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Abstract: In this paper, a design approach for simultaneous cooperative interception is presented for
a scenario where the successful handover cannot be guaranteed by a single interceptor due to the
target maneuver and movement information errors at the handover moment. Firstly, the concepts of
the reachable interception area and predicted interception area are introduced, a performance index
function is constructed, and the probability of a successful handover is described by considering
the coverage of the predicted interception area. Taking the probability of successful handover as
a constraint, the simultaneous cooperative interception design problem is formulated based on
area coverage. Then, an area coverage optimization algorithm is presented to design the spatial
distributions of the interceptors. In order to enhance the handover probability, a simultaneous
cooperative interception design approach is proposed to obtain the number of interceptors and the
corresponding spatial distributions. Finally, simulation experiments are carried out to validate the
effectiveness of the proposed approach.

Keywords: cooperative interception; area coverage optimization; multiple interceptors

1. Introduction

For the interception of an invading high-speed target, the common engagement process
can be divided into three phases, i.e., the boost phase, mid-course guidance phase, and
terminal guidance phase. In the boost phase, the interceptor gains the velocity fast enough
for the mid-course guidance phase. In the mid-course guidance phase, the interceptor
flies to the predicted interception point, which is provided by the ground or space-based
target tracking system. When the interceptor gets close enough to the target, the seeker
system of the interceptor starts working and the terminal guidance begins, in which the
interceptor flies to the target using proportional guidance law or augmented proportional
guidance law [1]. A successful handover from mid-course guidance to terminal guidance
is a necessary condition for the interceptor to hit the target, i.e., the miss distance caused by
the target maneuver and movement information errors is less than the maximum distance
that the interceptor can maneuver in the terminal guidance. However, in some interception
scenarios, the target movement information cannot be obtained accurately, such as for a
newly emerging hypersonic target in near space, so the resulted miss distance may be
larger than the maximum maneuverable distance of an interceptor. In these circumstances,
a successful handover cannot be guaranteed by a single interceptor; therefore, cooperative
interception using multiple interceptors is gradually becoming a trend in the development
of defense technologies.

For the state of the art of cooperative interception, existing research results mainly
consist of task assignment and cooperative guidance law design. In [2], the interception of
multiple high-speed targets was considered, and the kill probabilities of targets were taken
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as the performance index function for the task assignment. In [3], a discrete particle swarm
optimization algorithm was proposed to search for the optimal task assignment scheme.
In [4], the task assignment was formulated based on game theory, and two negotiation
mechanisms were proposed to search for the optimal assignment scheme. Considering the
uncertainties of the target invading direction, a Salvo Enhanced No Escape Zone algorithm
was proposed to allocate the task to multiple interceptors in [5], which increased the
chances that the target was killed by at least one interceptor. In [6], the handover of two
interceptors with simultaneous cooperative interception was considered and the locations
of the interceptors were designed by maximizing the overall engagement envelopes, but
the distributions of the target movement information errors were not taken into account.
For the design of cooperative guidance law, the main purpose is to guarantee that all the
interceptors encounter the target at the same time or at a certain angle with respect to each
other [7–15], and the miss distance of each interceptor is zero with respect to the predicted
interception point. However, when all the interceptors are aiming at the same predicted
interception point at the handover moment, the maximum maneuverable distance may be
less than all the miss distances of the interceptors with respect to the target, which means
that all the interceptors are unable to hit the target in the terminal guidance. Thus, besides
the coordination of the time and angle, it is necessary to optimize the spatial distribution of
the predicted interception points of the interceptors so that there is at least one interceptor
capable of hitting the target. According to the current research status of cooperative
interception, most of the results are based on the condition that the target movement
information is accurate, which is unrealistic in some engagement scenarios. When accurate
information about the target is unavailable, only the possible positions of the target can be
obtained. In order to ensure a successful interception, the number of interceptors should
be sufficient and the area should be allocated to each interceptor so that the target area
can be completely covered by the reachable areas of the interceptors. However, existing
methods for the task assignment of many-on-many interception engagements cannot be
used for the allocation of the target area. Therefore, it is necessary to study the cooperative
interception design approach based on area coverage. Area coverage is an important
research direction in the cooperative control of multiple agents, and many approaches
have been developed for various kinds of coverage problems [16–21], such as environment
monitoring, sweeping, search and rescue, and sensor node arrangements in wireless sensor
networks, etc. However, a coverage approach is aimed at a clear application background
and the interceptor is different from the agent, thus the existing coverage approaches cannot
be directly applied to the cooperative interception design.

In this paper, considering the uncertainties of the target maneuver and movement
information, the problem of cooperative interception is investigated. Taking both the miss
distance and probability of successful handover into account, the spatial distributions and
number of interceptors are designed for the handover of simultaneous cooperative inter-
ception. The remainder of this paper is organized as follows. In Section 2, the mathematical
descriptions of the reachable area and predicted interception area are presented first, and
considering the coverage of the predicted interception area, a performance index function
for cooperative interception is constructed. Then, taking the probability of successful
handover as a constraint, the cooperative interception problem is formulated based on area
coverage. In Section 3, an area coverage optimization algorithm is proposed to optimize
the spatial distribution of interceptors, then an approach for the cooperative interception
problem is proposed based on the area coverage optimization algorithm. Simulations are
carried out to illustrate the effectiveness of the proposed approach in Section 4. Conclusions
and future work are presented in Section 5.

2. Problem Formulation

In this section, the descriptions of the reachable area of an interceptor and predicted
interception area are given, then the cooperative interception design problem is formulated
based on area coverage optimization.
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2.1. Reachable Area of an Interceptor

Before the description of the reachable area, the movement model of an interceptor is
presented, which is based on the following assumptions.

Assumption 1 [22]: The relative trajectories between an interceptor and the target can be linearized
with respect to the initial line of sight, and the acceleration of an interceptor is perpendicular to the
line of sight.

Assumption 2: The dynamics of the interceptor can be neglected.

Assumption 3: The control of an interceptor in the longitudinal plane and lateral plane can be
decoupled from each other.

The interception geometry between an interceptor and a target is shown in Figure 1,
where Oxyz is the initial line-of-sight frame. The origin O is set to be the position of an
interceptor at the initial moment, the Ox axis is along the initial line of sight, the Oy axis
is perpendicular to the Ox axis and lies in the vertical plane containing the Ox axis, and
the Oz axis is determined by the right-hand rule. The target and interceptor are denoted
by T and I, respectively, and [xT, yT, zT] and [xI, yI, zI] are the positions of the target and
interceptor. VT and VI denote the velocity of the target and interceptor, respectively.

Drones 2022, 6, x FOR PEER REVIEW 3 of 21 
 

2. Problem Formulation 
In this section, the descriptions of the reachable area of an interceptor and predicted 

interception area are given, then the cooperative interception design problem is formu-
lated based on area coverage optimization. 

2.1. Reachable Area of an Interceptor 
Before the description of the reachable area, the movement model of an interceptor 

is presented, which is based on the following assumptions. 

Assumption 1 [22]: The relative trajectories between an interceptor and the target can be linear-
ized with respect to the initial line of sight, and the acceleration of an interceptor is perpendicular 
to the line of sight. 

Assumption 2: The dynamics of the interceptor can be neglected. 

Assumption 3: The control of an interceptor in the longitudinal plane and lateral plane can be 
decoupled from each other. 

The interception geometry between an interceptor and a target is shown in Figure 1, 
where Oxyz is the initial line-of-sight frame. The origin O is set to be the position of an 
interceptor at the initial moment, the Ox axis is along the initial line of sight, the Oy axis 
is perpendicular to the Ox axis and lies in the vertical plane containing the Ox axis, and 
the Oz axis is determined by the right-hand rule. The target and interceptor are denoted 
by T and I, respectively, and [xT, yT, zT] and [xI, yI, zI] are the positions of the target and 
interceptor. VT and VI denote the velocity of the target and interceptor, respectively. 

Based on Assumption 1, let 
T

I I Iy z   y  be the lateral movement states of an in-
terceptor in the Oxyz frame, then the movement model of an interceptor in the initial line-
of-sight frame can be described as 

I I I I I y A y B a  (1)

where 
Ia  is the acceleration of an interceptor and 

0 0 1 0 0 0
0 0 0 1 0 0

,
0 0 0 0 1 0
0 0 0 0 0 1

I IA B

   
   
   
    
   
   
      

 (2)

 
Figure 1. Engagement geometry between an interceptor and a target. Figure 1. Engagement geometry between an interceptor and a target.

Based on Assumption 1, let yI =
[
yI zI

]T be the lateral movement states of an
interceptor in the Oxyz frame, then the movement model of an interceptor in the initial
line-of-sight frame can be described as

.
yI = AIyI + BIaI (1)

where aI is the acceleration of an interceptor and

AI =


0 0 1 0
0 0 0 1
0 0 0 0
0 0 0 0

, BI =


0 0
0 0
1 0
0 1

 (2)

The acceleration of an interceptor is generally limited, so let amax be the maximum
value of the interceptor acceleration, and then the constraint set of aI can be written as

UI =
{

aI
∣∣∣∣aIy

∣∣ ≤ amax, |aIz| ≤ amax
}

(3)

where aIy and aIz are the x and y components of aI , respectively.
Now, the description of the reachable area will be presented based on the dynamic

model and input constraints. First, the following definitions are given.
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Definition 1: Predicted interception moment: under the condition that the control of an interceptor
is zero, the moment when the distance between the interceptor and target reaches minimum is called
the predicted interception moment, which is denoted by te. Assuming that the interceptor stays
parallel approaching the target, then the predicted interception moment can be estimated as

te = t +
Rr(t)
Vr(t)

(4)

where Rr(t) and Vr(t) are the distance and approaching speed between the interceptor and target,
respectively.

Definition 2: Terminal point under zero control: when the control input of an interceptor is zero,
i.e., aT(t) = 0, t ∈ [t0, te] , the point that the interceptor reaches at t = te is called the terminal
point under zero control, which is abbreviated to TPZC. Let pI = [py, pz]

T be the coordinates of
TPZC then, according to the movement model of the interceptor, the expression of pI is

pI = CΦI(te, t0)yI(t0) (5)

where, C = [I2×2 02×2] and ΦI(te, t0) is the state transition matrix of system (1), which is
expressed as

ΦI =

[
I2×2 (te − t0)I2×2
02×2 I2×2

]
(6)

Definition 3: Reachable area of an interceptor: under the control inputaI(t) ∀t ∈ [t0, te], the set of
points that the interceptor can reach att = te is called the reachable area of an interceptor, which is
denoted byM(t).

Under the constraints of aI, the reachable area of an interceptor at t = t0 can be
expressed as

M(t0) =

(y, z)

∣∣∣∣∣∣[y, z]T = C

ΦI(te, t0)yI(0) +
te∫

t=t0

ΦI(te, τ)BIaI(τ)dτ

, aI(τ) ∈ UI

 (7)

Let d0 be the maximum distance that an interceptor can maneuver within the time
interval t ∈ [t0, te], which can be described by

d0 =
1
2

amax(te − t0)
2 (8)

Then according to Equations (3) and (7), the reachable area of an interceptor at t = t0
can be rewritten as

M(t0) =
{
(y, z)

∣∣∣∣y− py
∣∣ ≤ d0, |z− pz| ≤ d0

}
(9)

2.2. Predicted Interception Area

Now, the definition of the predicted interception area is given, followed by its mathe-
matical description.

Definition 4: Predicted interception area: under the condition of target maneuver and movement
information errors, the set of all possible locations that the target may appear at t = te is called the
prediction interception area, which is denoted byR.

Consider the following target movement model:

.
XT(t) = fT(XT(t), uT(t), t) (10)
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where XT(t) and uT(t) are the movement states and control input of the target, respectively.
If the target movement model is nonlinear, the analytical solutions of Equation (10)

cannot be obtained directly and the location of the target at t = te can be obtained by
numerical calculation. Discretize the target movement model by time interval ∆T, and the
discrete movement model can be expressed as

XT(k + 1) = XT(k) + ∆TfT(XT(k), uT(k), k) (11)

It is assumed that the states and control input of the target at the initial movement
obey Gauss distribution. The mean and covariance of the control input are denoted by
uT0 and σ2

uT
, respectively, and the mean and covariance matrix of the states are denoted by

XT(0) and QXT
, respectively. Let uT(k) = uT0, then the mean value of the target movement

states at t = te can be predicted by the iteration calculation of Equation (11). In addition,
the covariance matrix of the target movement state at t = te can be obtained by the iterative
calculation of the following equation:

QXT
(k + 1) = AkQXT

(k)AT
k + Bkσ2

uT
BT

k (12)

where

Ak =
∂fT
∂XT

∣∣∣∣
XT=XT(k)

, Bk =
∂fT
∂uT

∣∣∣∣
XT=XT(k)

(13)

In particular, if the target movement model is linear, i.e.,

.
XT = ATXT + BTuT (14)

then, under the initial conditions, the mean and covariance matrix of the target movement
state at t = te are

XT(te) = ΦT(te, t0)XT(0) +
∫ te

t0
ΦT(te, τ)BTuT0dτ

QXT
(te) = (ΦT(te, t0))

TQXT
(0)ΦT(te, t0) +

∫ te
t0

ΦT(te, τ)BTuT0dτ · σ2
uT
·
(∫ te

t0
ΦT(te, τ)BTuT0dτ

)T (15)

where AT and BT are the system matrix and input matrix with proper dimensions, and
ΦT(te, t0) is the state transition matrix of system (14).

By the iteration calculation of Equation (15) or Equations (11) and (12), the mean and
covariance matrix of the target movement state at te can be obtained, and then the mean
value and covariance matrix of the target location at te can be calculated, which are denoted
by xT (te) and QxT

, respectively. Then, the predicted interception area can be described as

R =
{

x
∣∣x ∼ N (xT(te), QxT

)}
(16)

2.3. Problem Formulation of Simultaneous Cooperative Interception

In this subsection, some assumptions are given and then the cooperative interception
problem is formulated based on area coverage.

Assumption 4: The distances between the interceptors are rather small compared with that between
the interceptors and the target, thus the line-of-sight angles can be approximated to be the same and
the movement models of all interceptors can be described in the same line-of-sight frame.

Assumption 5: The predicted interception moment between an interceptor and the target is assumed
to be known, and all the interceptors are assumed to encounter the target at the same time.

Assumption 6: The effects of target maneuver and movement information errors on the predicted
interception moment can be neglected.

Now, a performance index function of the handover of cooperative interception will
be constructed based on area coverage. First, the definition of the target-interceptor impact
plane is presented.
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Definition 5: Target–interceptor impact plane: a plane passing through the TPZC of an interceptor
and perpendicular to the line of sight is called the target–interceptor impact plane.

Since the acceleration of an interceptor is perpendicular to the line of sight, the pre-
dicted interception area can be projected onto the target–interceptor impact plane. Based
on the above assumptions and definitions, the cooperative interception engagement of
N interceptors can be shown in Figure 2, where the plane EFGH is the target–interceptor
impact plane. Ij and T denote the j-th interceptor and target, and Vj and VT are the velocities
of Ij and the target, respectively. Pj denotes the TPZC of interceptor Ij. R is the projection
of the predicted interception area onto the plane EFGH and PT is the center of R. The
calculation ofR can be found in the Appendix A.
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Let pj = [py
j , pz

j ]
T

be the coordinates of the TPZC of Ij at the handover moment. For a

point ξ within the areaR, the miss distance of ξ with respect to interceptor Ij is

Z
(

ξ, pj

)
=
∥∥∥pj − ξ

∥∥∥ (17)

Considering that ξ has a miss distance with respect to every interceptor
Ij(j = 1, · · · , N), choose the minimum one as the miss distance of ξ, i.e.,

Z(ξ, p1, · · · , pN) = min
j=1,··· ,N

∥∥∥pj − ξ
∥∥∥ (18)

Since the target may eventually appear at any point in the predicted interception area,
let φ(ξ) be the probability density function of ξ, which describes the probability that the
target appears at point ξ. Thus, the expectation of the miss distance with respect to the
target can be expressed as

E[Z] =
∫
R

(
min

j=1,··· ,N
‖ pj − ξ ‖

)
φ(ξ)dξ (19)
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Next, the probability of a successful handover for simultaneous cooperative inter-
ception is presented. Let tf be the total time of the terminal guidance, then the maximum
distance that an interceptor can maneuver in the terminal guidance is

d0 =
1
2

amaxt2
f (20)

According to Equation (9), the reachable area of interceptor Ij in the plane EFGH can
be expressed as

Mj =
{
(y, z)

∣∣∣∣∣∣y− py
j

∣∣∣ ≤ d0,
∣∣∣z− pz

j

∣∣∣ ≤ d0

}
(21)

Let f j(pj, ξ) be an indicator function describing whether or not a point ξ is within the
reachable area of Ij, which is expressed by

f j(pj, ξ) =

{
1,
∣∣∣y− py

j

∣∣∣ ≤ d0,
∣∣∣z− pz

j

∣∣∣ ≤ d0

0, else
(22)

where ξy and ξz are the coordinate components of ξ, i.e., ξ = [ξy, ξz
]T. Let Fc be the function

describing whether or not a point ξ is within the reachable areas of N interceptors, which
can be described as

Fc(ξ, p1, · · · , pN) = 1−
N

∏
j=1

(
1− f j(pj, ξ)

)
(23)

If Fc = 1, there exists an interceptor such that f j(pj, ξ) = 1, i.e., the point ξ is within the
reachable area of Ij. Let Prh be the probability of a successful handover for N interceptors,
then Prh can be expressed by

Prh =
∫
R

(
1−

N

∏
j=1

(
1− f j(pj, ξ)

))
φ(ξ)dξ (24)

At the handover moment, the smaller the miss distance, the more conducive the
interception of the target in the terminal guidance [7]. Thus, in order to increase the
probability of hitting the target, the expectation of the miss distance should be taken as
the performance index to optimize the TPZCs of N interceptors. In addition, in order to
guarantee the probability of a successful handover, the number of interceptors should reach
a certain value. Let Υmin be the required minimum value of Prh, then considering both
the miss distance and probability of a successful handover, the simultaneous cooperative
interception design problem can be described as follows:

min
p1,··· ,pN

J =
∫
R

(
min

j=1,··· ,N

∥∥∥pj − ξ
∥∥∥)φ(ξ)dξ

s.t. Prh(N, p1, · · · , pN) ≥ Υmin

(25)

By solving the optimization problem of Equation (25), the minimum number of inter-
ceptors and the corresponding TPZC of each interceptor at the handover moment can be
obtained, which not only satisfies the demand for the probability of a successful handover
but also helps to intercept the target in the terminal guidance.

3. Simultaneous Cooperative Interception Design Based on Area Coverage
Optimization

In this section, we will first propose an approach to solve the optimization problem
which is formulated in Section 2. For the simultaneous cooperative interception problem
described by Equation (25), the number of interceptors is an integer, which cannot be
obtained by the continuous algorithm and is mainly related to the probability of a successful
handover. Then, the simultaneous cooperative interception problem can be solved in two
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steps. First, optimize the TPZC of each interceptor to minimize the miss distance for a
given number N, and then search for the minimum number of interceptors that satisfies the
constraints for the probability of a successful handover through certain iterative rules. In
this section, an area coverage optimization algorithm to calculate the TPZCs of interceptors
is presented, and then a solution for the simultaneous cooperative interception problem is
proposed based on the area coverage optimization algorithm.

3.1. Area Coverage Optimization Algorithm for Simultaneous Cooperative Interception

For the performance index function (19), min
j=1,··· ,N

∥∥∥pj − ξ
∥∥∥ means the division of the

integral areaR, and the division results are N irregular subareas, which makes the integral
calculation more difficult. Considering that φ(ξ) is the probability density function of
the area R, the commonly used approach for calculating this kind of integral function
is a stochastic approximation, i.e., approximating the integral function by Monte Carlo
sampling [23]. Thus, an algorithm based on area division and stochastic approximation is
presented in this section.

For a point ξ in the area R, based on the definition of miss distance described
by Equation (18), the area R can be divided into N subareas, which are denoted by
Rj(j = 1, · · · , N). The expression ofRj is

Rj =
{

ξ ∈ R
∣∣∣∥∥∥ξ − pj

∥∥∥ ≤ ‖ξ − pi‖ , ∀i 6= j
}

(26)

For any point ξ in the subareaRj, the miss distance of ξ with respect to interceptor Ij
is smaller than that of any other interceptor. Thus, the miss distance of ξ can be rewritten as

Z(ξ, p1, · · · , pN) =
∥∥∥pj − ξ

∥∥∥, if ξ ∈ Rj (27)

Let ξ = [ξy, ξz]
T, and based on Equation (27), the expectation of the miss distance can

be re-expressed as

J =
N
∑

j=1

∫
Rj

∥∥∥pj − ξ
∥∥∥φ(ξ)dξ

=
N
∑

j=1

∫
Rj

√∣∣∣py
j − ξy

∣∣∣2 + ∣∣∣pz
j − ξz

∣∣∣2φ(ξ)dξ

(28)

Based on Assumption 3, the cooperative interception performance index function can
be redescribed as

J =
N

∑
j=1

∫
Rj

(∣∣∣py
j − ξy

∣∣∣+ ∣∣∣pz
j − ξz

∣∣∣)φ(ξ)dξ (29)

Now, we will present an algorithm to solve the optimization problem. For the perfor-
mance index function in Equation (29), let

Jy =
N

∑
j=1

∫
Rj

∣∣∣py
j − ξy

∣∣∣φ(ξ)dξ (30)

Jz =
N

∑
j=1

∫
Rj

∣∣∣pz
j − ξz

∣∣∣φ(ξ)dξ (31)

then we have J = Jy + Jz and the optimization of Equation (29) can be solved by the
optimization of Jy and Jz, respectively.
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Now, we will take Jy as an example and outline the process of solving the cooperative
interception problem. First, in order to calculate the integral on the regionRj, the Monte
Carlo approach is used to obtain the samples of ξ according to the probability density
function φ(ξ), which are denoted by ξ1, · · · , ξNξ

, where Nξ is the sample size. Based on the

area division approach, the samples in the subareaRj are denoted by Qj =
{

ξ j1, · · · , ξ jnj

}
,

where nj is the total number of samples in Qj. Based on the sampling, the function Jy can
be approximated by

Jy =
1

Nξ

N

∑
j=1

nj

∑
k=1

∣∣∣py
j − ξ

y
jk

∣∣∣ (32)

where ξ
y
jk is the coordinate of ξ jk in the Oy direction.

Since pj ∈ Rj, py
j should satisfy some constraints. Assuming that the maximum and

minimum values of py
j are yjmin and yjmax, respectively, i.e.,

yjmin ≤ py
j ≤ yjmax (33)

Next, we will solve the minimum value of Jy with respect to py
j under the constraints

of Equation (33). Sort the samples in Qj in ascending order of ξ
y
jk, which are denoted by

ξ
y
j1 ≤ ξ

y
j2 ≤ · · · ≤ ξ

y
jnj

, then the derivative of Jy with respect to py
j can be expressed by

∂Jy

∂py
j
=



−nj, py
j ≤ ξ

j
j1

−(nj − 2), ξ
j
j2 ≤ py

j ≤ ξ
j
j3

...

−1, ξ
j
jk1
≤ py

j ≤ ξ
j
j(k1+1)

1, ξ
j
j(k1+1) ≤ py

j ≤ ξ
j
j(k1+2)

...

nj, ξ
y
jnj
≤ py

j

, nj is an odd number (34)

∂Jy

∂py
j
=



−nj, py
j ≤ ξ

j
j1

−(nj − 2), ξ
j
j2 ≤ py

j ≤ ξ
j
j3

...

0, ξ
j
jk1
≤ py

j ≤ ξ
j
j(k1+1)

...

nj, ξ
y
jnj
≤ py

j

, nj is an even number (35)

where k1 =
nj−1

2 if nj is an odd number and k1 =
nj
2 if nj is an even number.

If nj is an odd number, ∂Jy

∂py
j
< 0 when py

j ≤ ξ
y
j(k1+1), and ∂Jy

∂py
j
> 0 when py

j ≥ ξ
y
j(k1+1),

thus the extreme point is p̂y
j = ξ

y
j(k1+1). If nj is an even number, ∂Jy

∂py
j

= 0 when

ξ
y
jk1
≤ py

j ≤ ξ
y
j(k1+1), then the extreme point can be chosen to be ξ

y
jk1

. Then, the extreme

point of Jy with respect to py
j is
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p̂y
j =

 ξ
y
j(k1+1), if nj is an odd number

ξ
y
jk1

, if nj is an even number
(36)

Since ∂Jy

∂py
j
< 0 when py

j ≤ p̂y
j and ∂Jy

∂py
j
≥ 0 when py

j ≥ p̂y
j , p̂y

j is a minimum point.

Combined with the constraints in Equation (33), the minimum point of Jy with respect to
py

j is

p̃y
j =


yjmin, if p̂y

j ≤ yjmin

p̂y
j , if yjmin ≤ p̂y

j ≤ yjmax

yjmax, if yjmax ≤ p̂y
j

(37)

Similarly, sort the samples in Qj in ascending order of ξz
jk, which are denoted by

ξz
j1 ≤ ξz

j2 ≤ · · · ≤ ξz
jnj

, then the minimum point of Jz with respect to pz
j is

p̃z
j =


zjmin, if p̂z

j ≤ zjmin

p̂z
j , if zjmin ≤ p̂z

j ≤ zjmax

zjmax, if zjmax ≤ p̂z
j

(38)

where zjmin and zjmax are the minimum and maximum values of pz
j , respectively, and the

expression of p̂z
j is

p̂z
j =

 ξz
j(k1+1), if nj is an odd number

ξz
jk1

, if nj is an even number
(39)

After a division of the predicted interception area, the optimal solution of J can
be obtained according to Equations (37) and (38), which is denoted by p̃j = [ p̃y

j , p̃z
j ]

(j = 1, · · · , N). Then, divide the predicted interception area again based on p̃j, and solve
the optimal solution of J, until the global optimum is achieved. Thus, the area coverage
optimization algorithm for simultaneous cooperative interception can be summarized
as follows.

Algorithm 1 Area coverage optimization algorithm

1. Step 1: sample the predicted interception areaR based on the probability density function,
and the samples are denoted by ξ1, · · · , ξNξ

;
2. Step 2: group the samples according to Equation (26);
3. Step 3: solve the minimum point of the cooperative interception performance index with

respect to py
j and pz

j according to Equations (37) and (39);

4. Step 4: return to Step 2.

Remark 1. For the area coverage optimization algorithm, the convergence is proved in the Appen-
dices A and B. When the number of iterations tends to infinity, the performance index will converge
to the optimal solution. In order to meet the real-time demands of the cooperative interception, it is
necessary to set the terminating condition of the algorithm, and the iteration can be stopped when
the accuracy of the solution meets the requirements. The terminating condition can be chosen to
be ∑N

j=1
∥∥ p̃j(i + 1)− p̃j(i)

∥∥ ≤ ν, where i is the number of iterations and ν is the requirements of
solving the precision.
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3.2. Simultaneous Cooperative Interception Design

Now, an approach to solving the cooperative interception design problem is proposed
based on the area coverage optimization algorithm. According to Monte Carlo sampling,
Prh can be approximated by

Prh =
1

Nξ

Nξ

∑
i=1

(
1−

N

∏
j=1

(
1− f j(pj, ξ i)

))
(40)

For the simultaneous cooperative interception, after obtaining the TPZCs of N inter-
ceptors, if Prh ≥ Υmin, the number of interceptors can be reduced to save combat costs.
However, if Prh < Υmin, the number of interceptors should be increased to meet the in-
terception requirements. Thus, the minimum value of N can be obtained by successively
increasing or reducing the number of interceptors. In order to increase the speed of the cal-
culation, the algorithm of dichotomy is used, and the iteration process can be summarized
as follows:

1. Step 1: set the initial number of interceptors to be N0 and let i = k = l = 0;
2. Step 2: let N = Ni, i = i + 1;
3. Step 3: solve the TPZCs of Ni interceptors based on the area coverage optimization

algorithm;
4. Step 4: calculate the probability of a successful handover for Ni interceptors according

to Equation (40);
5. Step 5: if Prh ≥ Υmin and Ni−1 − l 6= 1, then k = Ni-1, Ni =

⌊
k+l

2

⌋
and return to step 2;

if Prh ≥ Υmin and Ni−1 − l = 1, then N∗i = Ni−1 and stop iterating; if Prh < Υmin and

k = 0, then Ni = 2 l and return to step 2; if Prh < Υmin and k 6= 0, then Ni =
⌊

k+l
2

⌋
and

return to step 2.

During the iteration process, N0 is an initial value, and k and l are intermediate
variables that denote the number of interceptors that satisfy Prh ≥ Υmin and Prh < Υmin,
respectively. bxc denotes the maximum integer that is not larger than x.

Remark 2. The critical steps in the iteration process are steps 3 and step 4, i.e., searching for the
optimal TPZCs of the interceptors based on the area coverage optimization algorithm and calculating
the probability of a successful handover according to Equation (40). In step 5, whether the iteration
process stops and the number of interceptors needed for the next cycle of iterations are determined.
The design process is illustrated in Figure 3.
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4. Simulation Experiments and Analysis

In this section, some simulation experiments will be carried out to illustrate the
effectiveness of the proposed cooperative interception design approach. Consider the
interception of a high-speed invading target, such as a ballistic missile or hypersonic
flight vehicle in the near space. The target movement information is provided by the
ground-based tracking system or space-based tracking system. The error characteristics of
the tracking system are set up as follows. Let [∆xT , ∆yT , ∆zT ]

T,
[
∆vxT , ∆vyT , ∆vzT

]T and[
∆axT , ∆ayT , ∆azT

]T be the errors of position, velocity, and acceleration of the target in the
inertial frame, respectively, which satisfy

|∆xT | ≤ 1Km, |∆yT | ≤ 1Km, |∆zT | ≤ 1Km

|∆vxT | ≤ 100 m/s,
∣∣∆vyT

∣∣ ≤ 100 m/s, |∆vzT | ≤ 100 m/s

|∆axT | ≤ 100 m/s2,
∣∣∆ayT

∣∣ ≤ 100 m/s2, |∆azT | ≤ 100 m/s2

(41)

The elevation and azimuth angles of the initial line-of-sight frame with respect to the
inertial frame are set to be −5◦ and 0◦. Then according to the coordinate transformation,
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the target movement information errors along the Oy and Oz axes in the initial line-of-sight
frame satisfy

|∆y′T | ≤ 1Km, |∆z′T | ≤ 1Km∣∣∆v′yT
∣∣ ≤ 100 m/s,

∣∣∆v′yT
∣∣ ≤ 100 m/s∣∣∆a′yT

∣∣ ≤ 100 m/s2, |∆a′zT | ≤ 100 m/s2

(42)

The total time of the terminal guidance is set to be tf = 10 s, then the projection of the
predicted interception area onto the target–interceptor impact plane can be expressed as

R = {(y, z)||y| ≤ 2708.3 m, |z| ≤ 2500 m} (43)

Thus, the variance of the target movement information errors can be set as

σ2
y =

(
2708.3

3

)2
, σ2

z =

(
2500

3

)2

Assuming that the distribution of target movement information errors along the Oy
axis and Oz axis are independent of each other, then the probability density function ofR is

φ(ξ) =
1

2πσyσz
exp

{
−1

2

(
ξ2

y

σ2
y
+

ξ2
z

σ2
z

)}
(44)

The maximum acceleration of an interceptor in the terminal guidance is set at 30 m/s2,
then the maximum maneuverable distance is d0 = 1500 m. The lower bound of successful
handover probability is chosen to be Υmin = 95%.

Next, considering both the miss distance and the demands of a successful handover
probability, the number of interceptors and the corresponding TPZC of each interceptor at
the handover moment are designed. The initial number of interceptors is set to be N0 = 2,
then according to the design process of cooperative interception, after a certain number
of iterations, it can be ascertained that at least four interceptors are needed to satisfy the
demands of a successful handover probability. For the cooperative interception of the four
interceptors under the iterative calculation of the area coverage optimization algorithm,
the TPZCs of the four interceptors, the expectation of miss distance, and the probability
of a successful handover are shown in Figure 4. In Figure 4a we can see that the optimal
TPZCs of the four interceptors with respect to the center of the predicted interception area
are (−1450 m, −1250 m), (−1450 m, 1250 m), (1450 m, −1250 m), and (1450 m, 1250 m),
respectively.

According to the results of the calculation, we can see that under the optimal distri-
bution of the TPZCs, the successful handover probability of the four interceptors is 99.5%.
However, if all the interceptors are aiming at the center of the predicted interception area,
the successful handover probability is 83%.

In the office computer environment, the computing time of the proposed algorithm is
about 0.67s, which can meet the real-time requirements of operations.

In the following sections, some interception experiments are carried out to validate the
effectiveness of the designed results. In the mid-course guidance phase, every interceptor
flies to its TPZC under the proportional guidance law, and in the terminal guidance phase,
every interceptor flies to the target. The initial movement states of the four interceptors and
the target are shown in Table 1. Four different interception cases are considered here, and
the target movement information errors in each case are all set at the maximum, which are
shown in Table 2. The cooperative interception trajectories in different cases are presented
in Figure 5, and the terminal miss distance of each interceptor is given in Table 3. From the
results of the cooperative interception, it can be seen from the distribution of the TPZCs at
the handover moment, that at least one interceptor is successfully handing over and hitting
the target with a rather small miss distance in the terminal guidance. When the interceptors
do not cooperate, i.e., every interceptor flies to the center of the predicted interception
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area under proportional guidance law in the mid-course guidance phase. The interception
trajectories and terminal distance of each interceptor are presented in Figure 6 and Table 4,
respectively. From the results in Table 4, it can be seen that all interceptors fail to hit the
target with a large miss distance.
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Table 1. Initial conditions of interceptors and targets.

Interceptor/Target Position (km) Velocity (m/s)

I1 (−87.476, 50.208, 3.5) (2097.8, −312.8, 100)
I2 (−87.948, 44.812, 3.5) (2097.8, −312.8, 100)
I3 (−87.948, 44.812, −1.5) (2097.8, −312.8, 100)
I4 (−87.476, 50.208, −1.5) (2097.8, −312.8, 100)

Target (100, 30, 0) (−2720, −0, 0)

Table 2. Errors of target movement information in different interception cases.

Interception Cases Error of Target Position (m) Error of Target Velocity (m/s)

Case 1 (1000, 1000, 1000) (100, 100, 100)
Case 2 (−1000, −1000, 1000) (−100, −100, 100)
Case 3 (−1000, −1000, −1000) (−100, −100, −100)
Case 4 (1000, 1000, −1000) (100, 100, −100)

Table 3. Miss distances of cooperative interception.

Interception Cases I1 I2 I3 I4

Case 1 2673.2 m 1534.9 m 0.24 m 2029.2 m
Case 2 1781.9 m 2394.5 m 1828.8 m 0.27 m
Case 3 0.22 m 1852.7 m 2383.8 m 1712.6 m
Case 4 2012.9 m 0.19 m 1511.7 m 2625.4 m

Table 4. Miss distances of non-cooperative interception.

Interception Cases I1 I2 I3 I4

Case 1 1665.2 m 1251.5 m 1168.7 m 1427.3 m
Case 2 1539.1 m 1273.5 m 1195.4 m 1263.1 m
Case 3 1428.2 m 1280.2 m 1214.4 m 1373.9 m
Case 4 1569.7 m 1256.2 m 1190.7 m 1521.1 m
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The results of the simulation experiments show that in non-cooperative mode, the
interceptors move close to each other in the lateral direction, and then all the handover
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errors of the four interceptors are larger than the maximum maneuverable distance, which
results in the failure of the interception. In cooperative mode, every point in the predicted
interception area is within the reachable area of at least one interceptor by the spatial distri-
bution of the TPZCs, which guarantees the successful handover of at least one interceptor
and hitting the target with a small miss distance in the terminal guidance.

5. Conclusions

This paper deals with the problem of simultaneous cooperative interception using
multiple interceptors. Considering the target maneuver and movement information errors,
the simultaneous cooperative interception design problem is formulated based on area
coverage. An area coverage optimization algorithm is presented, which is based on the co-
operative interception design approach. The number of interceptors and the corresponding
spatial distribution are designed based on the proposed approach, which guarantees that
there is at least one interceptor capable of hitting the target in the terminal guidance. The
effectiveness of the proposed approach is validated by the simulation results.

Since the predicted interception area is changing with the variation in the target
movement information errors in practical engagement, the spatial distributions of the
interceptors should be adjusted according to the changes in the predicted interception
area. Thus, future work in this direction could be focused on the problem of cooperative
mid-course guidance law design.
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Appendix A. Projection of the Predicted Interception Area

Before calculating the projection of the predicted interception area, the following
definitions are given.

Definition A1: Inertial frameOxIyIzI: the originO is chosen to be the mass center of the interceptor
at the launch moment,OxI points to the launch direction, OyI lies in the vertical plane containing
theOxI axis and perpendicular tothe OxI axis,OzI is determined by the right-hand rule.

The relationship between the line-of-sight frame and inertial frame can be described
by two angles, which are defined as follows.

Definition A2: Elevation angle of the line of sight qε: the angle between the line of sight and the
OxIzI plane. If the line of sight is above the OxIzI plane, then qε is positive and vice versa.

Definition A3: Azimuth angle of the line of sight qβ>: the angle between the OxI axis and the
projection of the line of sight in the Oxz plane. Looking towards the direction of the OxI axis, if the
Ox axis rotates to the projection anticlockwise, then qβ is positive and vice versa.
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According to the definitions of qε and qβ, the line-of-sight frame can be obtained by
two rotations of the inertial frame. Based on the rotation relationship, the transformation
matrix of the inertial frame to the line-of-sight frame can be expressed as

L
(
qε, qβ

)
=

 cos qε cos qβ sin qε − cos qε sin qβ

− sin qε cos qβ cos qε sin qε sin qβ

sin qβ 0 cos qβ

 (A1)

According to the transformation between the inertial frame and line-of-sight frame,
the projection of the predicted interception area in the target–interceptor impact plane can
be expressed as

R =
{
(y, z)

∣∣∣(y, z) ∼ N
(

y, Qy

)}
(A2)

where

y =

[
0 1 0
0 0 1

]
L
(
qε, qβ

) xT(te)
yT(te)
zT(te)

−
 xs0

ys0
zs0


Qy =

([
0 1 0
0 0 1

]
L
(
qε, qβ

))
QxT

([
0 1 0
0 0 1

]
L
(
qε, qβ

))T
(A3)

where
[
xs0 ys0 zs0

]T is the coordinates of the initial line-of-sight frame origin in the

inertial frame,
[
xT(te) yT(te) zT(te)

]T and QxT
are the mean value and covariance matrix

of the predicted interception area in the inertial frame.

Appendix B. Convergence Proof of the Area Coverage Optimization Algorithm

Before the convergence proof of Algorithm 1, the definitions and lemma will be given
first. Consider a general optimization problem as follows:

min g(x)
subject to x ∈ Ω

(A4)

where g(x) is a real-valued continuous function and Ω is the constrained set of x. Let F be
the set of optimal solutions of g(x), and Γ be an algorithm defined on Ω. Denote C to be a
set, if ∀x0 ∈ C satisfies Γ(x0) ∈ C, then C is called the positive invariant set of Γ. A point
x∗ is called a fixed point of Γ if x∗ satisfies Γ(x∗) = x∗, and the set of x∗ is denoted by B. If
the function g(x) satisfies g(Γ(x)) ≤ g(x), x ∈ C and the equality holds if and only if x ∈ B,
then g(x) is called a descent function of Γ.

Lemma A1 [24] If g(x) is a descent function of the algorithm Γ, then the necessary condition
thatx′xis the minimum point of x′ is the minimum point of g(x) isx′ ∈ B, i.e., Γ(x′) = x′.

Now, we will give the convergence proof of Algorithm 1.

Theorem A1 Let s(i) =
[
pT

1 (i), · · · , pT
N(i)

]T, an iterative calculation of Algorithm 1, be denoted
by Γ, then the relationship between s(i+1) and s(i) can be described by

s(i + 1) = Γ(s(i)) (A5)

If B is a finite set of points, under the iterative calculation of Γ, s(i) will converge to a point in B
when i→ ∞ .

Proof of Theorem A1 For the i-th division of the predicted interception area, under the
calculation of Γ, s(i+1) satisfies

J(s(i + 1)) ≤ J(s(i)) (A6)
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Then, the performance index function J is a descent function of Γ.

Since the terminal point of interceptors are in the predicted interception area, s(i) is
bounded, then there exists a subsequence of {s(i)}∞

i=0 that converges to a point. Let
{s(ik)} be a converging subsequence, which converges to s. According to the conti-
nuity of J, J(s(ik)) converges to J(s). Next, it will be proved that for all subsequences,
s(i) converges to s. According to the monotonicity of J on s(i), it can be obtained that
J(s(i))− J(s) ≥ 0 ∀i. Based on the convergence property of J(s(ik)), for ∀ε > 0, there exists
i′k such that J(s(ik))− J(s) < ε ∀ik > i′k. Then for ∀i > i′k, J(s(i))− J(s(i′k)) ≤ 0, thus
we can obtain

J(s(i))− J(s) = J(s(i))− J
(
s(i′k)

)
+ J
(
s(i′k)

)
− J(s) ≤ ε (A7)

i.e., J(s(i)) converges to J(s) and {s(i)}∞
i=0 converges to s.

Next, it will be proved that s ∈ B. Assuming that s /∈ B, i.e., Γ(s) 6= s, then there
exists a constant ε such that ‖Γ(s)− s‖ > ε. According to the convergence property of
Γ, there exists δ > 0 such that ‖Γ(s)− Γ(s(i))‖ ≤ ε/3 when ‖s− s(i)‖ ≤ δ. Since {s(i)}
converges to s, there exists i0 such that ‖s− s(i)‖ ≤ δ when i > i0, then we can have
‖Γ(s)− Γ(s(i))‖ ≤ ε/3. In addition, there exists i1 such that

‖s(i)− s‖ = ‖Γ(s(i−1))− s‖ ≤ ε/3 (A8)

if i > i1.
Let i2 = max{i0 + 1, i1}, for ∀i > i2, we can have

‖Γ(s)− s‖ ≤ ‖Γ(s)− Γ(s(i−1))‖+ ‖Γ(s(i−1))− s‖
ε
3 + ε

3 = 2ε
3

(A9)

which contradicts with ‖Γ(s)− s‖ > ε. Thus, Γ(s) = s, i.e., s ∈ B.
Since s satisfies the minimum condition of J, then it can be seen that under the iterative

calculation of Algorithm 1, {s(i)}∞
i=0 will converge to the minimum point of J.�
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