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Abstract: This paper aims to establish generalized fractional integral inequalities for operators
containing Mittag-Leffler functions. By applying (a, h — m) — p-convexity of real valued functions,
generalizations of many well-known inequalities are obtained. Hadamard-type inequalities for
various classes of functions are given in particular cases.
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1. Introduction

Real valued functions with additional constraints provide interesting consequences.
For example, a real valued function defined on R" satisfying the inequality f(ax + (1 —
w)y) < af(x)+ (1 —a)(y), « € [0,1], x,y € R" is called a convex function. It was in-
troduced at the start of the nineteenth century and was used very frequently in solving
real-world problems of mathematical analysis, functional analysis, optimization theory, etc.
In the subject of mathematical inequalities, convex functions are very important, they have
fascinating properties, and they provide inequalities that have direct implications to many
classical inequalities. In addition, these have been extended and generalized in many ways.
We utilized («, h — m) — p-convex functions to establish the results of this paper.

Definition 1 ([1]). Let ] C R, I C (0,0) be intervals such that (0,1) C J,and leth: ] — R be
a non-negative function. A function ¢ : I — R is said to be a (x, h — m) — p-convex function if

p((r¢? +m(1 = T)y")?) < h(x) (@) +mh(1— ") p(y), @
holds for p € R\{0}, provided (to? + m(1 — T)yp)% €l,te(0,1), (x,m) €[0,1)%

One can easily find the consequences of inequality (1) by particular substitutions to
obtain well-known classes of functions. For example, the (s, m) convex function [2], (&, m)
convex function [3], (h — m) convex function [4], (p, h) convex function [5], etc., are all
special cases of a («, h — m)-p convex function.

The main goal of this paper is to present certain inequalities for integral operators given
in (4) and (5). The consequences of established integral inequalities can be found for several
kinds of fractional integral operators and classes of functions linked with convex functions.

In recent past literature, several integral inequalities can be found for different kinds of
fractional integral operators. For instance, in [6-10], Hadamard-like inequalities were stud-
ied, in [11], Ostrowski-like inequalities were studied, in [12,13], Chebyshev-like inequalities
were studied, and Minkowksi-, Hardy- and Griiss-like inequalities were investigated
in [14-16].
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Next, we define the unified Mittag—Leffler function and associated integral operators
as follows:

Definition 2 ([17]). For a = (a1, ap,...,a4), b = (b1, by, ..., by), ¢ = (c1,¢2, ..., Cn),
where a;, b;, ¢; € C;i = 1,2,3,...,n such that R(a;), R(b;), R(c;) > 0V i. In addition, let
«B,7 6, u,v,A p, 0,z C, min{R(x), R(B), R(v), R(6), R(6)} > 0and k € (0,1)UN
withk+R(p) < R(0+v+a), Im(p) =Im(5+ v+ a). Then, the unified Mittag—Leffler function
is defined by

Ap,0.kn [Ti- 1B (b )()\>pl(9)klzl

My b (oL CP) Zn B(Gs, a) (1) ()T (@l + )’

2

where T is a gamma function, and (0);y is the Pochhammer symbol defined by (0)y = r(lf)(;ék). The

beta function is denoted by B, and B, is the extension of the beta function defined as follows:

1
By(oy) = /0 (1 - r)yflem% dr. 3)

One can easily deduce many kinds of definitions of Mittag-Leffler functions given
in recently published papers. For example, the two-parameter Mittag—Leffler function
defined in [18], three-parameter Mittag—Leffler function defined in [19] and the extended
Mittag—Leffler function defined in [20] can be deduced from the unified Mittag—Leffler
function (2). Operators involving the unified Mittag-Leffler function are given in [21] and
are defined as follows:

Definition 3. Let ¢ € L1[¢1,82], 0 < &1 < &y < oo be a positive function and let ¥ : [&1, 82| —
R be a differentiable and strictly increasing function. In addition, let % be an increasing function on

[€1,00) and ¢ € [G1,C2]. Then, the unified integral operator in its generalized form satisfying all
the convergence conditions stated in Definition 2 is defined by:

@ ~ w0, A 0,0,k 1 N A ApBkn .
Y @)@ p) = [ AL ¥ g (0¥ (1)) @
&)
,A,0,0k, A,0,0k,
e, @) = [ AL ¥ g)e(0d(¥ (), )

where

Ap,0kn

e b4 —Y(T Aodk,
AE(M%,ﬁ,’y,‘u,y/ l}[/ (P) = MM 0 n

¥(o) = ¥(1) apropy (@ (@) =¥(T)abcp). (6)

One can note that if ¥ and % are increasing functions, then for u < T < v,u,v € [{1, 2],

the kernel A%( Mook

By i ¢) satisfies the following inequality:

ALME W5 )Y (T) < ABMUGTS ¥ )Y (7). )
There are very interesting implications of the above integral operator involving the unified
Mittag-Leffler function. Many fractional integral operators that have been defined by
various authors can be obtained by a suitable selection of parameters involved in the
kernel. For example, fractional integral operators defined in [17,20,22] can be recovered in
particular cases.

This article aims to study some properties of integral operators given in (4) and (5) for
(x,h — m) — p-convex functions. We establish the bounds of fractional integral operators
containing the unified Mittag-Leffler function by utilizing the generalized convexity. A
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Hadamard-type inequality is proved that generates plenty of such inequalities in particular
cases. The rest of the paper is organized as follows: Section 2 contains some important
inequalities for the kernels of integral operators and the (a,h — m) — p-convex function.
In Section 3, we use the inequalities of Section 2 to obtain desired bounds of the unified
integral operators. The established results are generalizations of several inequalities that
have been published in the recent past.

2. Some Preliminary Inequalities

From the inequality (7) under its predefined conditions, one can have the following
inequalities. These inequalities will be used frequently to prove the main results.

A,0,0k, Ap,0,k,

AG (MG ) (T) < AR (MG ¥59) ¥ (7), T € (G1,0), ®)
A0,0.k, A0k,

Ag(Mﬂrg/Y,&;[,]/’ qj’ ¢)Y/(T) S Agz (Mﬁlgrfy,&j;,yfql;gb)qj,(T)/ TE (Q’ 62)/ (9)
A,0,0k, Ap,0.k,

AG (MG 0)E (o) < AB (MG F:9)¥'(0), e € (G1,82),  (10)
A,0,0,k, A,0,0,k,

Ag'z (Mx,g,')/,(sj;,y’ qf’ 4)>1P/<Q) S Ag; (MK,E,W,JIZ,V/ IF’ (P)IF/ (Q)’ Q € (é’rl/ 62) (11)

An (a,h — m) — p-convex function ¢ satisfies the inequality (1). From this inequality, one
can have the following inequalities, which are also useful in proving the inequalities of the
forthcoming section

o(ch) <n( =5 o) +mn(1 (‘f:g)ﬁ(i) (12)
woh (72 webem(i- (220 )e(4)

(p(Q;)Sh(é:?l>a¢(€2;)+mh(l—(692__%11)“)@(75>. (14)

3. Main Results

Theorem 1. Let ¢ € L1[C1,¢a] be a positive (x,h — m) — p-convex function m € (0,1],
0 < &1 < mly. In addition, let % be an increasing function on &1, o] and ¥ be a strictly increasing
and differentiable function on (&1, &»). Then, we have the following inequality containing the unified

Mitag-Lefte i M55

(z;a,b, ¢, p') satisfying all the convergence conditions:

¢~ w,Ap0kn L ¢ A w,A,7,00,kn o
(AYK,,;,%MW ¢ o x) (e;p) + (AY&,M,(;,#,U,@Z- ¢o x> (0;p")

2|2

.0, ,k,i’l 11 1 o
< A (MU i) (@ - cn(cp@; NG (r*, 1 ) + mo ( ) N§ (1= B W')) (1)

)N§2(1 —r“,h;‘F’)),

A8k, 3
AL ¥i0) (2 - o pEDNE (0 1) +m¢(

=}
3|2
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while x(t) = 7, Ngl(r“,h;'if’ fo VY (o —r(0 — &))dr and Ngl(l - YY) =
1
Jo H(L=7*)¥" (¢ —r(e —&1))dr
Proof. Under the stated conditions, the kernel given in (6) satisfies the inequality (8). In

addition, an («, h — m) — p-convex function satisfies the inequality (12). Ultimately, one can
have the following inequality:

Aok, 1 Aok, b
/é:l AT (MK//‘;)/7/5/Z‘/V, lf’, ¢)§0(TP )d(?(T)) S Agl (MK,ﬁp/y,&,I;,v’ II/’ ()b) (q)(glp ) (16)
x /Qh< - )“d(‘f’( )+ m Q” / h<1 - ( il >“>d(‘f’(r)))
1 \e—¢G1 ? 1 e—&1 '
In the right-hand side, by setting r = Q;C while in the left-hand side of the above
— 61
inequality using Definition 3, the forthcoming inequality is yielded:
1
AL0,0,k, A,0,0,k, D
(Rt gox)(ep) < AF LSS ¥ip)e - &) (0le]) )

X /01 h(r*)¥' (0 — (0 — &1))dr + me (i:) /01 h(1—r)¥ (0 —r(o— g’,‘l))dr>.

Inequality (17) is further simplified as follows, which gives an upper bound of the left-sided
integral operator:

ApBk Mook,
(¢ Y:ﬁ 'ypﬁy unﬁ‘P X) (a:p) < A (MK,E,%&,Z,V'?NP)(Q —&1) (18)

X (fP@ NG (* h‘f”)+m§0( )Nél( r“,h;‘P’)>.

On the other hand, under stated conditions, kernel (6) also satisfies inequality (9), and ¢
satisfies inequality (13). Therefore, the following inequality can be yielded:

1

(fvimets, gox)(ep) < A4OE | #50)E - o) (0(e)) (19
1 % 1
X /0 h(r*)¥' (0 — (0 — &))dr + mg (er’z]) /0 h(1—r)¥ (0 —r(o— @2))017*).

Inequality (19) is further simplified as follows, which gives an upper bound of the right-
sided integral operator:

,A,0,0,k, A,0,0.k,
(iYE,‘f L x) (0:p') < AL (Mg 0) (62— o) (20)

X (?(CE’)N?( h‘f”)+mcp(g )N@( —r”‘,h;‘f")).

The required inequality (15) can be composed by adding inequalities (18) and (20). O

The inequality established in the above theorem is linked with many published results.
Some of the consequences of inequality (15) are stated in the following remark.
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Remark 1. (i) The inequality stated in [23] (Corollary 3) is followed by setting p = 1 in (15).
(ii) The inequality stated in [24] (Theorem 2) is followed by setting p = 1, xk = ¢ and h(t) =
in (15).

For proof of the next theorem, we need the following lemma, which can be easily proved.

Lemma 1. Let ¢ : [{1,¢2] — R, bea (a,h —m) — p-convex function, m € (0,1], 0 < & < mg,.

1
p P_ P
)=¢ ( <W> ) , then the following inequality holds:

‘G\»—l

Ifo(o

m

o((F55) ) = () o)

The upcoming theorem provides the Hadamard inequality for the (a,h — m) — p-
convex function. The special cases of this inequality are specified in the remark given after
this theorem.

==

). (21)

m

1 (:F’ + gf’ —0 P
Theorem 2. Under the assumptions of Theorem 1, if p(o?) = ¢|| 21—2— , then

we have

1
e\’
¢ (( ! 5 2
¢~ 0,A,0,0,kn L @ A 0,\,0,0,k,1 o
" ( 1 ) il (2“ . ) ( ( <AY§,ﬁ,7H'V’§2 1) Cup) =+ (Ayx,ﬁ/ﬂt,v,éf 1) (G2 p )> )
+
o

2&

Apbkn N N PAw A8, k,
< (Rvettn gox) @)+ (Agmtis gox) @) < @-t) @

1
A,0,0.k, A,0,0k, n
< (TR i) + ALY i) (o(EDINE 0% 1)

+me (gl ) NEH (1=, Iy ‘P’)) .

Proof. Under stated conditions, kernel (6) satisfies inequality (10). In addition, the
(a,h — m)-p convex function satisfies inequality (14). Ultimately, one can have the
following inequality:

G2 Vo0, 1 Ao0k
[ By vielelo (o) < ALY i) (o)

[ amorno () L4 (850 o)

—&
C — ¢l

inequality using Definition 3, the next inequality is yielded

In the right-hand side, by setting r = while in the left-hand side of the above
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1

,A,0,0,k, A,0,0.k, D
(Rt o) @) < ABMGETSS, ¥ig) 62— &) (9(e) 3)

1
Gi

< [ HE @+ 7@ - G+ mg (m) [ 8= G e - ).

Inequality (23) is further simplified as follows, which gives an upper bound of the left-sided
integral operator:

,A0,0,k, Ap,0k,
(iysjﬁ/“:;/ﬂ,:r?z e X) (@1:7") < A (Mg ¥i9) (62— 1) @4)
m

1
1 P
X ((P(ﬁz”)Ngg (r, ¥') +me (Cl ) NE (1=, I ‘P’)) :

Adopting the same pattern of simplification as we did for (10) and (14), the following
inequality can be observed for (11) and (14):

A,0,0k, Ap,0,k,
("gv;‘jﬁ;jmjﬁ go x) (Gu;p) < ALMETTY i) (62— G) (25)

1
1 g P
(s sor s 5 o e |
By adding (24) and (25), the following inequality can be achieved:

A0,0k, 0,0k,
(iyiﬁf b ° X)(Cz; P+ (AY:,] s P x)(éu p) < (&2 &)

1
Aobk, A0k, P
X (NS (MyG s i) + AL (M L E9)) (cp(éé’)Ngg(r”‘,h; ¥)  (26)
1
P
+mg ((”;11) NEH(1 =, I ?’)).

Ap,0,kn

Multiplying both sides of (21) by A§! (M X",

one can obtain

1
(:fp + tfp u & Aok
Y ( (122 /(.; A (Mg ¥ 9)d(¥(0))

1 % _ 1 G2 k 1
< (1) +me(F5)) LA ORI L Figleteh ¥ (@)
1

¥; )¢’ (0) and integrating over [&1, {2],

By utilizing Definition 3 in the above inequality one can obtain the following inequality:

(),

¢ A Ap0 k0 o
1 2% — 1 (AYK,a,ﬁ,y,é,ﬂ,y/521> (é’l/ p ) (27)
h( — | +mh

24 24

7

¢ ~Ap0kn o
S (AYK 06,/3,%5,}1,1’,52_ ¢ o X> (61/ p )
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Ap,0,kn

. . Q
Now, multiplying by Az (Mx,ﬁ,v, S

¥;¢)¥'(0)) on both sides of (21), then integrating
over [¢1, &], we obtain

w((éi’;éﬁ’);’)

0,0k,
1 21 (iyga,;%s,:,u,q1> (G2 p") (28)
() om(557)

24 pX:
A0k,
(4) Y;ﬁ,v(?m:,é* ¢o X) (G2 P').
The required inequality (22) can be composed from inequalities (26)—(28). O

Remark 2. (i) The inequality stated in [23] (Corollary 3) is followed by setting p = 1 in (22).
(ii) The inequality stated in [24] (Theorem 1) is followed by setting p = 1, k = & and h(t) =
in (22).

Theorem 3. If (a,h — m) — p-convexity of ¢ is replaced with (x,h — m) — p-convexity of
|¢'|, along with same assumptions as in Theorem 1, the following inequality holds for unified
integral operators:

,A,0,0,k, ,A,0,0,k,
[(Rreaetir (g n)ox)(@p) + (VS (g ) o x) (0:)|

4

Mook, 1
SAEI(ngwzvr‘f’ ¢)(e— @1)<| (&) ING (1) m

NS (1 -1 k; ‘P’)) (29)

Apbk, 5
+ NG, (Mg 5 #) (22— @) <|<p’<c; )ING (%, 1 ¥') +m

NG (1 r“,h;‘f")).

where
¢~ w,Ap,0kn o [ Ap,0kn . / 1
(g o= nox) @) = [T A0030in, s (07 )ar)

¢ 1
¢ A0\ p0,kn Y Q ( Aok ) 3
(At (omyox) (@)= [ ASMESES, w000 () )ac (o)

Proof. Since |¢'|is a (a,h — m) — p-convex function, one can have

()= el (22

Inequality (30) can takes the following form:
(e (e—T)*
(5 webrem(1- (255))
4 _(e=7)*
< ((eg) wabrem(1- (55))

From inequality (31), we have

)o(sg) i em(e- (55))

==

o (@
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Multiplying (8) with (32) and integrating over [¢1, 0], we obtain:

CAT MM o (1) Vd(E () < A MMy ((60(ET
g Q( K,/S,'y,&’,[,]/’ /¢)¢ (T) ( (T)) — 0 ( K,ﬁ,ﬂ/,&’,{m’ /(p) |q) (51 )|

fr(- (=) Jaeron)

X /fh(gg_gl)ad(‘f’(r)) +m

which gives
A0,0,k, Ap,0k,
(‘iY,ﬁ‘f o (9 ) 0 x) (0:p') < AG (MG . Ei0) (0 — &) (33)

1
s

Using the other inequality of (31) and doing so the same way as adopted for the right-hand
inequality, one can obtain

1
x (I?’(C{’)INgl(r”‘,h;‘f”)er

0,0k, Ap, 0k,
(‘iy,iﬁ’ﬁ;;%jq (@A) x) (:p)) = —AG (Mg Hi)e—81) (39

1
s

From (33) and (34), the following inequality is observed:

1
x (!qv’(éf)lNgl(r“/h;‘f”) +m

NG (11", h; ‘P’)).

,A,0,0,k, Ap,0,k,
(Rvepesir (pen)ox)@p)] < ABOEY wi0e-c) 69

1
et

NS (1 — 1%, ?’)) .
By applying the (a,h — m) — p-convexity of |¢’|, one can obtain

() m(E= wabrem(- (25) ) (4)) o

Now, on the same lines as for (8) and (30), from (9) and (36), one can have the following
inequality:

1
x (I(P’(Cf)lNgl(r”‘,h;‘F’Hm

,A,0,0,k, A,0,0,k,
(frpetin (px ox)(@r)| < ALMGES B0 @ -0 67

1
et

The required inequality (29) can be composed by adding inequalities (35) and (37). O

1
x (qu'(éz”)lNgz(f“,h;‘f”)er

NG (1 - r"‘,h;‘f”)) :

Remark 3. (i) The inequality stated in [23] (Corollary 3) is followed by setting p = 1 in (22).
(ii) The inequality stated in [24] (Theorem 3) is followed by setting p =1, x = S and h(t) = T
in (22).
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4. Hadamard-Type Inequalities

In this section, we give some Hadamard-type inequalities for (h, m) — p-convex
functions, (a, m) — p-convex functions and (a, ) — p-convex functions. First, fora =1,
(22) gives the result for (h, m) — p-convex functions as follows:

Theorem 4. Under the assumptions of Theorem 2, the following inequality holds:

(),
( ((pyw,A,p,G,k,n 1)(61;p’) +< YAk 1) (& p’))

AT9,878,10,8 Ay vt
h > (1+m)

IN

,A,0,0,k, A00k,
<¢ 73/}/5/';,)5,}4,17§+ (P> (62; P/) + <¢ Ywﬁ ,\rpé " :(;r (P) (61; Pl>

/| Vefk/ /| /Grkr
< (& - &) (AL (M, g,wj;ﬂ,,,W) +AS (MR ¥i9))
g
(q)(@'z INE! (r, 15 ¥") —i—m(p( L NS (1 -7l %) .

For m = 1, (22) gives the result for («, h) — p-convex functions as follows:

Theorem 5. Under the assumption of Theorem 2, the following inequality holds:

1
e rel\?
¢ ( (122
¢~ w,Ap0kn o ¢ A w,A0,0,kn o
h( 1 ) +h <2"‘ = 1) ((Ayﬁ,ﬁmé,u,v,g’:z 1)(@1, P+ (AYKr,B/'Y;5,y,U,§;r1) (& p ))

20 20
¢ A w,Ap,0kn o ¢ A w,Ap,0,kn L
< ( Yxﬁ'yéﬂvéJr(p)(CZ’p )+ ( Yl9/5'y, S (p) (gl,p )
¢ A 0,0,k,n . Ap,0,kn .
< (2= G (MG (MR, ¥i0) + AL METRL L ¥50)
1 1
x (90(55 INE (5 ¥) + ¢ (g{’ ) NE (1=, Iy qf’)) _
For h(t) = 7, (22) gives the result for (x, m) — p-convex functions as follows:

Theorem 6. Under the assumption of Theorem 2, the following inequality holds:
1
G+a\’
14
2 4’(( ? ¢ A wAp 0k, ¢ w0k,
W, AP0,k - W, AP0,K,1 -
wrar=ny (Vi) 000 - (W0 @)
¢~ w,Ap0,0,kn o ¢~ w,A,0,0,k1 o
- < Yﬁﬁ“r&yvéz )(61/}7)4‘( YK‘B’)/()yvngq))(Cz'p)
< (g, o) (o) - me () )
Ia+1
e (ote) - mp(2)) 1 v

5. Conclusions

We obtained the bounds of fractional integral operators containing the unified Mittag—
Leffler function via («,h — m) — p-convex functions. The established results are gener-
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alizations of many integral inequalities that have been published in the recent past in
articles [23,24] (see Remarks 1-3 and Section 4). The results of this paper are applicable
for a wide range of classes of functions linked with («,h — m) — p-convex functions in
particular cases.
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