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Abstract: The fractional-order LCL filter, composed of two fractional-order inductors and one
fractional-order capacitor, is a novel fractional-order n-type circuit introduced in recent years. Based
on mathematical modeling, this article comprehensively studies the principles and frequency charac-
teristics of fractional-order LCL filters. Five critical properties are derived and rigorously demon-
strated. One of the most significant findings is that we identify the necessary and sulfficient condition
for resonance in fractional-order LCL filters when the sum of the orders of the fractional-order
inductors and the fractional-order capacitor is equal to 2, which provides a theoretical foundation
for effectively avoiding resonance in fractional-order LCL filters. The correctness of our theoretical
derivation and analysis was confirmed through digital simulations. This study reveals that fractional-
order LCL filters exhibit more versatile operational characteristics than traditional integer-order LCL
filters, paving the way for broader application prospects.

Keywords: fractional-order capacitor; fractional-order inductor; fractional-order LCL filter; frequency
characteristics; resonance

1. Introduction

The development of fractional calculus and the research on the implementation meth-
ods of fractional-order elements have opened up new approaches for the design, modeling,
and analysis of circuits [1-11]. Fractional-order circuits have become an emerging interdis-
ciplinary research area and have drawn much interest [5].

Fractional-order inductors and fractional-order capacitors [12,13] are the essential
building elements of fractional-order circuits. The mathematical models of a fractional-
order inductor and a fractional-order capacitor can be expressed as [6-8].

d*i
L dtlaL = uL,

dﬁuc . (1)
C dtﬁ = ZC/

where L is the inductance of a fractional-order inductor, and C is the capacitance of a
fractional-order inductor. « and p are the order of a fractional-order inductor and a
fractional-order capacitor, respectively. « and B satisfy 0 < a, § < 2. Particularly, when
« = 1and B = 1, a fractional-order inductor and a fractional-order capacitor are traditional
inductors and capacitors, respectively. uy, is the inductor voltage, i1, is the inductor current,
uc is the capacitor voltage, and ic is the capacitor current.

From (1), we know that in addition to the traditional parameter (such as L or C), the
fractional-order element introduces an additional parameter, namely order, which makes
the element and system more complex and more difficult to analyze, on the one hand, but,
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on the other hand, it increases the flexibility and degree of freedom and brings in immense
versatility towards design and application. For more information about the operating
characteristics of fractional-order inductors and fractional-order capacitors, please refer
to [3,6-8,12,13].

In recent years, many realizations and fabrication methods of fractional-order induc-
tors and fractional-order capacitors have been reported [14-30], and the orders of some
capacitors, such as super-capacitors, were verified as possibly being much further away
from 1 by experiments [27]. At the same time, fractional-order inductors and fractional-
order capacitors have gradually been applied to various traditional integer-order circuits,
and counterpart fractional-order circuits are constructed, such as fractional-order chaotic
circuits [3], fractional-order sinusoidal oscillators [4], fractional-order RLC/RC/RL cir-
cuits [6,7,10,11], fractional-order power electronic converters [8,9,31-36], etc.

The traditional integer-order LCL filter [37-39], which consists of two inductors, L;
and L, and one capacitor, C, is a pivotal circuit extensively utilized in power electronic
converters, such as in a grid-connected inverter, as shown in Figure 1a.
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Figure 1. The main circuit topology and Bode plot of an integer-order LCL filter. (a) A grid-connected
inverter with an integer-order LCL filter. (b) The Bode plot of an integer-order LCL filter.

Figure 1b displays the Bode plot of an integer-order LCL filter, where wy, denotes
resonant frequency. When w < wyp and w > wyp, the asymptotic slopes of the logarithmic
magnitude-frequency characteristic curve of an integer-order LCL filter are —20 dB/dec
and —60 dB/dec, respectively [39]. The integer-order LCL filter plays a key role in filtering
high-order harmonics in the AC side voltage and improving the quality of the current
injected into the grid [37-39]. Compared with L filters, integer-order LCL filters can achieve
a better high-frequency harmonic attenuation effect. However, the integer-order LCL filter
has an inherent resonant peak, which will destroy the stability of the system when the
system is not designed and controlled properly [37-39].

A fractional-order capacitor is introduced to replace the integer-order capacitor in an
integer-order LCL filter to form an LC*L filter [40]. Theoretical analysis and numerical
simulations show that the LC*L filter provides a wider bandwidth to mitigate higher-order
resonant frequencies than its integer-order counterpart. The circuit and mathematical
model of a fractional-order LCL filter are preliminarily given in [41]. However, the detailed
theoretical derivation and analysis of the frequency characteristics are missing.

This study employs Caputo’s fractional calculus [1] to investigate the mathematical
modeling and frequency characteristic analysis of fractional-order LCL filters. The aim is
to expand the LCL filters from the integer-order domain to the fractional-order domain,
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laying a theoretical groundwork for the engineering application of fractional-order LCL
filters. The main contributions and originality of this research are summarized as follows:

(1) This paper pioneered a method for the theoretical analysis of the frequency charac-
teristics of fractional-order LCL filters, summarized their five critical properties, and
systematically revealed their principles and frequency characteristics.

(2) Itis found that the necessary and sufficient condition for resonance in the magnitude-
frequency characteristic curve of fractional-order LCL filters is that the sum of the
orders of the fractional-order inductor and the fractional-order capacitor is equal to 2.
This provides a theoretical basis for effectively avoiding resonance in fractional-order
LCL filters.

(3) This paper fills the gap in the research on the frequency characteristics of general
fractional systems with 2« + B-order (where &, § € (0,2)).

The rest of this paper is organized as follows: the circuit and mathematical models of a
fractional-order LCL filter are given in Section 2. In Section 3, the frequency characteristics
of a fractional-order LCL filter are studied in depth, and five important properties of a
fractional-order LCL filter are systematically presented. In Section 4, digital simulations
are performed to verify the correctness of the theoretical derivation and analysis. Finally,
conclusions are drawn in Section 5.

2. The Circuit and Mathematical Models of a Fractional-Order LCL Filter

By introducing the fractional-order inductors and the fractional-order capacitor to
replace the inductors and the capacitor in an integer-order LCL filter, respectively, the main
circuit of a fractional-order LCL filter can be obtained, as shown in Figure 2a, where the
fractional-order LCL filter is used for the AC side filtering of a grid-connected inverter. L,
denotes the inductance of the input side fractional-order inductor in units of H/ sec(lf’*l),
and its order is a1; L, denotes the inductance of the output side fractional-order inductor
in units of H/ sec(!1=%) and its order is «y; C denotes the capacitance of the fractional-
order capacitor in units of F/ sec(l’ﬁ), and its order is B. All the value ranges of a1, ap,
and B are (0, 2). Obviously, a fractional-order LCL filter is the general form of an LCL
filter, and an integer-order LCL filter is just the special case of a fractional-order LCL filter
when a1 = a, = B = 1. In addition, uy, is the DC voltage provided by the renewable
energy generation or energy storage unit; u;, ug, and uc are the input voltage, the output
voltage, and the fractional-order capacitor’s terminal voltage of a fractional-order LCL filter,
respectively. 71, ip, and ic are the input current, the output current, and the fractional-order
capacitor’s current of a fractional-order LCL filter, respectively. When a fractional-order
LCL filter is used for the AC side filtering of a grid-connected inverter, u;, ug, and i, are
also known as the AC side voltage of the inverter, the power grid voltage, and the current
injected into the grid, respectively.
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Figure 2. The main circuit topology and the model structure of a fractional-order LCL filter. (a) The

main circuit topology of a fractional-order LCL filter. (b) The model structure of a fractional-order
LCL filter.
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According to the Kirchhoff voltage law and the Kirchhoff current law, the time domain
mathematical model of a fractional-order LCL filter can be expressed as

dll

gtﬂil = Uy — uc,
tﬁ =i~y (2)
L2 dt"‘Z = Uuc—

By performing the Laplace transform on (2), the s-domain expression of a fractional-
order LCL filter can be obtained as

L1s"iy(s) = ui(s) — uc(s),
CsPuc(s) = i1(s) —ia(s), 3)
Lys*2ip(s) = uc(s) — ug(s).

According to (3), we obtain the model structure of a fractional-order LCL filter, as
shown in Figure 2b.

According to (3) and Figure 2b, the output current expression of a fractional-order
LCL filter can be obtained as

1 s(s) LiCs"1 P +1
L1L2C5“1+“2+ﬂ + Lis*1 + Lys*2 ! L1L2C5“1+“2+‘B + Lis*1 + Lys*2

iz(S) =

ug(s). (4)
In order to simplify the analysis, let &1 = ap = «; then, (4) can be simplified as

1 LiCs*P 41

ir(s) = L1L2C520¢+,B + (L + Lp)s® i(s) = L1L2C52“+ﬁ + (L1 + Lp)

oy ug(s). ®)

Generally, ug(s) is regarded as the disturbance of the system, so the transfer function
from the input voltage u;(s) to the output current i»(s) can be obtained; that is, the transfer
function of a fractional-order LCL filter is

] - iz(S) - 1 1
Ca(8) = 4s) " LIt P A ©)
where
A = (L1 + Ly)/(L1L,C), a + B € (0,4). %

From (6), we know that a fractional-order LCL filter is a fractional-order system with
order 2w + B, where a, € (0,2). Until now, no study has systematically introduced the
frequency characteristics of such fractional-order systems.

According to (6), the frequency domain model of a fractional-order LCL filter can be
expressed as

1 1

LiLoC(jw)" (jw)* TP+ A

Ggi (]w> = (8)

Substituting the Euler equation
. i Q7T AT
(jw)* = w*e*™/? = w* cos > + jw" sin >

into (8), the frequency domain expression of a fractional-order LCL filter can be further
expressed as

1 1
L1Ly,Cw*® (cos % +jsin %) ,n+B cos (“+/5) + A+ jwrBsin (0<+l3)

Ggi (](U) (9)



Fractal Fract. 2024, 8, 38

50f18

Based on (9), the expressions of the magnitude-frequency characteristics and the
phase-frequency characteristics of a fractional-order LCL filter can be obtained as

1/ (Ll Lsz"‘)

\/(wmﬁ + Acos %) + A2sin? WP
wtp gin (AT
ZGgi(jw) = —arctan (tan %) — arctan w s (1)

w“*ﬁcosW+A'

3. The Frequency Characteristics and Analysis of a Fractional-Order LCL Filter
3.1. The Resonance Characteristics of a Fractional-Order LCL Filter

In (10), when a + B € (0,1] U [3,4), since cos[(a + B)7t/2] > 0, with the angular
frequency w increasing from 0, the denominator of |Ggi (jw)| increases monotonically; that
is, |Ggi( jw) | decreases monotonically. In this case, there is no resonance in the magnitude-
frequency characteristics of a fractional-order LCL filter.

When a + B € (1,3), cos[(a + B)7r/2] < 0, let us define an intermediate variable

wy = [—Acos (a —0—/3)7'[/2]“}73, a+pBe(1,3), (12)

namely, -] cos|(x + B)m/2].
Substituting the expression of w; into (10), we obtain

[ S
& \/(wa+ﬁ_w;¥+ﬁ)2+A2 sin2 (l"+2ﬁ)7I (13)
a+pe(1,3)

When the angular frequency satisfies

=+
W = Wy = [_A cos WZIB)T[:| a+ﬁ/ (44 +ﬁ S (1/3)/ (14)
|Ggi(jw) | can be expressed as
i - /(L LoCwr)
|Gg1(]wr)| - A|Sln[(0€+ﬁ)7’[/2“’ “—"_ﬁ € (1'3) (15)

According to (15), we know that when a + 8 = 2, due to Asin[(a + B)7t/2] = 0,
we have |Ggi(jwy)| = co. This means that the magnitude-frequency characteristics of
a fractional-order LCL filter exhibit a resonance peak at w = w;. Conversely, if the
magnitude-frequency characteristics of a fractional-order LCL filter have a resonance
peak when w = wy, that is, Ggi( jwr)| = oo, it follows that & + B = 2 must be satisfied.
For ease of distinction, we denote the wy when a + f = 2 as wyp, which represents the
resonant frequency.

From the above analysis, we discern that the fractional-order LCL filter possesses the
following resonance property:

Property 1. When a1 = ay = a, the necessary and sufficient condition for a fractional-order LCL
filter to have a resonance peak is
a+p=2. (16)

Substituting « + g = 2 into (12), the expression of the resonant frequency wyp, can be
obtained as follows:

wep = VA = \/(Li + Lo)/(LiL2C). (17)
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According to (17), we further obtain the following resonant frequency property of a
fractional-order LCL filter:

Property 2. When the magnitude-frequency characteristics of a fractional-order LCL filter have a
resonant peak, that is, the condition of « + B = 2 holds, the expression of the resonant frequency is
wyp = /(L1 + L)/ (L1L2C). The resonant frequency cwyy is only determined by the values of Ly,
Ly, and C, and is independent of the order w of the fractional-order inductors and the order B of the
fractional-order capacitor.

Property 1 reveals the condition for the existence of the resonance of a fractional-order
LCL filter, essentially, and provides a straightforward criterion for determining whether
a fractional-order LCL filter exhibits a resonant peak. For example, in traditional integer-
order LCL filters, since both « and § are 1, that is, « + § = 2, their magnitude-frequency
characteristics invariably exhibit a resonance peak, as illustrated in Figure 1b. Furthermore,
Property 1 offers theoretical ground for effectively circumventing resonance in the design
phase of a fractional-order LCL filter. When a fractional-order LCL filter manifests a
resonance peak, it can readily lead to system instability [37-39]. For an integer-order
LCL filter, additional passive or active dampers are commonly incorporated to eliminate
resonance and enhance system stability against variations [37,38]. However, the former can
incur additional losses, diminishing the attenuation capability of high-frequency harmonics,
while the latter can complicate the design of the controller. In contrast, for a fractional-order
LCL, we can effectively circumvent the resonance peak by judiciously selecting the order of
fractional-order inductors and the fractional-order capacitor, such that « +  # 2, thereby
fundamentally enhancing system stability without adding dampers.

3.2. The Corner Frequency and Logarithmic Magnitude-Frequency Characteristics of a
Fractional-Order LCL Filter

To analyze the corner frequency of a fractional-order LCL filter, according to the value
range of « + B, the following two intermediate variables of angular frequency are defined.

(@t p)m|=F B € (0,05 U 15,25 U[3.5,4). (18)

wy = |Acos ———
= s

1
atp
wp = ‘Asin(a—i_’g)n : ,a+ B € (05,15)U(25,3.5). (19)

2

Figure 3 shows the waveforms of |cos(x+B)m/2|"**P) in (18) and
Isin (a« + B)7/2|Y“*F) in (19). From Figure 3, we know that when a + g € (0,0.5] U
[1.5,2.5] U[3.5,4), thereis wy > wy; whena + B € (0.5,1.5) U (2.5,3.5), there is wy < wip.

| - —_
/ N i \
\
0.81 / / N
// \ / \
— \ / \
2061 \/ v V]
B v [
o4t v !
] vl
I o ,
02r leos(ac+ Bym/2| Mt
o ! — = ~[sin(a+Bym/2 D
0 1 2 3 4
atf

Figure 3. The waveforms of |cos (a + B)7r/2|" “*F) and |sin (a« + B)7r/2|" *+F) versus a + B.

Substituting (18) and (19) into (10), the magnitude-frequency characteristics of a
fractional-order LCL filter can be expressed as
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, 1/(L1LoCw®
|Ggiljew)| = il . ) : (20)
\/<w“+/5 + (waclﬂg) + wtzz(“ﬂg)
where 011U [3,4)
[ La+B<(0,1]U[3,4),
‘7_{ ~La+pBe(1,3) @1)
(1) The analysis when a + 8 € (0,0.5] U [1.5,2.5] U [3.5,4)
According to the value range of w, (20) can be further expressed as
atp
1/(L1L2CZJ” “) ,w << wy,
a+p 2(a+p)
’Ggi(jw)| _ {(w/wtl) +‘7} +(we/wy) 22)

1/[LqLoCa®F]

> , W >> Wy
J [Fotwa s ] o

For the first formula of (22), when w << wy, (w/wy )‘Hﬁ ~ 0, considering that =1
always holds, so it can be simplified as

1/(L1LyCaw™)

= tX/
\/wfl(ocﬂg) + wt22(oc+/3) L1L,CAw

|Ggi(jw)| ~ w << wy. (23)

According to (23), the logarithmic magnitude-frequency characteristic and its asymp-
totic slope of a fractional-order LCL filter when w << wy; can be obtained as

L(w) = —201g(L1L,CA) — 20algw, w << wy. (24)
dL(w)
digw —20adB/dec, w << wy. (25)

For the second formula of (22), when w >> wy, (wn/ w)"‘J”S ~ 0. Additionally,
considering that there is wy > wp when a + B € (0,0.5] U [1.5,2.5] U [3.5,4), then
(wp/ cu)"‘ﬂ5 ~ 0. So, it can be simplified as

. 1

According to (26), the logarithmic magnitude-frequency characteristic and its asymp-
totic slope of a fractional-order LCL filter when w >> wy can be obtained as

L(w) = —201g(L1L,C) —20(2a + B)lgw, w >> wy. (27)
dL(w) _
dlgw 202 + B)dB/dec, w >> wy. (28)

(2) The analysis when o + B € (0.5,1.5) U (2.5,3.5)
When a + B € (0.5,1.5) U (2.5,3.5), according to the value range of angular frequency,
(20) can be further expressed as

1/ (L1 LCwrwly ™ )

\/[ }2 , w << w2,
o (w/wp)" P ro(wn /we) P | +1
|Ggi(jw)| = 1/ [l LaCa® ] (29)

5 , W >> wp.
\/ [1+0(wt1 /w)“ﬂ +(wgp /w)2 TP
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For the first formula of (29), when w << wyp, (w/ wtz)’Hﬁ ~ 0, considering that o2 =1
always holds, it can be simplified as

1/(L1LyCaw®)

\/wfl(“*ﬁ) + wt22(06+ﬁ) L1L,CAw*

w << wy. (30)

’Ggl(]w)| ~

According to (30), we obtain

L(w) = —20lg(L1L,CA) — 20algw, w << wy, (31)
dL(w) ~ —20adB/dec, w << wy, (32)
dlgw

For the second formula of (29), when w >> wp, (wp/ w)“ﬁ ~ 0. Additionally,
considering that there is wyy > wy whena + B € (0.5,1.5) U (2.5,3.5), then (wy /w)’“’3 ~ 0.
So, it can be simplified as

. 1
|Ggi(jw)| = LiLyCa B’ w >> wp. (33)

According to (33), we obtain

L(w) ~ —201g(L1L,C) — 20(2a + B)lgw, w >> wy, (34)
dL(w)
digw —20(2a + B)dB/dec, w >> wyp. (35)

(3) A summary of the corner frequency and logarithmic magnitude-frequency
characteristic

Drawing from the aforementioned theoretical derivation, we can deduce that when
a+ B € (0,0.5]U[1.5,2.5] U[3.5,4), the corner frequency of the fractional-order LCL filter
is wy, and when a + B € (0.5,1.5) U (2.5,3.5), the corner frequency is wy. wy and wyy can
be condensed into the following expression for the corner frequency.

Wy = ‘ACOS BT 5F o 4+ B € (0,0.5] U [1.5,2.5] U [3.5,4),
wp = ) (36)

W = ‘A sin WHAT|YP 4 4 g€ (05,1.5) U (2.5,3.5).

Furthermore, to facilitate discussions, we define the frequency ranges as the low-
frequency band for w << wy and the high-frequency band for w >> w;. By comparing
(30)—(35) with (23)—(28), we observe that the expressions for the magnitude-frequency
characteristics of the fractional-order LCL filter are identical when « + 8 € (0, 0.5] U
[1.5,25] U [3.5, 4) and « + B € (0.5, 1.5) U (2.5, 3.5). The primary distinction lies in
their corner frequency expressions. In summary, the logarithmic magnitude-frequency
characteristics of fractional-order LCL filters can be summarized as follows.

Property 3. When w << wy, the asymptotic slope of the logarithmic magnitude-frequency
characteristic in the low-frequency band of a fractional-order LCL filter is —20 adB/dec; when
w >> wy, the asymptotic slope of the logarithmic magnitude-frequency characteristic in the
high-frequency band is —20(2x + B)dB/ dec.

Property 3 is crucial for analyzing the filtering performance of fractional-order LCL
filters. From Property 3, it can be observed that the asymptotic slope of the logarithmic
magnitude-frequency characteristics of a fractional-order LCL filter in the low-frequency
band is solely determined by the order a of the fractional-order inductors and is inde-
pendent of the order B of the fractional-order capacitor; in the high-frequency band, the
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asymptotic slope is affected by both « and . Considering that a, € (0,2), we know that
the asymptotic slope range of the logarithmic magnitude-frequency characteristics of a
fractional-order LCL filter in the low-frequency band and high-frequency band is (0 dB/dec,
—40 dB/dec) and (0 dB/dec, —120 dB/dec), respectively.

According to (36), we find that the corner frequency of a fractional-order LCL filter
is not only affected by the values of L, L, and C but also related to the order « of the
fractional-order inductors and the order 8 of the fractional-order capacitor. Additionally,
when a + B = 2, there is wyp = wyy, which means that the resonant frequency is equal to the
corner frequency. In particular, when &« = B = 1, according to (25), (28), and (36), we obtain
the corner frequency of an integer-order LCL filter as w; = VA = /(L + La)/(L1L,C),
and the asymptotic slopes of the low-frequency and high-frequency bands are —20 dB/dec
and —60 dB/dec, respectively.

3.3. The Phase-Frequency Characteristics of a Fractional-Order LCL Filter

It is known to all that for a complex number z = x + jy, (z # 0), the value range of
—7t < argz < 7t is generally called the principal argument of z, and there is

7+ arctan(y/x), zis in the second quadrant, (37)

arctan(y/x), z is in the first and fourth quadrants,
argz =
—7m + arctan(y/x), zis in the third quadrant,

where —71/2 < arctan(y/x) < 7t/2.
From (37), the first term of (11) can be further expressed as

[ ma/2,0 € (0,1],
arctan[tan(rta/2)] = { ()2 — )+ 7 = /20 € (1,2), (38)
which means arctan[tan(7ta /2)] = 7ta/2 always holds when a € (0,2).
To facilitate the derivation, let the center frequency
wo = AV @H) = /(Ly + L)/ (1410), (39)
then, the (11) can be further simplified as
. (a+B)7
. T sin ==
£Ggi(jw) = —5 = arctan 2 (40)

cos W + (wo/w)”ﬁ.

When w << w,, considering the characteristics of the sin and cos functions, the
following relationship always holds.

sin % << cos % + (wo/w)* P,
then, there is
sin 7(“*2@”

~ 0, w << wo.

—arctan
cos ST 4 (wo /)P
Therefore, the phase-frequency characteristics of a fractional-order LCL filter when
w << w, are
éGgi(jw) ~-na/2, w << Wo. (41)

When w >> w,, wo/w = 0, so (40) can be further simplified as

ZGgi(jw) = —% — arctan [tan (D‘—Z'B)n} ,W >> W (42)
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According to (37), the second term in (42) can be further expressed as
(a+B)
arctan [tan L + ,8)71} = (afﬁ)n’ atpe 0,2], (43)
2 SR -2, a4 B e (2,4).

By synthesizing (42) and (43), the phase-frequency characteristics of a fractional-order
LCL filter when w >> w, can be obtained as

—mt(a+B/2), a+ B € (0,2, w >> w,,

£Ggi(jw) ~ { —m(a+pB/2)+2m, a+ B € (2,4),w >> w,. “4)

Based on (42) and (43), the phase-frequency characteristics of a fractional-order LCL
filter can be summarized as follows.

Property 4. When w << w,, the phase of a fractional-order LCL filter is —mta /2; when w >> w,,
ifa+ B € (0,2], the phase is —(a« + B/2]m. If a + B € (2,4), the phase is —(a + B/2) 7 + 27.

According to Property 4, it can be observed that when w << w,, the phase of the
fractional-order LCL filter is solely determined by the order a of the fractional-order
inductor, and it is independent of the order p of the fractional-order capacitor. Conversely,
when w >> w,, the phase is influenced by both « and B.

3.4. The Phase Crossover Frequency and Gain Margin of a Fractional-Order LCL Filter

It is well known that the frequency at which the open-loop phase-frequency charac-
teristic intersects the horizontal line —7 is commonly referred to as the phase crossover
frequency, denoted as wg. According to (40), we know that the intersection frequency wg
should satisfy the following equation for a fractional-order LCL filter.

Yo sin %
£Gyi(jwg) = —— — arctan = -7 (45)
sVTE 2 cos % + (wo/wg)“ﬁ
By solving (45), we obtain
WP Asin[(1 —a/2)m] (46)

&  —sin[(a+B/2)7]

Given that 0 < & < 2, wehave 0 < (1 —a/2)7 < 7, so the numerator of (46) satisfies
Asin[(1 —a/2)7] > 0. Considering the domains of & and p, the denominator of (46)
satisfies — sin[(a 4+ B/2)7t] > 0, if and only if & + /2 € (1,2). This means the right side of
(46) is greater than 0, indicating that (46) has a real number solution, implying the presence
of a phase crossover frequency in the phase-frequency characteristic of a fractional-order
LCL filter. To sum up, the phase crossover frequency characteristics of a fractional-order
LCL filter can be summarized as follows.

Property 5. Ifand only ifx + p/2 € (1,2), the phase-frequency characteristics of a fractional-order
LCL filter has a phase crossover frequency wyq, and the expression of wg is

_ aip| Asin[(1 —a/2) 7]
“s = </sin[(zx+ﬁ/2)7r}' “7)

In particular, when & = B = 1, there is wg = VA = /(L1 + L2)/(L1L2C) = wrp; that
is, the phase crossover frequency is equal to the resonant frequency.
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When o + B/2 € (1,2), the gain margin of a fractional-order LCL filter and its loga-
rithmic expression can be obtained as

1 2(a+p) wtp (et B)m

Ky = ——— = L1 L,Ca® \/w +2Aw cos ——— + A2, (48)
& |Ggi (]wg> | & s i 2
1/L1 LZng

20K, = —201g|Gy;i(jwg)| = —201Ig :
\/wé(“ﬂg) + 2Awg+'5 cos L?)n + A?

(49)

3.5. The Gain Crossover Frequency and Phase Margin of a Fractional-Order LCL Filter

As is widely known, the frequency w satisfies | Gg;(jw.)| = 1 or 201g| G (jw.)| = 0
is usually referred to as the phase crossover frequency. According to (10), we know
that the gain crossover frequency w. of a fractional-order LCL filter should satisfy the
following equation.

1/(L1LyCw?)

> =1 (50)
\/(wz‘ﬂg + A cos 7(a+2ﬁ)n) + A2sin? 7(‘”2 L
By sorting out Equation (50), we obtain
2
w?adﬂ;) + ZAL(JE"H/S cos (a+p)m + A% — Aiz =0. (1)
2 (L1 + L)

The above formula is a highly complex nonlinear equation, making it challenging
to derive an analytical solution for the gain crossover frequency w. of a fractional-order
LCL filter. In order to obtain the trend graph of the change in w. with the order of the
fractional-order inductors and the order of the fractional-order capacitor, we successively
used the fsolve function, the particle swarm optimization algorithm [42], and the differential
evolution algorithm [43] to solve (49) based on MATLAB 2018a software, and we found that
the differential evolution algorithm has the best solution effect and relatively stable results.

Figure 4 shows a change diagram of the digital solution of w, obtained by the dif-
ferential evolution algorithm versus & — B plane when &, € (0.8,1.2). The main cir-
cuit parameters of a fractional-order LCL filter are as follows: L; = 600 pH/ sec(1=%),
L, = 150 uH/ sec1=%), C = 10 uF/ sec1=P).

T

Figure 4. The change diagram of the digital solution of w, obtained by the differential evolution
algorithm versus a — B plane.
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From Figure 4, we observe that as the combination of « and  approaches « + 8 = 2,
there is a notable increase in the value of w.. This is attributed to the presence of a
resonance peak in the fractional-order LCL filter when a 4+ 8 = 2, which makes the
logarithmic magnitude-frequency characteristic curve cross the 0 dB line many times. This
phenomenon will be further verified in the following digital simulations.

Additionally, according to Property 3 and Figure 4, we know the following:

(1) Except for the case of « 4 8 = 2, as the order « of the fractional-order inductors in-
creases, the asymptotic slope of the logarithmic magnitude-frequency characteristic curve in
the low-frequency band increases accordingly, and the gain crossover frequency decreases.

(2) Considering that the order § of the fractional-order capacitor does not affect the
low-frequency asymptotic slope of the logarithmic magnitude-frequency characteristic
curve of a fractional-order LCL filter, altering the order B does not alter the gain crossover
frequency, except in the case of « 4 = 2.

The formula for calculating the phase margin of a fractional-order LCL filter is the
same as that of an integer-order LCL filter, namely

7 = 180° + £Gg;(jewe). (52)

4. Simulation Results and Analysis

To validate the theoretical derivation, analyze the frequency characteristics of fractional-
order LCL filters, and investigate the impact of the order of the fractional-order inductors
and the fractional-order capacitor on these characteristics, a digital model of a fractional-
order LCL filter is established and simulated using MATLAB software. The main circuit
parameters of the fractional-order LCL filter are consistent with those in Figure 4, and the
order of the fractional-order inductors and the fractional-order capacitor will be specified later.

4.1. The Frequency Characteristic Simulation Curves of a Fractional-Order LCL Filter

(1) The frequency characteristic curves when « is constant and 8 changes

Simulation condition I: Set the order « of the fractional-order inductors to 0.8, 1.0, and
1.2, respectively. For each case, increase the order f of the fractional-order capacitor from
0.6 to 1.4 in 0.2 intervals.

The Bode plots of a fractional-order LCL filter based on Simulation condition I, as
shown in Figure 5, and the corresponding frequency characteristic indicators are summa-
rized in Table 1. In this table, NaN indicates the absence of such indicators, and Inf denotes
infinite indicators.

(2) The frequency characteristic curves when f is constant and « changes

Simulation condition II: Set the order B of the fractional-order capacitor to 0.8, 1.0, and
1.2, respectively. For each case, increase the order a of the fractional-order inductor from
0.6 to 1.4 in 0.2 intervals.

—_
o
~
—_
=3
~
—_
g}
~

(107, 22.5) Ga7, 7]

> (28867, 75.58)

0 2
(10%,1450)
-100
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U . 10, -59.02)" b
200]- - —a-084-14 (107, -119.09)

-200
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Figure 5. The frequency characteristic curves of a fractional-order LCL Filter when « is constant and
B changes. (a) The frequency characteristics when a = 0.8. (b) The frequency characteristics when

« = 1.0. (c) The frequency characteristics when « = 1.2.



Fractal Fract. 2024, 8, 38

13 of 18

(

©
S

Magnitude (dB)

Phase (deg)

Table 1. The frequency characteristic indicators of a fractional-order LCL when « is constant and

B changes.
Serial wg 201gKg we ¥ wy

Number « B (rad/s) (dB) (rad/s) ©) (rad/s)
1 0.8 0.6 5,257,083 53.39 8059 107.98 2,024,102
2 0.8 0.8 508,310 28.80 8075 107.93 329,599
3 0.8 1.0 98,864 9.06 8186 107.76 87,883
4 0.8 1.2 28,867 —79.03 33,194 —72.00 28,867
5 0.8 14 NaN Inf 13,749 241.70 11,092
6 1.0 0.6 429,574 47.38 1334 90.00 329,598
7 1.0 0.8 92,922 27.10 1334 89.99 87,883
8 1.0 1.0 28,867 —75.58 29,510 90.00 28,867
9 1.0 1.2 NaN Inf 1345 90.16 11,092
10 1.0 1.4 NaN Inf 1379 91.43 4772
11 1.2 0.6 87,883 45.96 402 71.99 87,882
12 1.2 0.8 28,867 —57.73 28,950 —108.0 28,867
13 1.2 1.0 NaN Inf 402 72.01 11,092
14 1.2 1.2 NaN Inf 402 72.07 4772
15 1.2 1.4 NaN Inf 403 72.33 2487

The Bode plots of a fractional-order LCL filter, as shown in Figure 6, and the corre-
sponding frequency characteristic indicators are summarized in Table 2.

10*
w (rad/s)

(b)

Magnitude (dB)

Phase (deg)

— = ~a=0.6,6-1.0

1

————— a=1.4,6-1.0

.8,6=1.0
0.6=1.0
2,8-10

——-a=06,6-12
—==a=08,6-12
o=10,6-12
—=—0=12,6-12
———a-14.612

Phase (deg)

-100 E=

-200

10°

1
w (rad/s)

w (rad/s)

Figure 6. The frequency characteristic curves of a fractional-order LCL Filter when § is constant and

« changes. (a) The frequency characteristics when g = 0.8. (b) The frequency characteristics when

B = 1.0. (c) The frequency characteristics when = 1.2.

Table 2. The frequency characteristic indicators of a fractional-order LCL when B is constant and

« changes.
Serial wg 201gK wWe ¥ wy
Number & p (rad/s) (dB) (rad/s) ©) (rad/s)
1 0.6 0.8 19,437,846 50.51 16,538 124.85 2,024,630
2 0.8 0.8 508,310 28.80 8075 107.93 329,599
3 1.0 0.8 92,922 27.10 1334 89.99 87,883
4 1.2 0.8 28,867 —57.73 28,950 —108.0 28,867
5 14 0.8 NaN Inf 171 54.00 11,092
6 0.6 1.0 686,670 13.13 368,962 56.77 329,598
7 0.8 1.0 98,864 9.06 8186 107.76 87,882
8 1.0 1.0 28,867 —75.58 29,510 —90.00 28,867
9 1.2 1.0 NalN Inf 402 72.01 11,092
10 14 1.0 NaN Inf 171 54.01 4772
11 0.6 1.2 107,916 —7.69 133,810 —19.98 87,883
12 0.8 1.2 28,867 —93.42 33,192 —72.00 28,867
13 1.0 1.2 NalN Inf 1345 90.16 11,092
14 1.2 1.2 NaN Inf 402 72.07 4771
15 14 1.2 NalN Inf 170.7 54.04 2487
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4.2. The Analysis of the Frequency Characteristics of a Fractional-Order LCL Filter

From Figures 5 and 6, as well as Tables 1 and 2, we can observe that:

(1) When « + B = 2, for instance, the combinations of « and § are (0.8, 1.2),
(1.0, 1.0), and (1.2, 0.8), the magnitude-frequency characteristic curves of these fractional-
order LCL filters cross the 0 dB line multiple times and exhibit a resonance peak at the
resonant frequency. Moreover, the phase-frequency characteristic curves make a jump of
—180° at the resonant frequency. For example, when the combination of « and B is (0.8, 1.2),
the phase-frequency characteristic curve makes a jump from —72° to —252°. Furthermore,
it can be observed that the resonant frequency wry is solely determined by L1, L, and C and
is independent of « and B. In this scenario, the theoretically calculated resonant frequency is

Wep = \/(L1 +Lp)/(L1L,C) ~ 28,867.5 rad /s,

and the measured resonant frequency from the curves is 28,867 rad/s. Obviously, these
two frequencies are essentially identical, with the minor deviation attributable to the
discrete points connected by the curve in the Bode plot. In conclusion, the correctness of
Properties 1 and 2 is confirmed.

(2) In each subplot of Figure 5, when the order « of the fractional-order inductors
remains constant and the order § of the fractional-order capacitor changes, the five loga-
rithmic magnitude-frequency characteristic curves overlap in the low-frequency band and
diverge in the high-frequency band. This suggests that the order § of the fractional-order
capacitor does not affect the logarithmic magnitude-frequency characteristics of a fractional-
order LCL filter in the low-frequency band, but it does have an effect in the high-frequency
band. The asymptotic slope of the logarithmic magnitude-frequency characteristic curve
of a fractional-order LCL filter in the low-frequency band is —20adB/dec, which is solely
related to a. For example, when « is 0.8, 1.0, and 1.2, the theoretical low-frequency slopes
calculated based on Property 3 are —16 dB/dec, —20 dB/dec, and —24 dB/dec, while the
measured values from the curves are —15.96 dB/dec, —19.9 dB/dec, and —23.87 dB/dec,
aligning with the theory.

Additionally, the asymptotic slope of the logarithmic magnitude-frequency character-
istic curve in the high-frequency band is —20(2«x + B)dB/dec, which is influenced by « and
B. For example, when the combinations of « and g are (0.8,1.4), (1.0,1.4), and (1.2,1.4), the
theoretical high-frequency slopes are —60 dB/dec, —68 dB/dec, and —76 dB/dec, with the
measured curve values being —60.07 dB/dec, —68.01 dB/dec, and —76.00 dB/dec, which
demonstrates that the theoretical calculated values are consistent with the actual measured
values, too.

In each subplot of Figure 6, when  remains constant, and « takes on different val-
ues, the slopes of the low-frequency and high-frequency bands of the five logarithmic
magnitude-frequency characteristic curves differ, further indicating that the asymptotic
slope of the logarithmic magnitude-frequency characteristics of a fractional-order LCL filter
in the low-frequency band are solely determined by &, while the asymptotic slope in the
high-frequency band is influenced by « and .

Furthermore, when « + € (0,0.5] U [1.5,2.5] U [3.5,4), the corner frequency wy is
calculated according to the first formula of (36); for example, when « = B = 1.0, the
theoretically calculated and the measured corner frequencies w; are 28,868 rad/s and
28,867 rad/s, respectively, which are essentially equivalent. When a + 8 € (0.5,1.5) U
(2.5,3.5), the corner frequency should be calculated according to the second formula of (36);
for example, when the combinations of « and 8 are (0.8,0.6) and (1.2,1.4), the theoretically
calculated corner frequencies wy are 2,024,272 rad /s and 2487 rad/s. The corner frequencies
derived from the curve are 2,024,102 rad /s and 2487 rad /s, respectively. This suggests that
the theoretically calculated values align with the actual measurements.

To sum up, the correctness of Property 3 has been confirmed.

(3) In each subplot of Figure 5, when « is constant and j changes, if w << w, the five
phase-frequency characteristic curves overlap; if w >> w,, they diverge. This indicates
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that 8 solely influences the phase-frequency characteristics of a fractional-order LCL filter
in the high-frequency band but not in the low-frequency band. The low-frequency phase
follows the —7ta /2 law. For example, when « is 0.8, 1.0, and 1.2, the theoretically calculated
and measured low-frequency phases are —72°, —90°, and —108°, respectively. It can be
observed that the low-frequency phase is solely determined by «.

Additionally, when o« + p € (0,2], the high-frequency phase follows the rule
—(a + B/2]mt. For example, when the combinations of & and § are (0.8,0.6), (1.0,0.6),
and (1.2,0.6), both the theoretically calculated and the measured high-frequency phases
equal —198°, —234°, and —270°, respectively. When a + B € (2,4), the high-frequency
phase follows the rule —(a« + B/2)7m + 27t. For example, when the combinations of «
and p are (0.8,1.4), (1.0,1.4), and (1.2,1.4), the theoretically calculated and measured
high-frequency phases match 90°, 54°, and 18°, respectively. Overall, the correctness of
Property 4 has been verified.

(4) The measured value of the phase crossover frequencies wg shown in Tables 1 and 2
equals the theoretical value calculated by (47). For example, when the combinations of «
and B are (0.8,0.8), (0.8,1.0), (1.0,1.0), and (0.6, 1.2), the calculated and measured phase-
crossing frequencies are equivalent, specifically 508,310 rad/s, 98,864 rad/s, 28,867 rad/s,
and 107,916 rad/s, respectively. In conclusion, the correctness of Property 5 is confirmed.

(5) From Table 1 and Figure 5, it is evident that when a remains constant, and p
varies, the gain crossover frequency w. remains relatively constant, except when o 4 = 2.
For example, when the combinations of « and § are (1.0,0.8) and (1.0,1.2), the gain
crossover frequencies are nearly identical, specifically 1334 rad /s and 1345 rad/s, respec-
tively. Furthermore, when « + 8 approaches 2, there is a resonance in the magnitude-
frequency characteristics of a fractional-order LCL filter, resulting in a sudden increase in
the gain crossover frequency. Similarly, Table 2 and Figure 6 show that when  remains
constant and & varies, the gain crossover frequency gradually increases as a decreases,
except when « + f = 2. These simulation results generally align with the observations
presented in Figure 5.

Overall, the theoretical derivation and analysis of the frequency characteristics of
fractional-order LCL filters have been validated through digital simulations.

5. Conclusions

Building on the mathematical model of fractional-order LCL filters, this article de-
duces five critical properties of these filters, systematically analyzing and summarizing
their working principles and frequency characteristics. The primary differences in fre-
quency characteristics between integer-order LCL filters and fractional-order LCL filters
are summarized in Table 3.

Compared with an integer-order LCL filter, since the extra parameters of « and f are
included, although a fractional-order LCL filter is more complicated to analyze, it has many
novel behaviors and a wider operating range, which brings great flexibility and advantages
to the application. The research in this paper provides a theoretical basis for the design of
fractional-order LCL filters. By appropriately selecting the values of a and B, it is possible
to obtain fractional-order LCL filters that can better coordinate filtering performance and
system stability. It is expected that fractional-order LCL filters will be applied to replace
traditional integer-order LCL filters in power electronic systems, such as inverters and
rectifiers, and to construct better-performing fractional-order power electronic systems.

Furthermore, the frequency characteristic analysis method of fractional-order LCL
filters proposed in this paper fills the gap in the research on the frequency characteris-
tics of general fractional systems with 2a + B-order (where «, f € (0,2)) and has good
theoretical significance.
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Table 3. The comparison between an integer-order LCL filter and a fractional-order LCL filter.

Properties Integer-Order LCL Filters Fractional-Order LCL Filters Notes on Fractional-Order LCL Filters
« is the order of the fractional-order
Variables Three Variables (L1, Ly, C) Five Variables (L1, Ly, C, a, B) inductors, and B is the order of the
fractional-order capacitor.
Range of « and a=p=1 a,pe(0,2)

An integer-order LCL filter is the special

The transfer function,
Ggi (S)

case of a fractional-order LCL filter when

1 1 1 1
L1L,Cs 24 A LL,Cs® sa+B1A a=p=1

Resonance peak

Exists a resonance peak

The necessary and sufficient condition for
the existence of a resonance peak is
x+p=2.

Exists a resonance peak when a + p =2

Resonant frequency,
wWrp

(L1 + L) /(L1L,C)

wrp is determined by the values of Ly, Ly,

(L1 +L2)/ (L1 L2C) and C, and is independent of « and .

Corner frequency, wy

(L1 + La)/(L1L2C)

According to the different value range of
« + B, there are two calculation formulas
of wy. wy is affected by both & and .

{ wy = “%/|Acos[(a+ B)r/2]|

a+ B € (0,05 U[L5,2.5]U[35,4)

wp = “{/|Asin[(a + p)7/2]|

a+p e (05,15)U(25,35)

Slope of the logarithmic
magnitude-frequency
characteristic,
dL(w)/dlgw

{

—20dB/dec, w << wy
—60 dB/dec, w >> w

The slope is only determined by a« when
w << wy, while is affected by both & and
B when w >> w;. The range of slope is
(0 dB/dec, —40 dB/dec) and (0 dB/dec,
—120 dB/dec) when w << wy and
w >> wy, respectively.

—20adB/dec, w << Lwy
—20(2a + B)dB/dec, w >> wy

Center frequency, wo

(L1 + L) /(L1L,C)

/(L1 + L)/ (L1LoC)

w, is affected by both a and B.

Phase-frequency
characteristic, ZGg;(jw)

{

ZGg;(jw) is only determined by « when
w << w,, while is affected by both & and
B when w >> w,. The high-frequency
phase curve changes from —7a /2 to the
more lagging direction when
a+ B € (0,2], and to the opposite
direction when a + 8 € (2,4).

—nn/2, w << Wy
—nt(a+B/2),a+pB € (0,2, w>> w,

—7/2, w < Wy
—m(a+p/2)+2ma+p € (2,4),w>> w,

—37/2,w > wo

Phase crossover
frequency, wg

(L1 + Ly)/(L1L2C)

If and only if & + 5/2 € (1,2), the
phase-frequency characteristics of a
fractional-order LCL filter has a wy.

!HQ [ Asin[(1-a/2)7]
—sin[(a+p/2)7]
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