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Abstract: In this paper, we make use of the concept of g—calculus in the theory of univalent functions,
to obtain the bounds for certain coefficient functional problems of Janowski type starlike functions
and to find the Fekete-Szego functional. A similar results have been done for the function p~1.
Further, for functions in newly defined class we determine coefficient estimates, distortion bounds,

radius problems, results related to partial sums.
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1. Introduction, Definitions and Preliminaries

Denote by A the class of analytic functions p inside open unitdisc U = {¢ € C: || < 1}
of the form

p(@) =¢+ ) and" i el @™
n=2

Let & be the subclass of A consisting of univalent functions. For two analytic functions
©(¢) givenby (1) and £(§) = &+ Ypn bnC", & € U, the convolution (Hadamard product)
of p(&) and ¢(¢) is defined as:

p(G) xL(8) = i}anbngn-

Let p, ¢ € A. We say that p is subordinate to  if there exists a Schwarz function w({), ana-

lyticin Uwithw(0) =0 and |w(l)| <1 (¢ € U),suchthat p(¢)=4(w()) (€
U). This subordination is denoted by
p <Ll or p(¢) <L) (CeU).
In particular, if the function ¢ is univalent in U, the above subordination is equivalent to
©p(0) =£(0) and p(U) C £(U).
The well-known subclasses of & that are are starlike and convex in U is defined as below:
. &p'(¢) }
(CREES ceA:R >0,eU 2
{p ( p(¢) ) ¢ @
(€' (©) }
¢:= eA:R(=———2~)>0,€U,. 3
{p ( ©' (%) ) J ®
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, respectively. Equivalently, we have
coN L Gp'(©) }
& (o) = {peA- o(0) =< 9(S) ¢/
_ C(Ep'(0) }
elg) = {o e A: CFEL <o)},
where g
9(¢) = T )

Janowski [1] defined the generalized function class &*[D, E| of starlike functions named as
Janwoski function class as follows. A function p is called in the class 6*[D, E] if

¢p'(6) , 1+D¢
() 1+EC

(-1<E<D<1)

or

¢'(e) _ (D+1p@) = (D=1 4 _p_poy ®)

p(@€)  (E+Dp@) - (E-1)
The mentioned classes with the restriction —1 < E < D < 1 reduce to the popular Janowski
starlike and Janowski convex functions, respectively. By replacing D =1 —2¢ and E = —1,
where 0 < & < 1, we obtain the classes, namely the class of starlike and convex functions
of order ¢ (0 < ¢ < 1) introduced by Robertson in [2], given, respectively, by

&*(9) 1= {p cA: %(ngg)) >0, ¢ IU}

" /@)
¢(9) == {p € A.?R(W) >0 Fe [U}.

It is well known that G*(¢) C & and €(9) C &. By virtue of the well known Alexander’s
relation, we see that p € €(9) in U if and only if £’ (¢) € &*(8) for each 0 < & < 1. The
classes defined above plays an imperative role in the progress of Geometric Function Theory
(GFT). Various stimulating properties of & have been studied from different viewpoints
and perspective.The new class of A are defined by integral and differential operators in
terms of convolution and we observe that this formalism (convolution product ) brings
an ease in further mathematical investigation and also helps to understand the geometric
and symmetric properties of f € & better. The reputation of convolution in the theory
of operators may easily be understood from the papers in [3-11]. We briefly recall here
the notion of g—operators , i.e., g—difference operators that play vital role in the theory
of hypergeometric series, special functions and quantum physics. The application of
g—calculus was originated by Jackson [12] (see [13-17]). Kanas and Rdducanu [14] have
used the fractional g-calculus operators to examine certain function classes of A.

Consider 0 < g < 1 and a non-negative integer n. The g—integer number or basic
number # is defined by

1 _
[n]g = =—— =1+q+q+...+q9" 1, [0 =0.

1—
We denote by [t]; = ﬁ, where is  non-integer number .

The g—shifted factorial is defined as follows

0 =1, [nly! = [1]4[2),.. . [n],.
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Note that lim [n]; = nand lim [n],! = n!.
q—1- qg—1-
The Jackson’s g—derivative operator (or g—difference operator) for a function p € A is
defined by

p(9¢) — p(2)
Dw(s’)—{ C(qg—1) 6#0 (6)
p’(O) ,é': 0.

Note that
Dy = [n]ge" !, neN={12..},¢el.

Further, we define the operator Dj'p(¢), m € N as follows
Do(E) = (&) and DI'p(&) = Dy(DI 1 0(©)).
Fort € Rand n € N, the g—generalized Pochhammer symbol is defined by
[tln = [Helt + gt +2]g... [t +n — 1],
Moreover, for t > 0 the g—Gamma function is given by
[(t+1) = [t];T,(t) and Ty(1) = 1.

By Ruscheweyh differential operator [18], lately Kanas and Rdducanu [14] introduced
the Ruscheweyh g—differential operator defined by

Ry (€)= Fgm1(8) xp(8) €U, m> -1 @)

where p € Aand
Iy(n+m)

q,m+1(§) = C + Z

F, L o1, +m)§"- 8)
From (7) we have
Ryo(§) = 0(5),  Ryp() = EDap(2)
and G
RIp(E) = "Mq!p neN.
For p € A given by (1), in view of (7) and (8), we obtain
o Ty(n+m) .
§+Z [n—1],T,(1+m my e ¢€U ©)
Note that c
ql_ifllfg Fymi1(8) = A—gmit
and ¢
qlir{lf Ry 0(8) = p(&) = a—gmt
Moreover,
Dy(Ry' o Z (n,m)a, &1 (10)
where
Y, =Yq(n,m) = Ly(n £ m) (11)

[n—1],T,(14+m)’
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In this article motivated by the works in [3-11,17], using the operator defined in (9)
we introduce a new class of A as below:

&Dy(R9(S)) L 1+Dg
Ritp(8) 1+E¢

&I""(D,E) = {p cA: } (e, (12)

where —1 < E < D <1 and obtain Fekete-Szego functional. Further, coefficient estimates,
characteristic properties and partial sums results are derived.

By fixing the values of D and E one can state new classes &;"" (1 —2a, —1) = &7 («)
analogues to the classes studied in [2] and &7 (1 — 1) = &;""(¢) where ¢ is given by (4).

2. The Fekete-Szeg Inequality for f € ;" (D, E)
To prove the Fekete-Szegd inequality for p € &5 (D, E) we use the following:

Lemma 1 ([19,20]). If P(¢) = 1+ p1& + pa& + ... and is in P € P the class of functions of
positive real part in U, then
‘pl’l|§1/n21/ (13)

and for i € C complex number
|2 — hp}| < 2max{1, 1 - 2n]}. (14)
If i is a real parameter, then
—4h 42 (h <0)
b2 —mp?| <4 2 (O<h<1) (15)
4h -2 (h>1).

When i > 1 or h < 0, equality (15) holds true if and only if

_1+¢
Pi(¢) = T—¢

or one of its rotations. When 0 < I < 1, then (15) holds if and only if
_ 1+

or one of its rotations. When i = 0, equality (15) holds if and only if

Py() = (142rc> _1(:++§1+ (1;c> —1€++€1 0<c<1)

or one of its rotations. When h = 1, then (15) holds true if P({) is a reciprocal of one of the functions
such that the equality holds true in the case when h = 0.

Theorem 1. If o € A and be given by (1), belongs to S5"" (D, E), then

|D — E|
qY2

|E E|
S E— -
|[13| ( )Y maxy< 1,

lao| < , (16)

—E+D ( q

(17)

1+2E-D —E—i—D)‘}
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and for a complex number X,

]ag - Na%’ <P F ax{1, |28, D, )|}, (18)
where 142E—-D D-E, (149D -E)Y
- +2E — - +g)R(D — E)Ys
E(N,D,E) = — + ,
and
Y, — Ty(n+m)

[n—1]'Ty(14+m)

Proof. We show that the relations (16), (17), (18) and (29) hold true for p € &5""(D, E).
If f € & (D, E),
¢Dy(Ry'0(8)) 1+ D¢

Rye(@)  1+EC )
which yields,
¢Dg(Ry9(8)) 1+ Dw(E)
Rpp@  1+Eag) &) (TIsE<DsD
We can write w(¢) as follow
w(@) = 128 _ P18+ pag® +pal® + -
L+h(@) 24 pE+pl®+pad®+---
but . .
Gw(@) =1+5(D—E)pii+ 7 (2AD-E)pa— (1+E)p} )P+, (20)
and
Dy (R}
W =14 (=1 + [2])Y2m25 + ((—1 + [3lg)Ysa3 — (=1 + [Z]q)Y%a%)§2 -
(21)
Equivalently,
Dy (R}
W = 1+ Y2028 +q( (9 +1) Y3 — Y3a3 ) 62 + . (22)
If we compare (20) and (22) we get
D—-E
a = quz P1, (23)
 D-E pi[1+E D-E
a = Mq—f—l)\@(pz_;{D—E_( q )]) (24)
and applying (13) to (23) and (14) to (24), we get
ay| < |DqY2E|, (25)
ID - E| 1+2E-D D-E
P ES )2 max{l’ -t g )’} 20
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In addition, from (23) and (24), we get
2 D —E| Pin
a3 — a3 = Sl Y|P BB DE), 27)
where
=D, = LTE _(D=F) (1+9RD-E)Y; 28)

~ D-E q qY3

If we apply (14) to (27) we attain the required results. In addition, for real X, using (15) to
above (27). O

Theorem 2. If o € A and be given by (1), belongs to 5" (D, E) then for a real parameter X, we

have
1-¥Y(N,D,E) (R<o)

_ 2<M <N <
‘ﬂg Naz‘*q(q—i-l)\@ (n <X <) (29)
Y(X,D,E)—1 (R>a),
where
1({1+E D-E 1+ g)X(D — E)Y
‘P(N,D,E)=2<D_E( -5+ 0 )3), 0)
- qY3 D-E 1+E
" a9 (D-E)Ys\ ¢ D-E
and
qY3 D-E 2D-3E-1
0y = + .
(1+49)(D—E)Y3 q D—E

Proof. For real X using (15) to above (27), we get the required results. O

3. The Coefficient Inequalities for o' € &7 (D, E)

The Koebe one quarter theorem [21] ensures that the image of U under every univalent
function p € A contains a disk of radius %. Thus every univalent function g has an inverse
o~ ! satisfying

).

NN

o H(p(€) =¢, (€ € U)andp(p~" (w)) = w, (|w] < ro(p), ro(p) =
A function p € A is said to be bi-univalent in U if both p and p~! are univalent in U.
We notice that the class of bi-univalent functions defined in the unit disk U is not empty.
For example, the functions ¢, %, — log(l —¢&) and % log % are members of bi-univalent

function class; however, the Koebe function is not a member.

Theorem 3. If ¢ € &;""(D, E) and the inverse function of p, ' (w) = w+ ¥ dyw", the

n=2
Koebe domain of the class € &5 (D, E), then
|D—E|
dy| = 31
2] s (31)
D—-E
|ds| = Qmax{l,E(Z,D,E) -1/} (32)

q(q+1)Ys
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and for any h € C, we have

D—E| - (q+1)(D—E)Y3
dy — hd? D =Bl ax{1, 122, D, E) + h ~1  (33)
- — 2(1+q)(D—E)Y:
where 2(2,D,E) = 71_};1% — (Lq Ey 4 2(49)(D-E)¥s q)‘i(Y% )Y
Proof. As -
o lw)=w+ Y dyw" (34)

n=2

is the inverse function of g, it can be seen that
c=9""(p(6) = ol (O} (35)
From (1) and (35), we obtain that
E=p1(C+ ) and"). (36)
n=2

We can obtain from (35) and (36),
E+ (a4 d2)Z + (a3 + 2a0dy + d3) & + .. = L. (37)

By equating corresponding coefficients, of the relation (37), we obtain

dy = —ap (38)
d3 = 2a5 — as. (39)
From relations (23) and (38)
D—E
dy = — ; 4
2 quZ Plz ( 0)
(41)

To find |d3|, from (39) we have
|d3] = |as — 2a3]

thus, by using (27) for real (X = 2)we have

D—E 2
|ds| = ‘ag —2&1%‘ = 2q|(q+1)|st P2 — %a(Z,D,E) ;
|D — E| -
= —— max{1,|E(2,D,E)—1 42

where
1+ E D—-E +2(1+q)(D—E)Y3

=(2,D,E) = —
(2. D, E) —E+D(q> qY3

(43)
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For any complex number 7, we consider

D-E p? (D—E)?
dy—hd3 = ——% —"15(2,D,E) | — h~———2p2.
D—E Pt (9+1)(D—E)Ys
= — =|Z(2,D,E)+h
29(9 +1)Y; (m 2 [FHDE qY3
(44)
Taking modulus on both sides of (44) and by using Lemma 1 and (13), we get:
D—E| i} (3+1)(D-E)Ys
ds — hd? <|7max 1,|2(2,D,E)+h -1, 45

and this completes our proof. [

4. Characterization Properties

Employing techniques given by Silverman [22] we discuss certain characteristic prop-
erties of f € &;"(D, E) such as partial sums results, necessary and sufficient conditions,
radii of close-to-convexity, distortion bounds, radii of starlikeness and convexity.

Theorem 4. If o € A and be given by (1), belongs to S;" (D, E) then

S (1D — [nlgE| + (14 []y))Yalan| < | — E+ D], 6)
n=2

where Y, given by (11).
Proof. Let p € &7""(D, E) and by (12) we have

¢Dg(Ry'9(6)) _ 1+ Dw(g)

U
Rpp@  Ee@+1 Y 4
where w({) is a Schwarz function. Equivalently
EDy(Ry'p(8)) — Ry'p(¢)

DR} o(2) — E&D4 (R (7)) | <t

Thus,

EDy(RY'0(8)) — R ()
DRy o(8) — E¢Dy (R 9(¢))

oo ([n)g — 1) Yaand" |

(D—E);+ Y5 o(D — E[n]g)Ynanl"

Yoo ([nlg — 1) Yulan|t* !
= |ID—E[ = X3Lo| D — E[nlg|Yulan|t"!

Allowing t — 1, simple computation yields (46). O

Example 1. For

0@ =c+ Y D — E|

B [T+ i)+ 10— ]y, £ €7
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such that Y, >k, =1, we get

iHD—[n]qE|+(—l+[n]q)]Yn|an|
_ ¥ —[n ~1+n D — E|
- Elo- el o e e )
— ID—E|Y ki=|D—E|
n=2

Then p(¢) € 65" (D, E), and we observe that (46) is sharp.

Corollary 1. Let p € &5 (D, E) given by (1). Then

D E

]S 11D = Tl [+ (—1 + [lg) ] Yo

, forn > 2, (48)

where Yy, is defined by (11). The approximation is sharp for
D — E|

P(&)=¢— ¢hnz=2. (49)
[|D = [n]gE[ + (=1+ [n]g)] Ya
Theorem 5. If o € A is in the class S5 (D, E), then
D — E| 2 D — E| 2
t— 2 <|p(@)] <t+ t (50)
- arpE+av. = PO oo gE gy
For the function define by
D — E| 2
p(6) =¢— ¢ el=t<1, (51)
N e (EEET A
the approximation is sharp.
Proof. We consider
@) = |2+ ) and"
n=2
< |§‘ + Z ’ln|€|”
n=2
= t+ ) at|",
n=2
since for |¢| = t < 1 we get " < t? for n > 2 and
@) <t )l (52)
n=2
Comparably
@) =t =1}l (53)

n=2



10 of 16

Fractal Fract. 2023, 7, 148

From the relation (46) we have
[|D = [n]gE| + (=1 + [n]g)] Yulas| <D - E],

agk

2

n

Y [|D = Elnly| + (=1 -+ [n]g)] Yl

but
[ID = (1+q)E| +q]Y2 ) |a]
n=2 n=2
< |-E+D|.
Thus | |
> D—-E
ay < . (54)
LS 50t e+ %
Using (54) in(52) and (53), we obtain the desired result. [J
2|D — E|
. 55
Groerav

2|D — E|

Theorem 6. If p € &5 (D, E), then
1— <l|p'@ <1+
GHID— A+ EY, = ¢ @I =1 p=

The equality holds for p given in (51).
Proof. The proof is quite analogous by way of Theorem 5, so omitted. [

(56)

Theorem 7. Let p; € S5 (D, E) given by
(e )
0i(8) =C+ Y a;,8", wherei=1,2,3,.., k.

n=2

(57)

k
Cl':l.

Then H € &3""(D, E), where
k
H(Z) = )_ cipi(Z) where
i=1 i=1

Proof. By Theorem 4, we have
Y [|D = [n]gE| + (=1 + [n]g)]Yulan| < |- E+D|.

n=2

ci| ¢+ i ﬂi,n§n>
n=2
)gn‘

™=

In addition,

T
=
™~
N~—

Il
[

i=1

oo k
I+ ) (Z Cilin
i=1

n=2
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Therefore

00 k
Y [ID = Elnlg| + (=1 + [n]g)]Yu| }_ citi
n=2 i=1
k o0

< 2| LD = Elnlg| + (=14 [nlg) | Yulain| | ci
i=1[n=2
k k

= Z|—E+D|Ci:|—E+D|ZC,':|—E+D|,

i=1

I
—

thus, H({) € 6;"(D,E). O

Theorem 8. If p; € &;5"" (D, E), be given by (56) then
1 (e k
=it Lmid" ), (58)
n=2 \i=1

where G is the arithmetic mean of p;, and G € &;""(D, E).

Proof. To show G(¢) € &;""(D, E), by Theorem 4 it is adequate to show that
Z [|[=E[n]q+D|+ (-1+[n ( Z|aln|>§|D—E.
n=2

We consider that

Y. [ID = [nlgE| + (=1 + [n]g)] Yu (ll{ Zk:|ai,n|>

i=1

— }{é(ZH— +D|+( 1—5—[})]\(”&”)
fonow

We observe that G € &,""(D, E). O
Theorem 9. If p € &5 (D, E), then g is a starlike functions of order 8 (0 < & < 1), |&| < t¥,

1

((1 — 8)[|D — [n)gE[ + (—1+ [n]q)]yn> o

| —-E+D|(n—19)

t* = inf
n>2

The equality holds for o given in (49) .
Proof. Let p € &7""(D, E). We know that g is in a starlike functions of order 8, if

6o’ (2) —1' < -0+ 1L

By simple computation we get

3 (25 e < 9)
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Since p € &;""(D, E), from (46) we get
2, [|D = [n]gE| + (=1 + [n]y)]
Y, la,| < 1. 60

The relation (59) will holds true if

© /9 .
3 (5 el

n=2
> [|D — [n]gE[ + (=1 + [n]g)]
< nX::z ’D—E| Yn‘an|;

which implies that

. (1=8)[|D = [n)qE[ + (=1 + [n]y)]
g < ( |D—Eq|(n—19) d Yn>,

(1= O)[[D— [l + (<1 + [1lg)] |\ 77
el < ( [ r— Y") '

which yields the starlikeness of the family. [

Theorem 10. If p € &;""(D, E), then g is a close-to-convex functions of order 8 (0 < ¢ < 1),
gl <t

t] = inf
n>2

((—19+1)[|D— [rlgEL+ (=1 + [nly)] >f+
n| —E+ D| n :

Proof. Let p € &7""(D, E). If p is close-to-convex function of order 8, then we have

©'(6) -1 <1-9,

that is

- n —1+n
1. 1
L gl < (61)

Since p € &;""(D, E), by (46) we have

= [|D = [nyE| + (=1+ [n]y)] 4
n;z DE Yo laq| < 1. (62)

The relation (59) will holds true if

n=2
= [|D = [nyE| + (=1+ [n]y)]
< };2 4|D7E| q

Y Tslaaliel
[

Yo|an|.

Or, equivalently

et < ((1 = 0)[|D — [n]gE| + (=1 + [n]q)] Yn>,

n|—E+ D|

g < ((1—19>[|D—7£T[1)q§|; (-1+ wq)]Yn>”",
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which yields the desired result. [

5. Partial Sums

The partial sums results were examined in [23] by Silverman, for p € &*(¢) and
© € €(9) and g is as assumed in (1) and established through

pl(é) = C!
j
0i(6) = ¢+ ) ang".
n=2

Partial sums for different subclasses was investigated by several author’s, we can see [24,25]
and references cited therein. In this section we investigate sharp lower bounds for

p(&) ©i(%) o'@Y p}(fﬁ))
“(mwﬂ’%<ma>’%<@@0 d“(ww>'

Theorem 11. If o € A and be given by (1), belongs to &;"" (D, E) and holds (46), then

o(%) 1
§R<pj(§)> >1 7@]41 (V¢ € D) (63)
and @ o
i j+1
‘SR< p(8) ) “1x Qi1 (ve <), ()
where
0. — UD_[”]qE’JF([”}q_l)]YH. (65)

! |D — E|
Proof. To prove (63), we set:

j o
14 " nfl_i_@‘ . n—1
Je@ f,a e O

. Q. F
p]((f) j+1 14+ ¥ apenl
n=2

_1+¢(9)

S 14+9(8)

Taking
14+ 91(8) _ 1+ w(@)
T+a(8)  1-w(g)

by simple computation,

1(8) — ¥2(¢
w© = P Pt
Thus -
Qi1 L "
w(g) = e :

] )
242 Y apl" 1+ 01 L anét!
n=2 n=j+1
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which leads the inequality:
oo
Qi1 L 1|‘1n|
w(@)] < ——— RSt
] oo
2_22|an|_®j+1 |an|
n=2 n=j+1
We get |w(¢)| < 1if and only if
) ]
2®j+1 Z lan| < =2 2 |an| +2,
n=j+1 n=2
which yields that:
]+1 Z lan| + 2|an‘ <L (66)
n=j+1

To prove (63), it suffices to show that the left hand side of (66) is bounded above by the
following sum:

(o]
Z ®n|an|/
n=2

which is equivalent to

j

Z w— 1)|an| + Z (©4 — Oj11)]an| > 0. (67)
n=j+1

From (67), it evidence that the proof of approximation in (63) is now completed.
To prove (64), we consider:

©i(6) O

‘ _ n=j+1
(1 + ®]+l) < @(C) 1+ ®j+1

j
) 1+ Zangipr ®+1 Z ang~ Ln
n=2

(o)
1+ Z anc;‘*l*”
2

_1+w(@)
1-w(g)’
where -
(1 + ®j+l) )y |an|
n=j+1
0(@)] < —— —r! )
2-2) |ay| — (®j+l - 1) Y |au]
n=2 n=j+1
The relation (68) is equivalent to
Z|an| +0Oj4q Z |an| < 1. (69)
n=j+1

The left hand side of (69) is bounded above by Z ®y|ax|, which completes the proof of
the assertion(64), thus the proof of Theorem 11 is completed O
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Theorem 12. If o € A be given by (1), belongs to S (D, E) and satisfies (46), then

©'(6) C1+j
%(p} ( §)> >1 o (VZ € U) (70)
and @
8%<p’(€)> Z oty (U 1)

where ®; is as in (65).

Proof. The proof of this theorem is much akin to that of Theorem 11, and we will omit the
details. O

6. Conclusions

We have considered the results like the necessary and sufficient conditions, partial
sums type results, the Fekete-Szeg0 inequalities, close-to-convexity, the radii of starlikeness
and distortions bounds. In addition, inspiring further researchers working in the field
of Geometric Function Theory and draw the attention of the interested readers towards
recent articles (see, [26—29]). In conclusion, we suggest, the recently-published review-
cum-expository review article by Srivastava ([26], p. 340), who piercing out the fact
that the results for the above-mentioned or new g— analogues can easily (and possibly
trivially) be translated into the corresponding results for the so-called (p; q) —analogues
(with 0 < |g] < p < 1) by applying some obvious parametric and argument variations
with the additional parameter p being redundant. In addition, we trust that, this paper will
stimulate a number of researchers to extend this idea for meromorphic functions, also new
classes can be defined by convoluting with certain probability distribution series and also
further subordinating with generalized telephone numbers [30].
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