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Abstract: Fractional and high-order PDEs have become prominent in theory and in the modeling of
many phenomena. In this article, we study the temporal fractal nature for fourth-order time-fractional
stochastic partial integro-differential equations (TFSPIDEs) and their gradients, which are driven in
one-to-three dimensional spaces by space-time white noise. By using the underlying explicit kernels,
we prove the exact global temporal continuity moduli and temporal laws of the iterated logarithm
for the TFSPIDEs and their gradients, as well as prove that the sets of temporal fast points (where
the remarkable oscillation of the TFSPIDEs and their gradients happen infinitely often) are random
fractals. In addition, we evaluate their Hausdorff dimensions and their hitting probabilities. It has been
confirmed that these points of the TFSPIDEs and their gradients, in time, are most likely one everywhere,
and are dense with the power of the continuum. Moreover, their hitting probabilities are determined
by the target set B’s packing dimension dim, (B). On the one hand, this work reinforces the temporal
moduli of the continuity and temporal LILs obtained in relevant literature, which were achieved by
obtaining the exact values of their normalized constants; on the other hand, this work obtains the size of
the set of fast points, as well as a potential theory of TFSPIDEs and their gradients.

Keywords: TFSPIDEs; Brownian-time processes; space—time white noise; temporal fractal nature;
hitting probabilities; Holder regularity

1. Introduction

Fractional and higher-order evolution equations have been used as (stochastic) mod-
els in mathematical finance, fluid dynamics, turbulence, and mathematical physics by
numerous authors in recent years (see, e.g., [1-3]). Time-fractional stochastic partial integro-
differential equations (TFSPIDEs) are related to diffusion or slow diffusion in materials
with memory. (For connected deterministic PDEs, see [4—6]; for connected stochastic PDEs,
see [7,8]; and, for the associated stochastic integral equations (SIEs), see [9-11].)

Expanded upon by [11], Brownian-time processes (BTP) provide the foundation for
the deterministic version of the TFSPIDEs. The precise dimensions and hitting probabilities
for the sets of fast points, in time, for these important class of stochastic equations are
obtained in this article as follows:

- 1 1-8 ad+lw
Copu, = 28U+ i ( Jtox
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where 97t1W /9tdx is the space—time white noise corresponding to the real-valued Brow-
nian sheet W on R X R4 (d = 1,2,3); A is the d-dimensional Laplacian operator; the

time-fractional derivative of order §, Caﬁ, is the Caputo fractional operator
t
1L
dr, f0<B<1;
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and the time-fractional integral of order «; If, is the Riemann-Liouville fractional integral

1t f(r
(4 fp—
IIf:= @) /0 (t__[)l_“dr, fort > 0and a > 0,

and I = I is the identity operator. Here, it was assumed that the initial data u, are
deterministic and the Borel measurable, and that there exists a constant 0 < ¢ < 1 such that

g€ 2T 2TRER), for 21 < g1 <2b keN, @)

where C?’W(Rd ;R) is the set of a-continuously differentiable functions on R?, whose a-
derivative is locally Holder continuous with the exponent .

It is clear that the formal (and non-rigorous) equation is Equation (1). In this article,
we work with its rigorous formulation, which is the mild form kernel SIE. Refs. [10-12]
presented and addressed this SIE for the first time. We include them in Section 2 below,
along with some other pertinent information.

Refs. [10,12] obtained the existence, uniqueness, sharp dimension-dependent L?, and
the Holder regularity of the linear and non-linear noise versions of (1). The exact uniform
and local continuity moduli for the TFSPIDEs in the time variable t and space variable x
were separately obtained in [13]. Specifically, it was shown, in [13], that the fourth-order
TFSPIDEs and their gradients have exact, spatio-temporal, dimension-dependent, uniform,
and local continuity moduli. In addition to obtaining temporal central limit theorems
for modifications of the quadratic variation of the solution to Equation (1) in time, it was
also investigated in [14] that the solution to Equation (1) in time has infinite quadratic
variation and is not a semimartingale. Ref. [15] obtained the precise, dimension-dependent,
non-differentiability moduli for the TFSPIDEs and their gradients in the time variable ¢.

Here, we would like to mention the global temporal continuity moduli and the local
temporal continuity moduli at a prescribed time ty > 0, as well as the laws of iterated
logarithm (LILs) for Ug(-, x) and 9xUg(+, x), which were obtained in [13]. These phenomena
showed the existence of normalized constants for the global temporal continuity moduli
and temporal LILs. But their exact values remain unknown. In this paper, we give the exact
values of these normalized constants by obtaining precise estimations of the second-order
increment moments. For any d € N, we define Kz 5 and Kg o by

4 1—cosu 1
Kgy = / d/ dy, 3
P ) S Sy ey cos(BE) gt ¥

and

2 [ 1—cosu e
K 0= = / du/ dy. 4)
PO Jo w3727 Jo 4 1 a2 cos(BF) + o
In this article, we obtain the following exact global temporal continuity moduli and tem-
poral LILs for the TESPIDE Ug(t, x) and the gradient process 9, Ug(t, x). Equations (5) and (7)

below are other forms of the global temporal continuity moduli of the TFSPIDEs and their
gradients, which are slightly different from those obtained in [13].

Theorem 1. (Temporal continuity moduli) Let p € (0,1/2], x € R (d =1,2,3), and uy = 0 in
(1) be fixed.

(a) (Global temporal continuity modulus and temporal LIL for the TESPIDESs) for every
compact interval Iijme C R4,

IP’{ lim sup ¢,§,,}1,h|uﬁ(t/x) — Ug(s,x)| = 1} =1, )

h=0+ S/teltime/‘tfs|<h
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where ¢pg 41 = nr 2Kg 4log(1/h), and for every fixed t > 0

IP’{ limsup  sup  pl|Us(Ex) — Up(s,x)| = 1} —1, ©)

h—0+  s,t€Lime,|t—s|<h

where (/3/5,,”, = h¥ \/ZKW loglog(1/h). Here, Kg 4 is given in (3).
(b) (Global temporal continuity modulus and temporal LIL for the TFSPIDE gradients.) Let
d = 1. For every compact interval Iime C Ry,

P{1im  sup  gphlaulp(tx) — d:lp(s, ) =1} =1, @)

h—0+ S,teltime/‘t_sl<h

where Ppn = h# 2Kg,0 log(1/h), and, for every fixed t € R,

IP{ lim sup sup gal;;|axu,5(t, x) —9xUp(s, x)| = 1} =1, 8)

h—0+  s,t€ Liime,|t—s|<h

where ¢gj, = net \/ZKﬁ,O loglog(1/h). Here, Kg g is given in (4).

Remark 1. We can infer the following from the aforementioned theorem:

e Equations (5) and (7) are other forms of the global temporal continuity moduli of the TFSPIDEs
and the TFSPIDE gradients, respectively, which are slightly different from those obtained

in [13]. Equation (5) with kéﬁ’d) |t —s| = v/ 2log(1/|t — s|) taking the place of ¢p,q, and

Equation (7) with ki|t — s| = V/10g(1/|t —s|) taking the place of ¢p ), were established

in [13], where kéﬁ ) > 0and kip > 0 were understood as dimension-dependent constants,
i.e., independent of x (whose exact values were unknown). Here, in Equations (5) and (7), we
give the exact constants for the global temporal continuity moduli of the TFSPIDEs and the

TFSPIDE gradients. Moreover, by using Lemma 5 below, we can obtain kff A) = \/2Kp,q and

k12 = /2Kg 0, as was obtained in [13]. In this sense, the results of this paper reinforce those
in [13].

e Equation (6) with ké’g’d)hﬂ V/loglog(1/h) taking the place of ¢g 4, and Equation (8) with
k13h# \/1oglog(1/h) taking the place of (g, were established in [13], where kéﬁ 4 >0

and ki3 > 0 were understood as dimension-dependent constants, i.e., independent of x (whose
exact values were unknown). Here, in Equations (6) and (8), we give the exact constants for
the temporal LILs of the TESPIDEs and the TFSPIDE gradients. Moreover, by using Lemma 5

below, we can obtain kéﬁ'd) =, /ZKﬁ,d and ki3 = , /2Kg 0, as was obtained in [13]. In this

sense, the results of this paper reinforce those in [13].

*  Equation (5) gives the magnitude of the global maximal oscillation of the TFSPIDE solution
Ug(+, x) over the compact rectangle lime, which is ¢g 4 . Equation (7) gives the magnitude of
the global maximal oscillation of the TFSPIDE gradient solution dxUg(+, x) over the compact
rectangle Iiime, which is Pp -

*  Equation (6) gives the magnitude of the local oscillation of the TFSPIDE solution Ug(-, x) at a
prescribed time tg > 0 is Qaﬂ,d,h Equation (8) gives the magnitude of the local oscillation of the
TFSPIDE gradient solution dxUg(+, x) at a prescribed time ty > 0is ¢ .

e [t is interesting to compare Equations (5) and (6). The latter one states that, at some given
point, the LIL of Ug(-, x) for any fixed x is not more than qAbﬁ,d,h. On the other hand, the former
tells us that the global continuity modulus of Ug(-,x) can be much larger, namely ¢g 4 -
Similarly, by Equations (7) and (8), the LIL of 9xUg(-, x) for every fixed x is less than g .
On the other hand, the continuity modulus of xUg (-, x) can be much larger, namely ¢g ;.
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e With Equation (6) and Fubini’s theorem, we have the random time set at
Spas = {te01]: limsup PanlUp(t+h,x) = Ug(t,x)| > 1},

which has a Lebesgue measurement of zero with a probability of one. Nevertheless, Sg g ¢ 1
not null. It is almost certain that the set of t that satisfies the stronger growth criterion (9)
below is dense everywhere with the power of the continuum. There are similar properties for
the TFSPIDE gradient 0, Ug (-, x).

Fix x € RY. For every A € (0,1], the set of temporal A-fast points for the fourth-order
TFSPIDE are defined by

Spax(A) = {t € [0,1] : limsup ¢ g | Up (£ + b, x) — Upg(t,x)| > A}, )
h—0+

where ¢g 4, is given in (5). For every x € (0,1], the set of the temporal x-fast points for the
fourth-order TFSPIDE gradients are defined by

Sp(x) = {te 0,1 tim sup g DLIp (¢ + 1, x) =3x8 )] 2 xbo (0

where ¢, is given in (7).

The Sg 4, (A) are the sets of ¢, where the temporal LIL of TFSPIDEs fail, and the Sg (x)
are the sets of ¢, where the temporal LIL of TFSPIDE gradients fail. This kind of set is
usually called the fast point set or exceptional time set. It is interesting to obtain information
about the sizes of Sg 4 (1) and Sg«(x). We usually do this by considering their Hausdorff
measures. This problem was first introduced in Orey and Taylor [16] on the fast set for
Brownian motion. After this famous paper, there were several papers that studied this
problem for general Gaussian processes. Among other things, the fractal nature of the fast
set of empirical processes with independent increments was studied in [17]. The fractal
nature of the fast point set of L”-valued Gaussian processes was studied in [18]. The limsup
fractal nature of the fast point sets of Gaussian processes was studied in [19]. The solutions
and gradient solutions for TFSPIDEs are spatio-temporal Gaussian random fields. It is,
therefore, natural to study this type of fractal nature (in the sense of [16,19]). This paper is
devoted to establishing the fractal nature and hitting probabilities for the sets of temporal
fast points for TFSPIDE Ug(t, x) and the gradient process dxUpg(t, x).

Recall (see, e.g., [20,21]) that the Hausdorff dimension dim B of a subset B of [0, 1] is
defined by

dim(B) = inf{a > 0: pg(B) =0 for g(s) =s"}.

The Hausdorff g-measure of a subset B of a real line for any continuous increasing function
¢ :[0,1] — [0, +o0] with g(0) = 0 is defined as follows:

p(B) =lim | inf Y g(d(C)], (11)
d(Cj)<é

where the infimum in (11) extends over all countable covers of B by sets C; of diameter
d(C;) < 6. Keep in mind that, while ¢ (B) simplifies to an Lebesgue outer measure if
g(s) = s, using a distinct g creates a hierarchy of measures. By being familiar with the class
of measure functions g for which y¢(B) = 0, one may determine the metric features of
B. The purpose of this article is to show the following two theorems. In the first one, we
show that Sg 4,(A) and S (x) are random fractals, and we also evaluate their Hausdorff
dimensions. In the second one, we show that hitting probabilities are determined by the
the target set B’s packing dimension dim,, (B) rather than its Hausdorff dimension dim(B).
For a definition of packing dimension, see [22].
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Theorem 2. (Fractal nature for the sets of the temporal fast points.) Let p € (0,1/2], x € R?
(d=1,2,3) and ug = 0 in (1) be fixed.
(a) Suppose d € {1,2,3}. For every A € [0, 1] with a probability of one, we have

dim(Sgq.(A)) =1 - A% (12)
(b) Suppose d = 1. For every x € [0, 1] with a probability of one, we have
dim(Sp,(x)) =1 x> (13)

The following theorem demonstrates that the appropriate index through which to
determine whether sets overlap Sg 4 (A) and Sg . (x) is the packing dimension.

Theorem 3. (Hitting probabilities for the sets of temporal fast points.) Let B € (0,1/2], x € R?
(d=1,2,3) and up = 0 in (1) be fixed.
(a) Suppose d € {1,2,3}. For every A € [0,1] and every analytic set B C R, we have

1, ifdim,(B) > A2,
P{S A)NB#Q} = P 14
{Spa(A)NB # O} {O, if dim, (B) < A2 (14)
(b) Suppose d = 1. For every x € [0,1] and every analytic set B C R, we have
P{Ss.(x) B £} = 4 Fdimy(B) > (15)
pariX ~ o, ifdim,(B) < x

Remark 2. It is easy to see that Equations (14) and (15) are respectively equivalent for every
analytic set B C Ry. As such, we have

IP’{ sup lim sup ¢ g | U (£ + b, x) — Ug(t, )| = (dimP(B))l/z} ~1, (16)
teB  h—0+

and
IP’{ sup limsup ¢ ,|0x U ( + 1, x) — 9 Up(t, x)| = (dimP(B))l/z} -1 (17
teB  h—0+
Thus, in the context of TESPIDEs and their gradients, Equations (16) and (17) can be understood
as two probabilistic interpretations of the packing dimension of an analytic set B C R..

Remark 3. We obtain the following probabilistic interpretations of the upper and lower Minkowski
dimensions of B, which are denoted by dim,, (B) and dim  (B), respectively. This was achieved by
reversing the order of sup and lim sup in Equation (16); these definitions are provided in [22].

]P’{ lim sup sup ¢ 4| Ug (£ + B, x) — Ug(t, x)| = (dimM(B))l/Z} =1, (18)
h—0+ teB
.. _ . 1/2 | _

IP’{ I}géﬂfstgg @p,anUp(t+h,x) — Up(t,x)| = (dim  (B)) } =1 (19)

According to Equations (18) and (19), there are also probabilistic interpretations of the upper and
lower Minkowski dimensions of B.

An undefined positive, finite constant, c, will be used throughout this work; however,
it might not always be the same. ¢;1,c; 5, ... were found to be more particularly positive
and finite constants (independent of x), as shown in Section 1.

The remainder of the article is organized as follows. In Section 2, using the time-
fractional SPIDEs kernel SIE formulation, the rigorous TESPIDE kernel SIE (mild) for-
mulation and temporal spectral density for TFSPIDEs and their gradients are discussed.
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Estimations on the second-order moments of temporal increments of the fourth-order
TESPIDEs and their gradients are also obtained. In Section 3, we prove Theorem 1 and
thereby establish the exact temporal continuity moduli for the TFSPIDEs and their gradi-
ents; in addition, we prove Theorem 2 and thereby obtain Hausdorff dimensions of the
sets of temporal fast points for the TFSPIDEs and their gradients. Furthermore, we prove
Theorem 3 and thereby obtain the hitting probabilities of the sets of temporal fast points for
the TFSPIDEs and their gradients. In Section 4, the results are summarized and discussed.

2. Preliminaries
2.1. Rigorous Kernel SIE Formulations

We define the rigorous mild SIE formulations of the TFSPIDEs, as in [13], using the
density of an inverse stable Lévy time Brownian motion. According to [10-12], this density
is the time-fractional PDE’s solution as follows:

d.
Caﬁu Aulg, (t,x) € Ry x R% (20)
u,;(o x)=0d(x), xR,

where J(x) is the Dirac function. This solution is the transition density of a d-dimensional
B-inverse-stable-Lévy-time Brownian motion (8-ISLTBM). It starts from x € R, BY, :=
{B*(Ap(t)),t > 0}, where the inverse stable Lévy motion Ag of index B € (0,1/2] serves as
the time clock for an independent d-dimensional Brownian motion B* (see [10,23]), which
is given by the following;:

d__A
txy / H?Q/Iy t(fsds (21)
where HEI;Ay %ﬁ/ﬁs nd Ht 0 = tp~ s 171/ Fgg(ts~1/F). Here, the density of a stable
subordinator is denoted by g4(u), and its Laplace transform is e’ When B =1/2, the

(B.d)

density of the Brownian-time Brownian motion (BTBM) is represented by the kernel H;.,"",
as described in [9]; for B € {1/ 2k ke N }, the density of the k-iterated BTBM is represented

by the kernel Hgﬁ'd), as explained in [10,11].
Let b : R — R be Borel measurable. The non-linear drift diffusion TFSPIDE is thus

1 B adJer i
Cppu, = 30Up + 1! [b(uﬁ) +a(uﬁ)m], (t,x) € Ry x RY, )
Ug(0, x)—uo( ), x € R%.

Then, the rigorous TFSPIDE kernel SIE formulation is the SIE (see Equation (1.11), and
Definition 1.1 in [12], as well as p. 530 in [9]), is as follows:

=
(23)
[, [ D bUts,y))dsdy + a(us, ) Wids x dy)l.

Naturally, this yields the mild formulation of (1.1), which is when 2 = 1 and b = 0 are set
in (22).

The spatial Fourier transform of the S-time-fractional (including the § = 1/2 BTBM
example) kernels from Lemma 2.1 in [13] is cited to conclude this section.

Lemma 1 (Transforms of a spatial Fourier type). Let 0 < g < 1 and Hgf;i) be the B-time-

fractional kernel. The B-time-fractional kernel’s spatial Fourier transform is provided by

2
Y = 2r)iEg( - %tﬁ), (24)
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where
400 uk

Eplu) = ,{g T(1+ Bk)’ (25)

is the well-known function of Mittag—Leffler. The spatial Fourier transform in its symmetric form is
applied here as follows: f(&) = (271) %2 [pq f(u) e7 14 du.

2.2. Estimations on the Variances of Temporal Increments of TFSPIDEs and Their Gradients

For the purposes of this subsection, let x € R be an arbitrary, fixed variable. The
auxiliary Gaussian random field {X4(t,x),t € R4, x € R} is defined by the following;

(BA)
t x /]Rd / )%y H(*r).gx,y) W(d]’ X dy)/ (26)

where z; = max{z,0} for any z € R. Then, the TESPIDE solution U has a decomposition
as Ug(t, x) = Xp(t,x) — Yp(t, x), where

) (BA)
t x) /]Rd / (t ey H(#)%W) W(dr x dy). (27)

This decomposition idea was first introduced in the second-order SPDE setting in [23]. It
has since been implemented in the second-order heat SPDE setting in [24,25].

Using the previously mentioned decomposition of Ug, we first calculated the exact
variance for the temporal increments of the auxiliary process Xz. Then, we transferred
these to our TFSPIDE solution Ug in terms of Xg and a smooth process of Yg. The outcome
that followed was crucial.

Lemma 2. Let B € (0,1/2], x € RY (d = 1,2,3) and ug = 0 in (1) be fixed. Then, for any
s, t € (0, T| such that t/s is sufficiently close to 1, we have

2-dp
E[(Ug(t, x) — Ug(s, x))*] = (Kgaq+o(1))[t —s| 2, (28)
where Kg 4 is given in (3).
Proof. With Theorem 4.1 in [13], we have
E[|Xg(t,x) — Xﬁ(s,x)|2] = Z/R(l —cos((t —s)7))fp(T)dT, (29)

where
1

e
|T[2~(@B) /2 Jri 1 4 |2 cos(ZE) + L]

fp(1) = (2m)~* dg.
With the change in variable T — u : u = (t —s)7, (29) yields
2 14
E[|Xﬁ(t,x)—Xﬂ(s,x)| } :K/g,d|i’—s| 2, (30)

Let x € RY be fixed. For each 0 < s < t, we can obtain the following by using
Parseval’s identity to the integral in y:

EHYﬁ(t,x) Y’B(s * /Rd/ ‘Ht rxyH{0>r _Hs(ﬁr)xyﬂ{o>r} drdy 1)
= (BA)
o /]R/Rd f*’;ngﬂ{(b’} _Hsfr;x,g]l{0>r} d(fdr.
Note that
f d t—r
Hgﬁjléf(Zﬂf) ZE,B( ‘§| (2 ) ) (32)
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Through the corollary on page 23 in [26], we have
d d/2 +o00
2 cdyy = d/2-1
Rd f(izzlxl>dx1 dxd r(d/z) ‘/0 y f(y)dy’ (33)
Through Equations (32) and (33), Equation (31) becomes
E[[Yp(t, x) — Yﬁ(s X) %]
[

Eg( — t—r) Liosry — Ep — (s —r)P Liosn
Iy T Y

- i / e~ $0-0) < (- Y- )

It follows from (7.7) in [27] that

2

drd¢ (34)

Ep(—x) = 2 [0yt e &

7T

where
7P
1+ 2ZP cos(Brr) + ¢%F°

ag(g) =

Thus, Equation (34) yields

E[[Yp(t,x) — Y;a(s x) 2]

_ 1 sin(pr) gt i1 L LVB(t—r) _ —(DVB(s—r) 37|
= w7 = Ll st e 0o e e (36)
1 sin?(Brr) [+e yi/2-1 +°° §)1/8( VBt 2
< s=1) |g=C(5)VP(t=s) _
= 20T(d/2) m2td/2 /o / ‘/ t]a] drdy.
Since, for any u > 0, |1 — e~ "| < 2u, Equation (36) yields
E[|Yp(t, x) — Yp(s,x)|?]
1 sin®(B7r) 2 [T a242/p1 oo YYVB(s—r (37)
S @y e Y /0 Y / ‘/ dé‘ dardy.
By changing the variables r — u : u = (3)Prand y — v: v = (§)1/Ps, (37) yields
E[|Yp(t,x) = Yp(s,x)[?]
Zd/2+2/3 /2 Sinz(ﬁﬂ) (t—S)2 +oo 4o 400 2
< (ap)/2 / ~{og—{u
=2 T(d/2) 2 S(dﬁ)/2+1/0 4 o ‘ 0 Gaﬁ(C)e e dé‘ dudv (38)
S 2
< W(t —s)%,

since the integral above is finite for 0 < g < 1/2. Furthermore, as Uy and Yj are indepen-
dent, we have
E[|Xp(t,x) — Xp(s, 1) [*] = E[|Up(t, x) — Ug(s, x)[*] + E[|Yp(t, x) = Yp(s,x)[*].  (39)

Note that s~ ((4)/2+1) (t — 5)2 = (t — 5)1=(@F)/2(t /5 — 1)14(4B)/2 Combining (30), (38) and
(39), we also obtain the following for any 0 < s < t:

[E{(Up(t, x) — Up(s,2))%] — Kyalt =)'~ 0/2] < ¢, (1= )1 @)/ /5 - 1)1+ /2. a0)

This yields (28) and completes the proof. [

We also need the following estimation on the variances of temporal increments of the
TFSPIDE gradient process dxUg (-, x).
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Lemma 3. Let B € (0,1/2], x € R (d = 1,2,3) and uy = 0 in (1) be fixed. Then, for all
s, t € (0, T], such that t/s is sufficiently close to 1, we have

2-3p
E[(@xUp (L, x) — 3y (s,x))2] = (Kgo +o(1)|t =77, (41)
where Kg o is given in (4).

Proof. Through (4.40) in [13], we have

E[|oxXp(t, x) — axXﬁ(s,x)|2] = Z/R(l —cos((t —s)7))fp(T)dT, (42)
where 2
_ 1| —2+F
fo(1) = @)Yl /RH?COS(,?HM@

Via a change in the variables to the integral in T, (42) yields
_3
E[[0xXg(t, x) — 0xXp(s,x)|*] = Kgo|t —s[' 2. (43)

Let x € R be fixed. For each 0 < s < t, we obtain the following by using Parseval’s
identity to the integral in y:

2
/1 ,1
E[0:Yp(t, ) = xYp(s, )P = [ [ [P Tionry =0 Loy | drdy s
_ (1) rr(B1) 2
- /]R /l‘{d 62 Htfr;xlg]l{0>r} - Hsfr;xlg]l{0>r} dgdr
Following the same route as the proof of (38), via (44), we have
c
E[[0xYp(t, x) — 0xYp(s, x)[*] < 53[357/;“(1‘ —s)2 (45)

Thus, with (43) and (45), similar to the proof of (40), we obtain (41). This completes
the proof. [

3. Results
3.1. Temporal Moduli of Continuity

We prove Theorem 1 in this subsection, thus establishing the temporal moduli of
continuity for the TFSPIDEs, as well as their gradients, in the process. The following precise
large deviation estimates for the TFSPIDEs and their gradients are necessary for our results.

Lemmad. Let B € (0,1/2], x € RY (d = 1,2,3) and ug = 0 in (1) be fixed.
(a) Suppose d € {1,2,3}. Then, for any t,h € Ry, such that h/t is sufficiently close to 0,

we have . ,
. 2 1/25, 28N\ _
Jim_u 1ogﬂ»(|u,3(t+h,x) — Up(t,x)| > uKy/Zh ) =—. (46)

(b) Suppose d = 1. Then, for any t,h € R, such that h/t is sufficiently close to 0, we have

lim w2 logP(|axuﬁ(t + 1, x) — 3 Ug(t x)| > uk

u—+0o

17242238\ 1
VEn )f—i. 47)

Proof. We only show (46) because the proof of (47), which is similar to that of (46). Since
h/t is sufficiently close to 0, via Lemma 2, we have E[(Ug(t + &, x) — Up(t, x))?] = (Kga +

0(1))h1_dT/5. Thus, via a well-known estimation (cf., e.g., [28] (p. 23)), we have

1 1 1\ _.2 1 2
E(;—;)e x/zgl—cb(x)g ane /2 x>0, (48)
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in which we obtain (46) immediately. The proof is thus completed. [

We needed the following Fernique-type inequality for the TFSPIDEs and their gradi-
ents as it is required in the proof.

Lemma 5. Let g € (0,1/2], x € RY (d = 1,2,3) and ug = 0 in (1) be fixed.

(a) Suppose d € {1,2,3}. Then, for any € > 0, there exist positive and finite constants, i.e.,
independent of x, and hy = ho(e) and c = c(e) are such that, for any compact interval Iime C R4,
0 < h < hgand u > 0, we have

]P’( sup |Up(t, x) — Up(s,x)| > uK e 2ve. (49)

1/2]1%) <
1€ Itime, |F—s|<h

B.Ad

(b) Suppose d = 1. Then, for any € > 0, there exist positive and finite constants, i.e.,
independent of x, and hy = hy(€) and ¢ = c(€) are such that, for any compact interval Iyime C Ry,
0<h < hgandu > 0, we have

_ u2
P sup |8xuﬁ(t,x) - axUﬂ(s, x)| > uKllsgzh#) < Ee_m. (50)
S,t€ Iime, |t—s|<h ’ h

Proof. By using (46) and (47), as well as by following the same route as the proof of
Proposition 3.3 in [29], we obtain (49) and (50), respectively. This completes the proof. [

Now, we can complete the Proof of Theorem 1.

Proof of Theorem 1. By making use of (49) and (50), as well as by following the same route
as the proof of Theorems 1.4 and 1.7 in [13], we obtain (5)—(8). This completes the proof. [

3.2. Hausdorff Dimensions for the Sets of Temporal Fast Points

We prove Theorem 2 in this subsection, thus obtaining Hausdorff dimensions for the
sets of temporal fast points of the TFSPIDEs, as well as their gradients, in the process.

Proof of Theorem 2. We only show Equation (11) because Equation (12) can be proved
similarly. Equation (11). Via Lemma 5 and the following, i.e., the same lines in the proof of
Theorem 2 of [16] (p. 180), we can show that, with a probability of one,

VA €[0,1], dim(Sggx(A)) <1—A% (51)
That is, the upper bound of Equation (11) is validated. O

We now turn to the proof of the opposite inequality. It suffices to show that, with a
probability of one,
YA €[0,1], dim(Sga.(A)) >1— A% (52)

We follow Theorem 1.1 of [18]. Without a loss of generality, we can assume 0 < A < 1.
For every fixed 0 < Ag < A < 1, we show that S ﬁ,d,x()\) contains a Cantor-like subset of
dimension of at least 7 — 2¢, where 0 < € < 77/2 < 1 and 7 = 1 — A3. A sequence of
values for A converging to A, as well as € converging to 0, was then used to determine
the outcome. The focus of the proof was on creating this Cantor-like subset, which was
essentially a generalized version of the reasoning presented in the proofs of [16,18].

We state the following lemma that is required in the proof (see [18]).

Lemma 6. Suppose g : [0,1] — [0, +00) is a continuous function with g(0) = 0. Let F C [0,1]
be such that F = ﬂf:"ll-"m, where F; D --- D Fy--- form=1,2,...,and F; = U,i\i”llm,i with
{Ly; : 1 <i < Ny} being, for each m > 1, a collection of disjoint closed subintervals of [0,1].
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Then, if there exist two constants § > 0 and C > 0, such that, for every interval I C [0, 1] with
|I| <6, there is a constant m(I), such that, for all m > m(I), we have

No(I) = #{I,,; C L1 <i < Ny} < C(|1])Nu, (53)
we have g (F) > 0.
Let 7 be the collection of intervals [s, t] C [0,1] such that
Ug(t,x) — Up(s,x) > Ay
The modulus of continuity (5) tells us that
|Ug(t,x) — Up(s, x)| < V29, (54)

for all s,t € [0,1] that have a |s — t| that is small enough. Thus, there is b > 0, which
depends only on A and Ag such that, for every small value, we have Lime = [s,t] C [0,1],

Uﬁ(t, x) — U‘B(S, x) > )\04)“,5‘, (55)

which implies that [v,t] € T for all v € Lime(b) = [s,s + b(t —s)]. For convenience, we
assume that b is the reciprocal of an integer.

Suppose that 1, is the reciprocal of an integer, 7,1 < bry,, and bry, /14,41 is an integer
form =1,2,... Let 6 be a positive number such that 6 < €/16. For every m > 1, define
vm = 1l om = |(r' —1)/vm] +1and

tmi= Wmtm, 1=0,1,...,0m—1,

jm = {[tm,ir tm,i + rm]rl = 0/ 1/ .. -;Qm - 1}
For every m > 1 and Lime = [tm i) tmi + m) € Tm, define

Aﬁ,d,x(m/ Lime) = ’Y;,,l(uﬁ(tm,i + T, X) — uﬁ(tm,i/ x))/

172, 2498 .
where v), = Kﬁ ;h % . Moreover, we define

I+ = {Ttime € Fm; Npx (11, Ttime) > A2log(1/rm))Y/?},
TIm+ (D) = {Lime(b) = [s,5 + b(t — )], Ltime = [5,t] € Tm,+},
Pm(Jime) = #{Iime € T+ Iime C Jtime}, Pm = pm([0,1]),
0m(Jiime) = #{ lime € T, Lime C Jtime}, 0m = om([0,1]),
o 1 = P(N(0,1) > A(2log(1/rm))"?),

where 0 < 7(m) — :=1— A2 asm — +oo.
From (4), we derive that, for any m large enough, lime = [s, ] € T + is implied (55).
Then, we have [v,t] € T for any s € Lime(b) € Jim,+(b).

Lemma?7. Let p € (0,1/2],x € R (d =1,2,3) and ug = 0 in (1) be fixed. Then, there exists a
positive, independent of x, constant ¢ = c(d) > 0, such that, for all Lime = [ty i)ty i + 'm] € Tm
and Jtime = [tmj tm,j + 1m] € Tm With Lime N Jtime = @, as well as all m > mq with some
mg > 0, we have

E[Ap . (m, Time) Apdq (1, Jtime)] < cvy, . (56)

Proof. For convenience, we assume that j > i > 0. For brevity, we define Z¢ (-, -) with the
increments of the process &(-, -) as follows:

Zex(s,t) = E(t,x) = E(s,x), t,s € Ry, x € RY
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It follows from (28) that, for j > i > 0 and large m, we have

E(Zx, s (iVm, iV + 1) Zx 2 (jvm, jvm + 1))
= E[(Zstya(fvm v + 1))2] — E[(Zxyx vms ivm))?]

— E[(Zxyx(jvm + 1, ivm + 1))+ E[(Zx,x(jvm +1, ivm))?] ©7)

g

= Kpa(1+o(W)[(j i+ )% —2(j—i)"F 4 (j—i-1)1 %],

where Xg(+, ) is given in (26). Let f(x) = =% forx > 0. Then, f”(x) < 0 for x > 0. Note

that £(j— i +1) — f(j— i) = v f'(j — i +61) and f(j—1) — f(j—i—1) = f'(j— i — ),
where 01,6, € [0,1]. This yields the following for j > i > 0:

=i+ -2 F i pE
=f(j—i+61)—f(j—i—62)

= (01 +62)f"(j —i+63)

<0,

where 03 € [—1,1]. As such, together with (57), we have
E[Zsty (v, ivm + 1) Zxy (v, jim + 1)] < 0. (58)
Similarly to (57),

E[ZYﬁ,x(ivmr Z"Vm + 1)ZY/3,X(].V1’I1/]’Vm + 1)}
= E[(ZYﬁ,x(ijriVm +1))?] - ]E[(ZYﬁ,x(ij/iVM))z] (59)
—E[(Zy, x(jvm + L ivm + 1))% + El(Zy, x(jvm +1, ivm))?],

where Y5(~, -) is given in (27). It follows from (36) that, for any ¢, s € R, we have

E[(Zyy c(£,5))?)

= K.
20T(d/2) n2+ir? /0 Y /_oo‘/o 96 (O (8, 5)dL] dry

1 sinz(ﬁn) +oo [0 ptoo ptoo
T 200(d/2) n2tar /0 ¥ 1/_00/0 /0 76(61)5(C2)
XK.y (C1,t,8)Kp,y (G2, t,5)dT1dlodrdy,

(60)

where the following notation is used:
Kﬁ;r,y(gz t,s) = e85 P(s=r) (efg(%)]/ﬁ(tfs) — l).
By some element calculations, we can conclude that, for j > i > 0, we have

Ky (Z1, jVms i + 1)Ky (G2, o ivm + 1)
- Kﬁ;r,y(glrjvm/ iVm)Kﬁ;r,y(gzl]'er Vi)
— Kﬁ;rry(gl,jvm +1, vy, + 1)Kﬁ;,,y(§2,jvm +1,iv, +1)
+ Ky (G, vm + 1 ivn) Ky (2 jvms + 1, i)

(61)
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G DVE (= (GH) (9P _q)

< [e= @) DB (un=1) (1 _ p=G1(9VPy (1 _ o= 02(5)/F
[e ( )1 —e )

+ e~ (rm=Da+um&) (DVP (1 _ o=G(DVP) (o=L(DVP(=m _ 1)

+ e~ i+ (un=18)(DVP (1 _ o=Ca(5) “ﬁi( ~a@"PG-vm _ )]
4 er(§1+62)(%)1/ﬁ{e—(CﬁCz)(%)l/ﬁ(fVm—l)(1 — e 0Py (1 = 0V
e 1@+ P (1 _ o=0 (D) (1 _ o~ QDY)
4 e ((um=Da+mb) ()P (1 _ =0 (DY)
x [e @Y= (1 _ o=@+ (VP 4 (o=0(DVP _q)]
+ e i (vm=1)02) (1P (1 _ o=Ea($)'/P)
x [e= Gt DVP(=Dvm (1 _ o= (@+E)(DVFy 4 (=a(DVP _ 1)]}_

Since for any u > 0, |1 — e *| < 2u, the absolute value of the above equation is less than
the following quantity, for any j > i > 0, we have

48¢"(G1+0) (VP o= (L1 +52) ()P (ivm—1) (62)

LSRR NS Dl P E—
Integrating this first in r, we have f 20 dr o Cz) o Then, noting that

ag(gi) < 2cos(/37r) forall ; € R4 and i = 1,2, via the change in variables {1 — uy : u; =
($)VP (v —1)g1 and §o — up : up = (§)VP(ivy, — 1){o—as well as by mtegratmg r, 4

and {; in (62) separately—we can conclude this integration is less that W Thus,
together with (59)—(62), we obtain
B[ Zyy x (iVim, iV + 1) Zyg o (jVm, jvm + 1] < evy " (63)

Since the Gaussian process {Ug(t, x),t > 0} is self-similar with the index (2 — Bd) /4
(see [13] (p. 1591)), we obtain

E[Aﬁ,d,x(mr Itime)Aﬁ,d,x(m/ ]timE)] = E[Zug,x(ivm' ivm + 1)Zuﬁ,x (ijerm =+ 1)] (64)

Soince Ug(t,x) = Xg(t,x) — Yp(t,x), Up(t,x) and Yg(t, x) are independent for (t,x) €
R x R?, Equation (64) becomes

E[Ap,d,x(m, Itime) Ap,d,x (M, Jtime)]

. . . o (65)
= E[Zxﬁrx(zvm,wm + 1)ZXﬁ,x(]Vm/]Vm +1)] — E[Zyﬁ,x(zvm,zvm + 1)Zyﬁ,x(]vm,]vm +1)].
With (58), (63) and (65), we obtain (56). The proof is thus completed. O
We also need the following three lemmas.
Lemma 8. Forany 0 < ¢ < 1/2, there exists an integer my, such that
P(lom (Jeime) — Elom (Jime)]| = AE[om (Jime)]) < 2exp(—Z(A = 20)Elom (Jiime)]) + 73 (66)

for all Jyime C [0,1], m > mgyand A > 0.
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Proof. We follow Lemma 2.3 of [18]. For brevity, we denote Z,,; = ZUﬁ,x(tm,ir twi + Tm),
Ypi= »y,—mlzm,i, 0m = Om(Jtime), tm = (2 log(l/rm))l/2 and d,, = v,,!. Note that

0m (Jtime)

pm(]time) = Z ]I(’)/;mlzm’i > Mm)
i=1

Let {¢, Yr’n,i,i =1,...,0m} be independent mean zero Gaussian random variables with
E[¢5] = 6m and E[(Y),})*] = 1 —du. Then, E[(Gn +Y;,;)*] = E[(Ys:)?] = 1 and
E (Yo Yon,) < El(Gon + Yl ) (@ + Yl )] = EIG) = b (i # ).

For any m large enough, define p;, 0 = pm(A), such that g, = J(A + 1)E{om (Jtime)

] p—
ZA + 1)ompmo, P = pm((A —38)?)/(1 = 6,)"/2) and pua = pm((A +38){)/(1 -
5m)1/2),where
pm(z) =P(N(0,1) > zly,), z > 0.

Let f(z) = e*if 0 < z < g, and = e¥(z — gy + 1) if z > gy, and let §(Yo 1, - -, Yin0,) =
f(Zom(Jime))- Then, (Y1, .-, Yino,) < ePmlJime) \/ 0,7, Via the well-known compari-
son property (cf. Theorem 3.11 of [30] (p. 74)), we have

Elg(Yma,---, Ym,Qm)] < E[g(&m + len,ll oo Cm T+ Yi”l’l,Qm)]'
Thus, we conclude that

P(pm(]time) - E[pm(]time)] > )\E[pm(]time)])
= P(f(Com(Jime)) = f(qm)))

=PV, s Yimn) = €))

<e ME[g(Yu1, s Yimon))

< e ME[g(Cm+ Yy 1, 8+ Y,;/Qm)]

< e BT En Ay g, < 361/20,)] + ouetP(En > 301 26n) }
< e MR TN > O350 | o P, > 361/20,)}.

Via the fact that {Y/ .,i =1,..., 0} are independent, it is easy to see that

m,i’
E[ob T HY,> (A=361%) b}
— obomPma (E[EC(H{Y,;,P(A—35%«/2)4m}—iﬂm,1)])Qm

< eéQmpm/l (1 + Pm,1<1 _ pm,l)€2)Qm
S eng Pm1 +§2Qm Pm (1* Pma ) .

Then, we have

P(Pm(]time) - E[Pm(]time)] > AE[Pm(]time)])

< e~ 6em (A D)o =140 pma) 4 omP(Ep > 36%20,). ©7)

It follows from (48) that py0 ~ pm1 as m — +oo. This implies that (14 {)pm1 < (1 +
20)Pm,0- Thus, (67) becomes

P(pm(]time) - E[pm (]time)] > /\E[pm(]time)])
< e Gen(A=200pmo 4 op 149 68)

S e_ng()‘_ZC)pm,O + rfn'
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Similarly to (68), by choosing q,; = {((A — 1)0mpPmo + 0m), we have

P(E[Pm(]time)] - pm(]time) > /\E[Pm(ftime)])

et (69)
<e Com(A=20)pmo +7’31

Thus, together with (68), (66) is yielded. The proof is thus completed. [

Lemma 9. Given e > 0,6 > 0, with a probability of one, there exists an integer mg such that

‘Pm(]time) - E[Pm(]time)” < €E[Pm(]time>] (70)
for all Jiime C [0,1], such that |Jime| > 6 and all m > mg(e, 6).

2
Proof. It follows from (46) that p,, 0 = 1’2 (Hr"’), where r,, — 0 as m — +oo. This,

together with Lemma 8 and the Borel-Cantelli argument, yields (70). The proof is thus com-
pleted. [

Lemma 10. Given 17’ < 57 = 1 — A2, there is an absolute constant c such that, with a probability
of one, there exists my such that

o (Jime) < ¢|Jeime|” 0, ([0,1]), (71)

for all Jime C [0, 1]/ m > my.

Proof. It follows from Lemma 9 that it is enough to show that

om(Jiime) < clJsime!” Elon(10,1])] < c|Jiimel"” omra "™ (72)

for m > mj. Note that |Jime| < 7w implies Py (Jtime) = 0, 'm < |Jtime| < Vm?m, which
implies pm (Jiime) < 1 and |]ﬁme|’7,er,ln_'7(m) > o “1m 4 oo. Thus, we need only
to consider the case of |Jtime| > Vmrm. It is clearly sufficient to consider only the class
Dy, of intervals [iry, jrm|, where i,j are integers and 0 < i < j < (vyry) "', Note that
om ~ Vg1t ~ 1071 and 0y (Jiime) = |Jtime|0m- We deduce from Lemma 8 that for any m

large enough, we have

IP)(Pm(]time) > C|]time|'7/Qm73n_77(m)/] c Dm)
< rt exp(—clrul” ouri ") + 7,

<r,? exp(—crfnJr”L”(m)) 7.
Since, 6 + 1’ —n(m) — 6 + 1’ —n <0, it follows that

T ! —
Z ]P(Pm(]time) > C|]time|77 er}n r](m),] € Dm) < +oo.

m=1

This implies that, with a probability of one, there is a m; = my (') > 0 such that (72) holds.
The proof is thus completed. [J

Next, we shall show that the existence of a sequence of sets F; D F, D - - - are such that
they satisfy Lemma 2.1’s presumptions and that F = N'* F,, C S g,d,x(A). We can assume
that, for every stage of the construction that is completed in the same probability 1 set,
there are only a countable number of steps required and that each step can be completed
with a probability of 1. Select ' = 1 — }Ie and define my =: my(y") such that m > m; and



Fractal Fract. 2023, 7, 815

16 of 20

(71) hold. Assume that the sequence of positive numbers (€ ) satisfies )" €, < +o0. In the
first step, when using Lemma 9, we determine an integer n; > m; such that

lom = Elom]| < e1Elpm] (m = n).

And then we shall define an increasing sequence 11,15, . .. inductively, as well as define
fork > 1.

{Ik_i/1 <i< Qk} = {Itime(b) € jnk,+/ Itime(b) C Fk—l}/

R =[01], F=U%I;

Qk(]time) = #{i/ Ik,i C ]time} for Jime C [0/ 1]/ Qr = Qk([or 1})/

c(k) =n(ny), t(k) =1—g(k), Ry = |I;| = brp,.
For each k > 2, suppose that n;_1 has been defined; as such, we can define an 7y large
enough to ensure the following:

27(k—1
n > mo (e, sz(1 €Y, e = mo(eg, Ry_1),

2

Mg 2 201, T < Ty o)

where m (¢, ) is the integer determined in Lemma 9 to invalidate (70) and
1/(26) _ 2y T8 o) (i
R/ < v T R Wbe. (73)
i=1

Then, we have
|Pm (Itime) - Epm(]time)| < ekE[PmUtimeH (74)

for all C [0, 1], such that | Jtime| > Ri_1 and all m > n.
By making use of (73), (74) and Lemmas 9 and 10, via following the same route as the
proof of (2.23) in [18], we can obtain

k
Qe (Jime) < ¢( T T v ) RE imel "2 Qe (75)
i=1
forall Rgy 1 < [Jtime| < R, k>1,j > 1.
Noting that
I3+t
r%‘k = T ’ < TV =" Ty

and

via (75), we can conclude that

Qi j(Jime) < b7 | Jeimel ™% Qurj

forall Rx, 1 < |Jtime| < Rg, k > 1,j > 1. Thus, it follows from Lemma 6, as well as from the
fact that rﬁk’% — 0 (k = +0c0), with a probability of one, we have

pg—2¢(F) > 0. (76)
Hence, we have proved (52). The proof is thus completed.

3.3. Hitting Probabilities for the Sets of Temporal Fast Points

We prove Theorem 3 in this subsection, thereby obtaining hitting probabilities for the
sets of the temporal fast points of the TFSPIDESs, as well as their gradients, in the process.
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Proof of Theorem 3. We only show Equation (13) because Equation (14) can be proved
similarly. To prove Equation (13), via Remark 2, it is enough to show that, for every analytic
set B C R, we have

IP{ sup limsup ¢p 4| Up (£ + b, x) — Up(t, x)| = (dimP(B))l/Z} =1 (77)
teB  h—0+

O

By using (4) and Lemma 5, as well as by following the same route as the proof of the
upper bound of Theorem 2.1 in [19], we obtain

P{ suplimsupcp/g/d,ﬂuﬁ(t -+ h,x) — Uﬁ(t,x)| < (dimP(B))1/2} =1. (78)
teB  h—0+

We now turn to the proof of the opposite inequality. That is, it is enough to show that

P{ suplimsupcp/g/d,hwﬁ(t +h,x)— Uﬁ(t,x)| > (dimP(B))1/2} =1. (79)
teB  h—0+

Fix @ such that dim,, (B) > . For each integer n > 1, which are denoted by Q,,, the set of
all intervals of the form [m2~", (m + 1)27"], m € Z4 are obtained. In words, Q,, denotes
the totality of all intervals. For all [iime € Qy, define 71, (Itime) = m2~" to be the smallest
element in lijme. For Lime € Qp, which is denote by w, (Itime ), the indicator function of the
event (Og g (7 (Lime), 27" (log n)~1) > @'/?) is obtained, where the following notation
is used:

@ﬁ,d,x(t/h) = ¢ﬁ,d,h|uﬂ(t+h/x) — Uﬁ(t,x)|. (80)

In other words, wy, (Itime) is @ Bernoulli random variable whose values take 1 or 0 according
as to whether we have

Op (7 (Liime), 2 " (logn) ') > @'/%.

Define via D := limsup,, D(n) a discrete limsup random fractal, where

D(”) = U Itoime/

ltime € Qn:wn (Itime):1

and where 10

time denotes the interior of Ijjme. We can claim that, whenever dim, (B) > w,
then

P(DNB # @) = 1. (81)

We postpone the verification of (81) and prove (79) first, which thereby completes the proof.
Since dim, (B) > @, (81), implies that there exists t € B such that there is @ 4 (27" [t2"],
2-n (log)’l) > @ for infinitely many instances of 7, then, we have, in particular,

sup limsup ®p 4 (27" [t2"],27"(log) ') > @ as.

teB n—+oo

Via (4), we can obtain

lim sup |®/3,d/x(t,2_”(log)_l) — Opax (27"[12"],27"(log) 1| = 0 as.
n=rhe t€ ltime Itime € Qn

Thus, if dimp(F) > @, then (79) holds; as such, (77) also holds.

(81) remains to be verified. Fix a small # > 0 such that dim,(B) > @ + 5. By [31],
there is a closed B« C B, such that, for all open sets F, (whenever B. N F # @), then
dim,, (B« NF) > @ + 17 (see [22] for the definition of an upper Minkowski dimension). It
is enough to show that D N B, # @ when fixing an open set F such that F N B, # @. We
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can claim that, with a probability of one, D(n) N F N B, # @ is such for infinitely many n.
When defined via V(1) := U, D(k), n > 1, the open sets are obtained. As such, this claim
implies that, with a probability of one, V(1) N F N B, # @ is such for all n. Furthermore,
via letting F run over a countable base for the open sets, we can obtain a V(1) N B, that is as
dense as in (the complete metric space) B.. Via Baire’s category theorem (see [32]), we have
a B, NN 1% V(n) that is dense in B and, in particular, non-empty. Since D = N>V (n), we
can conclude that D N B, # @, which, in turn, means that (81) holds and its results follow.

Fix an open set F by satisfying F N B, # @. This is denoted by NV, which are the total
number of intervals ime € Qy thatsatisfy Iiime N F N By # @. Since dim,,(FNBy) > @ +1,
via the definition of an upper Minkowski dimension, there exists 1 > @ + 7 such that
N, > 21 is the case for the infinitely many integers of n. Thus, #(X) = +oo, where

N = {nZl:NnEZ”‘Dl}. (82)

As denote by Q) 1= Y wy(Itime), the total number of intervals Iime € Qy is such
that Lime N FN B, N D(n) # @, where the sum is taken over for all iy € Q, such that
Itime N B* NF # @,

Qu = #{Itime € Qn * Ltime N B« NF # @, 0p 4 (70 (Liime ), 2 "(logn) ') > @'/2}.

In order to show that, with a probability of one, D(n) N F N B, # @ applies for the
infinitely many instances of 1, it suffices to show that (2, > 0 applies for the infinitely
many instances of n. That is, it is enough to show that

P(Qy >0i0.) =1. (83)

It follows from Lemma 4 that p, = 2-m@+a) where a, — 0is ton — —+oo. Hence,
E[Q] = Nypn > 2@ ~@=a1) Thus, it follows from Lemma 9 that, with a probability of
one, O, > c2M@1—@—an) applies, which implies that P(Q), = 0) — O asis to n — +o0. Via
Fatou’s lemma, one can obtain

P(Q, > 0 i.0.) > limsupP(Q), >0) = 1.

n—+0co

This yields (83). This thus completes the proof.

4. Conclusions

In this article, we established the exact, dimension-dependent temporal continuity
moduli for fourth-order TFSPIDEs and their gradients. This was achieved by determining
the precise values of the normalized constants, and these were supplemented by the
prior efforts of Allouba and Xiao on the spatio-temporal Holder regularity of the fourth-
order TESPIDEs and their gradients. We obtained Hausdorff dimensions and the hitting
probabilities of the sets of the temporal fast points for the fourth-order TFSPIDEs and their
gradients in a time variable ¢. It was confirmed that these points of the TFSPIDEs and their
gradients, in time, have a probability of one everywhere, and that they are dense with
the power of the continuum. In addition, their hitting probabilities were determined by
the target set B’s packing dimension dim, (B). On the one hand, this work has reinforced
the temporal continuity moduli and temporal LILs obtained in [13] by obtaining the exact
values of their normalized constants; on the other hand, this work has obtained the size of
the set of fast points, as well as the potential theory of TFSPIDEs and their gradients.
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TFSPIDE  Time-fractional stochastic partial integro-differential equation
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LIL Law of the iterated logarithm
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