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Abstract: In this article, by combining a recent critical point theorem and several theories of the
yp-Caputo fractional operator, the multiplicity results of at least three distinct weak solutions are
obtained for a new y-Caputo-type fractional differential system including the generalized p-Laplacian
operator. It is noted that the nonlinear functions do not need to adapt certain asymptotic conditions
in the paper, but, instead, are replaced by some simple algebraic conditions. Moreover, an evaluation
criterion of the equation without solutions is also provided. Finally, two examples are given to
demonstrate that the p-Caputo fractional operator is more accurate and can adapt to deal with
complex system modeling problems by changing different weight functions.
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1. Introduction

As a popular research object in recent years, fractional differential equations (FDEs) play
an important role in modeling many practical problems of science and engineering, such as
fluid flow, anomalous diffusion, viscoelastic mechanics, epidemiology, etc. (see [1-6]). There
are various definitions of fractional integration and differentiation, including the most widely
used classical definitions of Riemann-Liouville, Caputo, Hadamard and others (see [7-10]).
Currently, these classical definitions are employed in many fields, such as fractional boundary
and initial value problems (see [11-15]). In order to overcome the inconvenience arising from
a large number of definitions, Kilbas et al. advanced a new and more general form, called
the y-Caputo-type fractional derivative (cf. [7]). By drawing into the weight function ¢ (t),
different definitional forms of fractional calculus were generalized and unified into a whole
expression. In 2017, Almeida [16] investigated the relevant properties of the new operator and
provided a theoretical basis for studying -Caputo-type FDEs in depth.

When the weight function i(t) is specified as certain functions, the i-Caputo fractional
derivative can be degenerated into certain classical functions. Therefore, based on y-Caputo
fractional integration and differentiation, the modeling accuracy of practical problems is
greatly improved. Most recently, some existence results for ¢-Caputo FDEs were achieved
by applying fixed-point theorems in topological methods (see [17-20]). For instance, ref. [18]
considered the solvability of the -Caputo-type FDE by taking advantage of a novel fixed-
point theorem. In [19], the authors derived the existence and uniqueness of solutions for a
y-Caputo fractional initial value problem by applying some standard fixed-point theorems.

However, so far as is known to the authors, there are few studies which have focused
on solvability for {-Caputo FDEs based on variational methods and critical point theory.

Fractal Fract. 2023, 7, 450. https:/ /doi.org/10.3390/ fractalfract7060450

https:/ /www.mdpi.com/journal/fractalfract


https://doi.org/10.3390/fractalfract7060450
https://doi.org/10.3390/fractalfract7060450
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/fractalfract
https://www.mdpi.com
https://doi.org/10.3390/fractalfract7060450
https://www.mdpi.com/journal/fractalfract
https://www.mdpi.com/article/10.3390/fractalfract7060450?type=check_update&version=1

Fractal Fract. 2023, 7, 450

20f15

In light of this point, in this paper, we consider a new y-Caputo-type fractional differential
system, including the generalized p-Laplacian operator.

{ CD%’*"(@p(CDZ;“"z(t))) +[2(0)P22(t) = Eg(b2(0) +Af(L2(D), L€ [0b], ()

where0 <2 <1,0<a<b< +00,A>0,¢>01< p < oo, and the right and
left a-order -Caputo fractional derivatives are CDZ’,V} and CD:’f. The weight function
¢(t) € Clla,b] increases with ¢/(t) # 0 for all t € [a,b]; the p-Laplacian operator is
defined by @, (s) = [s|P2s(s # 0) with ®,(0) =0, f,g € C([a,b] x R, R) and satisfying
f(t,0) = g(t,0) = 0 for every t € [a,b].

What is particularly noteworthy is that the nonlinear functions f and g in this article do
not need to adapt certain asymptotic conditions; we can acquire the multiplicity of at least
three distinct solutions only by imposing algebraic conditions on the nonlinearities. This
work is a generalization of several results reported in the literature which are concerned
with classical fractional operators.

2. Fractional Calculus and Critical Point Theorem

In this section, we present the definitions of some kinds of fractional integrals and
differentials, as well as related properties, and one effective critical point theorem.

Definition 1 ([7,16]). Let —o0 < a < b < +oo, t € [a,b], z(t) is integrable, (t) € Cl{a, b]

is increasing with ' (t) # 0 for all t € [a, b]. The left and right -Riemann—Liouville fractional
integrals of a function z are defined, respectively, by

120 = i | ZO@0 ~ 9(©)* ¥ (e Vo> 0,
a, P 1 b
BY2(0) = 1 ) 266 — ()¢ (6)dg, Va > 0.

Let n = [a] +1fora ¢ N, n = a for « € N. The left and right y-Riemann—Liouville
fractional derivatives of a function z are, respectively, defined by

113 1 d " n—o
D¥z(t) :<¢f ( )dt) Y2 (1)

n—oc

-1 d
DZ‘L‘/JZ ( —
t

n

In DLl/J

o (53 ) az<g><¢<t>—¢<g>>”-“-1¢’<g>dg,
)

b
n_a( T ) [ =0 w6~ 0y (0)ie

Especially, for 0 < a < 1,

D*¥z(t) ( 1t i)[l P2 (t) @)
1 d\ [t ,
1_“ ( /(t)dt)/ z\6 —9(c)) "¢ (c)dg,
Dgfpz ( —1 t) Mpz(t (3)
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Obviously, the classical Riemann—Liouville fractional derivative can be acquired by choosing the
weight function P(t) =

Definition 2 ([7,16]). Let —oco < a < b < +o0, z(t),(t) € C"[a, b], such that ¢ is increasing
and Y’ (t) # 0. Define the left and right -Caputo fractional derivatives of a function z by

cot=(0 =1 () O
i L 00 - per e

Dy 2(t) =1 ( -7 ;t) 2(1)
1

e [0 900 (i o) vl e >

1 d

de) z(g)dg,Va > 0,

wheren = [a] 4+ 1 for o ¢ N, n = a for & € N. Especially, for 0 < « < 1,
« - 1 d 1 E —a
o) = 1 (i )20 = 5y [ F QWO v e @

1—«a

D2t = 117 (- i )20 = ey [ OO0~y e ©

Obuiously, the classical Caputo fractional derivative can be acquired by choosing the weight function

y(t) =t

Property 1 ([16]). Ifz(t) € C"[a,b], —co < a < b < 400, we have

k
CD3Fx() = DY [<() ~ E g (0 — @) (G 7 ) =(0)] v > 0
(-1 1 a

wheren = (] +1fora ¢ N, n =« fora € N.
This paper deals mainly with the Caputo-type fractional derivative with the weight
function ¢. In what follows, an important and proper fractional derivative space is defined,

which is crucial for the system (1) to establish a variational structure.

Definition 3. Let % <a <1,1 < p < co. Define the p-Caputo fractional derivative space
H(y,y,p) by the closure of C°([a, b], R) with weighted norm

g = ([ 1207 des [y 15030 par) ©

Apparently, H(y,y,p) is the space of z(t) € LFP|a, b] with an « order -Caputo fractional derivative

D[Z+ z(t) € LP[a,b] and z(a) = z(b) = 0. The Banach space Hy, ) is separable and reflexive,
of. [21].

Lemma 1. Forany 0 < a <1, we have

CD¥Pz(t) = DIV z(t), CDyYz(t) = DyYa(t), Va(t) € Hiyy, -
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Proof. Due to Property 1 and z(a) = z(b) = 0, we can obtain the desired
conclusion directly. [

Lemma 2 ([21]). For1 < p < o0,0 < a < landz € LP([a,b],R), we have

« £)]* max (¢
I 102 < POtV O}y

forall t € [a,b].

Lemma 3 ([16]). Let function z(t) € C"[a,b] and « > 0, then

LDyt = 2(t) = Y T (9(H) — 9(@),

n—1 z
LADTE() = 2(0) - L (D) = (0(®) 9 (),

k
where l[/}](t) (/1(t)a‘lit) z(t). Especially, I;‘;wCDZ’fz(t) = z(t) — z(a), IprCDg’fpz(t) =

z(t) —z(b), for 0 < a < 1.

Lemma4. Let1 < p < oo, % <wa < 1. Forany z(t) € H,y, ), we have

||ZHLP < [4’(5)] rllj(a;(titfb{4’ (/ |CD061P |p dt) . @)

Additionally, if % + % =1, then

1

(p(b) — p(a)* 7 c
el < (v ) ®)
r<a><q<a— 1)+1)1 </ )

Denote
P W) @) o ) max <y ()
i i e | 9
T(a)(g(x —1) + 1)1 T(a+1) ©)

Proof. For any z(t) € H
Lemma 3, yields

ay,p) With z(a) = z(b) = 0, using the Holder inequality and

20| =D 0] = 1| [ D) - ¢<g>>“-1¢'<g>dg\

W
< ([ e SO i) ([

(@)
(y(b) - 9(a) DDt )
T(2)(q (oc—l)+1 (/lp ) ol )

PN
dg)

CDM2(e) (¢ ()"

Sk sT—

IN

Uniting Lemmas 2 and 3, we can obtain the inequality (7) instantly. [

Based on the inequality (7), we can observe that the norm (6) and norm ||z|| (ap,p) =

1=

(fab P'(t) | CDZ'fP (t) |7 dt) are equal in form.
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Lemma 5 ([21]). Let % < a < 1. Suppose that any sequence {zj} converges to z in Hgy,p)
weakly. Then, zy — z in Cla,b] as k — oo, i.e., ||zx — z||eo — 0 as k — oo.

Lemma 6. We mean by a weak solution of the system (1), for any z(t) € Hyy, ), such that
b
|9 0@, o z0) DYy (E) + 0y )y ()Y (Dt (10)
b 4
=& [ WO+ [y Oy,

forany y(t) € Hyy p)-

Proof. Taking advantage of (3), (4), and the Dirichlet boundary value in system (1),
we obtain

/ b <1>p (DR 2(5) Dy (1) (1)

ey [ [ @nCD20)(0(6) — 96y (6)¢/ ()t
[ veroomie -y vy o

e | Y @@nCDp ) 0e) — pie) s vte) 12

1—0c

_;
rl—a«)

:‘ml—«)/ by(”""“) i / ¥ ()0 (CD™2(¢)) ((c) — (1))~ dedt

/ﬂ [/ ' (6)@p( CDa+ z(6))(y(¢) — lP(f))”‘dg]y(t)dt

—/ Dy (@, (CDYPz(1)) ¢’ (H)y (t)dt.

Hence, owing to Lemma 1, we get

b

/ ¥ (D y (0@, (DY)t = [yt (DY (@ (DY z()ar (D)
At this point, we multiply both sides of system (1) by ¢’ (#)y(t), and then integrate both

ends from a to b simultaneously. Following (11), we can obtain the relationship (10). O

Next, we recall an interesting and useful three critical points theorem provided by
Bonanno and Candito. This theorem provides the critical theory technology to obtain the
multiplicity results for system (1) in our work.

Let H be a nonempty set, and ®,¥ : H — R be two functions. For any p,p1,02 >
infy ®, p2 > p1,p3 > 0, we define

SUPy 1 (oo F 1) — ¥(2)

A(p) := inf ,
= o) )
Y(y) —¥(2)
B(pq, = inf su
1) = o W )y Em a(y) -~ o)
su . Y(z
Dpa, ps) = —ze® ewinten) (),

03
G(p1,p2,p3) := max{A(p1), A(p2), D(p2,03) }-
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Theorem 1 ([22], Theorem 3.3). Let H be a reflexive real Banach space, and ® : H — R be
a convex, coercive and continuously Gateaux differentiable functional whose Gateaux derivative
admits a continuous inverse on H* where H* is the dual space of H. Let ¥ : H — R be a
continuously Gateaux differentiable functional whose Gateaux derivative is compact, such that

(I) infp® =®(0) =Y(0)=0;

(I) Forany z1,zo € H, such that ¥(z1) > 0and ¥(z) > 0, one has

inf ¥ 1— > 0.
oinf (rz1+(1—71)z2) >

Assume that there are three positive constants p1, p2, p3 with p1 < p2, p3 > 0, such that
(1D .A(pl) < B(pl,pz),‘
(IV) A(p2) < B(p1,p2);
(V) D(p2,p3) < Blp1,p2).

1 1
Then, for each A €] g5 o3 Glorpzpel
points z1, 25, z3, such that z; € ®~1(—00,01), 220 € ®(p1,02) and zz € ®~1(—00, 05 + p3).

the functional ® — AY exists at three distinct critical

3. Multiplicity Results

Denote F(t,z) = [ f(t,¢)dg and G(t,z) = [~ g(t,¢)dg. Firstly, we consider the
functionals Fy, F5 : Hyyy, ) — R with

= [ Dty war /|z Py (1), (12)
/l[) F(t,z(t dt+§/ ' ()G(t,z(t))dt. (13)

Obviously, F1, F; € Cl(H(a,w,p)iR) and

- [ w'<t><1>p<CD“’+¢z<t>>CD§;¢y<t>dt + [ W@, g
/ftz dt+C/ (t,2(6))¢' (Hy(b)dt, (15)

forany z(t), y(t) € Hgyp p)-

Define 7 = F; — AF;. It is not difficult to see that the critical point of the functional
F is consistent with the weak solution of system (1).

Lemma 7. The functional JF is a continuously Gateaux differentiable functional whose Gateaux
derivative admits a continuous inverse on HE‘Q o)

Proof. In fact, consider the inequality in Lemma 4.2 of [23]

- - oy —az [P, p =2,
(o P2 | ap P2 a2) (a1 — a2) > { o—m? o
(o [+ 77’ P=s

(16)
for any a1,a; € R. For p > 2, according to (16), we have
b
[0 (D0~ @, D) ) Dt ) - et @)

b
>[I0 @) —z(0) 1 ' (Ddt = 21—z,
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and

b b
[ 106 = 22000 0) (@1(6) = @ aa(e) )t > [ 12100) =) P 9/ (0. 19

For 1 < p <2, from the Holder inequality, this yields

[ 16088210 D) 1 4/ ()t
b |CD¢ 1) =Dt PN
(1, Geoa | + et " )
([ eDita )+ Dzl ar)
e sy (b DY () DM nm 2 N
<" (g + o) 2 <|CDZ¢/’21<>|+|CDZ+Z<t>|>2—v¢’(t)dt)’

Then, by means of (16), we derive

/bw)(@p(CD Pa(1) - @,(CDI (1) ) D (1) - )t (19)

()~ DY (0
/"J e >|+|CD““’ 0

(

r=2
~ | M,,m(nzlu 2o F 22l )7

Similarly,

[ v (@ - <1>p<Z2<t>>) (@1(8) - () @)

>([ 912100 -0 |Pdt) ([ vz |+|ZZ<)|>vdt>p”2.

Consequently, owing to (17)—(20), for all 1 < p < co, we have
’ e v, ap
[va ><<1>p<CDa+ 21() — 8 (D n) ) D @) - 20)r @

+/ <q>,, 21 (1)) — (2t ))) (z1(t) — za(8))dt > 0.
Hence, combining (14) with (21), we obtain
(Fi(z1) = Fi(22))(z1 — 22)

= [ @y D)W D (1) — 220t + [ @plma(0)4/ (1) (6) — 2a(0)
b

— [ @D )W D a1(1) — a0t — [ @plaa) (1) (1) — 2a(0)

a

-/ (@ CDLF21(0)) ~ @, (CDF22(0) )¢/ (1D (21 (1) — 22l

= [ (@l )~ @y a2l )9/ ) a1 (0) — (o)t 2 0,
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Obviously, the functional 77 is strictly monotone. Then, F] possesses an inverse on Hy , ,,,
which is continuous owing to Theorem 26.A(d) in [24]. O

For simplicity of discussion, we introduce some notations before describing the
main theorems.
For any ¢ > 0, denote Q(¢) = {t € R: ||V < 8}, and

1-;9_/ () max F(tz()t, @:/ablp'(t) max G(t,z(t))dt,

zeQ zeQ)(9)

1 a+B(b—a)
_ (1-a)
Q 0 a)P{/g (t—a) Pdt (22)

b—p(b—a) . B
g [E 0 (= O =) Pt

+ /bbﬁ(ba) (t—a) ™ — (t— (a+B(b—a))) ™ — (t— (b— B(b— a)))l“"”df}f

~ (19 —9 ) ~

0(),G) = min § min — , @ , é ,
o o 03

L0+ TP (0 — )P Q = A(fy, o) F(E T2 = a)p)dt — Fy)) }

2
JLp s G T (2 — w)p)dt - G

, (23)

for0<ﬁ<%,y>0.

Theorem 2. Assuming that F is non-negative; there exist positive constants 01,82, 93, u with
O < LPuPQ, % > LPuPQ[1 + LY (b — a)] and 0, < 03, such that

(Hy)
~ b—p(b =5
{Pﬁl By, By } fﬂfh f (t,T(2 —a)p)dt — Fy,
max < —=
01" 02" 03— 0, pLP p[1+LP(bfa)}yPQ
Then, for every
1 7P
A f[1+L (bfa)]VpQ é min {191 192 193:192}[
SR T - qwat—Fy, pLr U Fo, o,

and every non-negative function G, there exists 0(, gy > 0 presented in (23), such that, for
each & € [0,0) |, the system (1) possesses at least three distinct solutions z1,zy, z3 and satisfies
maxcsp) |21 (1)|F < 1, maxyeqp) [22() [P < 02, and maxyc(qp) |23()|F < V5.

Proof. Firstly, we consider the functional 7. It is easy to observe that F is coercive. For

any weakly convergent sequence {z; };2;, which converges to z in H a,p,p)- Using Lemma 5,
we have {z;} that is convergent uniformly to z in C([a, b], R). That is,

. (1, 1t )
hkrgglfmzk) —timint {2l )+ 5 [ Olzele) P

1 b,
Szl 5 [ VORGP = Fi(2),

Thus, F7 is weakly lower semi-continuous. On the other hand, because of z; — z in
Hyy,p) as k — oo, ie, zx — z on [a,b] uniformly. Since F,G € C!([a,b] x R,R), then
F(t,zx) — F(t,z)(k — o0) and G(t,zx) — G(t,z)(k — o0). By means of the Lebesgue
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control convergence theorem, we have F,(zx) — Fa(z), i.e., F is strongly continuous on
Ha,yp,p- Hence, F3 is a compact operator.
In view of (8) and (14), we have

1 1 1
SVl < Fi(2) <l 21 (E) — 90)
1 ~
< I+ ) ~ gzl 24

For 0 < B < %, ¢(t) = t, define v(t) by setting

rﬁ((zb_f;)”(t —a), tea,a+pb—a),
v(t) = 1;(2 —a)p, telatpb—a)b—pb-a)

A (b — 1), t €]b— B(b—a),b].

It can be obtained through simple calculation that

%(t—a)l_“, te€la,a+pb—a)l,
s l(t—a)' =" = (t—(a+ B(b—a)))' "],
“Diu(r) = tela+pb—a),b—pb—a),

s alt—a)' = (t—(a+p(b—a))' " — (t—(b—B(b—a)))' "],
t €]b— (b —a),b).

Then
b 1 (1) |C &P p
| wweotvrar

p a+p(b—a)
:}4{ / P (t— a)(lftx)Pdt
a

Br(b—a)?
b—B(b—a) » 3
gy 10 = o= a) P
b
+/bfﬁ(b7u) |(t—a)!™ — (t— (a+B(b—a))) ™% — (t— (b—/s(b_a)))lﬂpdt},

from (22), we can obtain that ||1/||fa op) = #P Q. Combining (24) yields

;WQ <A < 1+IP0 - alprQ. (25)

= |-

Chooie 01 = p%l?l, 62 = ﬁﬁa, 03 = ﬁ(ﬁg — ¢,). From the conditions ¢d3 > ¥,
% < LPuPQand ¢, > LPuP Q1 + LY (b — a)], we achieve
< F1 (1/) < p2, p3 > 0. (26)
By means of (8) and (24), we derive
FiH(=e0,01) ={z € Hyy, ), Fi(2z) < p1}
g{z € H(lx,t/},p)/ ”Z”E]tx,w,p) < Ppl}
Q{Z € H(tx,l,b,p)/ ”2”50 < pLPpl}
={z € Hiay,p) Izl < 81}
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The same procedure can be easily adapted to obtain
Frl(=00,02) € {z € Hiyy ), l1z]| < 02},
‘7:1_1(_00/(72 +P3) c {Z € H(zx,tp,p)/ HZHgO < 193}'
Hence, we get

sup /ubF(t,z(t))l/J’(t)dtS/abtp/(t) max F(t,z(t))dt = Fy,,

Z€]‘—]_1(700,p1) 260(19])

sup /abF(t,Z(t))l/J’(t)dfg/ublpl(t) max F(t,z(t))dt = Fy,,

2 (—o0,02) z€0(82)

sup ( t)dt < / max F(tz(t))dt = 1?193.

a 260(193

2€F] 1 (—00,p2+p3)
Similarly,

sup /ab G(t,z(t)y' (tdt < /ﬂb ¥'(t) max G(t,z(t))dt = Gy,

zeF (—oopn) z€Q()

b b ~
sup /a G(t,z(t))zp’(t)dtg/a () max G(t,z(t))dt = Gy,

Ze]_-lfl(foofpz) zeQ(,)

sup /b G(t,z(t))y' (t)dt < /b ¥/ (t) max G(t,z(t))dt = Gg,.

- 0
z€F (—oo,p24p3) 1 a 2€Q(%)

Since F1(0) = F»(0) = 0and 0 € F; '(—o9,p1), one has

[Supze}—fl(foo,pl) ‘Fz(z)] - ‘FZ(Z)

A = inf
(1) z€F; (—o0,01) p1 — Fi(z)
< [Supze}‘fl(—oo,pl) .7:2(2)] — .7:2(0)
B p1 — F1(0)
| SUP g o Ly F(Z(0)Y/ (D)t + § [ Gle,2(0)y (1)
01
pfp . [
STl(Fﬂl + XGﬁ])
Similarly,
SUP, . 7—1(_o Fo(z)
A(pZ < €F, ( 402)
02
SUP (o Ly F(LZ(0)Y (Ot + £ [} Gl z(0)y ()]
P1
LR
=%, (Flgz-l- /\ng)
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and

SUPc 51 (oo 4 ) P/ (OF(2(8)dt+ £ [P 9/ ()Gt 2(t))d]
03

D(p2,p3) =

pZP . [
< F, 2Gyg,)-
_193_192( 8 + 5 Go,)

Furthermore, for each z € F (o0, 01), from (25) and (26), one has

i Fa(y) — Falz
2T o) yer pupn) 1Y) T

_ Jiepoay FOT@ -yt = By, + S f" G T2~ 0wt — G

- T+ 2P (b~ )l Q

Since § < 0, ), we can easily get that

P Sy L PP e L Sa L Y e Sa 1
o (Fgl + )\Gﬁl) < 1, (F192+ /\ng) < I% 1937192(1:@34- AG%) < I (27)
and
b—B(b— = b—B(b— ~
Sy B T@ = aym)dt — By, + $ ([ 5y G T2 = )pw)dt = Gy, T
SL+LP (b —a)]purQ A

Combining (27) with (28), we observe that

G(p1,02,03) < B(p1,p02).

Furthermore, assuming that z* and z** are two local minima of F, then, z* and z**
are critical points of F; namely, they are weak solutions of system (1). Since F and G
are assumed to be non-negative, for fixed {,A > 0, one has F(t, tz* + (1 — 7)z**)dt +
%G(t, 1z* 4+ (1 — 7)z**) > 0, which means that 7, (7z* + (1 — 7)z**) > 0forall 0 < 7 < 1.
Thus, uniting Lemma 7 and Theorem 1, for every

e L1+ LP(b - a)]uPQ 1 mm{ﬁl o 193—192}[
b—B(b_ ——, = == =
S BT @~ qwat — By, LY Fo,"Fp,” Fy,

and ¢ € [0,0(, [, the functional F has three critical points z1,z2,23 on Hyy,p) and
satisfies F1(z1) < p1, F1(z2) < p2 and Fi(z3) < p2 + p3. That is, max;e(, 5 [z1(8) [P < 01,
max;e(qp) |22(1) [P < 82, and max,¢q ) [23(¢)[P < 83. Then, consider the fact that the critical
points of the functional F are consistent with weak solutions of system (1), we obtain the
main conclusion. O

Theorem 3. Assume f,g : [a,b] x R — R are non-negative. Then, the weak solutions of
system (1) obtained in the Theorem 2 are non-negative.

Proof. From Theorem 2, there exist at least three weak solutions z1, z, z3 with

max |z1(t)|” < ¢, max |z(¢)|? < ¥, max |z3(¢)|P < 93,
tela,b] tela,b] tela,b]

for system (1). We claim that z1, zp, z3 are non-negative. In fact, let Z be a nontrivial weak
solution of system (1). We assume the set © = {t € (a,b] : Z(t) < 0} is non-empty with the
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positive measure. For any ¢ € [a, b], define y*(t) = min{0,z(t) }. Obviously, y*(f) € H(, y
and satisfies

/ (D0 DY (1) + g () (1) (10) (29)
—)\/ dt—g/ )y (1)dt = 0, V2(t) € ©.
Since f, g are non-negative, due to (29), one has
0> [y (0@, D20 DRy (e + [ 4/ 1y () (o))
= [wwreoszwpas [ oo
> |2, 2 0, V() € ©,
which means that Z = 0in ©, which is a contradiction. Therefore, we get the desired result. [

Theorem 4. Assume that there exists a constant Cy, such that

fim M (2 +68(L2) _ (30)

z—0 |Z|7771 -

uniformly inz € R, t € [a,b]. Then, the system (1) does not include any nontrivial weak solution.

Proof. We assume that system (1) exists in at least one nontrivial weak solution on H, (pp)-
Letzo € Hyy,p) be a nontrivial weak solution. Based on (30), there exists ¢ > 0, such that

Af(t,z) +Eg(t,z) < Coelz|P~L, Vz € R. (31)
Combining (14), (15) and (31) yields
0 =F'(20)(20) = F1(20)(20) — AF3(20)(20)
= [ WD )+ ) ot
— [ Dupte 20l + 2t (NI (201
b
> 201, )~ | Coclzo(®I"y' (1)t
>[lz0llf, ) — £Colt(b) — p(@)]|1z0]1%

2(1 — CoLP[p(b) — la >1) 2ol .-

Choosing ¢ small enough, such that F’(zg)(zg) > 0, we get a contradiction. Therefore, the
system (1) does not include any nontrivial weak solution on H, 4, ). U

4. Examples
Example 1. Leta =0,b=1,a = 0.6, p = 2, (t) = e'. Consider the following FDE

{ CpYO (CDOO 5 (1)) 4 2(t) = Af(t,2) + Eg(t,2), t € [0,1], 32)
z(0) = z(1) =0.
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Define f(t,z) = %lee%l. Choose B = 3,4 = 1,81 = 0.01,8, = 0.2,03 = 0.3. By direct
1

calculation, we obtain that F(t,z) = f—oe%, L ~08 Q=0143 &% < EP;ﬂ”Q = 0.09,
8 > LPuPQ[1 4 LP (b —a)] = 0.15, %, < 03, and

-~ 1 -1
By NG max|z|z§l91{11—0e = }dt

~6x107%,
EX 0.01 %
~ 1 =1
By, IN et max|z‘z§192{1l—oe = }dt 57 % 10-3
0 0.2 e ’
-~ 1 =1
Fo, NG max|Z‘z§l93{1l—Oe z Jdt 6 10-2
O — 09, 0.1 - '

Then

=0.15.

2 o~
o 2 ) )
Fo, Fo, Fs, } 1 fg F(t,T(2 — a)u)dt — Fy,
p

6><10_2:max{ , , — —
b 03— L 114+ LP(b—a)|urQ

1
p
Therefore, according to Theorems 2 and 3, for every A €]1.02,13], there exists T(AG) > 0, such
that, for each & € (0,0 G|, the system (33) possesses three distinct non-negative weak solutions

z1,22,23 > 0 with max, g 1) z1(t)]? < 0.01, maXx;c (o] |z2(t)|? < 0.2 and maXx;¢ (o] |z3(t)]?
< 0.3.

Example 2. Leta =0,b=1,a =075, p =3, Y(t) = t2. Consider the following FDE

{ CDI7 0DV 2(1) + [2()12() = Af(b2) + 282 tE (01, (g
z(0) =z(1) =0.

. 423,2 <1, z4,z <1,
Define f(t,z) = { iz>1 4In(z),z > 1.
% = 01, % =1, 83 = 1.5. By direct calculation, we obtain that L ~ 0.8, Q = 1.08,

O < LPuPQ = 0.512, % > LPuPQ[1 + LP (b — a)] = 0.774, 9, < 03, and

Then, F(t,z) = { Choose B = %, u=1,

- 1,_1
Fo, _ 2 Jo Famaxpog {z4}dt 0.64
ER 0.1 I
?192 1 /1 _1 4
—2 == 172 max {z*}dt =1,
B 2Jo \z|3§z9z{ J
~ 1,1
Fy, _ %fo 72 max,3<g,{41In(z) }dt ~ 108
O3 — % 0.5 R

Then,

=209.

2 ~
-~ ~ ~ 3 _ _
F191 Fl92 Fl93 } 1 f% F(t’r(z “)]’l)dt Fl91

1.08 = max < —, , — —
{ 0 % B0 pL? [1+LP(b—a)|urQ

1
P

Therefore, according to Theorem 2, for every A €]0.2,0.65], there exists o y > 0, such that,
foreach & € (0,0 G|, the system (33) possesses three distinct weak solutions z1,z, z3, satisfying
maX;e(o,1) |Zl(t)|3 < 0.1, maX;e(o,1) |Zz(t)|3 < 1,and maXx;e(p1) |Z3(t)‘3 < 1.5.

5. Conclusions

This paper considered a new -Caputo-type fractional differential system including
the generalized p-Laplacian operator. By means of a three critical points theorem given
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by Bonanno and Candito, and several properties of the -Caputo fractional operator, the
existence of at least three distinct non-negative weak solutions was studied. Due to a mild
condition, an evaluation criterion for the equation without solutions was given. What is
noteworthy is that the nonlinear functions f, g do not need to adapt certain asymptotic
conditions—the multiplicity results were established only by imposing algebraic conditions
on nonlinear functions. This work represents a generalization of several results reported in
the literature which concern classical fractional operators.
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