tooth flanks of the worm wheel. The
tool interference was checked, an endmill tool was selected, and the cutting conditions for
manufacturing the worm wheel were provided. Afterward, the milling pass was calculated
automatically. The tooth flank was estimated by smoothing a sequence of the points,
removing the non-generated flank, offsetting the radius of the endmill tool, and producing
the NURBS surface on the basis of the calculated numerical coordinates. In addition, after
the intersection of the curved lines of the right and left tooth flanks was calculated, the
sectional curved line was also calculated and approximated to a straight line. Moreover,
the approach escape was appended to prevent interference, and NC data and IGES (Initial
Graphics Exchange Specification) data for the manufacturing and display were obtained
from the attitude of the endmill tool and coordinate transformation. Figure 9 shows the
milling passes of the worm wheel through a CAM process. Figure 9a,b corresponds to the
milling pass of the right and left tooth flanks, respectively. A swarf milling method based
on the calculated milling passes was established. The milling passes were determined
so that the surface unit normal of the tooth flank passed through the central axis of the
endmill tools.
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4.2.2. Manufacturing of Worm Wheel

A 5-axis controlled machining center (DMG MORI Co., Ltd. DMU210P) was used for
the manufacturing of the worm wheel. The ball endmill tools were utilized in machining the
tooth bottom. The worm wheel material was bronze casting alloy, and it was manufactured
using a swarf milling method using an endmill tool and through a CAM process.

The manufacturing process of the worm wheel was also divided into three stages.
The first stage was a roughing operation, carried out using ball endmill tools of diameters
40 mm, 25 mm, 16 mm, and 12 mm. The second stage was a semi-finishing operation,
performed using a swarf milling method with radius endmill tools, keeping a machining
allowance of 0.1 mm. In this instance, the milling pass was 4.8 mm. The third stage was a
finishing operation, which was performed using the same method but with a machining
allowance of 0.02 mm and a milling pass of 1.0 mm. Table 3 shows the cutting conditions
for the semi-finishing and finishing operations of the tooth flank and for manufacturing
the tooth bottom of the worm wheel. The diameter of the end mill tool, rotational speed,
and feed rate for manufacturing worm wheels are smaller than those for manufacturing
the worm. The cutting time for manufacturing worm wheels is shorter than that for
manufacturing the worm. Figure 10 shows the manufacturing of the worm wheel on a
universal CNC machine tool. The manufacturing times for semi-finishing and finishing
operations per tooth were approximately 5 min and 160 min, respectively.

The worm wheel was manufactured successfully without any adverse events.
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Table 3. Cutting conditions for semi-finishing and finishing operation in manufacturing of worm wheel.

Semi-Finishing Finishing

Diameter of endmill tool (mm) 16.0 16.0
Rotational speed (rpm) 2600 2600

Feed rate (mm/min) 1000 750
Depth of cut (mm) 0.1 0.02
Milling pass (mm) 4.8 1.0

Time/one tooth (min) 5 160
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5. Experimental Tooth Contact Pattern

The meshing of the worm and worm wheel manufactured on universal CNC machine
tools was examined on a gear testing apparatus corresponding to large gears. Afterward,
the tooth contact patterns were observed experimentally. Figure 11 shows the worm gear
set on a gear testing apparatus. Figure 12 shows the compared results of the analytical and
experimental tooth contact patterns on the tooth flank of the worm wheel. Figure 12a,b
corresponds to the analytical and experimental tooth contact patterns, respectively. The
tooth contact patterns in Figure 12a,b are nearly identical. Consequently, this method of
manufacturing a large worm gear set of ISO type I using endmill tools on universal CNC
machine tools was validated and found suitable for use.
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Figure 12. Compared results of analytical and experimental tooth contact patterns. (a) Analytical
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6. Conclusions

In this paper, a cylindrical worm gear set of ISO type I was manufactured using
end mill tools on universal CNC machine tools. The worm was manufactured under the
determined cutting conditions by controlling only two axes in a swarf milling method
using the side of the endmill tool. Meanwhile, the targeted theoretical tooth flanks of the
mating worm wheel were modeled in 3-dimensional CAD software, and the worm wheel
was manufactured by a swarf milling method through a CAM process. The experimental
and analytical tooth contact patterns were compared, and it was observed that they were
nearly identical. Consequently, this method of manufacturing a large worm gear set of
ISO type I was validated and found suitable for use. This manufacturing method can be
applied to other types, such as ZN, ZA, and ZI worm gear sets.
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Nomenclature

A, A′ x components of position vector of generating line of tooth flank of worm in O-xyz
B, B′ y components of position vector of generating line of tooth flank of worm in O-xyz
C, C′ z components of position vector of generating line of tooth flank of worm in O-xyz
u, u’ Variable position parameters on straight line of worm
x Position vectors of tooth flank of worm in O-xyz
x x components of position vector of tooth flank of worm in O-xyz
y y components of position vector of tooth flank of worm in O-xyz
z z components for z-axis of generating line of tooth flank of worm in O-xyz
i Unit vector in the direction of x-axis
j Unit vector in the direction of y-axis
k Unit vector in the direction of z-axis
θ, θ′ Angles of rotation of screw motion of generating line of the worm
θ1, θ1

′ Angles of rotation of worm
h, h′ Pitches of screw motion
Pz Axial displacement corresponding to one complete revolution
rg Base cylindrical radius of worm
γg Lead angle on base cylinder of worm
ω1 Angular velocity vector of worm
ω2 Angular velocity vector of worm wheel
v1 Velocity vector of worm
v2 Velocity vector of worm wheel
e Offset distance between worm axis and axis of worm wheel
ε Angular velocity ratio
w Relative velocity of worm wheel with respect to worm
n Surface unit normal of tooth flank of worm
x1 Locus surface of contact lines
x2 Tooth flank of worm wheel
A Coordinate transform matrix with regard to rotation about x-axis
n2 Surface unit normal of x2
Q Contact point between the worm tooth flank and endmill tool
xr Position vector of point Q in O-xyz
T x component of right side of tooth space
nr Surface unit normal of xr
ny y component of nr
d Diameter of endmill tool
nx x component of nr
E Rotational center of edge of endmill tool
xcr Position vector of E of right side of tooth space in O-xyz
xcr x component of xcr
ycr y component of xcr
zcr z component of xcr
nz z component of nr
xcl Position vector of E of left side of tooth space in O-xyz
xcl x component of xcl
ycl y component of xcl
zcl z component of xcl
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