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Abstract: Formation control is a prerequisite for the formation to complete specified tasks safely and
efficiently. Considering non-symmetrical communication interference and network congestion, this
article aims to design a control protocol by studying the formation model with communication delay
and switching topology. Based on the requirements during the flight and the features of the motion
model, the three-degrees-of-freedom kinematics equation of the UAV is given by using the autopilot
model of longitudinal and lateral decoupling. Acceleration, velocity, and angular velocity constraints
in all directions are defined according to the requirements of flight performance and maneuverability.
The control protocol is adjusted according to the constraints. The results show that the improved
control protocol can quickly converge the UAV formation state to the specified value and maintain
the specified formation with communication delay and switching topology.

Keywords: formation control; consistency theory; communication delay; constraints

1. Introduction

Due to their low cost, strong maneuverability, and wide application range, UAVs
have good application prospects whether in the civilian or military fields [1,2]. With the
complexity and diversification of mission requirements, the low efficiency of a single UAV
has emerged. In order to solve this problem, in addition to improving the function and
utility of a single UAV, UAV formation flight has also become a research focus [3]. Formation
flight means that drones can fly in an expected formation. When the environment or tasks
change, the formation can be changed according to the requirements [4]. The technology
of UAV formation has broad development and application prospects, and using drones
to fly in the expected formation can allow for the completion of more complex tasks and
significant improvement in the efficiency of tasks [5].

The studies on multi-UAV formation focus on formation control, formation reconfigu-
ration, real-time path planning, etc. Formation control is the basis and focus of formation
flight. Commonly used formation control methods mainly include the leader−follower
method, virtual structure method, and behavior control method. The virtual structure
method can simplify the assignment of tasks with high accuracy. The disadvantages are
that it is difficult to perform fault-tolerant processing and requires a lot of communication.
The most mature traditional formation control method is the leader−follow method [6–9].
The leader−follower method simplifies the control of the multi-UAV model [10]. However,
it still has certain limitations, for example, its tracking error will be propagated backward
step by step and thus be amplified. Other methods are combined with the leader−follower
method to solve the problems above [11–13]. Every aircraft receives the same information,
namely the trajectory of the virtual leader in the virtual−leader method. The advantages
of the virtual structure method are that it simplifies the description and assignment of
tasks, and has high formation control accuracy. The disadvantages are that it is difficult
to perform fault-tolerant processing and requires a large amount of communication as a
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centralized control method. The behavior-based method, which is based on the information
obtained from the sensor to determine the responses of the UAVs, has strong robustness
and flexibility, but cannot achieve accurate formation maintenance. The work of [14] studies
multi-UAV formation by applying the behavior control method.

REN indicates that the above three formation control methods can be unified under
the framework of the consistency theory; formation control based on the consistency theory
can overcome some shortcomings of these traditional methods [15]. The formation control
method based on the consistency theory is such that every agent can realize large-scale
and distributed formation control through the communication between neighboring UAVs
under a certain communication network without centralized coordination [16]. The impact
of interaction models on the coherence of collective decision-making is discussed in [17–19].

Formation control methods based on the consistency theory have yielded some valu-
able research results in recent years [20–23]. The work of [24] studied the problem of
time-varying formation control under the constraint of communication delay and designed
a consistent control method that can deal with communication delay. The work of [25]
studied the consensus formation control method based on time-varying communication
topology. The work of [26] considered the existence of random communication noise and
information packet loss constraints in the network and adopted the polygon method of
information exchange based on the consistency theory to realize formation control. The
work of [27] studied the cooperative formation control problem of the multi-aircraft system
based on the consistency theory with a fixed connectivity of the network topology.

Control laws based on consistency are often adopted to solve the problems of multi-
UAV formation, and the maneuvering performance and flight performance of UAVs will
impose restrictions on the control variables and flight states in different ways. In addition,
communication between aircraft is often affected by factors such as transmission speed and
network congestion, resulting in communication delay; due to communication interference
and complex terrain, the multi-aircraft system network topology changes. Therefore,
the research on multi-UAV formation considering communication constraints and flight
constraints has important value.

Aiming at the problems above, the main contributions of this paper are as follows:
(1) This paper adopts the three-degrees-of-freedom kinematics model of a drone which is
based on autopilot, and the lateral heading autopilot and the longitudinal autopilot are
decoupled. (2) This paper proposes an improved basic consistency algorithm. During the
flying process of drones, the communication constraints, such as topology switching and
non-symmetrical communication delay, are considered to design the consistency algorithm.
(3) In addition to communication constraints, mobility constraints are also considered to
improve the consistency algorithm. Compared with other existing methods based on the
consistency algorithm, the improved method considers the formation control in complex
conditions. The communication constraints and flight constraints are both considered. The
communication constraints include the communication delay and switching topology, and
the flight performance and maneuverability constraints include the speed, acceleration,
and heading angular velocity of the UAV. The improved algorithm can not only achieve
multi-UAV formation control when topology switching and communication delay exist,
but it also satisfies the constraints of UAV maneuverability and flight performance.

This article is organized as follows: The three-degrees-of-freedom kinematics model
of a drone which is based on autopilot is adopted, and the lateral heading autopilot and
the longitudinal autopilot are decoupled in Section 2. Section 3 proposes an improved
consistency algorithm that is effective with topology switching and communication delay.
The minimum adjustment is used to adjust for flight constraints. Then, the convergence
proof of the improved consistency algorithm is given. Section 4 discusses the simulation.
The results show that the consistency control protocol proposed can meet the mobility
requirements with communication delay and switching topology.
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2. UAV Dynamics Modeling and Consistency Algorithm

This section first establishes the coordinate system, describes the formation, and then
gives the kinematics model. The consensus algorithm is presented to prepare for the subse-
quent proposed multi-UAV control protocol with switching topology and communication
delay. Finally, the control protocol is adjusted considering the constraints of flight status
and maneuverability.

2.1. UAV Formation Description

Firstly, a coordinate system is created to express the position of the UAVs. The UAV is
considered a mass point. To describe the movement state of the drone, we use the ground
coordinate system. On the horizontal plane, the origin O can be arbitrarily selected.

There are two ways to describe the three-dimensional plane of the UAV formation,
the l − ψ method and the l − l method in [28]. In this paper, the method l − l is selected.
The positional relationship between UAVs can be described by the relative positional
relationship matrix Rx, Ry, Rz.

Rx=


x11 x12 · · · x1n
x21 x22 · · · x2n

...
...

...
...

xn1 xn2 · · · xnn



Ry=


y11 y12 · · · y1n
y21 y22 · · · y2n

...
...

...
...

yn1 yn2 · · · ynn



Rz=


z11 z12 · · · z1n
z21 z22 · · · z2n

...
...

...
...

zn1 zn2 · · · znn



(1)

where
(

xij, yij, zij
)
(i, j = 1, · · · , n) describes the difference in position between two drones.

xii = yii = zii = 0.
The conditions when multi-UAV forms a stable, desired formation are as follows:

∣∣xi − xj
∣∣→ xij∣∣yi − yj
∣∣→ yij∣∣zi − zj
∣∣→ zij∣∣vi − vj
∣∣→ 0

(2)

where xi, yi, zi are coordinates for UAVs. vi is velocity.

2.2. UAV Kinematics Model

In the UAV formation, the three-degrees-of-freedom kinematics model with autopilot is
usually adopted. The longitudinal and lateral movements of the basic kinematic equations
of UAV formation control are coupled. The work of [29] decouples the lateral heading
autopilot and the longitudinal autopilot and obtains a kinematic model of lateral and
longitudinal separation. The motion model of the UAV#i is given by Equation (3):

.
xi = vi cos θi.
yi = vi sin θi.
θi = ωi.
vi =

1
τv
(vci − vi).

θi =
1
τθ
(θci − θi)

..
zi = − 1

τ.
z

.
zi +

1
τz
(zci − zi)

(3)
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where vi is the velocity of the aircraft on the XOY-plane; θi is the heading; ωi is the
course angular velocity;

.
zi is the climb rate;

..
zi is the climb acceleration; τv is the speed

corresponding to the flight state constant; τθ is the flight state constant corresponding to
the heading angle; vci is the speed reference input for the UAV autopilot; θci is the course
angle reference input of the UAV autopilot; and zci is the altitude reference input for the
UAV autopilot.

In Equation (3), the relationship of θi,vi and the velocity component along the OX-axis
and the OY-axis is:  tan θi =

vyi
vxi

vi =
√

vxi
2 + vyi

2
(4)

where vxi,vyi are the velocity component.
The dynamic equation with the autonomous driver can be converted into Equation (5):

.
xi = vxi.
yi = vyi.
zi = vzi.
vxi =

1
τv
(vc

xi − vxi)
.
vyi =

1
τv
(vc

yi − vyi)
..
zi = − 1

τ.
z

.
zi +

1
τz

(
zc

i − zi
)

(5)

where vzi is the speed of the drone along the OZ-axis.
The speed, acceleration, and heading angular velocity of the UAV must be changed

within a certain range: 

vi ∈ (vmin, vmax).
vi ∈ (amin, amax).

θi ∈ (ωmin, ωmax).
zi ∈

( .
zmin,

.
zmax

)
..
zi ∈

(..
zmin,

..
zmax

) (6)

2.3. The Basic Principle of Consensus Algorithm

For any vehicle, its motion states are described by differential equations:{ .
ξ i(t) = ζi(t).
ζ i(t) = ui(t)

(7)

where ξi ∈ Rn is the coordinate vector of the drone; ζi ∈ Rn is the speed vector; ui(t) ∈ Rn

is the control input vector.
In [30], the basic consensus algorithm given by Equation (7) is:

ui(t) = −
n

∑
j=1

aij
[(

ξi(t)− ξ j(t)
)
+ α
(
ζi(t)− ζ j(t)

)]
(8)

where α > 0; aij is an element of the matrix An; matrix An is the communication topology;
and i, j are two different voyages. If UAV# j can send messages to UAV# i, then aij = 1, else
aij = 0.

For UAVs, the information exchange topology is Gn, the element lij in the Laplace
matrix Ln is defined as:

lij =


−aij i f i 6= j

n
∑

j=1,i 6=j,
aij i f i = j (9)
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We assume that the topology of ξi, ζi is consistent during the flight of the UAVs; then,
the condition for the consensus algorithm to converge is:

Lemma 1 [31] If Gn has a directed spanning tree, α > α , the state of the UAV formation can be
asymptotically consistent. If the n− 1 non-zero eigenvalues of −Ln are negative, thenα = 0 , otherwise:

α = max
∀Im(ηi)>0,Re(ηi)<0

√√√√ 2

|ηi| cos
(

arctan Im(ηi)
−Re(ηi)

) (10)

The lemma shows that, when the state is able to converge according to the consen-
sus algorithm, then, for any initial state such as xi(0) and vi(0), when t→ ∞ , there are∣∣xi(t)− xj(t)

∣∣→ 0 and
∣∣vi(t)− vj(t)

∣∣→ 0 .
It is necessary to set a reasonable communication topology and α value so that the

state of the drone converges to the same level.

3. Improved Consistency Algorithm

The above Equation (8) does not consider the network communication delay and
network topology switching in the formation flight of UAVs, nor does it consider the
constraints of UAV maneuverability and flight performance; therefore, the consensus
algorithm needs to be improved for the actual flight of UAVs.

Firstly, for the situation of non-symmetrical communication delay and topology switch-
ing in formation flight, we design the consensus control protocol for the formation flight.
Then, the designed control protocol is modified to make itself and the corresponding state
output meet the constraints of UAV maneuvering and flight performance.

3.1. Formation State Control

This section studies the consensus control protocol in the case of joint connectivity
communication topology.

The state of the dynamic equation of UAV#i is shown in Equation (7).
If the formation protocol can ensure that the states of the UAVs meet the conditions:[

ξi − ξ j
]
→ rij and ζi → ζi → ζ∗ , (rij is the expected difference in position between two

drones, and rij = −rji, ζ∗ is the desired speed vector). This shows that the control algorithm
can make the multiple UAVs form our expected formation and move forward according to
the expected flight speed finally.

The work of [31] gives a control protocol that can make the multi-aircraft system
form the desired formation and achieve a given speed, but only for fixed communication
topology, and does not consider the communication delay of the system.

This section refers to the control protocol idea of [15] for the multi-aircraft formation
flight control system with non-symmetrical communication delay and a communication
topology map that is jointly connected. The formation protocol for the UAV is Equation (11):

ui(t) = ∑
j∈Ni(t)

aij(t)
{

k1
[
ξ j(t− τij)− ξi(t− τii)− rji

]
+ k2

[
ζ j(t− τij)− ζi(t− τii)

]}
+

.
ζ
∗
− k3(ζi(t)− ζ∗)

(11)

uxi, uyi, uzi are shown in Equations (12)–(14), as follows:
vxci = vxi + τvuxi

uxi = ∑
Vj∈Ni(t)

aij(t)
{

k1
[
xj − xi − xji

]
+ 2

k2

[
vxj − vxi

]}
+

.
v∗x − kx

3(vxi − v∗x) (12)


vyci = vyi + τvuyi

uyi = ∑
Vj∈Ni(t)

aij(t)
{

k1

[
yj − yi − yji

]
+ 2

k2

[
vyj − vyi

]}
+

.
v∗y − k3

(
vyi − v∗y

)
(13)
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zc

i = zi +
τz
τ.

z

.
zi + τzuzi

uzi = ∑
Vj∈Ni(t)

aij(t)
{

k1
[
zj − zi − zji

]
+ 2

k2

[
vzj − vzi

]}
+

.
v∗z − k3

(
vyi − v∗y

)
(14)

where τii is the time change in the UAV#i itself, a type of latency which is caused by measure-
ments or calculations; τij represents the time delay for UAV#j to receive the state information
from UAV#i; Ni(t) is a collection of neighbors of node i, and k1, k2, k3 > 0, k3 = k1k2.

Suppose there are M numbers of different time delay in total, it is expressed as
τm(t) ∈

{
τii(t), τij(t), i, j ∈ l

}
, m = 1, 2, 3, · · ·M, and satisfies Assumption 1.

Assumption 1. For specific normal values hm > 0, dm > 0, time-varying delay time τm(t),
m = 1, 2, 3, · · · , M satisfies 0 ≤ τm ≤ hm and

.
τm ≤ dm ≤ 1.

When the network topology is switched and there is a delay in communication, this
control protocol can realize the coordinated flight of multiple UAVs.

3.2. Formation Control Protocol Adjustment under Constraints

Section 3.1 does not consider the constraints of Equation (6) when designing the
formation control protocol, so the generated control commands and corresponding flight
states may not meet the requirements of UAV maneuverability and flight performance.
This section proposes a strategy called minimum adjustment to adjust the formation control
protocol in Section 2.1 so that both itself and the corresponding state output meet the
constraints of UAV maneuvering and flight performance.

The control command uxi, uyi is adjusted in the XOY-plane, so that it satisfies the
constraints of velocity vi, acceleration

.
vi, and heading angular velocity

.
ϕi. Then, the

values of uxi, uyi are fixed and the value of the control instruction uzi is adjusted to meet the
constraints of the OZ-axis direction of the climbing speed

.
zi and the climbing acceleration

..
zi.

Then, uxi, uyi are adjusted in Equations (12) and (13), then the related constraints
of speed vi, acceleration

.
vi, and heading angular velocity

.
ϕi, vi(t + ∆t) can be obtained

through the current flight status:{
αi(t) =

√
u2

xi(t) + u2
yi(t)

vi(t + ∆t) = vi(t) + αi(t)∆t
(15)

If vi(t + ∆t) does not satisfy the constraint vi(t + ∆t) ∈ (vmin, vmax), the following
variables can be defined as follows:{

α
′
min,i(t) =

vmin−vi(t)
∆t

α
′
max,i(t) =

vmax−vi(t)
∆t

(16)

where α
′
min,i(t) and α

′
max,i(t) are the accelerations of the UAV#i at time t.

When the speeds are vmin, vmax at t + ∆t, αi(t) ∈
[
α
′
min,i(t), α

′
max,i(t)

]
. a

′
min,i(t) is

compared with amin and a
′
max,i(t) is compared with amax, respectively, to obtain the updated

constraints of acceleration: anew
min,i(t) = max

(
amin, a

′
min,i(t)

)
anew

max,i(t) = min
(

amax, a
′
max,i(t)

) (17)

where anew
max,i(t) is the upper limit of ai(t), and anew

min,i(t) is the lower limit of ai(t).
Equation (17) actually includes constraints on the vi(t + ∆t). As long as the accelera-

tion ai(t) of the UAV# i satisfies Equation (17), the two constraints on the acceleration and
velocity in the XOY-plane can be satisfied at the same time. If vi(t + ∆t) ∈ (vmin, vmax),
then the values of amin and amax do not need to be updated by Equation (16). Constraint
ai ∈

[
anew

min,i, anew
max,i

]
is used to adjust uxi, uyi so that it satisfies the constraints.
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The adjustment of uxi(t), uyi(t) needs to be carried out synchronously, and the in-
fluence on the original acceleration value should be as small as possible. The following
adjustments can be made to uxi(t), uyi(t):

u
′
xi(t) = anew

max,i(t)
uxi(t)
ai(t)

, u
′
yi(t) = anew

max,i(t)
uyi(t)
ai(t)

i f ai(t) > anew
max,i(t)

u
′
xi(t) = anew

min,i(t)
uxi(t)
ai(t)

, u
′
yi(t) = anew

min,i(t)
uyi(t)
ai(t)

i f ai(t) < anew
min,i(t)

(18)

Then, the values of u
′
xi, u

′
yi meet the constraints of acceleration and speed after the

above adjustments, and the adjustment range is the smallest.
After that, the heading angular velocity

.
θi(t) constraint is processed, and u

′
xi(t)u

′
yi(t)

will be adjusted in the next step.
According to the constraints of

.
θi ∈ (ωmin, ωmax), the allowable value range of the

heading angle θi at the next sampling time can be obtained as:{
θmin,i(t + ∆t) = θi(t) + ωmin∆t
θmax,i(t + ∆t) = θi(t) + ωmax∆t

(19)

The heading angle θi(t + ∆t) at the next sampling time is:

θi(t + ∆t) = arctan
vyi(t) + u

′
yi(t)∆t

vxi(t) + u′xi(t)∆t
(20)

where vxi(t) and vyi(t) are the speeds of the drone at time t.
If θi(t + ∆t) /∈ [θmin,i, θmax,i], then u

′
xi(t), u

′
yi(t) should be adjusted by Equations (21)

and (22). 
vyi(t)+u

′′
yi(t)∆t

vxi(t)+u′′xi(t)∆t
= tan(θmax,i(t + ∆t))

u
′′2
xi (t) + u

′′2
yi (t) = a

′2
i (t)

θi(t + ∆t) > θmax,i(t + ∆t)

(21)


vyi(t)+u

′′
yi(t)∆t

vxi(t)+u′′xi(t)∆t
= tan(θmin,i(t + ∆t))

u
′′2
xi (t) + u

′′2
yi (t) = a

′2
i (t)

θi(t + ∆t) < θmin,i(t + ∆t)

(22)

where Equations (21) and (22) are binary quadratic equations; usually, there are two
different sets of solutions, denoted as u

′′
xi1(t), u

′′
yi1(t) and u

′′
xi2(t), u

′′
yi2(t). Because both

sets of solutions satisfy the constraints of the heading angular velocity
.
ϕi, it is necessary

to further confirm which set is finally selected as the result according to the “minimum
adjustment” strategy.

Let γ
′
ai(t) = arctan

u
′
yi(t)

u′xi(t)
represent the direction of the acceleration a

′
i(t); the adjusted

values should not only keep the value of a
′
i(t) unchanged, but also the direction of a

′
i(t)

should change minimally.

γ
′′
ai1(t) = arctan

u
′′
yi1(t)

u′′xi1(t)
and γ

′′
ai2(t) = arctan

u
′′
yi2(t)

u′′xi2(t)
represent the directions of the

UAV#i‘s acceleration in the XOY-plane after adjustment by Equations (21) or (22).
Among these two sets of solutions, the set of solutions corresponding to

min
(∣∣∣γ′′ai1(t)− γ

′
ai(t)

∣∣∣, ∣∣∣γ′′ai2(t)− γ
′
ai(t)

∣∣∣) is selected as the values required.
The above procedure makes minimal adjustments to uxi(t), uyi(t) and satisfies the

constraints of the XOY-plane.
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For the constraints in the direction of the OZ-axis, the climbing rate
.
zi(t) and climb

acceleration
..
zi(t) of the drone are limited and uzi(t) is adjusted. First, the climbing rate of

the next sampling moment
.
zi(t + ∆t) is calculated through the current time of the drone

flight status as
.
zi(t + ∆t) =

.
zi(t) + uzi(t)∆t.

If
.
zi(t + ∆t) /∈

[ .
zmin,

.
zmax

]
, then the updating constraints of the climbing acceleration

..
zi(t) are shown in the following formula:{ ..

z
′

min,i(t) =
.
zmin−

.
zi(t)

∆t
..
z
′

max,i(t) =
.
zmax−

.
zi(t)

∆t

(23)

where
..
z
′

min,i(t) and
..
z
′

max,i(t) are the lower limit and upper limit of the constraints after the
climbing rate constraints are converted to the climbing acceleration at time t, respectively.

If
.
zmin ≤

.
zi(t + ∆t) ≤ .

zmax, then
..
z
′

min,i(t) and
..
z
′

max,i(t) do not need to be updated.
Through Equation (24), the constraints on the climbing rate are also converted into the

constraint on the climbing acceleration at time t. Then,
..
z
′

min,i(t),
..
zmin,

..
z
′

max,i(t), and
..
zmax

are compared, and the updated rising acceleration constraint conditions is determined as:
..
znew

min,i(t) = max
(..

zmin,
..
z
′

min,i(t)
)

..
znew

max,i(t) = min
(..

zmax,
..
z
′

max,i(t)
) (24)

where
..
znew

min,i(t) and
..
znew

max,i(t) are the final lower limit and upper limit values of the climbing
acceleration, respectively, after the climbing rate and climbing acceleration constraints have
been considered.

Finally, we limit the current climb acceleration uzi(t) to the allowable range:

u
′
zi(t) = max

(..
znew

min,i(t), min
(

uzi(t),
..
znew

max,i(t)
))

(25)

where u
′
zi(t) is the adjusted climbing acceleration. From Equation (25), when

uzi(t) ∈
[..
znew

min,i(t),
..
znew

max,i(t)
]
, we have u

′
zi(t) = uzi(t); when uzi(t) <

..
znew

min,i(t), we have

u
′
zi(t) =

..
znew

min,i(t); when uzi(t) >
..
znew

max,i(t), we have u
′
zi(t) =

..
znew

max,i(t).

3.3. Convergence Proof of Improved Consistency Algorithm

Let ξ i = ξi − ξ0 − ri, ζ i = ζi − ζ∗, then Equation (11) can be transformed into:

ui(t) = ∑
sj∈Ni(t)

aij(t)
{

k1

[
(ξ j
(
t− τij(t)

)
− (ξ i(t− τii(t))

]
+ 2

k2

[
ζ j
(
t− τij(t)

)
− ζ i(t− τii(t))

]
+

.
ζ
∗
− k3ζ i(t)

(26)

If ζ̂i(t) = 2ζ i(t)/k1k2 + ξ i(t), ε(t) = [ξ1(t), ζ̂i(t), · · · , ξn(t), ζ̂n(t)]
T

, then:

B =

[
−k3/2 k3/2
k3/2 k3/2

]
, Q =

[
0 0
0 2/k2

]
According to Equation (26), the closed-loop dynamic equation is Equation (27):

.
ε(t) = (In ⊗ B)ε(t)−∑M

m=1 (Lσm ⊗Q)ε(t− τm) (27)

In fact, if we have lim
t→+∞

ε(t) = 0, then lim
t→+∞

ξ j(t)− ξi(t) = rji, lim
t→+∞

ζ(t) = ζ∗.

Next, we show that the above closed-loop control system can achieve lim
t→+∞

ε(t) = 0.

Referring to the definition of switching topology, it is assumed that the time-invariant
topology Gσ in a certain sub-interval [tkb

, tkb+1
) has q(q ≥ 1) the numbers of connected
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parts, and its corresponding node set is denoted by ψ1
kj

, ψ2
kj

, · · · , ψdσ
kj

, and f is the node

number in ψi
kj

. Then, a permutation matrix Pσ ∈ Rn×n is obtained by satisfying:

PT
σ LσPσ = diag

{
L1

σ, L2
σ, · · · , Ldσ

σ

}
PT

σ LσmPσ = diag
{

L1
σm, L2

σm, · · · , Lq
σm

} (28)

εT(t)(Pσ ⊗ I2) =

[
ε
1 T
σ , ε

2 T
σ , · · · , ε

q T
σ

]
(29)

where Li
σ ∈ R f i

σ× f i
σ is the Laplacian matrix which corresponds to the part which is con-

nected, and Li
σm ∈ R f× f , Li

σ = ∑M
m=1 Li

σm. Therefore, in [tkb
, tkb+1

), it can be broken down
into q numbers of subsystems:

.
ε

i
σ(t) = (I f ⊗ B)εi

σ(t)−∑M
m=1 (Li

σm ⊗Q)εi
σ(t− τm), i = 1, 2, · · · , q (30)

where εi
σ(t) = [εi

σ1(t), · · · εi
σ2 f i

σ
(t)] ∈ R2 f i

σ .

Lemma 2. [32] If there is Dn = nIn − 11T , then there must be an orthogonal matrix
Un ∈ Rn×nwhich makes UT

n DUn = diag{nIn−1, 0}, where the last column Un is 1/
√

n .
We give a matrix D ∈ Rn×n and make it satisfy 1T D = 0 and D1 = 0 , then UT

n DUn =

diag
{

UT
n DUn, 0

}
.

Lemma 3. [33] For any function of actual cable vector x(t) ∈ Rn, any function of cable scalar
τ(t) ∈ [0, a], and any constant matrix 0 < H = HT ∈ Rn×n, there is:

1
a
[x(t)− x(t− τ(t))]T H[x(t)− x(t− τ(t))] ≤

∫ t

t−τ(t)

.
xT

(s)H
.
x(s)ds, t ≥ 0 (31)

where a > 0.

Theorem 1. Considering a multi -UAV system with non-uniform time delay and switching
topology, in any sub -interval

[
trb , trb+1

)
, if γ > 0, and Fi

σ ∈ R f× f , i = 1, 2, · · · , q, there is:

F
i T
σ Ξi

σFi
σ < 0 (32)

then there is lim
t→∞

ξ j(t)− ξi(t) = rji, lim
t→∞

ζi(t) = ζ∗.

where Fi
σ = diag

{
U2 f , I2M f

}
, and the definition of U2 f is as shown in Lemma 2.

where Ξi
σ =

[
Ξ11 Ξ12
ΞT

12 Ξ22

]
, and

Ξ11 = 2γ
(

I f ⊗ B
)
+ ∑M

m=1 hm

(
I f ⊗ B

)T(
I f ⊗ B

)
−∑M

m=1
1− dm

hm
I2 f

Ξ12 =

[
−γ
(

Li
σ1 ⊗Q

)
+ 1−d1

h1
I2 f −∑M

m=1 hm

(
I f ⊗ B

)T(
Li

σ1 ⊗Q
)
, · · ·

−γ
(

Li
σM ⊗Q

)
+ 1−dM

hM
I2 f −∑M

m=1 hm

(
I f ⊗ B

)T(
Li

σM ⊗Q
) ]

Ξ22 =
[
−diag

{
1−d1

h1
I2 f , 1−d2

h2
I2 f , · · · 1−dM

hM
I2 f

}
+

∑M
m=1 hm

[(
Li

σ1 ⊗Q
)
, · · ·

(
Li

σM ⊗Q
)]T[(Li

σ1 ⊗Q
)
, · · ·

(
Li

σM ⊗Q
)]
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Proof of Theorem 1. The Lyapunov−Krasovskii function for Equation (11) can be defined following:

V(t) = γεT(t)ε(t) + ∑M
m=1

∫ 0

−τm

∫ t

t+a

.
ε

T
(s)

.
ε(s)dsda,γ > 0 (33)

.
V(t) can be calculated as:

.
V(t) = 2γεT(t)

.
ε(t) + ∑M

m=1 τm
.
ε

T
(t)

.
ε(t)−∑M

m=1
(
1− .

τm
)∫ t

t−τm

.
ε

T
(s)

.
ε(s)ds

= 2γεT(t)
[(

I f ⊗ B
)

ε(t)
]
− 2γεT(t)∑M

m=1
[(

Li
σm ⊗Q

)
ε(t− τm)

]
+

∑M
m=1 τm

.
ε

T
(t)

.
ε(t)− ∑M

m=1
(
1− .

τm
)∫ t

t−τm

.
ε

T
(s)

.
ε(s)ds

(34)

According to Equation (33) and Assumption 1,
.

V(t) is changed to the following form:

.
V(t) ≤

q
∑

i=1

{
2γε

i T
σ (t)

[(
I f ⊗ B

)
εi

σ(t)− 2γε
i T

σ (t)∑M
m=1

[(
Li

σm ⊗Q
)
εi

σ(t− τm)
]]

+ ∑M
m=1 hm

.
ε

i T
σ (t)

.
ε

i
σ(t)−∑M

m=1 (1− dm)
∫ t

t−τm

.
ε

T
(s)

.
ε(s)ds

}
(35)

According to Lemma 3, the following can be obtained:

.
V(t) ≤

q
∑

i=1

{
2γεi

σ
T(t)

[(
I f ⊗ B

)
εi

σ(t)− 2γεiT
σ (t)

M
∑

m=1

[(
Li

σm ⊗Q
)
εi

σ(t− τm)
]]

+
M
∑

m=1
hm

.
ε

iT
σ (t)

.
ε

i
σ(t)

−
M
∑

m=1

1−dm
hm

[ .
ε

i
σ

T(t)
.
ε

i
σ(t)−

.
ε

iT
σ (t)

.
ε

i
σ(t− τm)− εi

σ
T(t− τm)εi

σ(t) + εiT
σ (t− τm)εi

σ(t− τm)
]

=
q
∑

i=1
δT

i Ξi
σδi

where δi =

[
ε
i T
σ (t), ε

i T
σ1 (t− τ1), ε

i T
σ2 (t− τ2), · · · ε

i T
σM (t− τM)

]
.

Ξi
σ = Ξ

i T
σ , and Ξi

σ

[
1T

2 f , 0T
2M f

]T
= 0. According to Lemma 2, we can conclude

Ξi
σ ≤ 0, when F

i T
σ Ξi

σFi
σ < 0, rank(Ξi

σ) = 2(M + 1) f − 1.

Let η =

[
ε
i T
σ (t)− h1T , ε

i T
σ1 (t), ε

i T
σ2 (t), · · · ε

i T
σM (t)

]
, h > 0, then Ξi

σ(δi − η) = 0,

and we can obtain

δT
i Ξi

σδi = ηTΞi
ση ≤ λ‖η‖2 ≤ λ

[∥∥∥εi
σ(t)− h1

∥∥∥2
+

M

∑
m=1

f

∑
K=1

(
εi

σmk

)2
(t)

]
(36)

where ‖·‖ is the Standard European norm and λ < 0 represents the maximum non-zero
eigenvalue of Ξi

σ.

Therefore,
.

V(t) ≤ λ
q
∑

i=1

[∥∥εi
σ(t)− h1

∥∥2
+

M
∑

m=1

f
∑

K=1

(
εi

σmk
)2
(t)

]
≤ 0.

Through the above analysis, Equation (11) is stable, and lim
t→+∞

V(t) = 0. Then, we can

obtain lim
t→+∞

ε(t) = 0, then lim
t→+∞

ξ i(t) = 0, lim
t→+∞

ζ̂i(t) = 0, and we can have lim
t→+∞

ξ j(t)−
ξi(t) = rji, lim

t→+∞
ζi(t) = ζ∗. That is, under the action of the control protocol of Equation

(30), the drones can eventually form the specific formation at an expected velocity. �

4. Simulation and Results

The effectiveness of the control protocol designed is verified by simulation. This
section verifies the improved control protocol of the existing constraints, indicating the ef-
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fectiveness of the strategies proposed. We assume that the formation has a non-symmetrical
communication delay and has the jointly connected topologies in the example below.

We assume that the formation consists of six UAVs. The topology structure and the
formation that we expect are shown in Figures 1 and 2.
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The communication topology is switched in the order of (G1, G2, G3, G1), and the
weight of each connected edge is 1. Assuming that there are three different time delays
in the system as τ1(t), τ2(t), τ3(t), for ∀i 6= j, then τii(t) = τjj(t) = τ1(t); τ12(t) = τ23(t) =
τ34(t) = τ45(t) = τ56(t) = τ61(t) = τ2(t); τ21(t) = τ32(t) = τ43(t) = τ54(t) = τ65(t) =
τ16(t) = τ3(t).

The time delays satisfy 0 ≤ τ1(t) ≤ 0.01, 0 ≤ τ2(t) ≤ 0.07, 0 ≤ τ3(t) ≤ 0.08. The initial
state of the six UAVs and the parameters setting are listed in Tables 1 and 2.

Table 1. The initial state of the six UAVs.

Number 1 2 3 4 5 6

xi/m 20 60 10 90 43 60
yi/m 66 56 96 56 86 86
zi/m 50 10 40 330 350 240

vi/
(
m.s−1) 15 35 55 75 65 90

θi/(◦) 36 −36 45 −45 −20 45
.
z/(m.s−1) 4 3 2 1 5 3
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Table 2. Parameter settings.

Parameter vmin/
(
m.s−1) vmax/

(
m.s−1) amin/g amax/g

.
zmin/(m.s−1)

.
zmax/(m.s−1)

Value 10 600 −5 5 −30 30

Parameter
..
zmin/

(
m.s−1) ..

zmax/
(
m.s−1) ωmin/

(
rad.s−1) ωmax/

(
rad.s−1) ζ∗(m/s) z∗(m)

Value −5 5 −π/2 π/2 50 300

Parameter k1 k2 k3 τv τz τ.
z

Value 0.6 1.1 0.66 10 0.3 0.3

Under the improved control protocol, the position curves, speed curves, course angle
curves, and expected formation of the six UAVs are shown in Figure 3.
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The figures show that, under the improved formation control protocol, the six drones
can achieve the expected formation with the expected speed under the complex condi-
tions of communication constraints and dynamic constraints; the composite error of the
formation is 0, as shown in Figure 3f. This indicates that the formation control protocol is
effective for UAV formation in the conditions of non-symmetrical communication delay
and topology switching.

When drones form a stable formation, assuming that the formation needs to be
changed during flight, the control protocol is still valid. The simulation results are shown
in Figure 4.
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The figures show that, under the formation control protocol, the six drones can achieve
the expected formation with the expected speed. When the formation needs to be changed,
under the control protocol, the new formation is formed. The drones can fly with the
new expected speed and the designed formation control protocol is still valid. The results
indicate that the improved control protocol is widely used.

5. Conclusions

This article studies the problem of formation control based on the consistency theory.
This article focuses on the research of drone formation, thus ignores the gesture control of
the drone. The three-degrees-of-freedom kinematics equation of the UAV is given by using
the autopilot model of longitudinal and lateral decoupling. Considering the communication
interference and network congestion, this paper designs the control protocol by studying
the formation model with non-symmetrical communication delay and switching topology.
Acceleration, velocity, and angular velocity constraints in all directions are defined accord-
ing to the requirements of flight performance and maneuverability. Both communication
and mobility constraints are considered in this paper. The improved control protocol is
adjusted according to the constraints. The results show that the improved control protocol
is effective and can quickly converge the UAV formation state to the specified value and
can maintain the specified formation with communication delay and switching topology.
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