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Abstract: In this paper, the numerical method for a multiterm time-fractional reaction-diffusion equa-
tion with classical Robin boundary conditions is considered. The full discrete scheme is constructed
with the L1-finite difference method, which entails using the L1 scheme on graded meshes for the
temporal discretisation of each Caputo fractional derivative and using the finite difference method
on uniform meshes for spatial discretisation. By dealing with the discretisation of Robin boundary
conditions carefully, sharp error analysis at each time level is proven. Additionally, numerical results
that can confirm the sharpness of the error estimates are presented.
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1. Introduction

In recent years, fractional calculus, which is considered to be a generalisation of
classical derivatives and integrals to non-integer order, has become a powerful modelling
tool that is more flexible and precise for describing physical problems than integer calculus.
The fractional system has been widely used in engineering, physical science, chemical
science, biology, and a variety of other subjects, for which it has gradually become an
essential component. For more details on fractional calculus, see [1-5].

At present, it is not generalised enough to consider a numerical solution of the initial
boundary value problem with only the time fractional derivative term with the order
a € (0,1), such as in [6]. On this basis, more attention is being paid to the summation form
of the time fractional derivative with the order

O<ap <...<ap <oy <1

where L is a positive integer. At the initial time, the typical solutions of such problems
have a key factor that must be considered (as in [6]); this factor is weak singularity which
significantly complicates analysis. Now, many time-fractional initial-boundary value
problems with Robin boundary conditions are widely used in the research fields of heat
equation, biomathematics, and so on [7-9]. That is the main reason why this type of
boundary condition is considered in this paper.

The problem that we study in the spatial domain is Q) := (0,1)? with closure Q) =
[0, 1]?. Define the boundary as 9Q = Q\ Q. Set Q = Q x (0, T] and Q = Q x [0, T] where
T > 0 be fixed.

Based on the above description, the purpose of this paper is to propose the following
multiterm time-fractional reaction—diffusion problem numerically.

L
Y @D u(x,y,t) — Aulx,y,t) +c(x,y)u(x,y,t) = F(x,y,t) for (x,y,t) € Q,
=1

(1a)
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with the initial condition
u(x,y,0) = up(x,y) for (x,y) € Q, (1b)

and Robin boundary conditions

0
ou(x,y,t) + a—nu(x,y,t) =g(x,y,t) for (x,y,t) €00, 0<t<T. (1)
where g; and o are given positive constants, ¢ and ug are sufficiently smooth in their
respective domains, F € C'(Q), and ¢ € C'(Q) with ¢ > ¢o > 0. uy € C(Q) with
oug + (9/9n)ug = 0 on Q. D;'u(x,y,t) is defined as the temporal Caputo fractional
derivative of order «; of u by

t

D{'u(x,y, t) := (t—s)*””%u(x,y,s) ds.

e
I'(1—a) Jo

For ([10] Lemma 2.2) and ([11] Section 6), (1) has unique solution which satisfies the
following regularity with weak initial singularity

‘E?)Z?u(x,y,t)’ + ‘aa;?u(x,y,t)‘ <C fornp=0,1,234, 2)
v
’atvu(x,y,t)‘ <C(1+t"7Y) forv=0,1,2, (3)
where C is some fixed constant.

In recent years, the introduction of the classic L1 scheme to the discrete Caputo
derivative has received widespread attention [12,13]. To recover the convergence rate,
researchers have used the L1 scheme on graded meshes [6,11,14]. Analysis of the local
convergence rate is mathematically interesting [15,16], as the local convergence rate on
every time node is sharper than the global one. This method has wide applicability. When
considering practical problems such as [17-19], it can be combined with the finite difference
and finite element methods in the space direction [6,20].

To avoid discrete errors at the boundary, Dirichlet boundary conditions are usually
considered in the local error analysis because the boundary values are known. For Robin
boundary conditions, to ensure global accuracy, we need to find a suitable boundary
discretisation method. One of the novelties of this paper is mitigation of the difficulty
caused by Robin boundary conditions in the discretisation process. At present, there
are many papers consider global convergence of the time fractional problem with Robin
boundary conditions [10,21,22]; But no local in time error analysis for multi-term time-
fractional problems with Robin boundary conditions has been considered. This is our
motivation for completing this paper. The highlights of this paper can be summarized as
the following:

* By using the L1-finite difference method to solve (1a), we have propose a discrete
scheme at the boundary which can match the second-order central difference scheme
at interior points.

¢  When considering local errors, Dirichlet boundary conditions are usually consid-
ered [20,23,24]. In this paper, the boundary conditions are extended to Robin boundary
conditions.

The outline of the paper is as follows. In Section 2, the L1-finite difference method that
will be used to solve (1) is described. In Section 3, the local error of the L1-finite difference
method is analysed. Then, in Section 4, numerical examples are given to verify the local
error results.
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Notation: throughout the paper, C is used as a generic constant to solve (1) numerically,
and may take a different value each time it appears. Meanwhile, it is related to the
information of the problem (1) but is independent of (x,y, t) and of any mesh.

2. L1-Finite Difference Method for (1)

We shall consider the L1-finite difference method for construction of the fully discrete
scheme for the problem (1). At the boundary and inner points, the discrete scheme which
can match each other’s accuracy is constructed.

Let M and N be positive integers. Set t,, = T(m/M)" form = 0,1, ..., M, and denote
the time step Ty =t — ty—1 form = 1,2,..., M. The mesh grading r > 1 will be chosen
later. Set the spatial step as it = 1/N. We divide Q) into (N — 1) x (N — 1) intervals; the
mesh point is (x;,y;) with x; = ih and y; = jh, where (0 <i,j < N). Let

Qh:{(xuy])mSZ’]SN}’ thohﬁﬂ, th:QhﬁaQ.

Let (i, /) € Q) represent (x;,y;) € Q) to simplify the notation. Similarly, set (i, j) € O,
and let (i,j) € 0QY, represent (x;,y;) € O, and (x;, ;) € 0y, respectively. Thus, our mesh is

{(xl-,y]-,tm) :i,j=0,1,...,Nandm =1,2,..., M}.

At each mesh point (x;,yj,tm), the computed approximation to the analytical solu-
tion u will be denoted by u:”] Define the grid functions

5] ]
cij = clxi,yj), (er)ij = -c(xiyy), (c)ij = @C(xiryj)/
d J
Fltr]l' = F(xi/yj/ tm)/ (Fl)T] = ap(xi/y]'/ tm)/ (FZ)Z,; = @F(xi/yj/ tm)

where (i,j) € Oy, m=1,2,..., M.
The Caputo fractional derivative Dfu can be expressed as

N 1 m—1 t+1 a 9
fu(x,y,t) = i) kgé /s:tk (t—s) gu(x,y,s)ds.

The L1 scheme, which is used to approximate the Caputo fractional derivative to
obtain the discretisation of each time-fractional term qlDf‘l u(x;,y is tm)-

k+1 _ k

m—1y" T+ —yt. t
& mo. q1 ij ij / k+l —
(DYl s = ) (tm —s)"Mds
MY T T ) = T sy

N

q L i,j 1-a 1-a
= by —t - !
e M el (GRS GRS

forl=1,2,...,L.
In ([20] Lemma 4), the truncation error has the following estimate

L L _
) qlD?V’IuZ; =Y aiD{'u(xi, yj, tm)| < Cm—min{2—ayr(a+1)} @)
I=1 I=1

For any grid function v = {v;;|0 < i,j < N}, the spatial difference operators are
defined as follows:

0xvjj =

Sk
—
S

0

|
RS
&
N
?/
é}z
S
R

I

Sk
~—~
S

ey
|
S
=
L
:_/
—_
A
N
~
A\

and
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(S%Z)i,]' = <5xvi+1,]' — (vai,j), 1<i<N- 1, 0< ] <N,

-

55?]1',]' = ((Sin,j+1 — (5]/221',]'), 1 S i S N, 0 S] S N-—1.

h

We discrete the initial condition (1b) in a standard way: for i,j € (), set ul =
up(x;, y]). In the following three subsections, we will discretise (1a) and (1c) on inner points,
boundary points, and corner points separately.

2.1. Inner Points
In (i,j) € Qy, the diffusion term Au = (9/9x)%u + (3/9y)?u in (1a) is approximated
by a standard second-order discretisation

Au(xi, Yj, tm) ~ (52um+5§ i (5)

Then, the truncation error has the following estimate

2

2 d
+ 5§u(xl/ ]/]/ tm) - Wu(xl/ ]/]/ tm) S Ch2 (6)

5;%”(951‘/%‘/ tm) — ﬁu(xi/]/j/ tm)

In summary, we can approximate (1) on (i, j) € () with the discrete problem

L
ZQID;/'[”,W; Szu o 5§;u:”] +cijufs = FY, for1 <m < M. 7)
=1

2.2. Boundary Points
For brevity, we set

/ 9 d
gi1(xy, ) =Y oDy g(xy,t) g8 t) +e(xy)g(xy, ) + FoF(xy,b),
I=1

/ 02 0
g2(vy,t) = L D8 (xy 1) = 5580y )+ c(xy)g(xy ) + 5 Flxyt),
=1
)
p1(x,y,t) == u(x,y, ) (x y) +oc(x,y)u(x,y,t),
a
pa(x,y,t) == u(x,y,t)@C(x,y) +oc(x,y)u(x,y,t),

q1(x,y,t) == = (Oxu(x,y,t) —ou(x,y, t) + g(x,y,t)),

E‘\NE‘\N

q2(x,y,t) == = (Oyu(x,y,t) —ou(x,y,t) + g(x,y,t)),

and
b J
(XY 1) = q1(x,y,t) ( Z DYju(x,y,t)
+p1(x, 1) — odpu(x,y,t) — g1(x,y, t)>,
‘55“(95/% t) = q2(x,y,t) ( quDMu X, Y, t)

T paey ) — 08u(x,yt) — ga(x,y, t)).
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Then, define grid functions
(gl)T] = gl(xi/]/j/ tm)/ 52 ;m] - 5leu(xi/y]'/ tm)/ (p]);”j] = pl(xi/]/j/ tm)/
(82)?,1] = gZ(xil y]/ tm)r 55 :r; - 53”(3(1‘/%‘/ tm)/ (PZ)T] = pZ(xi/ y]/ tm)l
()i; = pr1(xiyjtm),  (92)7; = 92(xi, Yjs tm)-

Lemma 1. Assume u(-,-,ty) € C2(Q) for every ty,; then, there exists a constant C such that

2

52“(04/]‘/ tm) — 2

u(0,yj, tm)| < Ch* + Chm~min{2=ear(at1)}, ®)

Proof. For boundary points (0, Yjs tm), wherej=1,..., N—landm=1,..., M. (la) and
(1c) at point (0, Yi, ) is

L
Y @Dy u(0,yj, tw) — Au(0, i, tw) 4 ¢(0,y;)u(0,yj, tm) = F(0,yj, tm), )
=

0
ou(0,y;, tm)—au(o, Yirtm) = 8(0,yj, tm)- (10)

By Taylor expansion of u(h, i tm) at point (0, Yj, tm)

d h? 92 h 9 4
u(h, yj, tm) = u(O,y]-,tm)—f—hau(O,yj,tm) 5 a2t u(0,yj,tm) + 0 u(0,yj,tm) + Ch*,

using (10), we have

0? h 9° )
ﬁu(o,yj, tm) = q1(0, Y, tm) — gﬁu(o,yj, tm) — Ch=. (11)

Differentiating (9) with respect to x, (3°/9x)u can be expressed as
03 9 02
" u(0,j, tm) Z qlD u(0,yj, tm) — g@u(o,yﬁ tm) (12)

0 o] d
+14(0,yj tm) 520, y7) + ¢ (0, y7) 5 -0, yj tm) — 52 F (0, yjs tm)-
Furthermore, in view of (10), we obtain
23 ] N 92
ﬁu(o,yj, tm) = al;qZDtlu(O,yj, ty) — UWu(O,yj, tw) + 1 (O,y]-) -1 (O,y]-, tm). (13)
So, substituting (13) into (11) to replace (3°/9x3)u yields
2 2

P) hi )
ﬁu(O, Yi, tm) =q1(0, Yi, tm) — 3 (0121 qlD‘t"lu(O,yj, tm) — U@u(O,yj, tm) (14)

+ 1100, yj, tm) — 81(0, yj, tm)> — Ch?.
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Adding (ch/3) (Zl]:l q:DYu(0, Yj, tm)) to the right-hand side and subtract it. Then, by trun-
cation error (4), we have

2 I J 92
@M(O, y]r th) :ql(of y]r tm) - g (U = qlD;X\/I[u(O/ y]r tﬂ’l) - UTyzu(Ol y]/ tm)

+p1(0,y) ~ &1(0.y;, w)) — 2 — Chm 2 (),

O
For1 <j<N-1,1<m < M, we can approximate (1) on boundary point (0, Yj, tm)
by the discrete problem
L o b 2
Y DGy — Sxugy — dyug; + cojug; = Fo (15)
1=1

The other corner points can be treated similarly.

2.3. Corner Points

For convenience, we introduce the following functions

1 W L.

5;”(3@% t) = 1 oh |:q1(x/]// t) - g (U QZDNZIM(X/% t) + Pl(x/]// f,‘) _gl(x/y/ t)>:|
-3 =1

. 1 i Lo

Syu(x,y,t) := [ Ry t) — 3 oY aDyu(x,y,t) + pa(x,y,t) — g2(x,y, 1)
-3 =1

and grid functions

Seupy = Oxu(xi, Yj tm),  Oyuis = 0yu(xi, yj, tm)

Lemma 2. Assume u(-,-,t,;) € C?(Q) for fixed ty,; then, there exists a constant C such that

2

5514(0,0, tny) — %u(o, 0, t)

2

d
+ (S;M(0,0, tm) — afyzu(0,0, tm)

< ChZ + Chm—min{Z—al,r(lxl-l-l)}. (16)

Proof. For corner point (0,0, t,,), where m = 1,..., M (la) and (1c) at point (0,0, t,,) are

L
3" @D u(0,0, )~ Au(0,0, ) +(0,0)u(0,0, t) = F(0,0, ), (17)
=1

11(0,0, t) — a%u(0,0, b)) = 2(0,0, bw), 714(0,0, ) — aayu(0,0, bn) = 2(0,0,tn).  (18)

Similarly, by the Taylor expansion of u(h,0, t,;) at point (0,0, t,) and (0, h, t,,) at point
(0/ 0/ tm)

2 a2 hS 83
Eﬁu(o,o,tm)—l-gﬁu(
2 82 h3 83

— J h 4
M(O, h, tm) = M(O, 0, tm) + h@u(0,0, tm) + ?aiyzu(o, 0, tm) -+ Z@M(O, 0, tm) + Ch™.

(0, te) = 11(0,0, bur) + h-11(0,0, ) +

4
Py 0,0,ty) + Ch*,
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Combining the above two equations and boundary conditions (18), we have

2 2

0 )
30,0 t) + 550(0,0, ) = (0,0, ) + 42(0,0, )
h o h o°
353400 ) = 355u(0,0,tw) —CI%. (19)

Differentiating (17) with respect to x and y, respectively, we can express (9°/9x3)u +
(03/9y3)u at (0,0, t,,) as

3 3 ]
ﬁu(O, 0,tn) + @u(O, 0,tm) =20 Y q;D{"u(0,0, ) + p1(0,0, tm) + p2(0,0, tn)
=1
02 02
— gwu(o,o, b)) — Ua—xzu(o, 0,tm) —£1(0,0,tn) — §2(0,0, ), (20)

where we can apply (20) into the right-hand side of (19); thus, we have

02 0?
ﬁu(o,o, tm) + a—yzu(o, O, tm) = q1(0, O, tm) + qz(o, 0, tm) (21)
h L 9 92
-3 Zal; q1D;u (0,0, ty) — UWM(O,O,%) - a@u(0,0, tm)

+ pl(olol tm) + pZ(O/O/ tm) _gl(oro/ tm) _gZ(Oror tm)) - Ch2

That means

2 2

0 0 1
ﬁu(O, 0,tm) + aT/Z”(O’ 0,tm) = T [ql(0,0, tm) +g2(0,0, ty)
3

h J
=1
—1(0,0,t,) — 2(0,0, tm)ﬂ — Ch?.

Add (2ch/(3 — (Th))(zl]:1 q1D3;1(0,yj, tm)) to the right-hand side and subtract it. Then,
by truncation error (4), we have

2 2

d d 1
— t — ty) = ——
axzu(ol 0/ m) + ayz u(ol 0/ m) 1 - Oé,h |:q1(010/ tm) + qz(OIOI tm)

h J

-3 <20 Y qiD3u(0,0, tw) + p1(0,0, tn) + p2(0,0, t)
=1

— &1 (0, 0, tm) - gZ(O, 0, tm)>:| —Ch2 — Chm*mi"{zfﬂq,l’(erl)}'

O

We can approximate (1) on corner point (0,0, t,,) with the discrete problem
L
Y Dyt — 85uply — Syuiy + cooupy = Fp for1<j<N-1, 1<m<M. (23)
I=1

The other corner points can be treated similarly.
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3. Error Analysis

The local error analysis of problem (1) is studied in this section. The discrete scheme is
the same as in Section 2. Let

M—Yt;‘fnlfl if1S7’<2_lX1;
€= MY 2EI 14 In(t/t)] ifr=2—ay,
M2 t%ﬁ(zf”‘l)/r ifr >2—aq.

From ([20] Theorem 3), we obtain the next result, which will be used.

Lemma 3.
(i) If the mesh function {V™}M_, satisfies VO = 0 and

L .
Y gDy V™| < O min2mmr @t D} G = 1,2, M, (24)

for some C > 0, then|Vm|<C€mform—12 M.
(i) If the mesh function {V™}M_ satisfies VO =0 and

L
Y gDV <C form=1,2,..., M, (25)
=1
for some C > 0, then |[V™| < C form =1,2,..., M.
Now, we provide the main result of this paper. For grid function {v;."j}, set [0, q =
max(; ijeq, |U:’;|

Theorem 1. The solution {u;"]} of the L1-finite difference scheme satisfies

max  |u(x;, v, tm) — | < C(H%+ E™ 26
(Xir]/jrtm)GQ_| ey ) = wijl < ( ) )

for some constant C independent of the mesh.

Proof. Set em = u(x;, Yj, tm) — u?}, where (i,j,m) € Q. Set (i*,j*) € €Y, such that |el! j*| =

(m)ax |e | Suppose that el* « > 0 (the case e} i < 0 can be proved similarly).
iLj)e ’
If (i*,j*) € Oy, by (1a) and (7) we obtain the error equation

L

l;qlDD]&e:"] — 6% ;"] — Jﬁe:’; + c(xi,yj)e?j
L ) aZ

- (Z qlD y quD x1/y]/tm) (5 ox 2) (xi/yj/tm) (27)
1=1

2 82
(5y ayz) (xi/yjr tm)

=R+ RY + Ry
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m _ m m _2.m 2
As a result of |ei*,]-*| = (gl)ag;_) el and el 2 0, we have (5xei*, Sert g 0.
Combine this with ¢ > ¢y > 0, we have
quDMez - < RJ + Rl] + Rr] < C( min{thX],r(llerl)} +h2) (28)

Ifi* =0and j* =1,...,N — 1. Applying (1a) into (15) leads to the error equation

oh h (60
Z LIIDMeo] 5x€1] (1+ 3 )‘52301 [COJ +3 <h2 + (01)0,1' + UCOJ)}ESTJ'
p 0 ) &
= (1_21 q;D o EQID 0 ]/]/ tm) (5x ox 2) (0 y]/ tm) <5y ay ) (0 y]’ tm)
:‘R%j+-R£]+-Ryﬁ @9)

h2
min{2—aq,r(a; +1)}I

It is easy to obtain —%53(6%* -1+ %h)éiegfj* > 0. When h is small enough, (co; + 4(%5 +
(c1)o,j +0cg,j)) > 0. Compared to the time direction truncation error Crm ™~

—min{2—ay,r(a;+1)

we can omit the higher order truncation error Chm } caused by boundary

discretisation. Then, we have
Z qlDMez*] = Z qlDMez* j
< Rtr] + Rx, T Ry,] < C(m—min{Z—le,r(ucl-‘rl)} + hZ) (30)

If i* = j* = 0. By (1a) into (23), the error equation is

2 2
Z QZDMEO O 17@(%5;(3?0 + Eéyeg,ll)
3
1 h 20h
j [3 ((Cl)o,o + (c2)00 — 3C(xo,y0)> + 20’} eg0 + €0,0€0,0 (31)

02 02
~ (Yl Zqu“f (0,0, tm) + (55 = 577)u(0,0,tm) + (8 = 5.3)u(0,0,tn)
I=1

0,0 0,0 0,0
= RP?+ RW + RYL.

Then, we have —%(53(65”0 zéxegfl > 0. When & is small enough, we have ¢(0,0) —
1% ((c1)0,0 + (c2)0,0 +20 — ‘T—h ¢(xo, o)) Similarly, omitting higher order error caused by
-3

Chmfmin{Zfﬂél,V(lxlﬂLl)}, we have
Z QZDME% J* R?/O + R?{O + Rfﬂo < C(mimin{Zf'xl’r(“1+l)} + hz)' (32)

For other corner points, we shall obtain similar results.
Forl =1,...,L, rewrite the discretization of each Caputo derivative as

o dm 1 dgn m 0 1 nl k 1
DYyl = : mo_ Z 0 umn- {d d
MUijj r(z—txl)ul'] r(z—al)ul’]+ T2—ua)) P Ujj mk+1 " “mk
where ) .
g b= bg) ™ — (b= b ga)
mk T .

Tn—k+1
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The mean value theorem gives (1 — a;)(t — t,;_g) 4 < dgn,k < (1 —ay)(tm —tyge1) ™

and hence din K d! > 0. Then,

m,k+1

m—1
apm gk m o oy k
DMei*,]-* = m/mei*,j* — kz (dm,k — dm,k+1)ei*,j*.
=0

m—1

> ot e loo,cr, = 2 (At = ot D13,
k=0
= Dille" o r, -
By (28), (30) and (32), we have
L .
Y gD ¢ oy, < € (mminR et} g 2, (33)
=1

Note that 21]:1 q1D}} is associated with an M-matrix, so we can deal separately with
the terms m—min{2—a1r(@1+1)} and K2, This means form = 1,..., M,

(i yjs ) = oo, < C (12 +E™).
Then, we finish the proof. O
Remark 1. From (26), we can obtain the following global error results

. _m L < 2 m\ 2 —min{2—aq,ra;} )
max (i i, tn) = 1o, —Cmg}??‘M(h +&m) <c(P+M ). @4

4. Numerical Results

In order to prove the validity of the numerical scheme, two numerical examples are
introduced. One example has a known solution, the other is unknown.

We use the full discrete scheme in Section 2 to discretize 1. In the following examples,
we set mesh parameters r = (2 —a7)/09, L = 2and 0 < ay < a3 < 1. Let the space
interval N equals to the time interval M such that the error in the time direction dominates
the space error. On this basis, we shall check the sharpness of Theorem (1).

Example 1.
N N %u  0%u
Di'u+ Dy*u — oo + (A +x+y)u=f(x,yt)for (x,y,t) €0,2] x[0,2] x (0,1],
u(x,0) = (32~ 24 3x+ )P~ 4 gyt 5) for (oy) €02 x[0,2] -
u(0,y,t) — g—Z(O,y,t) =0, u2yt)+ g—Z(Z,y,t) =0 for ye][0,2] te(0,1].
ou ou

u(x,0,t) — —(x,0,t) =0, u(x,2,t)+—(x,2,t)=0 for x€[0,2] te(0,1].

ay ay
The exact solutionis u(x,y, ) = (1+ 9 +£3) (33 =22+ Ix+ D)3 -2+ Sy + 1),
The right-hand-side function f(x,y,t) can be computed from (35).
In Table 1, the table contains the global error, and local error is defined as
errorg'N = max |y — u(xi, yjs tm)|, errorMN .= max uiy — u(xi, Yjs tm)]
1§/m§M (M/lrfﬂgmgN



Fractal Fract. 2023, 7, 453 11 of 13

Then, we can compute the rate of convergence

; M,N | ET’TOVé/I'N " M,N 1 QTT’OT’QA'N
rateg” = 108, oMaN |+ Tatep T = 10g& IMpN |

error, errory

Table 1. Example 1 withap = 0.1and r = (2 — a1)/aq.

Global Error Rate Local Error Rate
M =64 9.1820 x 104 0.509 3.4584 x 107> 1.551
o = 04 M =128 6.4522 x 10~* 0.567 1.1802 x 105 1.568
= M =256 43544 x 107% 0.612 3.9795 x 107° 1.579
M =512 2.8472 x 1074 1.3317 x 107
M =64 4.6098 x 1074 0.806 8.7567 x 107> 1.377
= 0.6 M =128 2.6355 x 10~% 0.860 3.3700 x 107> 1.387
= M =256 1.4514 x 104 0.887 1.2876 x 105 1.393
M =512 7.8446 x 107° 49017 x 10~°
M = 64 22223 x 1074 0.852 2.1862 x 10~% 1.190
4t — 08 M =128 1.2316 x 10~* 0.903 9.5808 x 10> 1195
1= M =256 6.5823 x 10~° 0.943 41826 x 107> 1.198
M =512 3.4215 x 107° 1.8230 x 10~°
Example 2.
a a *u  d%u
D;'u+ D;*u — R +(1+x+y)u=0 for (x,yt)€10,2] x[0,2] x (0,1],
1 1 1.1 1 1
u(x,y,0) = (3 =X+ ;x+ )3V — vV + 3y +3) for (xy) €[0,2]x[0,2],
3 3 373 3 3 (36)
ou u
u(O,y,t)—a(O,y,t) =0, u(2,y,t)+$(2,y,t) =0 for ye[0,2] te(0,1].
ou ou
u(x,0,t) — @(x,o,t) =0, u(x,2,t)+ @(x,z,t) =0 for x€][0,2] te(0,1].

In this example, the exact solution is unknown, and we can use the two-mesh principle
in [25] to check the convergence rate. Let ul”; be the numerical solution computed on

the mesh {(xi,y]-, tm)} fori,j = 0,...,N, m = 0,...,M. The second mesh is defined
as {(xij2,Yj/2, tms2)} fori,j = 0,...,2N, m = 0,...,2M, where x;,1/5 := %(xiﬂ + %),
Yyr1/2 = %(yj_;,_] +y;)and ty 12 1= 3 (tm+1 + tw). Then, compute a new approximation
ﬁ:’; using the same scheme as u:';

Now the maximum two-mesh differences are defined by

M,N . M,N A
errorg,’ = max |uj; — 15|, error] " =  max |ul;— a1
ijeQ J 2 ijeQ) 2 2

1<m<M [9M/10]1<m<M

and they are used to compute the global and local rate of convergence rates

[ MN | erroré/I’N (o MN | errorﬁA’N
rate;," =log, | ——37mw |, rate; " =log, | ——=3mw |-
C erroréM’ZN error%MgN

In each Tables 1 and 2, let r = (2 —a1) /0.9 and ap = 0.1. The global convergence rate is
bigger than a;. The convergence rate Hel"; | < M—min{2=a1,r01} can be found in other papers
that only focus on global errors [26,27]. When the parameters r and a; are selected the
same as in this paper, the convergence rate can be seen to be the same. The most important
conclusion of this paper is the convergence rate of local errors. We can see that the rate of
convergence is (2 — aq). It is obvious that the local convergence rate in every time step is
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sharper than the global convergence rate. All these experimental results demonstrate the
sharpness of our theoretical analysis.

Table 2. Example 2 with wp = 0.1and r = (2 — 1) /0.9.

Global Error Rate Local Error Rate

M=32 6.6148 x 1073 0.220 1.1175 x 104 1.683

e — 04 M =64 5.6762 x 1073 0.374 3.4786 x 107° 1.637

1= M =128 44626 x 1073 0.453 1.1178 x 10~° 1.568
M =256 3.2585 x 1073 3.7696 x 1076

M=32 5.3413 x 1073 0.662 40714 x 10~* 1.248

o — 06 M =64 33751 x 1072 0.762 1.7139 x 107* 1.391

== M =128 1.9889 x 1073 0.751 6.5340 x 107> 1.310
M =256 1.1813 x 103 26352 x 107>

M=32 3.7397 x 1073 0.802 1.6129 x 103 1.175

o= 08 M = 64 2.1438 x 1073 0.877 7.1399 x 10~4 1.073

1= M =128 1.1668 x 1073 0.942 3.3927 x 1074 1.163
M =256 6.0732 x 1074 1.5143 x 10~4

5. Discussion

In this paper, we have presented a fully discrete scheme for multiple time-fractional
reaction diffusion equations by using the L1 scheme in time and finite difference method
in space. To the best of our knowledge, the Robin boundary conditions have not been
explored much in this regard. For this type of boundary conditions, we have constructed
a discrete scheme of (1) at the boundary points which can match the convergence rate of
the inner points. Based on the fully discrete scheme, a detailed local error analysis for
(1) is presented. The convergence rate of each time node is proven, and two numerical
examples are used to verify the theoretical results. In our future work, we will consider
some methods with higher convergence rates in time and consider methods such as the
mixed finite element method in space.
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