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Abstract: The impact of fabric anisotropy, fractal dimension, and breakage on the strength and
deformation of granular materials were diminished by uniform-size spherical glass beads. Triaxial
drained and undrained tests were performed on glass beads based on a novel method to substitute
true triaxial stress paths with conventional triaxial apparatus equivalents with varying intermediate
principal stress coefficients (b-values). The result indicates that all specimens manifested a noticeable
strain-softening phenomenon. The peak strength decreased with increasing b-value, and the speci-
mens showed more pronounced dilatancy. This pattern is similar to the results of the true triaxial
test in current research. Compared to the undrained test, the peak friction angle in the drained test
displayed a greater variation with varying b-values, which indicated that the mechanical response of
glass beads is sensitive to water. This difference provides experimental evidence for comprehending
effective stress in granular materials with constant friction coefficients. The experiments reflect the
effect of b-value changes on the p-q stress path, as well as on the peak stress ratio, the state transition
stress ratio, and the critical state stress ratio. The specimens exhibited a distinct shear band at different
b-values ranging from 0.2 to 0.6, which is different from observations in conventional triaxial tests for
granular materials.

Keywords: granular materials; triaxial testing; stress paths; deformation and strength characteristics

1. Introduction

Particle morphology and its fabric determine the mechanical evolution mechanism
of granular materials from a microscopic perspective, and the mechanical properties of
macroscopic particle aggregates often require the fractal characteristics of particle morphol-
ogy to reveal their cross-scale relationships. Granular materials play a crucial role and are
widely used in road, hydraulic, and civil engineering projects, such as the treatment of
foundations and subgrades [1], the control of dynamic and static deformation for rockfill
dams [2], the disaster prevention and mitigation of underground buildings [3], and other
engineering practices. The three-dimensional mechanical characteristics of granular materi-
als also have significant implications for the safety and reliability of engineering projects.
Granular materials are usually aggregates consisting of a large number of discrete particles.
The shape, size distribution, and fabric of individual particles significantly influence the
macroscopic, three-dimensional mechanical characteristics of granules. The diversity and
discreteness of natural particles lead to complex mechanical characteristics [4–6], including
significant nonlinearity, elastoplasticity, dilatancy, stress-path dependence, anisotropy, etc.
Liquification and strain localization are two other phenomena that occur throughout the
failure phase, further contributing to the complexity of the mechanical characteristics.
Marschi et al. [7] mainly focused on the influence of stress state, path, and particle size
distribution on the strength and deformation of granular materials. In recent years, more
scholars have focused on low-pressure breakage and its indicators, the natural morphology
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of microparticles and their fabric characteristics [8–19], the effect of breakage on the particle
size distribution, macroscopic engineering characteristics, etc. These fields of study are
increasing in popularity because they provide a more comprehensive theoretical framework
and offer valuable recommendations for the engineering application of granular materials.

To investigate interactions among various factors affecting the macroscopic mechan-
ical characteristics of granular materials, numerous scholars have used various artificial
materials made by 3D printing and other methods in experiments and discrete element
simulations. To study the strength and deformation of granular materials, some scholars
used uncrushable materials to investigate the rolling and slip deformation of granules
and established mathematical models to describe the deformation mechanism [20–22].
Kong et al. [23] used ellipsoidal and spherical cement particles and steel balls, respectively,
in simulations for triaxial tests of rockfill materials to explore strength and deformation
under breakage and non-breakage conditions. Their experimental results proved particle
breakage is the main reason for the bending of the strength envelopes of natural rockfill
materials. Due to the isotropy of spherical glass beads, they can also study the breakage
of granular materials. For example, Takei et al. [24] conducted compressive strength and
one-dimensional compression tests with four materials, including glass beads and quartz
particles, to investigate breakage mechanisms. In addition, with the application of fractal
theory in geotechnical engineering, many scholars have paid attention to the effect of
fractal dimension on particle breakage and stress–strain relationships [25,26]. Inter-particle
friction also essentially influences the mechanical behavior of granular materials, and with
this research objective, scholars have investigated the effect of particle friction on the shear
behavior of specimens through tests and simulations using glass beads [27,28]. In summary,
it is feasible to use artificial particles to study the mechanical characteristics of geotechnical
granular materials and to consider different influencing factors such as particle morpholo-
gies, size gradation, and breakage. The shortcoming of the current investigation is the
relatively limited study of more stress paths, especially the experimental results of the
mechanical response under the true triaxial stress state, which cannot adequately character-
ize the effect of granular fabric anisotropy on practical engineering. Consequently, more
scholars are researching the true triaxial mechanical characteristics of granular materials.

Numerous scholars have conducted true triaxial drained tests on different sands to
determine the effect of inherent anisotropy on their deformation, strength, and failure, such
as Ibsen et al. [29], Rodriguez et al. [30], and Abelev et al. [31]. Additionally, the non-coaxial
and anisotropic behavior of spherical glass beads under true three-dimensional stress paths
has also been investigated [32,33]. The true triaxial apparatus is essential equipment for
experimental studies on the effects of inherent and stress-induced anisotropy, intermediate
principal stress coefficients, and true three-dimensional stress paths in granular materi-
als [34,35]. However, the loading device and test operation of the true triaxial apparatus
are more complicated and costly, thus greatly affecting the application and popularization
of the apparatus. To address this issue, Li et al. [36] proposed a novel method conducted
through an equivalent alternative to achieve a true triaxial stress path using conventional
triaxial apparatus. This technique keeps the conventional triaxial apparatus while effec-
tively simulating the true triaxial stress path through specific stress loading methods, and
it was successfully verified as reasonable and feasible [37]. This method can both simplify
the test process and save the test cost, and it can also equivalently obtain true triaxial
test results, which provides great convenience for the experimental research on the true
three-dimensionality of granular materials.

Based on the novel method of stress path proposed by the authors, this paper uses
spherical glass beads of single particle size to weaken the effects of particle gradation,
fractal dimension, fabric, and particle breaking on granular mechanical characteristics.
Triaxial drained and undrained tests with varying intermediate principal stress coefficients
(b-values) are conducted on glass bead specimens using conventional triaxial apparatus.
The effects of drained and undrained conditions on granular mechanical characteristics,
as well as the strength, deformation, and failure characteristics under a true triaxial stress
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path, were investigated with relatively constant friction coefficients. Shear band formation
under axisymmetric conditions is also explained. The results validated the effectiveness
and rationale of the novel method of stress path.

2. Materials and Methods
2.1. Test Materials

In this paper, we employed glass beads produced in Germany for the tests. These beads
have an ideal sphere with a diameter of 3 mm, as shown in Figure 1. The main component
of these glass beads is silicon dioxide, and they exhibit mechanical characteristics such as
light-specific gravity, higher strength, higher sphericity and surface smoothness, higher
impact resistance, and crush resistance, among others. They can be regarded as a nearly
isotropic, ideal granular material. Their mechanical parameters are shown in Table 1.
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Figure 1. Test materials and specimens: (a) glass beads; (b) specimens.

Table 1. Mechanical parameters of the glass beads.

Specific Gravity (kg/dm) Young’s Modulus (GPa) Mohs Hardness
Void Ratio (In Theory)

Max Min

2.5 63 ≥6 0.91 0.34

2.2. A Novel Method for Stress Paths

The true triaxial apparatus can realize the stress paths under different b-values. Al-
though the conventional triaxial apparatus cannot realize the same stress path directly, we
can connect the two-dimensional stress path and the three-dimensional stress path through
the generalized stress space, and then use the conventional triaxial apparatus to realize the
true three-dimensional stress path. The derivation of the controlling equations in which
the stress loading with constant intermediate principal stress coefficients (b) and constant
effective mean principal stress (p) is realized is as presented below.

In the true triaxial stress path, we can consider the effective mean principal stress
increment (p) and deviatoric stress increment (q) as variables and b as a constant. An
equation expressing the p-q relation in terms of the major principal stress increment (dσ1)
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and the minor principal stress increment (dσ3), along with the constant b, can then be
derived in Equation (1).

dp = b+1
3 dσ1 − b−2

3 dσ3

dq =
√

b2 − b + 1(dσ1 − dσ3)

}
(1)

Similarly, during the conventional triaxial test, we can only control the p-q relation
with dσ1 and dσ3. And the relation is derived in Equation (2).

dp = dσ1+2dσ3
3

dq = dσ1 − dσ3

}
(2)

To ensure consistent stress paths in p-q space between true triaxial and conventional
triaxial tests, the stress path slope (K = dq/dp) must be equal. From Equations (1) and (2),
we obtain the conventional triaxial slope and the true triaxial slopes, K1 and K2, and equate
them, i.e., K1 = K2. This yields Equation (3).

dσ1 =
(b − 2) + 2

√
b2 − b + 1

(b + 1)−
√

b2 − b + 1
dσ3 (3)

The proportional relationship for utilizing constant b to control the loading of major
and minor principal stresses is found in Equation (3). If a stress path with constant p for
different b-values is to be realized with a conventional triaxial apparatus, dp = 0 is required,
which can be obtained according to Equation (1).

dp =
b + 1

3
dσ1 −

b − 2
3

dσ3 = 0 (4)

We can obtain dσ1.

dσ1 =
b − 2
b + 1

dσ3 (5)

Based on Equation (5), we can achieve constant p loading by controlling the major
principal stress (σ1) increase and the minor principal stress (σ3) decrease and different
b-value stress paths by controlling the increasing rate of σ1 and the decreasing rate of σ3.

2.3. Test Scheme and Procedure

The gradation of granular materials used in practical engineering usually conforms
to a fractal distribution. According to the statistical fractal model, the number of granules
satisfies Equation (6)

N(≥ d) =
k

dD (6)

where N is the number of particles, d is the particle size, D is the fractal dimension, and k is
a constant.

Equation (6) shows that there is a correspondence between the number of particles
and the particle size, and then according to the cubic relationship between the mass and
the number of particles, that the following can be obtained:

lg
M(< d)

M0
= (3 − D)lg

(
d

dmax

)
(7)

where M0 is the total mass of the particle aggregate and dmax is the maximum particle size.
In a triaxial test, granular materials are susceptible to sliding, rotation, and particle

breakage. Moreover, the complexity of geotechnical particles also influences their strength
and deformation characteristics, which increase the difficulty of determining and describing
their mechanical behavior. However, in this paper’s test, we consider the limiting value of
the fractal dimension of granular material gradation and choose glass beads of uniform
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size as the test material. The glass beads are uncrushable under low confining pressure,
and their ideal spherical shape eliminates particle morphology effects on strength and
deformation. Therefore, it can directly reflect the frictional characteristics of an ideal particle
aggregate, and we can summarize the mechanical response by comparing the results of
the rockfill material triaxial tests. To determine the mechanical characteristics of glass
beads under a true three-dimensional stress state, the conventional triaxial apparatus for
soil (Figure 2) was employed. According to the novel stress path method, drained and
undrained triaxial tests were conducted on glass beads at different b-values. Compared
with the test results of true triaxial and conventional triaxial, the test results are in good
compliance and have high reliability. The test schemes are shown in Table 2, and the test
steps are shown in the flow chart in Figure 3.
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Table 2. Triaxial test scheme.

Drained Condition b-Values p (kPa)

drained
undrained

0

100
250

0.2
0.4
0.6
0.8
1
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Figure 3. Test procedure.

3. Results and Discussion
3.1. Strain–Stress Relationship

Figure 4 illustrates the laws of deviatoric stress (q) with axial strain (ε1) in both drained
and undrained conditions for glass bead specimens with identical densities. The specimens
were subjected to two effective mean principal stresses (p) and different b-values. All
specimens demonstrate distinct softening characteristics, with the peak generalized shear
stress, qpeak, decreasing with increasing b-values. This trend is consistent with experimental
results documented in existing literature [38]. The results show that the novel stress path
method can better determine the true triaxial test characteristics of granular materials, and
the true triaxial stress path can be realized by using the conventional triaxial apparatus.
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Figure 4. Stress–strain relationship of glass beads: (a) p = 100 kPa drained; (b) p = 250 kPa drained;
(c) p = 100 kPa undrained; (d) p = 250 kPa undrained.

In Figure 4, the regularity of drained and undrained tests is similar, but that of
undrained is more obvious and stable than that of drained tests. The q showed excellent
regularity, as depicted in Figure 4c,d. For the undrained test, it decreased with an increasing
b-value and reached its peak earlier. Similar distinct patterns were observed at different
p values. The peak strength of the undrained test is higher than that of the drained test.
The reason may be that the fast shear rate and the significant dilatancy of the specimen
caused the pore water pressure of the undrained test to rise quickly and not dissipate easily.
Additionally, the drained and undrained tests exhibited different strain intervals for peak
values. The drained tests peaked within the strain range of 0–1.5%, while the undrained
tests exhibited peaks within 1.25–4.5%. It is worth noting that the drained tests show two
peak points under p = 250 kPa, particularly at b = 0 and b = 1. This finding indicates that
the material may form shear bands under two conditions, which is consistent with the two
shear observations in our plane strain tests.

3.2. Dilatancy Characteristics

The relationship between volumetric strain (εv) and axial strains (ε1) in drained tests is
depicted in Figure 5. These figures indicate the glass bead specimens constantly experienced
dilatancy from the beginning, which continued until the ε1 reached 30%, and the maximum
dilatancy was 6–8%. As the b-values increased, dilatancy progressively increased, and the
law was more significant at p = 100 kPa. Additionally, when the axial strain was less than
5%, the rate of volumetric change showed a higher value during the initial shear. This rate
gradually decreases as shearing progresses. The main reason is that the arrangement of the
particles was relatively dense at the beginning of shearing, and the volumetric change in
the specimen was also larger. The volumetric change in the spherical specimen gradually
tended to the limit value as the shearing progressed, so the volume change in the specimen
gradually slowed down.

Figure 6 depicts the pore water pressure (u) and axial strain (ε1) for the undrained
test. In the undrained test, while the specimen’s volumetric remained constant during
shearing, the decreased pore water pressure led to an increase in the effective stress, and
the specimen tended to dilatancy. As can be seen from Figure 6, the pore water pressure of
the specimen gradually decreased with increasing axial strain until it eventually reached a
negative value and stabilized. This result may be explained by the fact that the pores of
the specimen were originally filled with water, followed by dilatancy during the shearing.
This led to enlarged pores between the glass bead particles, and the force of the water on
these particles acts as a suction force, resulting in a negative pore pressure. Concerning the
influence of b-values, the pore water pressure was at its maximum at b = 0, which indicated
that the specimen has the least dilatancy at this point and reached a stabilized magnitude
at an axial strain of 6%. In comparison to other b-values, the pore water pressure was lower
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than that of b = 0, which indicated stronger dilatancy, and the specimens reached a stable
value at a lower axial strain of about 3%. Generally, the magnitude of pore water pressure
reduction increased with increasing b-values, and the dilatancy became more significant.
This pattern was similar to the result of the drained test and the true triaxial test.
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Figure 5. Relationship between volumetric strain and axial strain under drained conditions.
(a) p = 100 kPa; (b) p =250 kPa.
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Figure 6. Relationship between pore water pressure and axial strain under undrained conditions.
(a) p = 100 kPa; (b) p = 250 kPa.

The formation of shear bands in the axisymmetric specimens examined in this paper
showed a similar pattern to that in true triaxial tests. The deformation of glass bead speci-
mens upon reaching 30% axial strain in both drained and undrained tests at p = 250 kPa
is illustrated in Figure 7. As observed in this figure, most of the specimens displayed a
“bulging” deformation, and a distinct shear band formation is produced in the b-values
range from 0.2 to 0.6. For instance, in the drained test, the shear band inclination was 36.4◦

at b = 0.2, while in the undrained test, it was measured as 39.1◦ at b = 0.4 and 40.3◦ at b = 0.6.
Consequently, the specimen’s shear band inclination is below 45◦, and the law does not
conform with the Coulomb criterion stated in Equation (8). This result is also consistent
with the experimental results of Xu et al. [39].

θ = 45◦ +
φ

2
(8)

The internal friction angle (φ) of the glass beads was calculated using Equation (9).

φ = sin−1 1 − σ3/σ1

1 + σ3/σ1
(9)
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Moreover, the position where the shear band shifts with varying b-values exhibited
a particular pattern. When the shear band does not merge, the location of the “bulging”
deformation in the specimen is correlated with the b-value. “Bulging” occurred at the
upper of the specimen for b = 0, 0.8, and lower for b = 1, while other b-values occurred in
the middle of the specimen.
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Figure 7. Shear deformation of glass beads at the axial strain of 30%: (A) drained, (B) undrained.

The results of research by scholars such as Hettler et al. [40] and Peric et al. [41] show
that shear bands in soils under axisymmetric conditions arise during the strain softening
phase and approach the peak point. Figure 8 statistically plots the axial strain corresponding
to the peak point of deviatoric stress versus the b-values for both drained and undrained
tests at p = 200 kPa. It can be seen that the axial strain corresponding to the peak point
of deviatoric stress decreases as the b-value increases, especially in the undrained test,
where the b-value has a greater influence. It can be inferred that the b-value also has some
influence on the formation of shear bands, and the shear bands will be formed earlier as
the b-value increases.
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3.3. Strength Characteristics

This paper uses a cylindrical specimen to maintain an axisymmetric two-dimensional
stress state. The Mohr–Coulomb strength theory is applied to analyze the strength change
resulting from variations in the b-values.

We can compare the variation trends between the peak principal stress ratio Rmax =
(σ1/σ3)max and the peak friction angle (φmax) under the same p using Equation (9). And
Figure 9 shows how the Rmax and φmax changed with the b-values for specimens under
different drained conditions at p = 250 kPa. The data indicates that the strength in the
drained tests was higher. Additionally, the strength is more sensitive to changes in the
b-value in drained tests. These findings support the credibility of the novel stress path
method proposed by the authors for assessing the strength of granular material. The φmax
varied from 30◦ to 31◦ in the undrained test and from 31◦ to 35◦ in the drained tests. Under
the drained condition, the Rmax and φmax of the sample exhibited a trend of increasing,
decreasing, and then increasing again. The Rmax increased by 0.5, reaching the maximum
value, while at b = 1, the φmax increased by 3.5◦. Generally, the Rmax and φmax are the
largest at the drained condition of b = 1, reaching 34.9◦ and 3.68, respectively, which are
much larger than other b-values. This suggests that, when drained with b = 1, glass beads
exhibited the highest compressive performance. The drained test pattern was similar
to the true triaxial test, while the difference between drained and undrained conditions
indicated that the mechanical response of the glass bead aggregate was very sensitive to
water. Meanwhile, this variation offered an experimental foundation for understanding the
effective stress in granular materials while keeping friction coefficients constant.
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Figure 9. Distribution of peak friction angle and peak stress ratio.

Figure 10 shows the stress paths of glass beads in the p-q space. All test types were able
to represent the impact of b-value variations on the p-q stress paths, peak stress ratio, state
transition stress ratio, and critical state stress ratio. During linear stress loading, the stress
in drained tests linearly increased along the stress path with various slopes and decreased
linearly after reaching the peak. The slope and peak stress reduced proportionally with
increasing b-values, and the slope of the critical state line decreased with increases in p.
Conversely, under undrained conditions, the stress paths subjected to hydraulic pressure
exhibited nonlinear development. At low confining pressure, all the b-value tests were
mainly characterized by dilatancy. It was close to a linear increase before reaching the peak;
the slope was close and the path was long. After reaching a peak, it also decreased rapidly,



Fractal Fract. 2024, 8, 193 11 of 14

near linearly, and then approached a critical state. Under p = 250 kPa, the specimens
tended to have negative dilatancy. Additionally, there was an observed state transition
from positive dilatancy to negative dilatancy and subsequently to the peak strength line.
Following the peak, there was a gradual decline toward a critical state point. The variation
of b-values resulted in alterations in state transition, peak, and critical state points.
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Figure 11. Effective stress paths were calculated by the novel methods under drained conditions (
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indicate that the specimens transition from negative to positive dilatancy as the axial strain 

increases. In our tests, both drained and undrained triaxial tests commonly displayed pos-

itive dilatancy, but the specimens began to show a tendency toward negative dilatancy at 

higher effective mean principal stress, which was consistent with the results of the existing 

Figure 10. Effective stress paths measured by conventional triaxial apparatus (p′ = (σ1 + 2σ3)/3):
(a) p = 100 kPa drained; (b) p = 250 kPa drained; (c) p = 100 kPa undrained; (d) p = 250 kPa undrained.

Figure 11 gives the effective stress paths calculated by the novel method of this paper
when p was 100 kPa and 250 kPa with different b-values. It can be seen that when p
was 100 kPa and 250 kPa, respectively, the stress paths under different b-values kept the
plumb line perpendicular to the horizontal coordinate axis. This also shows that the novel
method in this paper is feasible and controllable and can realize the true triaxial stress
paths with constant p under different b-values in the p-q space more accurately by using the
conventional triaxial apparatus.

Summarizing, the triaxial test with glass beads provided a more accurate description of
the mechanical response of granular materials, such as rockfill material. Remarkably, large-
scale true triaxial tests of rockfill materials by Zhou et al. [42] and Zuo et al. [43] indicate that
the specimens transition from negative to positive dilatancy as the axial strain increases. In
our tests, both drained and undrained triaxial tests commonly displayed positive dilatancy,
but the specimens began to show a tendency toward negative dilatancy at higher effective
mean principal stress, which was consistent with the results of the existing tests on gradual
materials. In this paper, the same particle size was used for the test, which could better
determine the limit value of dilatancy. In addition, the dilatancy of granular materials
is comprehensively affected by factors such as particle size gradation, morphology, and
breakage, but our tests greatly eliminated the influence of these factors, and it is possible to
identify the degree and extent of the influence on each element. Finally, the fundamental
reason for the stress-path dependence of granular materials was due to the anisotropy of
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the material and stress. To mitigate the effects of inherent anisotropy, we employed an
ideal, single, unbroken isotropic material. The experimental results preliminarily verified
the effectiveness of our novel method in achieving the true triaxial stress path equivalently.
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Figure 11. Effective stress paths were calculated by the novel methods under drained conditions (

( ) ( )1 3' 1 2 / 3p b b = + + −   ). 

Summarizing, the triaxial test with glass beads provided a more accurate description 

of the mechanical response of granular materials, such as rockfill material. Remarkably, 

large-scale true triaxial tests of rockfill materials by Zhou et al. [42] and Zuo et al. [43] 

indicate that the specimens transition from negative to positive dilatancy as the axial strain 

increases. In our tests, both drained and undrained triaxial tests commonly displayed pos-

itive dilatancy, but the specimens began to show a tendency toward negative dilatancy at 

higher effective mean principal stress, which was consistent with the results of the existing 

Figure 11. Effective stress paths were calculated by the novel methods under drained conditions
(p′ = [(1 + b)σ1 + (2 − b)σ3]/3).

4. Conclusions

This study explored the mechanical characteristics of granular materials by using
ideally spherical glass beads of uniform size as experimental materials to reduce the effect
of the particle gradation fractal dimension. A novel method was applied to explore the
material mechanical behavior of nearly isotropic conditions in three-dimensional stress
states. With conventional triaxial tests, this approach achieved true triaxial stress paths
equivalent. The key findings are as follows:

(1) The specimens exhibited varying degrees of strain softening, dilatancy, and shear
band formation phenomena across different b-values under two distinct confining
pressures and drained conditions. The initial modulus increased with rising p. Except
for b = 0, the initial modulus decreased with increasing b-value, thus verifying the
effectiveness of this novel method in illustrating stress paths.

(2) The peak strength of the undrained test was greater than that of the drained test,
while the peak strength decreased with increasing b-value. The stress–strain curves of
the drained tests showed two notable peaks, particularly at b = 0 and b = 1, and the
second peak was significantly higher than the first. Furthermore, the peak friction
angle and peak stress ratio of the drained test at p = 250 kPa were higher than those of
the undrained test. Under drained conditions, the specimens exhibited the highest
compressive performance at b = 1. The disparities between drained and undrained
tests indicated an intensified water sensitivity of glass beads.

(3) At an axial strain of 30%, the majority of specimens displayed “bulging” deformations,
with the position of this deformation correlated to the b-value. Shear bands were
observed at specific b-values, all inclined at angles less than 45◦. The application
of the novel method generated remarkable shear bands in axisymmetric specimens
at b-values ranging from 0.2 to 0.6, which exhibited a substantial deviation from
conventional triaxial tests.
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Due to the formation of shear zones, the strength of the granular material is reduced.
Therefore, the influence of this aspect should be considered in practical projects, and the
safety factor appropriately increased to ensure the reliability of the project.
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