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Abstract: This paper applies two different types of Riemann-Liouville derivatives to solve fractional
differential equations of second order. Basically, the properties of the Riemann-Liouville fractional
derivative depend mainly on the lower bound of the integral involved in the Riemann-Liouville
fractional definition. The Riemann-Liouville fractional derivative of first type considers the lower
bound as a zero while the second type applies negative infinity as a lower bound. Due to the
differences in properties of the two operators, two different solutions are obtained for the present
two classes of fractional differential equations under appropriate initial conditions. It is shown that
the zeroth lower bound implies implicit solutions in terms of the Mittag—Leffler functions while
explicit solutions are derived when negative infinity is taken as a lower bound. Such explicit solutions
are obtained for the current two classes in terms of trigonometric and hyperbolic functions. Some
theoretical results are introduced to facilitate the solutions procedures. Moreover, the characteristics
of the obtained solutions are discussed and interpreted.

Keywords: Riemann-Liouville fractional derivative; fractional differential equations; Laplace
transform; exact solution

1. Introduction

The fractional calculus (FC) is a growing field of research due to its numerous ap-
plications in several areas of sciences and engineering. The FC is a natural extension of
classical calculus (CC) and has been utilized to analyze a considerable number of physical
and engineering problems [1-3]. In this context, various models have been studied in
the literature such as Narahari et al. [4] who applied the FC concept on the dynamics of
the fractional oscillator. Propagation of ultrasonic wave in human cancelous bone was
introduced by Sebaa et al. [5] via the FC approach. The physical aspect of the fractional
Heisenberg equation has been addressed by Tarasov [6]. Application of the FC on the
HIV infectious disease has been discussed by Ding and Yea [7]. In quantum mechanics,
Wang et al. [8] investigated the time-fractional diffusion equation while other fractional
models in different areas of research can be found in Refs. [9-14]. In addition, the frac-
tional models of the projectile motion were solved by Ebaid [15] and Ebaid et al. [16]
utilizing the Caputo fractional derivative (CFD) and by Ahmed et al. [17] by means of the
Riemann-Liouville fractional derivative (RLFD).

In Refs. [18,19], the FC was extended to solve an astronomical model using the
CFD while El-Zahar et al. [20] derived a closed form solution for the same model via
applying the RLFD. Moreover, Aljohani et al. [21] obtained the exact solution of the chlorine
transport model in fractional form in terms of the Mittag—Leffler function. Furthermore,
the application of the RLFD on a class of engineering oscillatory problems was addressed
by Ebaid and Al-Jeaid [22] for a class of first-order fractional initial value problems in
which the dual solution was obtained. In addition, Seddek et al. [23] applied the RLFD
to solve non-homogeneous fractional differential system containing periodic terms. Very
recently, Algehyne et al. [24] presented a promise application of the FC on the concept of
time dilation.
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The objective of this paper is to extend the application of the RLFD to solve the
following two classes:

fLthﬁy(t) —l—wzy(t) = acos(O), % <B<1, (1)
and .
EDPy (1) — @y (1) = acos(Q), 5 < <1, @)

where f is none-integer order of the Riemann-Liouville derivative and 4, w, ), and A are
constants. The two classes are to be solved under the initial conditions (ICs):

RLpiP2y(0) = A, D 'y(0) = B, 3)
at two different cases for ¢, mainly when ¢ — 0 and ¢ — —co. The properties of the
Riemann-Liouville derivatives 8 D; and L D; are completely different and accordingly
the nature of solutions of the present two classes are also different. The exact solution, when
available, is the optimal solution for any physical/engineering model. So, the obtained
exact solution reflects the importance and the main contribution of this paper. The paper
is organized as follows. In Section 2, some preliminaries are introduced. In Section 3,
theoretical results are derived for the particular solution of class (1). Section 4 is devoted
to obtain the exact solution of class (1) while Section 5 presents the solution of class (2) in
addition to the behavior of the obtained solution. The paper is concluded in Section 6.

2. Preliminaries

The Riemann-Liouville fractional integral of order « of function f : [c,d] — R (—o0 <
¢ < d < o) is defined as [1-3]

le‘f(t):v(l)/ct( O 4o tscaso. )

« t—1)l-«

The Riemann-Liouville fractional derivative (RLFD) of order « € (1,2) is [1-3]

1 a2t f(r
RL
Dif(t) = —— o [ _
c tf(t) ,)/(2 _ tX) dr2 </C (t B T)afldT , t>c¢ (5)
Fort € Rand o =28 (% < B < 1), we have the following RLFD of the functions ¢/’f,
cos(wt), and sin(wt) as ¢ — —oo [22,23]:
IE%ODfﬁeiwt _ (iw)Zﬁeiwt,
E&Dfﬁ cos(wt) = w? cos(wt + prr), (6)
Iilgonﬁ sin(wt) = w? sin(wt + prr).
The Laplace transform (LT) of the RLFD (5) as ¢ — 0 is [22]
L[FDfy(1)] =Y (s) = §-DF'y(0) s D2y (0), )
which yields

L[§-DFy()| = v (s) - D y(0) — s §1DF 2y (0), ®

for @ = 2. The Mittag-Leffler function of two parameters is defined by [1-3]

n

E(S,’y(z) = i -

n:077(5"+7)' (6>0,v>0). 9)
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In particular, we have the following properties

Ep1(—2%) = cos(z), Epi(z2) =cosh(z), Epp(—2%) = o=, Ez/z(zz):su;hz. (10)

The inverse LT of some expressions can be given via the Mittag-Leffler function as [2,3]

o=y

-1(_S _ y—1p 2 21
(5(5 +w2) =t Ef)r“r(fw ttx)’ RE(S) > |CU |(5r (11)
which gives the equalities [16,22,23]:
6—1
_1/( S _ 0
£ () = B, (12)
1 1
-1 _ 401 2.6 2|5
LN (gran) = Esa(-w?), Re(s) > |08, (13)
-1
-1(_S8 ) 2,0 2,1
LY () = PEssna (), Res) > |2 (14)

3. Analysis
Theorem 1. The particular solution y,(t) of the class (1) as ¢ — —oo is given by

Yp(t) = M(B) cos(Qt) + Az(B) sin(Q), (15)

where A1 (B) and Ay(B) are given by

B w? + Q% cos(nB) B 0% sin(7B)
M(p) =a <w4 + Q4 + 2w2()?8 cos(7B) > ¢ Ma(p) =a (w4 + Q4 + 2w2()?P cos(7B) > ’ 16)
and hence, , 2
[ wcos(Ot) + O cos(Ot — 7B)
yp(t) = a( w* + O4 + 202(2?P cos(7B) ) 17)
Proof. Suppose that y, is in the form of Equation (15), then
8Dy = Aa(B) BDIF cos(0t) + Aa(B) KD} sin(0),
O cos(O) (A1(B) cos(mB) + Az(B) sin(mB)) +
O sin(Qt) (A2 (B) cos(7B) — A1(B) sin(7p)), (18)
and hence
IELOODfﬁyP + wzyp = [(Qzﬁ cos(mtp) + wz)/\l(ﬁ) + Q% sin(nﬁ))xz(ﬁ)} cos(Qt) +

= [(Qzﬁcos(nﬂ)+w2)/\2(ﬁ)—Qzﬁsin(nﬁ))\l(ﬁ)] sin(Qt). (19)

The unknowns A1 (B) and A, () can be obtained by solving the following coupled
algebraic equations:

(Qzﬁ cos(7B) + wz))\l(ﬁ) + O sin(B) A2 (B) = a,

(20)
(Qzﬁ cos(mp) + wZ) A2(B) — O sin(7B) A1 (B) =0,
which give
B w? + Q% cos(nB) B 0% sin(7B)
M(B) =a <w4 + Q% 1 20202 cos(1p) > Aa(B) =a (w4 + O 1 200202P cos(7B) > ' D
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Therefore, Yp takes the form:

w? cos(Qt) + 02 cos(Ot — 7B)
t) = , 22
yp(t) a( w* + O + 202008 cos(7B) ) (22)
which completes the proof. [
Lemma 1. The particular solution y,(t) of the class (2) as ¢ — —oo is given by
—@? cos(Qt) + O cos(Qt — nﬁ))
t) = 23
p(t) u< @* + O — 202(2?F cos(7B) @)

Proof. The proof follows immediately by replacing w with —iw in Equation (17) of theorem
1, wherei =+/—1. O

4. Solution of the First Class: fLD?By(t) + w?y(t) = acos(Ot)

In this section, two types of solutions are to be determined for the class (1) when ¢ — 0
and ¢ — —oo, respectively. The analysis introduced in Refs. [22,23] is followed here to
obtain such types of solutions.

4.1. Solution in Terms of the Mittag—Leffler Function as ¢ — 0

In this case, the first class takes the form:
1
gLthﬂy(t) + w?y(t) = acos(Ot), 5 < <1, (24)

under the ICs: 5 -
KD 2y(0) = A, §-D7P'y(0) = B. (25)

Applying the LT on Equation (24) yields

261 26-2 as
s*PY (s) - gLDtﬁ y(0) —s gLDtﬁ y(0) + w?Y(s) = 210z (26)
Solving (26) for Y(s) gives
As B as
Y(s) = . 27
(®) P rar it (s2P + w?) (s + 02) @)
Applying the inverse LT on Y (s), then y(t) is given by
y(t) = AP 2Ey;, 1(—w2t2ﬁ) 4 B2, (—wztzﬁ) Y L Ty | L (28)
B2B— B2B SZ‘B + wZ 52 + 02 4
where (x) refers to the convolution operation, hence
]/(t) = At2ﬁ72E25/2ﬁ71 (—a)ztzﬁ) + Bt2ﬁ71E25/2‘3 (—w2t2ﬁ> +
t
a/ Tz‘B_lEzlg,zlg (—w2T25> cos[Q(t — 1)]dT, (29)
0

which can be written as

y(t) = AP 2B 5. (—w2t2ﬁ> + Btzﬁ*lEzﬁ,zﬁ(—wztzﬁ) + acos(Qt) x

; t
/o T2ﬂ—152ﬁlzﬁ<—w2rzﬁ) cos(QT)dT + asin(Qt) /0 Tz’g_lEzﬁ,zﬁ(—szzﬁ) sin(QT)dT.
(30)
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The involved integrals are difficult to compute explicitly. However, the solution in the
integral form (30) reduces to the corresponding solution of the ordinary version of the class
(I)asp — 1.

Special Caseas f — 1

The solution in the integral form (30) as 8 — 1 becomes
y(t) = AEz, (—w2t2> + Bsz,z(—w2t2> + acos(Qt) x
ot t
/ TE>» (*wz’rz) cos(QT)dT + asin(Qt) / TEz» (—w2‘rz> sin(Qt)dz, (31)
J0 Jo

ie.,

y(t) = Acos(wt) + B sin(wt) + z cos(Qt) /t sin(wT) cos(QT)dT + z sin(Q)t) /t sin(wT) sin(Q1)dT. (32)
w w 0 w 0

Performing the integrals, we obtain

y(t) = Acos(wt) + g sin(wt) + a (COS(Qt) — cos(wt) )

e (33)

which is the corresponding solution of the ordinary version y” (t) + w?y(t) = acos(Qt)
under the ICs y(0) = A and /(0) = B.

Remark 1. It is noticed that the solution (30) is not analyticatt = 0V B € (1/2,1) for the
existence of the term t*P=2. In the next subsection, we are able to derive the analytic solution in the
whole domain t > 0.

4.2. Solution in Terms of Trigonometric Functions as ¢ — —oo

As ¢ — —oo, the first class is in the form:

RL Dy (t) + wy(t) = acos(Qt), % <B<1, (34)
and the ICs are . -
RL D20y = 4, RL D y(0) = B. (35)

The solution of Equations (34) and (35) consists of the complementary solution y,
and the particular solution y,(t). However, the y,(t) is already given by Equation (17) in
Theorem 1 while y.(t) can be assumed in the form [22,23]:

ye(t) = c(B)e'", (36)

where ¢(p) and ¢ are unknowns and to be determined. The assumption (36) satisfies the
homogeneous part of the fractional Equation (34):

RL D2y (t) + wye(t) =0, (37)

if
ce't [(ia)z/3 + wz} =0, (38)

which implies two values of ¢ as
1 1
0= i(—wz) ¥ = —i(—wz) *, (39)

or simply

(40)
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Accordingly, y.(t) becomes
ye(t) = cr(B)e” + ca(B)e ™, (41)
where c1(B) and c;(B) are unknown constants. The general solution is
y(t) = c1(B)e™ +ca(Be ™ +yp(1), (42)
where y,(t) is given by Equation (17). From (42), we have
DI Ty(t) = 1 (B) ()1 - ea(B) (—in)*F e+ DY Ny (1), @3)
DI 2y(t) = ea(B) (i) 2 + a(B)(—iv)*F e M4 DI Py (1) (44)

At t = 0, Equations (43) and (44) become

DI 3(0) = () [e1(B) — ca(B)] + DI 0), 4o
Dy (0) = ()% (1 (B) +c2(B)) + D}y 0). (36)

Applying the ICs (35), we obtain

iv)1 =2 _ _

a(p) = )2 [(B+iva) — (D 1y,(0) + ivD} 2y, (0))], (47)
i) =2 _ _

ca(p) = ¢ )2 [(=B+ivA)+ (D 1y, (0) —iwD Py,(0))]. @)

To calculate thlgflyp(O) and thﬁfzyp(O), one can use Yy (t) in Equation (15) in terms

of A1 and A; to obtain
D1y, (0) = 0P [Ay sin(7tB) — Az cos(mB)], (49)
D%y, (0) = —Q%~2[A; cos(7B) + Ay sin(7B)], (50)
where A1 and A, are given by Equation (16). Therefor, the solution takes the final form:

% % w? cos(Qt) + O cos(Qt — 7p)

- —(—w?) ¥t (—w?)?t
y(t) = c1(B)e +c2(B)e +a ot + O 1 20202P cos(1ip)

, (5D

where ¢1(B) and c(p) are defined by Equations (47) and (48), respectively.

Remark 2. The solution in the case c — —oo is obtained in the explicit form (51) unlike the
implicit integral form (30) when ¢ — 0. Moreover, the solution (51) is analytic in the whole domain
t € R. In addition, the explicit form (51) is also equivalent to the corresponding solution of ordinary
version of the first class as indicated in the below section.

Special Caseas f — 1
To check, we have from (51) as § — 1 that

a cos(Q)

y(t) = cre” " 4 cpel@t 4 PR RrovE

(52)
From (49) and (50), we have

7 0] v :

g1 Q2] =0, [Dt }/p(O)}ﬁﬁl =Ml =g 3
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The quantities c; and c; in Equations (47) and (48) become

(iv) ! . aiv B 1 a
- BtivA)— —2 | = _ 2 Ao 4
‘ > |BHvA) - 2iw © o_z) ©

2
@', L. aiv ] B 1/,  a
=" (=B +ivA) prprevl Ik i A o) (55)
Substituting (54) and (55) into (52), yields

y(t) B (eiwt _ efiwt) + 1(A _ w2f02> (eiwt + e%wt) + M (56)

~ 2iw 2 -0
or B (Q )
. a acos(2t
y(t) = a sm(wt) + (A — (4)2—()2) COS((Ut) =+ m, (57)

which is equivalent to the solution of the ordinary version y” (t) + w?y(t) = acos(Qt)
under the ICs y(0) = A and y/(0) = B.

5. Solution of the Second Class: fLDfﬁy(t) — @*y(t) = acos(Qt)
5.1. Solution in Terms of the Mittag—Leffler Function as ¢ — 0

In this case we consider the fractional differential equation:
1
gLthﬁy(t) — @?y(t) = acos(Q), 5 < B<1, (58)

under the ICs: 5 i
KD 2y(0) = A, §-D7P'y(0) = B. (59)

Following the same analysis in Section 4.1, one can obtain the solution in the form:

y(t) = APP2Eyp 05 (w2t2ﬁ> + Bt Ey55 (w2t2ﬁ> +acos(Qt) x

t ot
/0 Tzﬁ_lEzﬁ,zﬁ (cOZTZﬁ) cos(QT)dT + asin(Qt) /0 T2’3_1E25,2/3 (a’)z'rzﬁ) sin(Q1)dT.

(60)
As B — 1, the solution in the integral form (60) reads
y(t) = AEy, <w2t2> + BtEp, (coztz) + acos(Q) x
/O "tE2s (@?72) cos(Or)dr +asin(O) /0 s (@) sin(Or)dr, (1)

ie.,

t

y(t) = Acosh(wt) + gsin(wt) + %Cos(ﬂt) ./Ot sinh(@T) cos(QT)dT + % sin( Q) /0 sinh(@T) sin(Q1)dT. (62)

Performing the integrals, we obtain

(63)

y(t) = Acosh(@t) + g sin(et) —a (cos(n(;)z_+ C;;Zh(‘“)),

which is the corresponding solution of the ordinary version y” (t) — @?y(t) = acos(Qt)
under the ICs y(0) = A and y/(0) = B.
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5.2. Solution in Terms of Trigonometric and Hyperbolic Functions as ¢ — —oo
Here, we consider
1
RL Dy (t) — @%y(t) = acos(Qt), 5 <B<1, (64)
under the ICs:
RLD*72y0) = A, RLD¥P~'y(0) = B. (65)

Following the same procedure of Section 4.2, we can get the solution in the form:

2% |:602 cos(Qt) + Q% cos(Qt — 7p)

1
. —(@?) %} (@?)26 ¢ ]
y(t) = c1(B)e +ca(B)e OB~ 202 0P cos(iB) )’ (66)

or

— @2 cos(Qt) + O cos(Qt — nﬁ)} 67)

y() =a(pe®’ +er(p)e +a [ 4+ O — 202002 cos(7B)

where ¢ (B) and c2(B) can be determined from Equations (47) and (48) by replacing w with

—iw (i = v/—1), thus

1/p-2
a1(B) = = S—[B~ RLDF yy(0) — @/P (A~ RLDF Py,(0))],  (69)

2
@l/P-2 261 28-2
ex(p) =~ 5 [~ (B - "0y 0)) - @ (4~ Dy, )] 69
Suppose that
p=B—- *.D{ ly,(0), x=A-RLDF 2y, 0), (70)
then
ol/b-2 y
_ _ p
c1(B) = “5—(—p+@Px), 71)
@!/F2 1/
_ B
c2() = “— (0 +@'/Px). (72)

Substituting (71) and (72) into (67), we obtain the solution of the system (64)—(65) in
terms of the hyperbolic and trigonometric functions as

y(t) = @"/F=2[psinh (@'/Pt) + xcosh(@'/Pt) | +a {_@2 cos(O) + O cos(Qt nﬁ)}, (73)

@* + O — 2020)?P cos ()

where the coefficients p and ) are given explicitly in the forms:

p =B — O A sin(rf) — Ay cos(7B)], (74)
x = A+ Q%*72[)\; cos(7B) + Ay sin(7B)], (75)

and A; and A, are given by

B + O cos(mtB) B 0% sin(7p)
M= ( 44 0415 202()%P cos(ﬂﬁ))’ A2 =4 <w4 + Q4 — 202()?P cos(7tB) ) (76)

It should be noted that the expression (76) also reduces to the solution of the ordinary
version given in the previous section by Equation (63) as  — 1.

5.3. Behavior of the Solution

It can be easily observed from Equation (73) that the solution is real at any given real
values of the parameters @ and () provided that the denominator in Equation (73) does not
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vanish, i.e.,, @* + Q% — 2020 cos(nf) # 0, (1/2 < B < 1). The behavior of the solution
(73) is examined at some selected values for the involved parameters. The influence of
the fractional-order § on the solution is depicted in Figure 1when A=1,B=1, @ = %,
) = 3,and a = 2. Itis observed that the curves oscillate in the first part of the domain,
however, such oscillations reduce as the value of B approaches one.

y@®

50

30

20

10

2 4 6 8 10

Figure 1. Plots of y(t) in Equation (73) vs twhen A=1,B=1,@ = %, ) = 3, and a = 2 at different
values of .

Figure 2 shows the variation of the solution (73) at different values of the coefficient
@>1whenA=1B=18= %, ) = 3,and a = 2. Itis noticed in Figure 2 that the
curves are smooth and have no oscillations. However, the oscillation of the solution y(¢) in
Equation (73) returns to appear for another set of the @ values that are less than unity. This
point is declared in Figure 3 which displays behavior for the solution when A =1, B =1,
B = %, Q) = 3, and a = 2 at different values of @ < 1.

y(®)

1500f —_ =11
: - w=12
[ w=13
1000
r|=— w=1l4
500 -
. t
1 2 3 4 5

Figure 2. Plots of y(t) in Equation (73) vs. twhen A=1,B=1,8 = %, ) = 3, and a = 2 at different
values of @ > 1.
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References

y(®)

20

15

10

=t
2 4 6 8 10

Figure 3. Plots of y(¢) in Equation (73) vs. t when A =1,B=1,8 = %, Q) = 3, and a = 2 at different
values of @ < 1.

6. Conclusions

Two classes of fractional differential equations were solved in this paper by means
of two different types of RLFD. The first type considered the lower bound of the integral
involved in the RLFD as a zero. The second type treats the lower bound as negative infinity.
It was also shown that the solution procedure depends mainly on the implemented type of
the RLED. For the first type of RLFD, the LT method was applied successfully to determine
the solutions of the two classes in terms the Mittag—Leffler functions. In addition, a direct
analysis was presented to obtain the solutions of the two classes governed by the second
type of RLFD, where the solutions were obtained in explicit forms and expressed in terms of
trigonometric and hyperbolic functions. Features of the obtained solutions are theoretically
discussed and explained. The current analysis may deserve further extension to include
other classes of fractional differential equations which describe applications in engineering
and physical sciences. In future investigations, other kinds of the fractional derivatives such
as Caputo [12,15,16], modified Riemann-Liouville derivative [25], and Atangana-Baleanu
derivative [26] will be addressed to solve more complex models such as the nonlinear
duffing-oscillator and the nonlinear relativistic oscillator.
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