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1. Introduction

There are several branches of science and engineering in which the dynamic behaviour
of natural processes is swiftly modelled using the concept of integrals, which have non-
integer order and are covered in fractional calculus of functions and their derivatives, etc.
Since FDEs include non-local relationships for both time and space, the study of fractional
calculus has begun to advance more quickly all over the world. Additionally, fractional
differential equations are an excellent tool for explaining memory and genetic traits in
a variety of processes. The authors of [1,2] employed fractional differential operators
for a different use. These operators were used to understand population growth models.
Fractional calculus underwent significant growth after the 19th century, primarily as a result
of its suitability for a wide range of disciplines and the emergence of numerous definitions
for fractional derivatives, each of which had its own unique characteristics. Examples
of these definitions include the Wieyl definition, the Riemann-Liouville definition, the
Caputo definition, and others. Ironically, the integral form appears in the majority of the
formulations of fractional derivatives. Readers are directed to [3-5] for a comprehensive
understanding of fractional calculus and [6-16] for an overview of fractional differential
equations (FDEs).

The majority of definitions of fractional derivatives utilise the integral form, as previ-
ously established. However, in 2014, R. Khalil et al. [17] proposed a limit-based approach,
similar to the usual derivative, characterising it as conformable and analogous to a con-
ventional derivative. Subsequently, F. Zulfeqarr et al. [18] introduced the new concept of
deformable derivatives, which was notably more straightforward than Khalil’s definition.
This derivative was inspired by Khalil’s work and addressed its limitations while also
accommodating a broader range of applications.
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It is common knowledge that engineering and mathematical control theory both
strongly depend on the idea of controllability. As a result, several researchers have thor-
oughly examined the controllability of various nonlinear systems in recent years, for
example [19-25], and the references therein. Finding an appropriate control function that
will allow researchers to move the dynamical system’s state towards the targeted final state
is the controllability problem. While exact controllability steers towards an exact final state,
approximate controllability allows researchers to steer the system towards an arbitrarily
small neighbourhood of the final state. Approximate controllability, therefore, applies more
to dynamical systems.

Since Hille and Yosida’s discovery of generation theory in 1948, the study of semi-
groups of BLOs has undergone significant developments, making it a substantial area
of mathematics that is widely employed in several analytical fields. To solve differential
equations, it is necessary to understand the concept of semigroups of BLOs. It has been
effective in resolving a considerable class of differential and integro-differential problems
in recent years. Using semigroups, Pazy [26] investigated the EaU of classical solutions,
strong solutions, and mild solutions to evolution systems.

Further investigation started with a discussion of previously published works [10,27-29].
Specifically, the existence and uniqueness of the mild solutions and approximate
controllability of fractional evolution equations with deformable derivatives were
investigated in [29,30]

DPw(p) = Qu(p) + f(B,w(p)), pel=[0b], 0<p<1,
w(0) = wo,
and the conclusions were made possible using Banach’s and Schauder’s fixed-point theo-
rems in semigroup theory.

The authors of [10] examined the existence and uniqueness of solutions to the Cauchy
problem for fractional differential equations with non-local conditions

Dfw(p) = f(Bw(p)), Bel=[02], 0<p<1,
w(0) + g(w) = wo,

+

in a Banach space.

Also, the authors of [16] further investigated the properties of the deformable deriva-
tives and used the results to study the existence of solutions to the integro-differential
equation

8
DPw(B) = k(w(B)) + f(B,w(B)) +‘/0 K(B,o,w(o))do, 1=[0,2] and Bel, 0<p<1,
w(0) = wy,

achieving their results using Weissinger s fixed-point theorem and Krasnoselskii’s fixed-
point theorem.

Later, M. Etefa and Guerekata et al. [27] studied the results of sufficient conditions
for the existence of solutions for a class of initial value problems for impulsive fractional
differential equations involving the deformable fractional derivative

Dpw(,B) :f(.B/w(:B))' pel= [O/X]/ p # B, I= 1L2,...,p
Awlp_p = I (w(B)),
w(0) = wy.

Further, they obtained their results using the Banach contraction principle and the
alternative Leray-Schauder fixed-point theorems.
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Drawing inspiration from the above-mentioned works, we study the existence and
uniqueness results for FNDE with PP of the model

PPDPlw(B) — A1(B,w(B))] = Qlw(B) — A1(B,w(B))] + A2(B,w (), 1)
(U(O) = Wo, )

and the corresponding controllability model

PPDP[w(B) — Ai(B,w(B))] = Qlw(B) — Ai(B,w(B))] + Ax(B,w(p)) + Bu(B), (3)
w(0) = wy, )

where PPDF is the deformable fractional derivative of order p € (0,1) and B € [0, x],
X > Ois a constant.
Q : D(Q) ¢ X — Xis an infinitesimal generator of a Cyp-semigroup Z(B)(p > 0), and
Ay 1 [0, x] x X — X are continuous functions. A; : [0, x] x X — X is a continuously
differentiable function and wy € X, where X is an appropriate space, v € L*([0, x], V),
where V is a Hilbert space, and B : V — Xis a BLO.

This study’s primary findings are as follows:

1.  We obtain the solutions to systems (1) and (2) and present them in Theorems 5 and 6.
Also, we prove that systems (3) and (4) have approximate controllability.

2. Theresults of this work improve and generalise other studies that have been reported
in the literature [10,27-29].

The rest of this article is organised as follows. In Section 2, we discuss the basic defini-
tions, essential properties, and theorems. Our results were obtained using Krasnoselskii’s
fixed-point theorem and the Banach contraction principle. In Section 3, we discuss the main
results, i.e., the existence and uniqueness of the solution to systems (1) and (2), using ap-
propriate fixed-point theorems. Then, we show that systems (3) and (4) are approximately
controllable. Moreover, in Section 4, we present three numerical examples to illustrate
our results.

2. Preliminaries

The objective of this section is to present a summary of the key concepts and results
associated with deformable derivatives. These ideas and outcomes are instrumental in our
efforts to derive our primary conclusions.

Definition 1 (see [18]). The deformable derivative of order p € [0,1] for a function w : (e1,e2) — R
is defined by

o (L e (B -+ ep) — w(B)

e—0 €

where p + y = 1. If this limit exists, we denote it by DPw(p).

7

Remark 1. One can note that definition (1) is compatible with p = 0, 1.
Ifo =0, DOw(B) = w(B), which is the usual convention, and if p = 1, Dw(B) = ' (B).

Definition 2 (see [18]). Let w be a continuous function defined on the interval [eq, e;).
The p-fractional integral of w is as follows:

B
ot~ 7% [t e pens, peoa

Remark 2. Ife; = 0, Equation (5) becomes

IPw(p feﬂﬁ/ ePw
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Theorem 1 (see [18]). Let w be a differentiable function at a point p € (eq, ep) that is differentiable
for all p at that point. So far, we have

Dfw(p) = uw(p) + pDw(B),

where Dw = %w.

Theorem 2 (see [18]). By assuming that w is continuous over the interval [e1, ey, it follows that
Iflw is differentiable with respect to p in the open interval (e1,e;), which can also be expressed as

DPIEw(p) = w() and I DFw(B) = w(p) — et Pao(er).

We refer the reader to [10,18,27] for further information on the properties and outcomes
of deformable derivatives.
Assume that Q is a linear operator from D(Q) C Xinto X and wy € X.

Lemma 1 ([31]). The Cauchy problem for the deformable fractional derivative is governed by the
parameter p € (0,1]

DPlw(B) —k(B)] = Qlw(B) —k(B)] B € [0,x], (6)
(U(O) = Wo, (7)

which has the solution
B (B
w(p)=e W<p>[am k(0)] +k(B),

where B is a non-negative real number, wy € D(Q), and k : [0, x] — Xis an appropriate space.
Let p € (0,1]. The ensuing fractional inhomogeneous deformable Cauchy system is

DP[w(B) —k(B)] = Qlw(B) —k(B)] + f(B) B € [0, x], ®)
(U(O) = wo, (9)

where B is a non-negative real number, wy € D(Q), and f, k : [0, x] — X are suitable functions.

Theorem 3 ([31]). Consider w as the solution to systems (8) and (9) and f € L1([0, x],X). Then,
w satisfies

o) =W () fwo - k)] + A [erw(E20) st

Theorem 4 ([31]). Consider Q as the infinitesimal generator of a Cy semigroup and f € C([0, x], X).

If f(o) € D(Q) for o € [0,B] & Qf(c) € L ([0, x],X), for every wy — k(0) € D(Q), then
w : [0, x] = Xdescribed by

w(B) = ep”ﬂw<5) [wo — k(0)] + k(B) + :)efﬁ /[)ﬁeEUWU%;U)f(U)dU. (10)

is a mild solution to (8) and (9).

Proof. Ify(B) = e%ﬂﬁW@)[wo—k(O)] +k(B)and {1) er ﬁ/ W(’8 U)f(a)da,

then w(Q) can be written as y(B) + z(B). Since wy — k(0) € D(Q),y(p) is d1fferent1able
and according to Lemma 1, it is a known fact that DP[w(B) — k(B)] = Q[w(B) — k(B)].
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From Theorem 3.5 [29], we have z/(B) = %(—yz(ﬁ) + Qz(B) + f(B)). From Theorem 1,
we obtain

DP2(p) = pz() + o2 (B)
— uz(B) +p- ;wms) +Qz(B) + £(B))
— Qz(p) + f(§).

As a result,

Dfw(p) = DPy(B) + DPz(p)
= Qly(B) —k(B)] + Dk(B) + Qz(B) + f(B)-

DP[w(p) —k(B)] = Qy(ﬁ) —k(B)] +2Q(B) + f(B)

Qu(p) + QZ( ) — Qk(B) + £(B)

= QW(B) Qk(B) + f(B)
Qlw(p) —k(B)] + f(B)-

By substituting the initial conditions for y and z into the equation w(0) = y(0) +z(0) =
wo —k(0) + k(0) = wy, we can see that w(p), as given by Equation (10), represents a mild
solution to (8) and (9). [

3. Main Results

The following section begins with a discussion of the EaU of a mild solution to
systems (1) and (2), after which the researchers describe and demonstrate the requirements
for the approximate controllability of systems (3) and (4).

3.1. Existence Results
Let X be a Banach space with the norm || - ||, and C([0, x], X) be a Banach space
of all continuous functions from [0, x] into X endowed with the supremum norm

lwlle = sup [ ().
BE[0.x]
By using the information in the preceding Theorem 4, we are able to determine the

solution to our addressed systems (1) and (2).

Definition 3. A function w € C is considered to be a mild solution to systems (1) and (2)

w(B) = 7 ‘*w(ﬁ ) [wo — A1(0,w0)] + Ay (B, w(B))
(11)

,e:f‘ﬁ /ﬁeﬁ w< )Azw,w(a))da, B e 0.,

provided the integral exists. To study systems (1) and (2), the conditions that follow need to be listed:
(MO0) Q is the infinitesimal generator of a Co semigroup of BLOs {W(B)} g0 such that
M = supgepo IW(B) | (x), where the term L(X) is Banach space on X, N > 1.
(M1) Ay is the function, Ay: [0,x] x X — X is continuous, and Ay : [0,x] x X — Xis
continuously differentiable and we can find the positive constants La,, La, in such a way that:
(i)
[A2(B,u) = Az (B, #)[| < Za,|lu—aull, forevery pel0x], uiecX

andIAz— sup || A2(B,0)].
Be(0,x]
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(i1)
|A1(B,u) — A1(B,@)|| < Za,llu—dal, forevery Bel[0,x], uaeX

andel = sup [[A1(B,0)].
Belox]

(M2) The function Aj : [0, x] x X — X is continuous, A1 : [0, x] x X — X is continuously
differentiable, and the positive constants T Az,f Al,f Az,f A, can be found in such a way that:

(i) 3 positive constants fAz,fAz in such a way that
1A2(B,w)ll < Za, + Iyl BEOX], wEX
(i) 3 positive constants Ty, Ty insucha way that
1AL(B, @)l < Za, + Za,lwl, BE0x], weX
Theorem 5. Assume that Ay and Ay meet the requirements of (M0)-(M1) and that

7
M AZ} <1,
M

A= [IAl + (12)

then, systems (1) and (2) have a unique solution on [0, x].

Proof. We modify systems (1) and (2) into a fixed-point problem. Define Y : C — C by
() p) =7 P ( £ ) — 410,000 + 41 (B,
L1 [P s (e
267 [P (B2 ) talowiondo, pe ol (13

We now show that YBy C Bg, where B = B(0,Q) = {w € C([0,x],X) : [|wlle < Q},
(@)
and radius Q > 2, where lou]] = 0]+ (Za, + 252, 0] = Ml +

MZ,,
2

[A1(0, wo)lll, 1 =Ta, +
Obviously, let w € Bg,

[(Yw) (B = e%ﬁw(g) [wo — A1(0,wo)] + A1(B, w(B))

ﬂlﬁ/ eo? ( )Az(U w(o))do

< HOH B p(B) ~ MBI+ 141(8,0)]
+ 20T [ (14200,0(0)) - A2l 0)] + | 42(0,0) e

— - M zug (B
<IQN+Z0,Q + T, + (Z0Q+ Ta) o7 P [ et o

7 = M —n
<|Q +Z4,Q+ T4, + (IA2Q+IA2)7(1 — e /5)

— M o —u
= HQH +IA1Q+IA1 + ? [(IAZQ«FIAZ)} (1 —e b /S)

MT
<+ [IAl + MAZ}Q.
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As aresult, for B € [0, x] and w € By, we have

@) e < 1] + [zAl + AZ} Q<.

The above results establish that the Y causes the ball B to be transformed into itself.
To proceed further with w, @ € By, we define

I(Yw)(B) — (Ya)(B)|l

< 4B w(B) A1 (B,@(EN] + e [ e a(o,0(0)) - Al (0)) e
< Ty o —@lle + 2222 | —@lle(1 — e+ )
< [IA1+MIA2}||W—¢U||C.

As a result, for B € [0, x|, the researchers arrived at
[Y(w) =Y(@)l¢ < Allw—=alle,

where A = A1 4y Tap 0 ATE the parameters of the system. According to (12), A < 1,s0Y is

a contraction. As a result, systems (1) and (2) have a unique solution on [0, x] in accordance
with Lemma 2.2 [32] of the Banach contraction principle. O

Now, we can prove that there exist solutions to (1) and (2) by applying Krasnoselskii’s
fixed-point theorem (Lemma 2.3, [32]).

Theorem 6. Assumptions (MO0), (M1)(ii), and (M2) hold with T, < 1. In this case, there is at
least one solution to systems (1) and (2) on [0, x].

Proof. Let us define two operators using system (11) as follows:

(Yiw)(B) = 7 ﬁW(ﬁ)[a’o C AW+ B W), B (4)

and
B
(Y2w '3/ €P0W<'B U)Az( ( ))dU’, B € [0,)(]. (15)
Q*
We now show that YBo C Bp and the radius Q > 1” 1,}1” ,  where
— M1
. ~ MI _ ~ MI
||01||=||Q|+<IA1+ 2 ), 10fl = M{llwoll + 141 (0, wo) ], fir = Za, + =2
For w, wy € Bg, we fmd that
Y10 (B) + Yawr1 (Bl
e%‘ﬁW(g)[wofAl(O,wo)]+A1(ﬁ,w 7627/5/’5& w( )F(U,wl(o))da

=~ ~ M zig (B g~ ~
< QY + Zy, +IA1Q+?e P /‘”’/0 e?°[Za, +Z4,Qldo

~ ~ M ~ M ~
< HQH +IA1 +ZA1Q+ 71142 + 7IA2Q
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_ MZ -
<O+ g, + =2+ | Ta, +

Mi,
e

< o]+

~ 7
Ta, + MZa, :| Q.
I3
Thus, for B € [0, x] and w € By, we have

M,
I3

Y1 (@) + Ya(wi)lle < Q1] + |Za, + Q<@

Thus, Yi(w) 4+ Y2(wq) € Bg. As a next step, we prove that Y; is a contraction. As A; is
continuous, so is Y1. By letting w, @ € Bg, from (14) and (M0), (M1)(ii), we obtain

I(Y1w)(B) = (Yi@) ()| < Za, llw —@lle-
Therefore, for B € [0, x] and w € B, the researchers arrived at
(Y1w) = (Y1@)le < Za,[lw = @|le.

Hence, Y is a contraction. The continuous operator Y, has been deduced from the fact that
the function A; is continuous. Moreover, Y3 is uniformly bounded on B as

M -wg B on,
[vaw) ()l < ¥ [7e5) da(o, (o)) o
0 Jo
< /:l(fAz +74,Q) =4,

which suggests that || Yow||¢ < A. So, the value of Y, is uniformly bounded, but it is still
necessary to demonstrate that Y, is equi-continuous to show that the operator is compact.
Now, we find that for every 1, k2 in [0, x] with k1, k2, and w in By

[(Y2w)(x2) — (Yaw) (1) |

—u K —
137}"2/ 2eg‘TW(K2 U)Az(a,w(a))da
I K1 %

L o (25) (25 o

=L+ I (16)

+

By utilising (M0) and (M1)(i), we obtain

Il _ M(IAZ +fA2Q) [1 _ e%ﬂ(K27K1)].

B T

For x; = 0, it is simple to see that I, = 0. If k; > 0 and € > 0 are small enough, we have

— K1—€ 1 — —
I < HlePVKl/ L [W(K2 0) — W(Kl a):|A2(U,w(U))dU
o 0 o o

—i K — —
+ Hlepl’(l/ 'oer? [W(K2 U) W(Kl U)}F(cr,w(a))da
o xi—e 0 0
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(=) ()

i- j-f — K1—€
< T TRAR er AZQeTVKl/ ! e%gda sup
0

c€0,x1—¢€]
+ 2M(IA2 +IA2Q) e—T}lkl /K]
P K1

a
=~
er do.

—€

Because of the operator’s compactness W(B), B > 0, the fact that I; — 0(i = 1,2) as
ky — k1,€ — 0. Consequently, ||(Yow)(x2) — (Yow)(x1)|| — 0 as kp — 1. Thus, Y3 is
equi-continuous. Because Y,(X) C X, Y has at least one fixed point, according to Arzela-
Ascoli’s theorem, and Y; is considered to be compact, then the problem obtained through
the associated system has at least one solution. [J

3.2. Approximate Controllability

Xis taken to be a Hilbert space for the sake of this subsection. In this subsection, we
define and provide the requirements for the ACFNDE in (3) and (4). First, we define the
mild solution to systems (3) and (4).

Definition 4. A function w € C is termed a mild solution to (3) and (4) if for any
v € L2(]0, x],X) and

w(B) = eﬂ”ﬁw(ﬁ) (w0 — A1 (0,w0)] + A1(Bw(B))
(17)

“wg (B # -
+ :)e o er’w(ﬁ . ") (Ao (0, w(0)) + Bo(@)do, B € [0,x],
0
provided the integral exists.
Let wy (wo, v) be the state value of (3) and (4) at terminal time x, corresponding to the control
v and the initial value wy. We present the set R(x, wo) = {wy (wo,v) : v € L*([0, x], V) }, which
is called the reachable set of the model in (3) and (4) at terminal time X, and its closure in X is

described by R(x, wo).

Definition 5 (see [20]). Given any € > 0, it is possible to steer from the point wy to within a
distance € from all points in the state space X at time x, and systems (3) and (4) are considered

approximately controllable on [0, x| if R(x, wo) = X.
Let us take the subsequent linear fractional differential model corresponding to (3) and (4)

PPprw(B) = Qu(B) + Bu(B), B € [0xl,

w(0) = wy. 18)

Definition 6 (see [29]).

(a) A controllability map for system (18) on [0, x| is a bounded linear map
BX: 12([0, x], V) — X, which is defined as

-1 X —
By = 167})(/ erW(H> Bo(o)do.
P 0 p

(b)  System (18) is called AC on [0, x] if ran BX = X.
(c)  The controllability gramian of (18) on [0, x| is defined as Ty = BX(BX)*,

Lemma 2 (see [29,33]). The model (18) is AC on [0, x] if and only if 6R (6,T}) — 0as 6 — 0Fin
strong operator topology, where R(0,T}) = (01 +T7) -

We refer the reader to [20-22,29,33] for background information and more details on
approximate controllability.

We create the following conditions to evaluate the approximate controllability of (3) and (4):



Fractal Fract. 2023, 7, 741

10 0of 18

(MO0)*Q is the infinitesimal generator of a Co semigroup of BLOs {W(B)} >0 on X,

and W(B)(B > 0) is compact. Further, denote M = SUPgefo] [W(B)L(x), where L(X)

represents the Banach space of all linear and bounded operators on X and M > 1.

(M3) For each B € [0, x], the function Ay(B,-) : X — X is continuous, and for all u € X,

the function Ay (-, u) : [0, x] — Xis Lebesgue measurable.

~ 1
(M4) There exists a constant py € (0, p) and a function Ly, € L1 ([0, x], R™) in such a way that

1A2(B,w)|| < Za, (), V€ X8 € [0,x].

(M5) The linear control system (18) is AC on [0, x|.

We notate things as follows for simplicity:
In By, for each finite constant Q > 0, we denote

Ty = 1Bll Za, = 1Za,)l = =1 ( -
B rLA, = Ay LPl (0 ,X],R+), 1= Pll 0 f]/l Ay
The feedback control function for systems (3) and (4) is now selected as follows:

o() = vlp ) = 5T (1L YR(@, T,
where
;['
1() = =7 W () g — 4r(0,0)] = r( ()
~ e X /X 650W(”)A2(0',w(0'))d0'.
I 0 P
For any 6 > 0, we describe the operator Yq : C([0, x], X) — C([0, x], X) as follows:

(Yow)(B) = e“W(’3 ) lwo — A1(0,w0)] + A1 (r ()

ﬂtﬁ/ﬁeé‘ W( >[A2(‘7fw(a)) + Bug (0, w)}de

Lemma 3. If assumptions (MO0)*-(M4) hold, for any p € [0, x|, we obtain:

7€pﬁ/ﬁ 5 ( )Az(aw(a))

(i) log(B, )| < 2 [||wx\| + Mllwol| + 1410, wo) | + N) +Za, +74,Q)].

do < MN.

Proof. (i) Given Holder’s inequality and (Q3), we obtain

L [ ’obe (E9) aatewton

_ B .
gj:tef’#ﬁ/ e%UIAZ(U)dJ
0

do

(19)

(20)
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1
1 0 *14 I
< () Teme e -
< MN.
(ii) From (19), (20), and (i), we have
B*T*(X;ﬁ>R(9,rg)q(w)H
M B

[09(B, )| <

lg(c)l
MIB

(el + Millwoll + 11410, o) I) + Za, + T, Q + MN]

M
< 52 [lwxll + Mllwoll + 1410, wo) | + N] + Z, +Z4, QJ.

O

Theorem 7. If hypotheses (MO0)*-(M3) are true, a mild solution exists for the FN control
systems (3) and (4).

Proof. We must demonstrate that Yy has a fixed point to show that the FN control systems
((3) and (4)) have a mild solution. The proof is divided into the following stages for
simplicity:

Step 1: For any 6 > 0, we can find a constant A = A(6) > 0 in such a way that Yy(Bp) C Ba.
For any positive integer Q > 0 and w € By, if § € [0, x|, then from Lemma 3, we obtain

|(Yow)(B) | = e’?”ﬁnw(g) o — A1 (0,w0)][| + |41 (B, w(B)]

+7ew5/ *“Hw( ; )[Az(aw( )) + Bog(0, w)]||do

B ou
< M|lwoll + [ A1(0, wo ||]+IA1+IA1Q+,EMS/ 5o o

+ e}yﬂ /ﬁ 7 ( )ng(a,w)

= M[llWoH +11A1(0,w0) 1] +Za, +Za,Q + MN

( )Azw,w(a))

do

1 1 I3
o Mne 7P (erP —1)||og(B,w)l|

< M|lwoll + 11 A1(0, wo) || + N] +Za, +Z4,Q
MIp MIB
H

+ UI wpll + M(llwoll + 1|41 (0, wo) | + N] +Z4, +Z4,Q

272
B

M2T SO ~
< <1+ B)[M[|w0|+||Al(Orw0)|+N]+IA1+ZA1Q]+ lwgl-

uo
For this, we conclude that for large A > 0,Yy(Bx) C By holds.

Step 2: For any B € [0, x|, the set {(Yow)(B) : w € Bp} is compact in X. If B = 0, the set is
obviously compact in X. Let 0 < B < x be fixed and let € fulfil 0 < € < B. For w € Bp, we
describe
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—u

(Yew)(B) = e 7 ﬁw(ﬁ) [wo — A1(0,w0)] + A1 (B, ()
+ 1e_f’ﬂﬁ //3 L (U)[Az(a,w(a))+ng(a,w)]da
=P 5W(l;) [wo — A1(0, wo)] + A1(B, w(B))
1 rp (€Y [Pe o (B0~
+ e w(p)/o ( ; >[A2(a,w(¢7))—i—ng(a,w)]dU.

Since W(p) is compact for B > 0, we find that the set {(Ygw)(B) : w € By} is relatively
compact in X. Moreover, from Lemma 3, we obtain

(Yo) ()~ (Y5eo) B < |27 /f FW(ED) (o, 0(0)) + Bun(e, )l

—0 as e€—0.

As a result, the set {(Ygw)(B) : w € B}, B € (0, x] is relatively compact in X.
Step 3: A family of functions {Yyw : w € B, } is equi-continuous on [0, x].
Let 0 <x; <%y < x, and for any w € B), we have

e [w(’?) _ w(’;)] [wp — A1 (0, wo)] H

+ | A1 (K2, w(K2)) — Aq (K1, w(x1))]|

[(Yow) (i2) = (Yop) (k1) || <

- K 1 —
,eTPKz/ 2€;UW<KZP U)Az(a,w(a))da

1
P
1 —#y, [*2 K, Kp— 0O
+ ;eﬂ /K el W 5 Bug(o, w)do
1
1
0
1
%

_l’_

(%) (25 s

) (5
0 P p

(2™
=K
Ka
%
2
o=

+

6
<Y
i=1
Given Lemma 3 and Theorem 6, we have
ns|w(G)-w(3)
Qo ©
L < [[A1(x2, w(x2)) — As (K1, w (i) |
1
I < Mia, (p) [etf?’cz — ezl’cl}
P tu

MPTf By oo
B[ M(llcooll + |1 41(0, o) | + N] + Za, + T, Q) [er" epﬂ

[llewol| + [[A1(0, wo) ]

Iy <

Given that the operator W(B) is compact and B > 0, we see that ; — 0
(i =1,2,3,4,56) as k; — x1,€ — 0. Consequently, ||(Yow)(x2) — (Yow)(x1)| — 0 as
Kk — k1. Thus, Y3 is equi-continuous. For the same reason that Y, (X) C X, Y, is consid-
ered to be compact. Hence, according to Schauder’s fixed-point theorem (Theorem 2.8, [29]),
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we conclude that the operator Yy has a fixed point, which is a mild solution of the
model in (3) and (4). O

Theorem 8. Suppose that (MO0)*-(M4) are true. Furthermore, if the function Ay is uniformly
bounded by the positive constant C, then the FN model in (3) and (4) is AC on [0, x].

Proof. Let wy be a fixed point of Yy in B5. Any fixed point of Yy is a mild solution of the
system in (3) and (4) under the control

UQ(IB,CU(;) — B*T* (9(;/8)]{(9,1—‘6(){](609),

where
7(wp) = wy — ev""w(’;) [wo — A1(0,w0)] — A1(B, wo(B)

G w(?fp >A2(U wo(0))do,

and fulfils the subsequent inequality
-
@) = 7 W (1) e = A1 0,00)] + A (B )

1 =k (X By o
+Eeﬂx/0 er W(Xp )[Az(O’,(UG(U))+B09(0',w9)]d0'

= wy — q(wp) + R(6,T})q(wp)
— OR(6,T%)q(wp). (21)

Since A; is uniformly bounded, we have
x 2 2
[} 1420, wolo)) o < Coy.

Thus, the sequence A, (-, wg(+)) is bounded in L2([0, x], X). Then, we can find a subsequence of
{Ay(-,wy(+) : 8 > 0}, still signified by it, that converges weakly to some A, (o) € L2([0, x], X).
Denote

V=wy - E%XW(%) [wo — A1(0,wp)] — A1 (B, we(B)) — EE;HX/OXE}’%UW(X ; U)Az(a)dlf~

It is proposed that

lqteos) — vl = H;X [ eiow (20 (aalo,an(e)) — Ax(elio

—u ﬁ L
}ﬁ/ e}ﬁ W(

lg(we) —v|| =0 as 6 — 07,

<
/36 Ox]

) [Ax(0, wp(0)) — Ag(0)do]|.

Consequently,

Then, from the above discussion, we have
llwa(x) — wyll < 10R(6,TF)q(we)|
< [|6R(6,T§)v]l + [|16R(6,T)lllg(we) — v
< [|6R(O, TV + llg(wp) —v]| -0 as 6 — 0.

Consequently, this proves the approximate controllability of the model in (3) and (4). O
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4. Applications
Example 1. Consider the following deformable FN partial differential equation of the form

DD L e P wBz)| | * e Plw(p,2)|
DA @B 2) = 5 rep T lw o |~ 02 P2 T Ge v (1 + wipa)])
Be 1), ze (1) @)
w(B,0) =w(p1) =0, 0<B<T; (23)
w(0,z) =wp(z), 0<z<1; (24)

where X = L2]0,1], wp(z) € X.
Define Qw = w" with D(Q) = {w € X : w,w’ are absolutely continuous and " € X,
w(0) =w(1) =0}.

Then,
Qw =Y —n*(w,0,)0,, we D(Q),
n=1
where O (z) = %sin(nz),o <z < 1,n=1,2,... Itis well-known that Q generates a Cy

semigroup W(B)(B = 0) on X, which is given by

Z (w,0,)0,, w eX, (25)

with |W(B)|| < 1, forany B > 0. Put w(B) = w(B,-), that is, w(B)(z) = w(B,z),p,
z € 0,1], and

e F w (B, )| .
e P w(B,-

(25 + 6/5) 1+ |w(B, )|

Then, let x,x € [0,00) and B € [0,1]. Then, there is

| A2(B, x) — A2(B,X)[| < e’ x ¥ H
2\ 2PN = M6 ePy | T+x 147
S A
—17||x x”’

|A1(B, x) — A1(B,Y)]| < g H

(25—i—e/3 Hl—kx 1+y
< e llx 7.

Assumption (M1) holds, with Ty, = % and Ty, = 21—6. Since p = % and p+u =1, we
have y = 5
If M =2, we have

M
—@ﬁy%]
1,2 1

~2 05 17
— 0.2737.
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Therefore, (12) holds, where A = 0.2737 < 1. According to Theorem 5, the given problem in
(22)—(24) has a unique solution in the interval [0, 1].

Example 2. Consider the following subsequent FN system using deformable derivatives of the form

2 in 2 mn
wlp )~ (G + b al)| = Sz 2+ §+ Fhhwoip2)

€(0,1) and Be[0,1]. (26)

DD}

Using the preliminaries in Example 1, we set

As(Bw(B) =& + TP p, )

2 mn
Mp () =B+ P (g,

Then,
let x,7 € [0,00) and B € [0,1]. Then, we have

|A2(B, x) — A2 (B, 7)) < HﬁJrSi%ﬁ B smﬁ H
1
< zgllx =7l
and
2 in in
|Mﬂﬁ@AﬂﬁwH<“i+:fx £ _sngy)

< gl =7l
64 y

Forall B € [0,1) and x € [0, ), we have

HMW&WgHﬁ ww”

2
<t lxl.
and
| A1(B, x)|| < 4 Smﬁ H
<[]+ S“‘ﬁ i
1+f||x||

So, assumptions (M1)(i)(ii) and (M2)(i)(ii) hold with Tp, = 55,Za, = 64,IA2 =1

fAl = 4,IA2 = 3—16,fA1 = 61—4. Since p = %andp—i—pt = 1, we have u = 5. Accordmg to
Theorem 6, the given FN system (26) with conditions (23) and (24) has at least one solution in [0, 1].

Example 3. Consider the following FN system using deformable derivatives of the form
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1 2 in 2 -p
22Dt w(p2) - (G + Tt lw(b.2) ) | = 5w(b2) + o)+ 1 1 e
pel01],z€(0,1), (27)
where X =V = L2([0,1]).
From Example 1, we obtain

eFlw(g )l |
A2(p w(p)) = 4 e 14w )]

,62 sm,B‘ 3.

Ai(pw(p)) =7

Furthermore, the bounded linear operator B : V. — X is defined as Bv(p) = v(B,-). Then,
the system (27) with (23) and (24) is transformed into the abstract form of the system in (1) and (2).

Moreover, assumptions (M3)—(M4) hold with T Ay = % and C = }I'
e

According to Theorem 3.12 [29], the linear system corresponding to (27) with conditions (23)
and (24) is AC on [0, x] iff

B*T*<X;’B>w:0,xe [0,x] = x = 0. (28)

From (25), we notice that

(Xp ﬂ)w_ Ze (Tﬁ) (w,0,)0y, w € X,B € [0,1].

Therefore, condition (28) holds and hence assumption (M5) holds. Thus, according to
Theorem 8, system (27) with conditions (23) and (24) is AC on [0, x].

5. Conclusions

The concept of a deformable derivative was novel when it was first proposed by F.
Zulfeqarr, A. Ujlayan, and P. Ahuja [18]. The limit approach is utilised in this new deriva-
tive in the same manner as the traditional derivative. It was given the term “deformable”
because it had the inherent capacity to continuously deform functions into derivatives.
This idea opens up new avenues for study, allowing one to look at both qualitative and
quantitative behaviour in a variety of systems. In this work, we used the novel findings
from [18] to address our systems ((1), (2), (3), and (4)). By using the Banach contrac-
tion principle and Krasnoselskii’s and Schauder’s fixed-point theorems, we established
Theorems 5 and 6, which demonstrated the existence and uniqueness of the solutions
for the addressed systems. We then proved that systems (3) and (4) were approximately
controllable in Theorems 7 and 8, and we were able to validate all of the assumptions
(MO0) and (MO0)*-(M5). An appropriate fixed-point theorem might be utilised to develop the
usefulness of present research to establish existence and approach controllability with non-
instantaneous impulses for a number of different models. The use of the proper fixed-point
theorem would make this achievable.

Author Contributions: Conceptualisation, S.R. and R.B.S.; methodology, S.R.; software, S.R.;
validation, S.R., R.B.S. and R.U.; formal analysis, S.R.; investigation, G.A.; resources, S.R.; data
curation, U.A.; writing—original draft preparation, S.R. and R.B.S.; writing—review and editing, S.R.
and R.B.S,; visualisation, R.U., G.A. and U.A.; supervision, R.U., G.A. and U.A.; project administration,
S.R. and R.B.S,; funding acquisition, G.A. All authors have read and agreed to the published version
of the manuscript.



Fractal Fract. 2023, 7, 741 17 of 18

Funding: This research was funded by the Princess Nourah bint Abdulrahman University
Researchers Supporting Project number (PNURSP2023R45), Princess Nourah bint Abdulrahman
University, Riyadh, Saudi Arabia.

Data Availability Statement: Data sharing is not applicable to this article as no datasets were
generated or analysed during the current study.

Acknowledgments: Princess Nourah bint Abdulrahman University Researchers Supporting Project
number (PNURSP2023R45), Princess Nourah bint Abdulrahman University, Riyadh, Saudi Arabia.

Conflicts of Interest: The authors declare no conflicts of interest.

Abbreviations

The following abbreviations are used in this manuscript:

EaU existence and uniqueness

ACFNDE  approximate controllability of fractional neutral differential equations
DD deformable derivative

FDE fractional differential equation

BLOs bounded linear operators

FN fractional neutral

FNDEs fractional neutral differential equations
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