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Abstract

:

In this current study, we formulate a kind of new fractional BAM neural network model concerning five neurons and time delays. First, we explore the existence and uniqueness of the solution of the formulated fractional delay BAM neural network models via the Lipschitz condition. Second, we study the boundedness of the solution to the formulated fractional delayed BAM neural network models using a proper function. Third, we set up a novel sufficient criterion on the onset of the Hopf bifurcation stability of the formulated fractional BAM neural network models by virtue of the stability criterion and bifurcation principle of fractional delayed dynamical systems. Fourth, a delayed feedback controller is applied to command the time of occurrence of the bifurcation and stability domain of the formulated fractional delayed BAM neural network models. Lastly, software simulation figures are provided to verify the key outcomes. The theoretical outcomes obtained through this exploration can play a vital role in controlling and devising networks.
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1. Introduction


Recently, the investigation of neural network models has aroused much interest from many scholars due to the wide application of neural networks in many areas, such as image processing, artificial intelligence, automatic control, associative memories, parallel computation, biological engineering, disease diagnosis, and more [1,2,3,4,5]. All these applications rely on the dynamics of neural network models; thus, the study of various dynamic behaviors of neural networks has attracted great attention in the scientific community. During the past several decades, a great deal of valuable results have been gained on neural networks. For example, Li and Shen [6] dealt with the near-automorphic solution to Clifford-valued delayed fuzzy cellular neural networks; Xu et al. [7] investigated the pseudo-near-periodic oscillation to quaternion-valued fuzzy delayed neural network models; Cui et al. [8] carried out a detailed analysis on fixed-time synchronization in a kind of Markovian jump fuzzy stochastic delayed neural network models; and Huang et al. [9] explored the anti-periodic oscillation to delayed neural network models. For more related studies, interested readers can refer to [10,11,12,13,14,15].



Here, we would to point out that all the publications above are concerned merely with the integer-order neural networks with delays. Now, the fractional-order dynamical model has displayed great application in numerous areas, including various aspects of waves, mechanics, control science, biology, neural networks, finance, information security, and more [16,17,18,19,20]. The present investigation indicates that fractional-order differential equations are a more effective tool to describe phenomena in the real world than integer-order ones, as fractional-order differential equations are able to retain memory and heredity for many dynamic development processes [21,22,23,24]. Recently, a great deal of valuable results on fractional-order dynamical systems have been presented. In particular, many excellent works on fractional delayed neural networks have been achieved. For example, Ci et al. [25] explored multiple asymptotical  ω -periodicity in fractional-order neural networks concerning delays; Lin et al. [26] discussed output synchronization and PD control of a kind of coupled fractional-order neural network models involving delays; Xiao et al. [27] performed a meaningful study for a new controller design of finite-time synchronization in fractional memristive neural networks; and Zhang et al. [28] set up a sufficient condition to ensure the global Mittag-Leffler synchronization in discrete-time fractional-order delayed neural networks. For further details, see [29,30,31,32].



Periodic oscillation is a vital dynamic behavior of delayed neural networks. In particular, delay-driven Hopf bifurcation can be regarded as a special form of periodic oscillation. Delay-driven Hopf bifurcation in neural networks plays an important role in their design. Thus, delay-driven Hopf bifurcation of neural networks has attracted much interest from many researchers. During the past several decades, many scholars have made great efforts to explore delay-driven Hopf bifurcation for various delayed neural networks. However, they have only paid serious attention to integer-order delayed neural network models. The research on delay-driven Hopf bifurcation of fractional delayed neural network models is relatively scarce. At present, there exist a few publications on this topic. For example, Huang et al. [33] discussed the impact of time delay on Hopf bifurcation in a class of delayed fractional quaternion-valued neural network models; Xu et al. [34] analyzed delay-driven Hopf bifurcation in fractional delayed BAM neural network models with multiple delays; and Huang et al. [35] set up a novel bifurcation result for fractional BAM neural networks involving leakage-type time delay. Kaslik and Rădulescu [36] discussed the Hopf bifurcation and stability behavior of fractional gene regulation network models. For further details, refer to [37,38,39,40].



Several researchers have studied the delay-driven Hopf bifurcation issue in fractional neural network models; however, there exist numerous open questions yet to be handled. Unlike integer-order neural network models, fractional delayed neural network models possess one more coefficient (e.g., fractional order), making the characteristic equation more complex. Thus, how to reveal the dynamics of fractional-order delayed neural networks is a vital aspect. Stimulated by this idea, in the current investigation we explore the following themes: (1) We test the existence, uniqueness, and boundedness of a solution to fractional BAM neural network models with time delays; (2) We construct a criterion guaranteeing the onset of Hopf bifurcation and the stability of a fractional BAM neural network model with time delays; (3) We investigate the influence of time delay on Hopf bifurcation and the stability of fractional BAM neural network models with time delays.



In 2009, Yang and Ye [41] investigated the following BAM neural network models with two different delays:


         y ˙  1   ( t )  = −  a 1   y 1   ( t )  +  b 21   g 1   (  y 2   ( t −  ϑ 2  )  )  +  b 31   g 1   (  y 3   ( t −  ϑ 2  )  )                    +  b 41   g 1   (  y 4   ( t −  ϑ 2  )  )  +  b 51   g 1   (  y 5   ( t −  ϑ 2  )  )  ,           y ˙  2   ( t )  = −  a 2   y 2   ( t )  +  b 12   g 2   (  y 1   ( t −  ϑ 1  )  )  ,           y ˙  3   ( t )  = −  a 3   y 3   ( t )  +  b 13   g 3   (  y 1   ( t −  ϑ 1  )  )  ,           y ˙  4   ( t )  = −  a 4   y 4   ( t )  +  b 14   g 4   (  y 1   ( t −  ϑ 1  )  )  ,           y ˙  5   ( t )  = −  a 5   y 5   ( t )  +  b 15   g 5   (  y 1   ( t −  ϑ 1  )  )  ,       



(1)




where    y k   ( k = 1 , 2 , 3 , 4 , 5 )    represents the state of the kth neuron,    a i  > 0     ( i = 1 , 2 , 3 , 4 , 5 )   represents the stability trait of the treatment of interior neurons lying on two layers,   b  k 1      ( k = 2 , 3 , 4 , 5 )  , and    b  1 j      ( j = 2 , 3 , 4 , 5 )    implies the connect weights through two layers. Here,    g i     ( i = 1 , 2 , 3 , 4 , 5 )    implies the activation function, while    ϑ 1  ,  ϑ 2    are delays. For more details, see [41]. Taking advantage of an appropriate variable substitution, Yang and Ye [41] modified system (1) as an isovalent expression and then carried out a circumstantial discussion of the bifurcation phenomenon with respect to system (1).



Relying on exploration of Yang and Ye [41] and the discussion above, we modify system (1) as the following fractional case:


          d p   y 1   ( t )    d  t p    = −  a 1   y 1   ( t )  +  b 21   g 1   (  y 2   ( t −  ϑ 2  )  )  +  b 31   g 1   (  y 3   ( t −  ϑ 2  )  )                       +  b 41   g 1   (  y 4   ( t −  ϑ 2  )  )  +  b 51   g 1   (  y 5   ( t −  ϑ 2  )  )  ,            d p   y 2   ( t )    d  t p    = −  a 2   y 2   ( t )  +  b 12   g 2   (  y 1   ( t −  ϑ 1  )  )  ,            d p   y 3   ( t )    d  t p    = −  a 3   y 3   ( t )  +  b 13   g 3   (  y 1   ( t −  ϑ 1  )  )  ,            d p   y 4   ( t )    d  t p    = −  a 4   y 4   ( t )  +  b 14   g 4   (  y 1   ( t −  ϑ 1  )  )  ,            d p   y 5   ( t )    d  t p    = −  a 5   y 5   ( t )  +  b 15   g 5   (  y 1   ( t −  ϑ 1  )  )  ,       



(2)




where   p ∈ ( 0 , 1 ]   is a constant. The remaining functions and parameters have connotations identical to those in model (1). Model (2) and model (1) possess the same equilibrium point. The initial condition of model (2) is presented as follows:


        y 1   ( φ )  =  y  1 φ   ,          y 2   ( φ )  =  y  2 φ   ,          y 3   ( φ )  =  y  3 φ   ,          y 4   ( φ )  =  y  4 φ   ,          y 5   ( φ )  =  y  5 φ   ,       



(3)




where   t 0   is a positive constant and   φ ∈ [ − ϑ ,  t 0  ]  . For the sake of convenience, we make the following assumptions:



   (  A 1  )       g i  ∈  C 1  ,  g i   ( 0 )  = 0 , i = 1 , 2 , 3 , 4 , 5 .   



  (  A 2  )   For   h = 1 , 2 , 3 , 4 , 5  , ∃ a constant    G h  > 0   obeying    |   g h   (  ι 1  )  −  g i   (  ι 2  )   | ≤   G h   |  ι 1  −  ι 2  |  ,  ∀    ι 1  ,  ι 2  ∈ R .  



  (  A 3  )   For   h = 1 , 2 , 3 , 4 , 5  , ∃ a constant    M h  > 0   obeying    |   g h    ( ι )  | ≤   M h  ,  ∀   ι ∈ R .  



  (  A 4  )     ϑ 1  +  ϑ 2  = ϑ  .



The framework of the rest of this study is as follows. In Section 2 we recall several related lemmas and definitions about fractional-order differential equations. Section 3 proves the uniqueness and existence of the solution to model (2). Section 4 proves the boundedness of the solution to model (2). Section 5 is concerned with the appearance of Hopf bifurcation and the stability of model (2). Section 6 controls the bifurcation behavior of model (2) using a delayed feedback controller. Section 7 carries out software simulations to check the key outcomes of this exploration. Finally, Section 8 ends this study.




2. Preliminaries


In this segment, several necessary lemmas and definitions about fractional differential equations are prepared. Label    R +  =  { x | x ≥ 0 , x ∈ R }   .



Definition 1

([42]). We define a Caputo-type fractional derivative as follows:


    D  p  f  ( ς )  =  1  Γ ( κ − p )    ∫   ς 0   ς     f  ( κ )    ( s )     ( ς − s )   p − κ + 1    d s ,  








where   f  ( ς )  ∈  (  [  ς 0  , ∞ )  , R )  , Γ  ( t )  =  ∫ 0 ∞   ς  t − 1    e  − ς   d ς ,     ς ≥  ς 0    and   κ ∈  Z +  , κ − 1 ≤ p < κ .  



We provide the Laplace transform of a Caputo-type fractional derivative as follows:


   L  {   D  p  f  ( t )  ; s }  =  s p  F  ( s )  −  ∑  j = 0   m − 1    s  p − j − 1    f  ( j )    ( 0 )  , m − 1 ≤ p < m ∈  Z +  ,   








where   F ( s ) = L { f ( t ) } .   In particular, if    f  ( j )    ( 0 )  = 0 ,   j = 1 , 2 , ⋯ , n ,   then   L  {   D  p  f  ( t )  ; s }  =  s p  F  ( s )  .  





Definition 2

([43]).   (  y  1 *   ,  y  2 *   ,  y  3 *   ,  y  4 *   ,  y  5 *   )   is called an equilibrium point of system (2) if


       −  a 1   y  1 *   +  b 21   g 1   (  y  2 *   )  +  b 31   g 1   (  y  3 *   )  +  b 41   g 1   (  y  4 *   )  +  b 51   g 1   (  y  5 *   )  = 0 ,         −  a 2   y  2 *   +  b 12   g 2   (  y  1 *   )  = 0 ,         −  a 3   y  3 *   +  b 13   g 3   (  y  1 *   )  = 0 ,         −  a 4   y  4 *   +  b 14   g 4   (  y  1 *   )  = 0 ,         −  a 5   y  5 *   +  b 15   g 5   (  y  1 *   )  = 0       



(4)









Lemma 1

([44]). Consider the following system:


      d p   u ( t )    d  t p    = f  ( t , u  ( t )  )  , u  (  t 0  )  =  u  t 0   ,   



(5)




where   t 0   is a positive real number,   p ∈  ( 0 , 1 ]  , f :  [  t 0  , ∞ )  × ω →  R  +  n  , ω ⊂  R  +  n   . If   f ( t , u )   obeys the Lipschitz condition concerning u, then system (5) admits a unique solution that is defined on   [  t 0  , ∞ ) .  





Lemma 2

([45]). Let   u  ( t )  ∈  [  t 0  , ∞ )   , which obeys


        D p  u  ( t )  ≤ −  σ 1  u  ( t )  +  σ 2  ,         u  (  t 0  )  =  u  t 0   ,       



(6)




where   0 < p < 1 ,  σ 1  ,  σ 2  ∈ R ,  σ 1  ≠ 0 ,  t 0  ≥ 0  . Then,


  u  ( t )  ≤  u  (  t 0  )  −   σ 2   σ 1     E p   [ −  σ 1    ( t −  t 0  )  p  ]  +   σ 2   σ 1   ,  



(7)




where   E p   is one-parameter form of Mittag-Leffler function and is given by


   E p   ( y )  =  ∑  ϖ = 0  ∞    y ϖ   Γ ( p ϖ + 1 )   , p > 0 ,  








where y denotes a complex number.





Lemma 3

([46,47]). For the system as follows


      d p   v ( t )    d  t p    = f  ( t , v  ( t )  )  , v  ( 0 )  =  v 0  ,   



(8)




where   p ∈ ( 0 , 1 ]   and   f  ( t , v  ( t )  )  :  R +  ×  R n  →  R n   . The steady state of system (8) keeps locally asymptotically stability if all eigenvalues ω of    ∂ f ( t , v )   ∂ v    evaluated near the steady state obey    | a r g  ( ω )  | >    p π  2   .





Lemma 4

([48]). For the system as follows:


          d  p 1    Y 1   ( t )    d  t  p 1     =  f 11   Y 1   ( t −  ϑ 11  )  +  f 12   Y 2   ( t −  ϑ 12  )  + ⋯ +  f  1 n    Y n   ( t −  ϑ  1 n   )  ,            d  p 2    Y 2   ( t )    d  t  p 2     =  f 21   Y 1   ( t −  ϑ 21  )  +  f 22   Y 2   ( t −  ϑ 22  )  + ⋯ +  f  2 n    Y n   ( t −  ϑ  2 n   )  ,             ⋮            d  p n    Y n   ( t )    d  t  p n     =  f  n 1    Y 1   ( t −  ϑ  n 1   )  +  f  n 2    Y 2   ( t −  ϑ  n 2   )  + ⋯ +  f  n n    Y n   ( t −  ϑ  n n   )  ,       



(9)




where   0 <  p j  < 1    ( j = 1 , 2 , ⋯ , n )   , the initial values    Y k   ( t )  =  ϖ k   ( t )  ∈ C  [ −  max  k , l    ϑ  k l   , 0 ]  ,     t ∈ [ −  max  k , l    ϑ  k l   , 0 ] ,     k ,   l = 1 , 2 , ⋯ , n .   Let


  Δ  ( ϱ )  =       ϱ  p 1   −  f 11   e  − ϱ  ϑ 11        −  f 12   e  − ϱ  ϑ 12       ⋯    −  f  1 n    e  − ϱ  ϑ  1 n           −  f 21   e  − ϱ  ϑ 12         ϱ  p 2   −  f 22   e  − ϱ  ϑ 22       ⋯    −  f  2 n    e  − ϱ  ϑ  2 n          ⋮   ⋮   ⋱   ⋮      −  f  n 1    e  − ϱ  ϑ  n 1         −  f  n 2    e  − ϱ  σ  n 2        ⋯     ζ  p n   −  f  n n    e  − ϱ  ϑ  n n          ,  



(10)




then, the null solution of Equation (9) keeps Lyapunov asymptotic stability if the real part of every root of   det ( Δ ( ϱ ) ) = 0   is negative.






3. Existence and Uniqueness


Theorem 1.

Set    Ω = {   (  y 1  ,  y 2  ,  y 3  ,  y 4  ,  y 5  )  ∈  R 5   : max { |   y 1   | , |   y 2   | , |   y 3   | , |   y 4   | , |   y 5   | } < A }   , where   A > 0   denotes a constant. Then, for every    Y  t 0   =  (  y  1  t 0    ,  y  2  t 0    ,  y  3  t 0    ,  y  4  t 0    ,  y  5  t 0    )  ∈ Ω   and for every   t ≥  t 0    there admits a unique solution   Y ( t ) ∈ Ω   of model (2) involving the initial condition   Y  t 0   .





Proof. 

We need to prove the existence and uniqueness of the solution to model (2) based on the domain   Ω × [  t 0  ,  t 01  ] ,   where    t 01  < + ∞ .   We denote   Y = (  y 1  ,  y 2  ,  y 3  ,  y 4  ,  y 5  )   and    Y ˜  =  (   y ˜  1  ,   y ˜  2  ,   y ˜  3  ,   y ˜  4  ,   y ˜  5  )    and define the following mapping:   Γ  ( Y )  = (  Γ 1   ( Y )  ,  Γ 2   ( Y )  ,  Γ 3   ( Y )  ,  Γ 4   ( Y )  ,  Γ 5   ( Y )  )  , where


        Γ 1   ( Y )  = −  a 1   y 1   ( t )  +  b 21   g 1   (  y 2   ( t −  ϑ 2  )  )  +  b 31   g 1   (  y 3   ( t −  ϑ 2  )  )                       +  b 41   g 1   (  y 4   ( t −  ϑ 2  )  )  +  b 51   g 1   (  y 5   ( t −  ϑ 2  )  )  ,          Γ 2   ( Y )  = −  a 2   y 2   ( t )  +  b 12   g 2   (  y 1   ( t −  ϑ 1  )  )  ,          Γ 3   ( Y )  = −  a 3   y 3   ( t )  +  b 13   g 3   (  y 1   ( t −  ϑ 1  )  )  ,          Γ 4   ( Y )  = −  a 4   y 4   ( t )  +  b 14   g 4   (  y 1   ( t −  ϑ 1  )  )  ,          Γ 5   ( Y )  = −  a 5   y 5   ( t )  +  b 15   g 5   (  y 1   ( t −  ϑ 1  )  )  .       



(11)







For arbitrary   Y ,  Y ˜  ∈ Π  ,    t 1  ,  t 2  ∈ R ,  t 1  ,  t 2  ≥  t 0   , by   (  A 2  )  , we have


          | | Γ  ( Y )   − Γ  (  Y ˜  )   | |        =     ∑  l = 1  5   |  Γ l   ( Y )  −  Γ l   (  Y ˜  )  |        =    | [ −  a 1   y 1   (  t 1  )  +  b 21   g 1   (  y 2   (  t 1  −  ϑ 2  )  )  +  b 31   g 1   (  y 3   (  t 1  −  ϑ 2  )  )            +  b 41   g 1   (  y 4   (  t 1  −  ϑ 2  )  )  +  b 51   g 1   (  y 5   (  t 1  −  ϑ 2  )  )   ]            − [ −  a 1   y 1   (  t 2  )  +  b 21   g 1   (  y 2   (  t 2  −  ϑ 2  )  )  +  b 31   g 1   (  y 3   (  t 2  −  ϑ 2  )  )            +  b 41   g 1   (  y 4   (  t 2  −  ϑ 2  )  )  +  b 51   g 1   (  y 5   (  t 2  −  ϑ 2  )  )   ] |             + |   [ −  a 2   y 2   (  t 1  )  +  b 12   g 2   (  y 1   (  t 1  −  ϑ 1  )  )  ]  −  [ −  a 2   y 2   (  t 2  )  +  b 12   g 2   (  y 1   (  t 2  −  ϑ 1  )  )  ]   |             + |   [ −  a 3   y 3   (  t 1  )  +  b 13   g 3   (  y 1   (  t 1  −  ϑ 1  )  )  ]  −  [ −  a 3   y 3   (  t 2  )  +  b 13   g 3   (  y 1   (  t 2  −  ϑ 1  )  )  ]   |             + |   [ −  a 4   y 4   (  t 1  )  +  b 14   g 4   (  y 1   (  t 1  −  ϑ 1  )  )  ]  −  [ −  a 4   y 4   (  t 2  )  +  b 14   g 4   (  y 1   (  t 2  −  ϑ 1  )  )  ]   |             + |   [ −  a 5   y 5   (  t 1  )  +  b 15   g 5   (  y 1   (  t 1  −  ϑ 1  )  )  ]  −  [ −  a 5   y 5   (  t 2  )  +  b 15   g 5   (  y 1   (  t 2  −  ϑ 1  )  )  ]   |        ≤     a 1   |   y 1   (  t 1  )  −  y 1   (  t 2  )   | + |   b 21   |   G 1   |  y 2   (  t 1  −  ϑ 2  )  −  y 2   (  t 2  −  ϑ 2  )  |             + |   b 31   |   G 1   |   y 3   (  t 1  −  ϑ 2  )  −  y 3   (  t 2  −  ϑ 2  )   | + |   b 41   |   G 1   |  y 4   (  t 1  −  ϑ 2  )  −  y 4   (  t 2  −  ϑ 2  )  |             + |   b 51   |   G 1   |   y 5   (  t 1  −  ϑ 2  )  −  y 5   (  t 2  −  ϑ 2  )   | +   a 2   |  y 2   (  t 1  )  −  y 2   (  t 2  )  |             + |   b 12   |   G 2   |   y 1   (  t 1  −  ϑ 2  )  −  y 1   (  t 2  −  ϑ 2  )   | +   a 3   |  y 3   (  t 1  )  −  y 3   (  t 2  )  |             + |   b 13   |   G 3   |   y 1   (  t 1  −  ϑ 2  )  −  y 1   (  t 2  −  ϑ 2  )   | +   a 4   |  y 4   (  t 1  )  −  y 4   (  t 2  )  |             + |   b 14   |   G 4   |   y 1   (  t 1  −  ϑ 2  )  −  y 1   (  t 2  −  ϑ 2  )   | +   a 5   |  y 5   (  t 1  )  −  y 5   (  t 2  )  |             + |   b 15   |   G 5   |  y 1   (  t 1  −  ϑ 2  )  −  y 1   (  t 2  −  ϑ 2  )  |        ≤     C 1   |   y 1   (  t 1  )  −  y 1   (  t 2  )   | +   C 2   |   y 2   (  t 1  )  −  y 2   (  t 2  )   | +   C 3   |  y 3   (  t 1  )  −  y 3   (  t 2  )  |            +  C 4   |   y 4   (  t 1  )  −  y 4   (  t 2  )   | +   C 5   |  y 5   (  t 1  )  −  y 5   (  t 2  )  |  ,     



(12)




where


        C 1  =  a 1   + |   b 12   |   G 2   + |   b 13   |   G 3   + |   b 14   |   G 4  +  |  b 15  |   G 5  ,          C 2  =  a 2  +  |  b 21  |   G 1  ,          C 3  =  a 3  +  |  b 31  |   G 1  ,          C 4  =  a 4  +  |  b 41  |   G 1  ,          C 5  =  a 5  +  |  b 51  |   G 1  .       



(13)







Using (12), we gain


   | | Γ  ( Y )   − Γ  (  Y ˜  )   | |  ≤  C | | Y  −  Y ˜   | ,   



(14)




where


  C = max {  C 1  ,  C 2  ,  C 3  ,  C 4  ,  C 5  } .  



(15)







Therefore,   Γ ( Y )   conforms to the Lipschitz condition (for  Y ). Using Lemma 1, Theorem 1 holds. □






4. Boundedness


In this part, we discuss the boundedness of the solution to system (2). We set    Ω +  =  {  (  y 1  ,  y 2  ,  y 3  ,  y 4  ,  y 5  )  ∈ Ω :  y 1  ,  y 2  ,  y 3  ,  y 4  ,  y 5  ∈  R +  }  .  



Theorem 2.

All solutions of system (2) beginning with   Ω +   are uniformly bounded.





Proof. 

We define the following function:


  V  ( t )  =  y 1   ( t )  +  y 2   ( t )  +  y 3   ( t )  +  y 4   ( t )  +  y 5   ( t )  .  



(16)







According to system (2), we gain


       d p  V  ( t )    d  t p      =       d p   y 1   ( t )    d  t p    +    d p   y 2   ( t )    d  t p    +    d p   y 3   ( t )    d  t p    +    d p   y 4   ( t )    d  t p    +    d p   y 5   ( t )    d  t p    .       =    −  a 1   y 1   ( t )  +  b 21   g 1   (  y 2   ( t −  ϑ 2  )  )  +  b 31   g 1   (  y 3   ( t −  ϑ 2  )  )            +  b 41   g 1   (  y 4   ( t −  ϑ 2  )  )  +  b 51   g 1   (  y 5   ( t −  ϑ 2  )  )            −  a 2   y 2   ( t )  +  b 12   g 2   (  y 1   ( t −  ϑ 1  )  )  −  a 3   y 3   ( t )  +  b 13   g 3   (  y 1   ( t −  ϑ 1  )  )            −  a 4   y 4   ( t )  +  b 14   g 4   (  y 1   ( t −  ϑ 1  )  )  −  a 5   y 5   ( t )  +  b 15   g 5   (  y 1   ( t −  ϑ 1  )  )        ≤    −  a 1   y 1    ( t )  + |   b 21   |   M 1   + |   b 31   |   M 1   + |   b 41   |   M 1  +  |  b 51  |   M 1            −  a 2   y 2    ( t )  + |   b 12   |   M 2  −  a 3   y 3   ( t )  +  |  b 13  |   M 3            −  a 4   y 4    ( t )  + |   b 14   |   M 4  −  a 5   y 5   ( t )  +  |  b 15  |   M 5        ≤    − α V ( t ) + ρ ,     



(17)




where


       α = min {  a 1  ,  a 2  ,  a 3  ,  a 4  ,  a 5  } ,         ρ =  ( |   b 21   | + |   b 31   | + |   b 41   | + |   b 51   | )   M 1  +  |  b 12  |   M 2  ,               +  b 13   |   M 3   + |   b 14   |   M 4  +  |  b 15  |   M 5  .       



(18)







Applying Lemma 2, we acquire


  V  ( t )  ≤   v  t 0   −  ρ α    E p   [ − α   ( t −  t 0  )  p  ]  +  ρ α  →  ρ α  , t → ∞ .  



(19)







Thus, all solutions of model (2) beginning with   Ω +   are uniformly bounded. □






5. Stability Trait and Bifurcation Phenomenon


In this part, we study the onset of Hopf bifurcation and the stability of model (2). According to   (  A 1  )  , we understand that Equation (2) admits a unique equilibrium   E ( 0 , 0 , 0 , 0 , 0 )  . Let


        w 1   ( t )  =  y 1   ( t −  ϑ 1  )  ,          w 2   ( t )  =  y 2   ( t )  ,          w 3   ( t )  =  y 3   ( t )  ,          w 4   ( t )  =  y 4   ( t )  ,          w 5   ( t )  =  y 5   ( t )  .       



(20)







In view of   (  A 4  )  , model (2) possesses the following isovalent expression:


          d p   y 1   ( t )    d  t p    = −  a 1   y 1   ( t )  +  b 21   g 1   (  y 2   ( t − ϑ )  )  +  b 31   g 1   (  y 3   ( t − ϑ )  )                       +  b 41   g 1   (  y 4   ( t − ϑ )  )  +  b 51   g 1   (  y 5   ( t − ϑ )  )  ,            d p   y 2   ( t )    d  t p    = −  a 2   y 2   ( t )  +  b 12   g 2   (  y 1   ( t )  )  ,            d p   y 3   ( t )    d  t p    = −  a 3   y 3   ( t )  +  b 13   g 3   (  y 1   ( t )  )  ,            d p   y 4   ( t )    d  t p    = −  a 4   y 4   ( t )  +  b 14   g 4   (  y 1   ( t )  )  ,            d p   y 5   ( t )    d  t p    = −  a 5   y 5   ( t )  +  b 15   g 5   (  y 1   ( t )  )  .       



(21)







The linear equation of Equations (21) around   E ( 0 , 0 , 0 , 0 , 0 )   reads as follows:


          d p   w 1   ( t )    d  t p    = −  a 1   w 1   ( t )  +  β 21   w 2   ( t − ϑ )  +  β 31   w 3   ( t − ϑ )                       +  β 41   w 4   ( t − ϑ )  +  β 51   w 5   ( t − ϑ )  ,            d p   w 2   ( t )    d  t p    = −  a 2   w 2   ( t )  +  β 12   w 1   ( t )  ,            d p   w 3   ( t )    d  t p    = −  a 3   w 3   ( t )  +  β 13   w 1   ( t )  ,            d p   w 4   ( t )    d  t p    = −  a 4   w 4   ( t )  +  β 14   w 1   ( t )  ,            d p   w 5   ( t )    d  t p    = −  a 5   w 5   ( t )  +  β 15   w 1   ( t )  .       



(22)




where    β  k 1   =  b  k 1    g 1   ′    ( 0 )     ( k = 2 , 3 , 4 , 5 )  ,  β  1 j   =  b  1 j    g j   ′    ( 0 )     ( j = 2 , 3 , 4 , 5 )  .   The corresponding characteristic equation of (22) takes the following form:


  det       s p  +  a 1      −  β 21   e  − s ϑ       −  β 31   e  − s ϑ       −  β 41   e  − s ϑ       −  β 51   e  − s ϑ         −  β 12       s p  +  a 2     0   0   0      −  β 13     0     s p  +  a 3     0   0      −  β 14     0   0     s p  +  a 4     0      −  β 15     0   0   0     s p  +  a 5       = 0 .  



(23)







It follows from (23) that


   H 1   ( s )  +  H 2   ( s )   e  − s ϑ   = 0 ,  



(24)




where


        H 1   ( s )  =  s  5 p   +  c 4   s  4 p   +  c 3   s  3 p   +  c 2   s  2 p   +  c 1   s p  +  c 0  ,          H 2   ( s )  =  d 3   s  3 p   +  d 2   s  2 p   +  d 1   s p  +  d 0  ,       



(25)




where


        c 0  =  a 1   a 2   a 3   a 4   a 5  ,          c 1  =  a 1   a 2   a 3   a 4  +  a 1   a 2   a 3   a 5  +  a 1   a 2   a 4   a 5  +  a 1   a 3   a 4   a 5  +  a 2   a 3   a 4   a 5  ,          c 2  =  a 1   a 3   a 2  +  a 1   a 4   a 2  +  a 1   a 5   a 2  +  a 1   a 4   a 3  +  a 1   a 5   a 3  +  a 1   a 5   a 4                 +  a 3   a 2   a 4  +  a 3   a 2   a 5  +  a 2   a 5   a 2  +  a 3   a 5   a 3  ,          c 3  =  a 2   a 1  +  a 3   a 1  +  a 4   a 1  +  a 5   a 1  +  a 3   a 2  +  a 4   a 2  +  a 5   a 2  +  a 4   a 3                 +  a 5   a 3  +  a 5   a 4  ,          c 4  =  a 1  +  a 2  +  a 3  +  a 4  +  a 5  ,          d 0   = − (   β 12   β 21   a 3   a 4   a 5  +  β 13   β 31   a 2   a 4   a 5                 +  β 14   β 41   a 2   a 3   a 5  +  β 15   β 51   a 2   a 3   a 4   ) ,           d 1   = − [   β 12   β 21   (  a 3   a 4  +  a 3   a 5  +  a 4   a 5  )  +  β 13   β 31   (  a 2   a 4  +  a 2   a 5  +  a 4   a 5  )                 +  β 14   β 41   (  a 2   a 3  +  a 2   a 5  +  a 3   a 5  )  +  β 15   β 51   (  a 2   a 3  +  a 2   a 4  +  a 3   a 4  )   ] ,           d 2   = − [   β 12   β 21   (  a 3  +  a 4  +  a 5  )  +  β 13   β 31   (  a 2  +  a 4  +  a 5  )                 +  β 14   β 41   (  a 2  +  a 3  +  a 5  )  +  β 15   β 51   (  a 2  +  a 3  +  a 4  )   ] ,           d 3  = −  (  β 12   β 21  +  β 13   β 31  +  β 14   β 4  +  β 15   β 51  )  .       



(26)







We denote   s = i χ = χ  cos  π 2  + i sin  π 2     the root of (24); then, it follows from (24) that


        H  2 R    ( χ )  cos χ ϑ +  H  2 I    ( χ )  sin χ ϑ = −  H  1 R    ( χ )  ,          H  2 I    ( χ )  cos χ ϑ −  H  2 R    ( χ )  sin χ ϑ = −  H  1 I    ( χ )  ,       



(27)




where


        H  1 R    ( χ )  =  μ 5   χ  5 p   +  μ 4   χ  4 p   +  μ 3   χ  3 p   +  μ 2   χ  2 p   +  μ 1   χ p  +  μ 0  ,          H  1 R    ( χ )  =  ν 5   χ  5 p   +  ν 4   χ  4 p   +  ν 3   χ  3 p   +  ν 2   χ  2 p   +  ν 1   χ p  ,          H  2 R    ( χ )  =  κ 3   χ  3 p   +  κ 2   χ  2 p   +  κ 1   χ p  +  κ 0  ,          H  2 R    ( χ )  =  ι 3   χ  3 p   +  ι 2   χ  2 p   +  ι 1   χ p  ,       



(28)




where


        μ 0  =  c 0  ,          μ 1  =  c 1  cos   p π  2  ,          μ 2  =  c 2  cos p π ,          μ 3  =  c 3  cos   3 p π  2  ,          μ 4  =  c 4  cos 2 p π ,          μ 5  = cos   5 p π  2  ,          ν 1  =  c 1  sin   p π  2  ,          ν 2  =  c 2  sin p π ,          ν 3  =  c 3  sin   3 p π  2  ,          ν 4  =  c 4  sin 2 p π ,          ν 5  = sin   5 p π  2  ,          κ 0  =  d 0  ,          κ 1  =  d 1  cos   p π  2  ,          κ 2  =  d 2  cos p π ,          κ 3  =  d 3  cos   3 p π  2  ,          ι 1  =  d 1  sin   p π  2  ,          ι 2  =  d 2  sin p π ,          ι 3  =  d 3  sin   3 p π  2  .       



(29)







By virtue of (27), we gain


    [  H  2 R    ( χ )  ]  2   + [    (  H  2 I    ( χ )  ]  2  =   [  H  1 R    ( χ )  ]  2  +   [  H  1 I    ( χ )  ]  2  ,  



(30)




which results in


        ϵ 1   χ  10 p   +  ϵ 2   χ  9 p   +  ϵ 3   χ  8 p   +  ϵ 4   χ  7 p   +  ϵ 5   χ  6 p   +  ϵ 6   χ  5 p           +  ϵ 7   χ  4 p   +  ϵ 8   χ  3 p   +  ϵ 9   χ  2 p   +  ϵ 10   χ p  +  ϵ 11  = 0 ,     



(31)




where


        ϵ 1  =  μ 5 2  +  ν 5 2  ,          ϵ 2  = 2  (  μ 4   μ 5  +  ν 4   ν 5  )  ,          ϵ 3  =  μ 4 2  +  ν 4 2  + 2  (  μ 5   μ 3  +  ν 5   ν 3  )  ,          ϵ 4  = 2  (  μ 5   μ 2  +  ν 5   ν 2  +  μ 4   μ 3  +  ν 4   ν 3  )  ,          ϵ 5  =  μ 3 2  +  ν 3 2  −  κ 3 2  −  ι 3 2  + 2  (  μ 5   μ 1  +  μ 4   μ 2  +  ν 5   ν 1  +  ν 4   ν 2  )  ,          ϵ 6  = 2  (  μ 5   μ 0  +  μ 4   μ 1  +  μ 3   μ 2  +  ν 4   ν 1  +  ν 3   ν 2  )  − 2  (  κ 3   κ 2  +  ι 3   ι 2  )  ,          ϵ 7  =  μ 2 2  +  ν 2 2  −  κ 2 2  −  ι 2 2  + 2  (  μ 4   μ 0  +  μ 3   μ 1  +  ν 3   ν 1  )  − 2  (  κ 3   κ 1  +  ι 3   ι 1  )  ,          ϵ 8  = 2  (  μ 3   μ 0  +  μ 2   μ 1  +  ν 2   ν 1  )  − 2  (  κ 3   κ 0  +  κ 1   κ 2  +  ι 1   ι 2  )  ,          ϵ 9  =  μ 1 2  +  ν 1 2  −  κ 1 2  −  ι 1 2  + 2  μ 2   μ 0  − 2  κ 2   κ 0  ,          ϵ 10  = 2  μ 1   μ 0  − 2  κ 1   κ 0  ,          ϵ 11  =  μ 0 2  −  κ 0 2  .       



(32)







We denote


       Q  ( χ )  =  ϵ 1   χ  10 p   +  ϵ 2   χ  9 p   +  ϵ 3   χ  8 p   +  ϵ 4   χ  7 p   +  ϵ 5   χ  6 p   +  ϵ 6   χ  5 p                     +  ϵ 7   χ  4 p   +  ϵ 8   χ  3 p   +  ϵ 9   χ  2 p   +  ϵ 10   χ p  +  ϵ 11  ,     



(33)




and


       S  ( φ )  =  ϵ 1   φ 10  +  ϵ 2   φ 9  +  ϵ 3   φ 8  +  ϵ 4   φ 7  +  ϵ 5   φ 6  +  ϵ 6   φ 5                    +  ϵ 7   φ 4  +  ϵ 8   φ 3  +  ϵ 9   φ 2  +  ϵ 10  φ +  ϵ 11  .     



(34)







Lemma 5.

(i) Suppose that    c 0  +  d 0  ≠ 0  . If    ϵ k  > 0    ( k = 1 , 2 , ⋯ , 11 )   ; then, Equation (24) owns no root involving zero real parts. (ii) If    ϵ 11  > 0   and ∃   φ 0  > 0   obey   S (  φ 0  ) < 0  , then Equation (24) admits at least two pairs of complex roots with zero real roots.





Proof. 






	(i)

	
Relying on (33), we gain


      d Q ( χ )   d χ     =    10 p  ϵ 1   χ  10 p − 1   + 9 p  ϵ 2   χ  9 p − 1   + 8 p  ϵ 3   χ  8 p − 1   + 7 p  ϵ 4   χ  7 p − 1             + 6 p  ϵ 5   χ  6 p − 1   + 5 p  ϵ 6   χ  5 p − 1   + 4 p  ϵ 7   χ  4 p − 1   + 3 p  ϵ 8   χ  3 p − 1             + 2 p  ϵ 9   χ  2 p − 1   + p  ϵ 10   χ  p − 1   .     



(35)







Considering that    ϵ l  > 0    ( l = , 2 , ⋯ , 10 )  , we gain     d Q ( χ )   d χ   > 0  ,∀   χ > 0  . In addition,   Q  ( 0 )  =  ϵ 11  > 0  , from which we can understand that Equation (31) admits no real positive root. Using    c 0  +  d 0  ≠ 0  , we can further understand that   s = 0   is not the solution to (24). This ends the proof of (i).




	(ii)

	
Clearly,   S  ( 0 )  =  ϵ 11  > 0 , S  (  φ 0  )  < 0    (  φ 0  > 0 )   and    lim  φ → + ∞     S ( φ )   d φ   = + ∞  ; thus, there exist    φ 1  ∈  ( 0 ,  φ 0  )    and    φ 2  ∈  (  φ 0  , + ∞ )    obeying   S  (  φ 1  )  = S  (  φ 2  )  = 0 ,   meaning that Equation (31) admits at least both real positive roots. Therefore, (24) admits at least two pairs of complex roots with zero real roots. This ends the the proof of (ii).









Here, we assume that Equation (31) has eleven positive real roots   χ j    ( j = 1 , 2 , ⋯ , 11 )  . By virtue of (27), we gain


   ϑ j l  =  1  χ j    arccos    −  H  1 R    (  χ j  )   H  2 R    (  χ j  )  −  H  1 I    (  χ j  )   H  2 I    (  χ j  )     H  2 R  2   (  χ j  )  +  H  2 I  2   (  χ j  )     + 2 l π  ,  



(36)




where   l = 0 , 1 , 2 , 3 , 4 , ⋯ ,   j = 1 , 2 , 3 , ⋯ , 11 .   Let


   ϑ 0  =  min  j = 1 , 2 , ⋯ , 11    {  ϑ j 0  }  ,  χ 0    = χ |   ϑ =  ϑ 0    .  



(37)







Now we present the following hypothesis:



(   A 5   )       K 11   K 21  +  K 12   K 22  > 0 ,   where


     K 11    =    5 p  χ 0  5 p − 1   cos   ( 5 p − 1 ) π  2  + 4 p  c 4   χ 0  4 p − 1   cos   ( 4 p − 1 ) π  2            + 3 p  c 3   χ 0  3 p − 1   cos   ( 3 p − 1 ) π  2  + 2 p  c 2   χ 0  2 p − 1   cos   ( 2 p − 1 ) π  2            + p  c 1   χ 0  p − 1   cos   ( p − 1 ) π  2  +  3 p  d 3   χ 0  3 p − 1   cos   ( 3 p − 1 ) π  2              + 2 p  d 2   χ 0  2 p − 1   cos   ( 2 p − 1 ) π  2  + p  d 1   χ 0  p − 1   cos   π ( p − 1 )  2   cos  χ 0   ϑ 0            +  3 p  d 3   χ 0  3 p − 1   sin   ( 3 p − 1 ) π  2  + 2 p  d 2   χ 0  2 p − 1   sin   ( 2 p − 1 ) π  2              + p  d 1   χ 0  p − 1   sin   π ( p − 1 )  2   sin  χ 0   ϑ 0  ,       K 12    =    5 p  χ 0  5 p − 1   sin   ( 5 p − 1 ) π  2  + 4 p  c 4   χ 0  4 p − 1   sin   ( 4 p − 1 ) π  2            + 3 p  c 3   χ 0  3 p − 1   sin   ( 3 p − 1 ) π  2  + 2 p  c 2   χ 0  2 p − 1   sin   ( 2 p − 1 ) π  2            + p  c 1   χ 0  p − 1   sin   ( p − 1 ) π  2  −  3 p  d 3   χ 0  3 p − 1   cos   ( 3 p − 1 ) π  2              + 2 p  d 2   χ 0  2 p − 1   cos   ( 2 p − 1 ) π  2  + p  d 1   χ 0  p − 1   cos   π ( p − 1 )  2   sin  χ 0   ϑ 0            +  3 p  d 3   χ 0  3 p − 1   sin   ( 3 p − 1 ) π  2  + 2 p  d 2   χ 0  2 p − 1   sin   ( 2 p − 1 ) π  2              + p  d 1   χ 0  p − 1   sin   ( p − 1 ) π  2   cos  χ 0   ϑ 0  ,       K 21    =      d 3   χ 0  3 p   cos   3 p π  2  +  d 2   χ 0  2 p   cos 2 p π +  d 1   χ 0 p  cos   p π  2  +  d 0    χ 0  sin  χ 0   ϑ 0            −   d 3   χ 0  3 p   sin   3 p π  2  +  d 2   χ 0  2 p   sin 2 p π +  d 1   χ 0 p  sin   p π  2    χ 0  cos  χ 0   ϑ 0  ,       K 22    =      d 3   χ 0  3 p   cos   3 p π  2  +  d 2   χ 0  2 p   cos 2 p π +  d 1   χ 0 p  cos   p π  2  +  d 0    χ 0  cos  χ 0   ϑ 0            +   d 3   χ 0  3 p   sin   3 p π  2  +  d 2   χ 0  2 p   sin 2 p π +  d 1   χ 0 p  sin   p π  2    χ 0  sin  χ 0   ϑ 0  .     











□





Lemma 6.

Let   s  ( ϑ )  =  ξ 1   ( ϑ )  + i  ξ 2   ( ϑ )    be the root of Equations (24) around   ϑ =  ϑ 0   , conforming to    ξ 1   (  ϑ 0  )  = 0 ,  ξ 2   (  ϑ 0  )  =  χ 0   ; then,   R e    d s   d ϑ     |  ϑ =  ϑ 0  , χ =  χ 0    > 0 .  





Proof. 

In view of Equation (24), we have


        5 p  s  5 p − 1   + 4 p  c 4   s  4 p − 1   + 3 p  c 3   s  3 p − 1   + 2 p  c 2   s  2 p − 1   + p  c 1   s  p − 1      d s   d ϑ           +  3 p  d 3   s  3 p − 1   + 2 p  d 2   s  2 p − 1   + p  d 1   s  p − 1      d s   d ϑ    e  − s ϑ   −  e  − s ϑ      d s   d ϑ   ϑ + s          ×   d 3   s  3 p   +  d 2   s  2 p   +  d 1   s p  +  d 0   = 0 .     



(38)







It follows from (38) that


      d s   d ϑ     − 1   =    K 1   ( s )     K 2   ( s )    −  ϑ s  ,  



(39)




where


        K 1   ( s )  = 5 p  s  5 p − 1   + 4 p  c 4   s  4 p − 1   + 3 p  c 3   s  3 p − 1   + 2 p  c 2   s  2 p − 1   + p  c 1   s  p − 1                       +  3 p  d 3   s  3 p − 1   + 2 p  d 2   s  2 p − 1   + p  d 1   s  p − 1     e  − s ϑ   ,          K 2   ( s )  = s  e  − 2 s ϑ     d 3   s  3 p   +  d 2   s  2 p   +  d 1   s p  +  d 0   .       



(40)







Then,


   Re     d s   d ϑ     |  ϑ =  ϑ 0  , χ =  χ 0    =  Re      K 1   ( s )     K 2   ( s )      |  ϑ =  ϑ 0  , χ =  χ 0    =    K 11   K 21  +  K 12   K 22     K  21  2  +  K  22  2    .  



(41)







Using   (  A 5  )  , we obtain


   Re       d s   d ϑ     − 1     |  ϑ =  ϑ 0  , χ =  χ 0    > 0 .  



(42)







Now, we need to prepare the following assumption:



(   A 6   )    The following conditions hold:


        B 1  =  c 4  > 0 ,          B 2  = det      c 4    1       c 2  +  d 2       c 3  +  d 3       > 0 ,          B 3  = det      c 4    1   0       c 2  +  d 2       c 3  +  d 3      c 4        c 0  +  d 0       c 1  +  d 1       c 2  +  d 2       > 0 ,          B 4  = det      c 4    1   0   0       c 2  +  d 2       c 3  +  d 3      c 4    1       c 0  +  d 0       c 1  +  d 1       c 2  +  d 2       c 3  +  d 3       0   0     c 0  +  d 0       c 1  +  d 1       > 0 ,          B 5  =  c 0  +  d 0  > 0 .       











□





Lemma 7.

Assume that   ϑ = 0   and   (  A 6  )   is fulfilled; then, model (2) remains locally asymptotically stable.





Proof. 

If   ϑ = 0  , it follows from (24) that


   λ 5  +  c 4   λ 4  +  (  c 3  +  d 3  )   λ 3  +  (  c 2  +  d 2  )   λ 2  +  (  c 1  +  d 1  )  λ +  c 0  +  d 0  = 0 .  



(43)







In view of   (  A 6  )  , we know that each root   λ j   of (43) conforms to    |  a r g    (  λ j  )   | >    p π  2      ( j = 1 , 2 , 3 , 4 , 5 ) .   Thus, Lemma 7 is true. □





Depending on the discussion above, we have the following theorem.



Theorem 3.

Suppose that   (  A 1  )  –  (  A 6  )   hold; then, the null equilibrium point   E ( 0 , 0 , 0 , 0 , 0 )   of model (2) remains locally asymptotically stable if   ϑ ∈ [ 0 ,  ϑ 0  )  , and system (2) generates a Hopf bifurcation near the null equilibrium point   E ( 0 , 0 , 0 , 0 , 0 )   when   ϑ =  ϑ 0  .  






6. Hopf Bifurcation Control via Delayed Feedback Controller


In this part, we explore the Hopf bifurcation control issue of model (21). Following the idea of Yu and Chen [49], we provide the following feedback controller involving time delay:


  v  ( t )  = γ [  w 1   ( t − ϑ )  −  w 1   ( t )  ] ,  



(44)




where  γ  is the feedback gain coefficient. Adding this delayed feedback controller to the first equation of system (21), we gain the following controlled model:


          d p   y 1   ( t )    d  t p    = −  a 1   y 1   ( t )  +  b 21   g 1   (  y 2   ( t − ϑ )  )  +  b 31   g 1   (  y 3   ( t − ϑ )  )                       +  b 41   g 1   (  y 4   ( t − ϑ )  )  +  b 51   g 1   (  y 5   ( t − ϑ )  )  + γ  [  w 1   ( t − ϑ )  −  w 1   ( t )  ]  ,            d p   y 2   ( t )    d  t p    = −  a 2   y 2   ( t )  +  b 12   g 2   (  y 1   ( t )  )  ,            d p   y 3   ( t )    d  t p    = −  a 3   y 3   ( t )  +  b 13   g 3   (  y 1   ( t )  )  ,            d p   y 4   ( t )    d  t p    = −  a 4   y 4   ( t )  +  b 14   g 4   (  y 1   ( t )  )  ,            d p   y 5   ( t )    d  t p    = −  a 5   y 5   ( t )  +  b 15   g 5   (  y 1   ( t )  )  .       



(45)







Clearly, under condition   A 1  , system (45) admits a unique zero equilibrium point   E ( 0 , 0 , 0 , 0 , 0 )  . The linear equation of Equations (45) around   E ( 0 , 0 , 0 , 0 , 0 )   reads as


          d p   w 1   ( t )    d  t p    = −  (  a 1  + γ )   w 1   ( t )  +  β 21   w 2   ( t − ϑ )  +  β 31   w 3   ( t − ϑ )                       +  β 41   w 4   ( t − ϑ )  +  β 51   w 5   ( t − ϑ )  − γ  w 1   ( t − ϑ )  ,            d p   w 2   ( t )    d  t p    = −  a 2   w 2   ( t )  +  β 12   w 1   ( t )  ,            d p   w 3   ( t )    d  t p    = −  a 3   w 3   ( t )  +  β 13   w 1   ( t )  ,            d p   w 4   ( t )    d  t p    = −  a 4   w 4   ( t )  +  β 14   w 1   ( t )  ,            d p   w 5   ( t )    d  t p    = −  a 5   w 5   ( t )  +  β 15   w 1   ( t )  .       



(46)




where    β  k 1   =  b  k 1    g 1   ′    ( 0 )     ( k = 2 , 3 , 4 , 5 )  ,    β  1 j   =  b  1 j    g j   ′    ( 0 )     ( j = 2 , 3 , 4 , 5 )  .   The corresponding characteristic equation of (46) takes the following form:


  det       s p  +  (  a 1  + γ )  + γ  e  − s ϑ       −  β 21   e  − s ϑ       −  β 31   e  − s ϑ       −  β 41   e  − s ϑ       −  β 51   e  − s ϑ         −  β 12       s p  +  a 2     0   0   0      −  β 13     0     s p  +  a 3     0   0      −  β 14     0   0     s p  +  a 4     0      −  β 15     0   0   0     s p  +  a 5       = 0 .  



(47)







It follows from (47) that


   N 1   ( s )  +  N 2   ( s )   e  − s ϑ   = 0 ,  



(48)




where


        N 1   ( s )  =  s  5 p   +  e 4   s  4 p   +  e 3   s  3 p   +  e 2   s  2 p   +  e 1   s p  +  e 0  ,          N 2   ( s )  =  m 4   s  4 p   +  m 3   s  3 p   +  m 2   s  2 p   +  m 1   s p  +  m 0  ,       



(49)




where


        e 0  =  (  a 1  + γ )   a 2   a 3   a 4   a 5  ,          e 1  =  (  a 1  + γ )   a 2   a 3   a 4  +  (  a 1  + γ )   a 2   a 3   a 5  +  (  a 1  + γ )   a 2   a 4   a 5                 +  (  a 1  + γ )   a 3   a 4   a 5  +  a 2   a 3   a 4   a 5  ,          e 2  =  (  a 1  + γ )   a 2   a 3  +  ( γ +  a 1  )   a 4   a 2  +  ( γ +  a 1  )   a 5   a 2                 +  (  a 1  + γ )   a 3   a 4  +  ( γ +  a 1  )   a 5   a 3  +  ( γ +  a 1  )   a 5   a 4                 +  a 2   a 3   a 4  +  a 2   a 3   a 5  +  a 2   a 4   a 5  +  a 3   a 4   a 5  ,          e 3  =  a 2   ( γ +  a 1  )  +  a 3   ( γ +  a 1  )  +  ( γ +  a 1  )   a 4  +  a 5   ( γ +  a 1  )                 +  a 3   a 2  +  a 4   a 2  +  a 5   a 2  +  a 4   a 3  +  a 5   a 3  +  a 5   a 4  ,          e 4  =  (  a 1  + γ )  +  a 2  +  a 3  +  a 4  +  a 5  ,          m 0   = − (   β 12   β 21   a 3   a 4   a 5  +  β 13   β 31   a 2   a 4   a 5                 +  β 14   β 41   a 2   a 3   a 5  +  β 15   β 51   a 2   a 3   a 4   )                 +  a 2   a 3   a 4   a 5  ,          m 1   = − [   β 12   β 21   (  a 3   a 4  +  a 3   a 5  +  a 4   a 5  )  +  β 13   β 31   (  a 2   a 4  +  a 2   a 5  +  a 4   a 5  )                 +  β 14   β 41   (  a 2   a 3  +  a 2   a 5  +  a 3   a 5  )  +  β 15   β 51   (  a 2   a 3  +  a 2   a 4  +  a 3   a 4  )   ]                 +  a 4   a 5   (  a 2  +  a 3  )  +  a 2   a 3   (  a 4  +  a 5  )  ,          m 2   = − [   β 12   β 21   (  a 3  +  a 4  +  a 5  )  +  β 13   β 31   (  a 2  +  a 4  +  a 5  )                 +  β 14   β 41   (  a 2  +  a 3  +  a 5  )  +  β 15   β 51   (  a 2  +  a 3  +  a 4  )   ]                 +  a 4   a 5  +  a 2   a 3  +  (  a 2  +  a 3  )   (  a 4  +  a 5  )  ,          m 3  = −  (  β 12   β 21  +  β 13   β 31  +  β 14   β 4  +  β 15   β 51  )  ,                +  a 2  +  a 2  +  a 4  +  a 5  ,          m 4  = γ .       



(50)







We denote   s = i θ = θ  cos  π 2  + i sin  π 2     as the root of (48); then, it follows from (48) that


        N  2 R    ( θ )  cos θ ϑ +  N  2 I    ( θ )  sin θ ϑ = −  N  1 R    ( θ )  ,          N  2 I    ( θ )  cos θ ϑ −  N  2 R    ( θ )  sin θ ϑ = −  N  1 I    ( θ )  ,       



(51)




where


        N  1 R    ( θ )  =  τ 5   θ  5 p   +  τ 4   θ  4 p   +  τ 3   θ  3 p   +  τ 2   θ  2 p   +  τ 1   θ p  +  τ 0  ,          N  1 R    ( θ )  =  ζ 5   θ  5 p   +  ζ 4   θ  4 p   +  ζ 3   θ  3 p   +  ζ 2   θ  2 p   +  ζ 1   θ p  ,          N  2 R    ( θ )  =  υ 4   θ  4 p   +  υ 3   θ  3 p   +  υ 2   θ  2 p   +  υ 1   θ p  +  υ 0  ,          N  2 R    ( θ )  =  l 4   θ  4 p   +  l 3   θ  3 p   +  l 2   θ  2 p   +  l 1   θ p  ,       



(52)




where


        τ 0  =  e 0  ,          τ 1  =  e 1  cos   p π  2  ,          τ 2  =  e 2  cos p π ,          τ 3  =  e 3  cos   3 p π  2  ,          τ 4  =  e 4  cos 2 p π ,          τ 5  = cos   5 p π  2  ,          ζ 1  =  e 1  sin   p π  2  ,          ζ 2  =  e 2  sin p π ,          ζ 3  =  e 3  sin   3 p π  2  ,          ζ 4  =  e 4  sin 2 p π ,          ζ 5  = sin   5 p π  2  ,          υ 0  =  m 0  ,          υ 1  =  m 1  cos   p π  2  ,          υ 2  =  m 2  cos p π ,          υ 3  =  m 3  cos   3 p π  2  ,          υ 4  =  m 4  cos   3 p π  2  ,          l 1  =  m 1  sin   p π  2  ,          l 2  =  m 2  sin p π ,          l 3  =  m 3  sin   3 p π  2  ,          l 4  =  m 4  sin   3 p π  2  .       



(53)







By virtue of (52), we gain


    [  N  2 R    ( θ )  ]  2   + [    (  N  2 I    ( θ )  ]  2  =   [  N  1 R    ( θ )  ]  2  +   [  N  1 I    ( θ )  ]  2  ,  



(54)




which results in


        ε 1   θ  10 p   +  ε 2   θ  9 p   +  ε 3   θ  8 p   +  ε 4   θ  7 p   +  ε 5   θ  6 p   +  ε 6   θ  5 p           +  ε 7   θ  4 p   +  ε 8   θ  3 p   +  ε 9   θ  2 p   +  ε 10   θ p  +  ε 11  = 0 ,     



(55)




where


        ε 1  =  τ 5 2  +  ζ 5 2  −  υ 4 2  −  l 4 2  ,          ε 2  = 2  (  τ 4   τ 5  +  ζ 4   ζ 5  )  − 2  (  υ 4   υ 3  +  l 4   l 3  )  ,          ε 3  =  τ 4 2  +  ζ 4 2  + 2  (  τ 5   τ 3  +  ζ 5   ζ 3  )  − 2  (  υ 4   υ 2  +  l 4   l 2  )  ,          ε 4  = 2  (  τ 5   τ 2  +  ζ 5   ζ 2  +  τ 4   τ 3  +  ζ 4   ζ 3  )  − 2  (  υ 4   υ 1  +  l 4   l 1  )  ,          ε 5  =  τ 3 2  +  ζ 3 2  −  υ 3 2  −  l 3 2  + 2  (  τ 5   τ 1  +  τ 4   τ 2  +  ζ 5   ζ 1  +  ζ 4   ζ 2  )  − 2  υ 4   υ 0  ,          ε 6  = 2  (  τ 5   τ 0  +  τ 4   τ 1  +  τ 3   τ 2  +  ζ 4   ζ 1  +  ζ 3   ζ 2  )  − 2  (  υ 3   υ 2  +  l 3   l 2  )  ,          ε 7  =  τ 2 2  +  ζ 2 2  −  υ 2 2  −  l 2 2  + 2  (  τ 4   τ 0  +  τ 3   τ 1  +  ζ 3   ζ 1  )  − 2  (  υ 3   υ 1  +  l 3   l 1  )  ,          ε 8  = 2  (  τ 3   τ 0  +  τ 2   τ 1  +  ζ 2   ζ 1  )  − 2  (  υ 3   υ 0  +  υ 1   υ 2  + l  a 1   l 2  )  ,          ε 9  =  τ 1 2  +  ζ 1 2  −  υ 1 2  −  l 1 2  + 2  τ 2   τ 0  − 2  υ 2   υ 0  ,          ε 10  = 2  τ 1   τ 0  − 2  υ 1   υ 0  ,          ε 11  =  τ 0 2  −  υ 0 2  .       



(56)







We denote


       P  ( θ )  =  ε 1   θ  10 p   +  ε 2   θ  9 p   +  ε 3   θ  8 p   +  ε 4   θ  7 p   +  ε 5   θ  6 p   +  ε 6   θ  5 p                     +  ε 7   θ  4 p   +  ε 8   θ  3 p   +  ε 9   θ  2 p   +  ε 10   θ p  +  ε 11  ,     



(57)




and


       T  ( ψ )  =  ε 1   ψ 10  +  ε 2   ψ 9  +  ε 3   ψ 8  +  ε 4   ψ 7  +  ε 5   ψ 6  +  ε 6   ψ 5                    +  ε 7   ψ 4  +  ε 8   ψ 3  +  ε 9   ψ 2  +  ε 10  ψ +  ε 11  .     



(58)







Lemma 8.

(i) Suppose that    e 0  +  m 0  ≠ 0  . If    ε k  > 0    ( k = 1 , 2 , ⋯ , 11 )   ; then, Equation (48) owns no root involving zero real parts. (ii) If    ε 11  > 0   and ∃   ψ 0  > 0   obey   T (  ψ 0  ) < 0  , then Equation (48) admits at least two pairs of complex roots with zero real parts.





Proof. 






	(i)

	
Relying on (57), we gain


      d P ( θ )   d χ     =    10 p  ε 1   θ  10 p − 1   + 9 p  ε 2   θ  9 p − 1   + 8 p  ε 3   θ  8 p − 1   + 7 p  ε 4   θ  7 p − 1             + 6 p  ε 5   θ  6 p − 1   + 5 p  ε 6   θ  5 p − 1   + 4 p  ε 7   θ  4 p − 1   + 3 p  ε 8   θ  3 p − 1             + 2 p  ε 9   θ  2 p − 1   + p  ε 10   θ  p − 1   .     



(59)







Considering that    ε l  > 0    ( l = , 2 , ⋯ , 10 )   , we gain     d P ( θ )   d θ   > 0  ,∀   θ > 0  . In addition,   P  ( 0 )  =  ε 11  > 0  ; thus, we can understand that Equations (55) admits no real positive root. Using    E 0  +  M 0  ≠ 0  , we know that   s = 0   is not the solution of (48). This ends the proof of (i).




	(ii)

	
Clearly,   T  ( 0 )  =  ε 11  > 0 ,   T  (  ψ 0  )  < 0    (  ψ 0  > 0 )    and    lim  ψ → + ∞     T ( ψ )   d ψ   = + ∞  ; thus, there exist    ψ 1  ∈  ( 0 ,  ψ 0  )    and    ψ 2  ∈  (  ψ 0  , + ∞ )    obeying   T  (  ψ 1  )  = T  (  ψ 2  )  = 0 ,   meaning that Equation (55) has at least two real positive roots. Therefore, (48) admits at least two pairs of complex roots with zero real parts. This ends the the proof of (ii).









Here, we assume that Equation (55) has eleven real positive roots    θ i     ( i = 1 , 2 , ⋯ , 11 )   . By virtue of (51), we gain


   ϑ i l  =  1  θ i    arccos    −  N  1 R    (  θ i  )   N  2 R    (  θ i  )  −  N  1 I    (  θ i  )   N  2 I    (  θ i  )     H  2 R  2   (  θ i  )  +  H  2 I  2   (  θ i  )     + 2 l π  ,  



(60)




where   l = 0 , 1 , 2 , ⋯ ,   i = 1 , 2 , ⋯ , 11 .   Let


   ϑ *  =  min  i = 1 , 2 , ⋯ , 11    {  ϑ i 0  }  ,  θ 0    = θ |   ϑ =  ϑ 0    .  



(61)







Now, we present the following hypothesis:



(   A 7   )       J 11   J 21  +  J 12   J 22  > 0 ,   where


        J 11  = 5 p  θ 0  5 p − 1   cos   ( 5 p − 1 ) π  2  + 4 p  e 4   θ 0  4 p − 1   cos   ( 4 p − 1 ) π  2                  + 3 p  e 3   θ 0  3 p − 1   cos   ( 3 p − 1 ) π  2  + 2 p  e 2   θ 0  2 p − 1   cos   π ( 2 p − 1 )  2                  + p  e 1   θ 0  p − 1   cos   π ( p − 1 )  2  +  4 p  m 4   θ 0  4 p − 1   cos   ( 4 p − 1 ) π  2                   + 3 p  m 3   θ 0  3 p − 1   cos   ( 3 p − 1 ) π  2  + 2 p  m 2  θ  0  2 p − 1   cos   ( 2 p − 1 ) π  2                   +  m 1  p  θ 0  p − 1   cos   π ( p − 1 )  2   cos  θ 0   ϑ 0                  +  4 p  m 4   θ 0  4 p − 1   sin   ( 4 p − 1 ) π  2  + 3 p  m 3   θ 0  3 p − 1   sin   ( 3 p − 1 ) π  2                    + 2 p  m 2   θ 0  2 p − 1   sin   ( 2 p − 1 ) π  2  + p  m 1   θ 0  p − 1   sin   ( p − 1 ) π  2   sin  θ 0   ϑ 0  ,         J 12  = 5 p  θ 0  5 p − 1   sin   ( 5 p − 1 ) π  2  + 4 p  e 4   θ 0  4 p − 1   sin   ( 4 p − 1 ) π  2                 + 3 p  e 3   θ 0  3 p − 1   sin   ( 3 p − 1 ) π  2  + 2 p  e 2   θ 0  2 p − 1   sin   ( 2 p − 1 ) π  2                  + p  e 1   θ 0  p − 1   sin   ( p − 1 ) π  2  −  4 p  m 4   θ 0  4 p − 1   cos   ( 4 p − 1 ) π  2                   + 3 p  m 3   θ 0  3 p − 1   cos   ( 3 p − 1 ) π  2  + 2 p  m 2   θ 0  2 p − 1   cos   ( 2 p − 1 ) π  2                   + p  m 1   θ 0  p − 1   cos   ( p − 1 ) π  2   sin  θ 0   ϑ 0  +  4  m 4  p  θ 0  4 p − 1   sin   π ( 4 p − 1 )  2                   + 3 p  m 3   θ 0  3 p − 1   sin   ( 3 p − 1 ) π  2  + 2 p  m 2   θ 0  2 p − 1   sin   ( 2 p − 1 ) π  2                   + p  m 1   θ 0  p − 1   sin   ( p − 1 ) π  2   cos  θ 0   ϑ 0  ,          J 21  =   m 4   θ 0  4 p   cos 2 p π +  m 3   θ 0  3 p   cos   3 p π  2  +  m 2   θ 0  2 p   cos 2 p π                   +  m 1   θ 0 p  cos   p π  2  +  m 0    θ 0  sin  θ 0   ϑ 0                  −   m 4   θ 0  4 p   sin 2 p π +  m 3   θ 0  3 p   sin   3 p π  2  +  m 2   θ 0  2 p   sin 2 p π                   +  m 1   θ 0 p  sin   p π  2    χ 0  cos  θ 0   ϑ 0  ,          J 22  =   m 4   θ 0  4 p   cos 2 p π +  m 3   θ 0  3 p   cos   3 p π  2  +  m 2   θ 0  2 p   cos 2 p π                   +  m 1   θ 0 p  cos   p π  2  +  m 0    θ 0  cos  θ 0   ϑ 0                  +   m 4   θ 0  4 p   sin 2 p π +  m 3   θ 0  3 p   sin   3 p π  2  +  m 2   θ 0  2 p   sin 2 p π                   +  m 1   θ 0 p  sin   p π  2    θ 0  sin  θ 0   ϑ 0  .       



(62)







□





Lemma 9.

Let   s  ( ϑ )  =  δ 1   ( ϑ )  + i  δ 2   ( ϑ )    be the root of Equations (48) around   ϑ =  ϑ *    conforming to    δ 1   (  ϑ *  )  = 0 ,  δ 2   (  ϑ *  )  =  θ 0   ; then,   R e    d s   d ϑ     |  ϑ =  ϑ *  , θ =  θ 0    > 0 .  





Proof. 

In view of Equation (48), we have


        5 p  s  5 p − 1   + 4 p  e 4   s  4 p − 1   + 3 p  e 3   s  3 p − 1   + 2 p  e 2   s  2 p − 1   + p  e 1   s  p − 1      d s   d ϑ           +  4 p  m 4   s  4 p − 1   + 3 p  m 3   s  3 p − 1   + 2 p  m 2   s  2 p − 1   + p  m 1   s  p − 1      d s   d ϑ    e  − s ϑ   −  e  − s ϑ      d s   d ϑ   ϑ + s          ×   m 4   s  4 p   +  m 3   s  3 p   +  m 2   s  2 p   +  m 1   s p  +  d 0   = 0 .     



(63)







It follows from (63) that


      d s   d ϑ     − 1   =    J 1   ( s )     J 2   ( s )    −  ϑ s  ,  



(64)




where


        J 1   ( s )  = 5 p  s  5 p − 1   + 4 p  e 4   s  4 p − 1   + 3 p  e 3   s  3 p − 1   + 2 p  e 2   s  2 p − 1   + p  e 1   s  p − 1                       +  4 p  m 4   s  4 p − 1   + 3 p  m 3   s  3 p − 1   + 2 p  m 2   s  2 p − 1   + p  m 1   s  p − 1     e  − s ϑ   ,          J 2   ( s )  = s  e  − 2 s ϑ     m 4   s  4 p   +  m 3   s  3 p   +  d 2   s  2 p   +  m 1   s p  +  m 0   .       



(65)







Then,


   R e     d s   d ϑ     |  ϑ =  ϑ *  , θ =  θ 0    =  R e      J 1   ( s )     J 2   ( s )      |  ϑ =  ϑ *  , θ =  θ 0    =    J 11   J 21  +  J 12   J 22     J  21  2  +  J  22  2    .  



(66)







Using   (  A 7  )  , we obtain


   R e       d s   d ϑ     − 1     |  ϑ =  ϑ *  , θ =  θ 0    > 0 .  



(67)







Now, we can provide the following needed assumption:



(   A 8   )    The following expressions are true:


        U 1  =  e 4  +  m 4  > 0 ,          U 2  = det       m 4  +  e 4     1       m 2  +  m 2       m 3  +  e 3       > 0 ,          U 3  = det       m 4  +  e 4     1   0       m 2  +  e 2       m 3  +  e 3       m 4  +  e 4         m 0  +  e 0       m 1  +  e 1       m 2  +  e 2       > 0 ,          U 4  = det       m 4  +  e 4     1   0   0       m 2  +  e 2       m 3  +  e 3       m 4  +  e 4     1       m 0  +  e 0       m 1  +  e 1       m 2  +  e 2       m 3  +  e 3       0   0     m 0  +  e 0       m 1  +  e 1       > 0 ,          U 5  =  m 0  +  e 0  > 0 .       











□





Lemma 10.

Assume that   ϑ = 0   and   (  A 8  )   is fulfilled; then, model (45) maintains local asymptotic stability.





Proof. 

If   ϑ = 0  , then (48) becomes


   λ 5  +  (  m 4  +  e 4  )   λ 4  +  (  m 3  +  e 3  )   λ 3  +  (  m 2  +  e 2  )   λ 2  +  (  m 1  +  e 1  )  λ +  m 0  +  e 0  = 0 .  



(68)







From   (  A 8  )  , we know that every root   λ j   of (68) conforms to    |  a r g    (  λ j  )   | >    p π  2      ( j = 1 , 2 , 3 , 4 , 5 ) .   Thus, Lemma 10 holds. □





Depending on the investigation above, we have the following theorem.



Theorem 4.

Assume that    (  A 1  )  ,  (  A 2  )  ,  (  A 3  )  ,  (  A 4  )  ,  (  A 7  )  ,  (  A 8  )    hold; then, the null equilibrium point   E ( 0 , 0 , 0 , 0 , 0 )   of model (45) remains locally asymptotically stable if   ϑ ∈ [ 0 ,  ϑ *  )  , and model (45) produces a Hopf bifurcation around the null equilibrium point   E ( 0 , 0 , 0 , 0 , 0 )   when   ϑ =  ϑ *  .  





Remark 1.

During the past several decades, there have been numerous works on Hopf bifurcation and the Hopf bifurcation control issue of integer-order delayed neural network models. Study of the characteristic equation of integer-order delayed neural network models does not involve the Laplace transform. However, study of the characteristic equation of fractional delayed neural network models involves the Laplace transform. In addition, study of the characteristic equation of fractional delayed neural network models is more complex that that of integer-order delayed neural network models due to the addition of a fractional-order parameter. Thus, the exploration of these models has a number of novelties.






7. Computer Simulations


Example 1.

We begin with the following fractional delayed BAM neural network models:


           d  0.92    y 1   ( t )    d  t  0.92     = − 1.3  y 1   ( t )  + 2 tanh  (  y 2   ( t −  ϑ 2  )  )  + 0.8 tanh  (  y 3   ( t −  ϑ 2  )  )                       1.9 tanh  (  y 4   ( t −  ϑ 2  )  )  + 1.3 tanh  (  y 5   ( t −  ϑ 2  )  )  ,            d  0.92    y 2   ( t )    d  t  0.92     = − 1.3  y 2   ( t )  − tanh  (  y 1   ( t −  ϑ 1  )  )  ,            d  0.92    y 3   ( t )    d  t  0.92     = − 1.3  y 3   ( t )  − 2 t a n h  (  y 1   ( t −  ϑ 1  )  )  ,            d  0.92    y 4   ( t )    d  t  0.92     = − 1.3  y 4   ( t )  − tanh  (  y 1   ( t −  ϑ 1  )  )  ,            d  0.92    y 5   ( t )    d  t  0.92     = − 1.3  y 5   ( t )  − 2 tanh  (  y 1   ( t −  ϑ 1  )  )  .        



(69)







Let


         w 1   ( t )  =  y 1   ( t −  ϑ 1  )  ,          w 2   ( t )  =  y 2   ( t )  ,          w 3   ( t )  =  y 3   ( t )  ,          w 4   ( t )  =  y 4   ( t )  ,          w 5   ( t )  =  y 5   ( t )  .        



(70)







Applying (70) and in view of   (  A 4  )  , we gain


           d  0.92    w 1   ( t )    d  t  0.92     = − 1.3  w 1   ( t )  + 2 tanh  (  w 2   ( t − ϑ )  )  + 0.8 tanh  (  w 3   ( t − ϑ )  )                       + 1.9 tanh  (  w 4   ( t − ϑ )  )  + 1.3 tanh  (  w 5   ( t − ϑ )  )  ,            d  0.92    w 2   ( t )    d  t  0.92     = − 1.3  w 2   ( t )  − tanh  (  w 1   ( t )  )  ,            d  0.92    w 3   ( t )    d  t  0.92     = − 1.3  w 3   ( t )  − 2 tanh  (  w 1   ( t )  )  ,            d  0.92    w 4   ( t )    d  t  0.92     = − 1.3  w 4   ( t )  − tanh  (  w 1   ( t )  )  ,            d  0.92    w 5   ( t )    d  t  0.92     = − 1.3  w 5   ( t )  − 2 tanh  (  w 1   ( t )  )  .        



(71)







Obviously, system (71) admits a unique null equilibrium point   E ( 0 , 0 , 0 , 0 , 0 )  . Using Matlab software, we gain    ϑ 0  = 0.37  . We can verify that   (  A 1  )  –  (  A 6  )   of Theorem 3 are satisfied. Thus, if   ϑ ∈ [ 0 , 0.37 )  , the null equilibrium point   E ( 0 , 0 , 0 , 0 , 0 )   of system (71) remains locally asymptotically stable. For this case, we choose   ϑ = 0.35 <  ϑ 0  = 0.37  ; the Matlab simulation graphs are presented in Figure 1. Figure 1 shows the local asymptotic stability of the null equilibrium point   E ( 0 , 0 , 0 , 0 , 0 )   of system (71), i.e., every state of the neurons of neural network models (71) is close to null as   t → + ∞ .   If   ϑ ∈ [ 0.37 , + ∞ )  , then system (71) becomes unstable and a Hopf bifurcation arises. For this case, we choose   ϑ = 0.4 >  ϑ 0  = 0.37  . The Matlab simulation plots are listed in Figure 2. Figure 2 confirms the onset of Hopf bifurcation around the null equilibrium point   E ( 0 , 0 , 0 , 0 , 0 )   of system (71), i.e., all the states of the neurons of neural networks (71) maintain periodic oscillatory level around the null equilibrium point   E ( 0 , 0 , 0 , 0 , 0 )  . In order to display this nature intuitively, we provide the relevant bifurcation figures (see Figure 3, Figure 4, Figure 5, Figure 6 and Figure 7). Figure 3, Figure 4, Figure 5, Figure 6 and Figure 7 reveal the relation ϑ-  w 1  , ϑ-  w 2  , ϑ-  w 3  , ϑ-  w 4  , ϑ-  w 5  , respectively. From Figure 3, Figure 4, Figure 5, Figure 6 and Figure 7, we can see that the bifurcation number of system (71) is   0.37  .





Example 2.

Now, we take the following fractional controlled BAM neural network models:


           d  0.92    w 1   ( t )    d  t  0.92     = − 1.3  w 1   ( t )  + 2 tanh  (  w 2   ( t − ϑ )  )  + 0.8 tanh  (  w 3   ( t − ϑ )  )                       + 1.9 tanh  (  w 4   ( t − ϑ )  )  + 1.3 tanh  (  w 5   ( t − ϑ )  )  + γ  [  w 1   ( t − ϑ )  −  w 1   ( t )  ]  ,            d  0.92    w 2   ( t )    d  t  0.92     = − 1.3  w 2   ( t )  − tanh  (  w 1   ( t )  )  ,            d  0.92    w 3   ( t )    d  t  0.92     = − 1.3  w 3   ( t )  − 2 tanh  (  w 1   ( t )  )  ,            d  0.92    w 4   ( t )    d  t  0.92     = − 1.3  w 4   ( t )  − tanh  (  w 1   ( t )  )  ,            d  0.92    w 5   ( t )    d  t  0.92     = − 1.3  w 5   ( t )  − 2 tanh  (  w 1   ( t )  )  .        



(72)







Obviously, system (72) admits a unique null equilibrium point   E ( 0 , 0 , 0 , 0 , 0 )  . Let   γ = 0.5  . Using Matlab software, we gain    ϑ *  = 0.44  . We can verify that    (  A 1  )  ,  (  A 2  )  ,  (  A 3  )  ,  (  A 4  )  ,  (  A 7  )  ,  (  A 8  )    of Theorem 4 are satisfied. Thus, if   ϑ ∈ [ 0 , 0.44 )  , then the null equilibrium point   E ( 0 , 0 , 0 , 0 , 0 )   of system (72) retains local asymptotic stability. For this case, we choose   ϑ = 0.42 <  ϑ *  = 0.44  ; the Matlab simulation graphs are presented in Figure 8. Figure 8 shows the local asymptotic stability of the null equilibrium point   E ( 0 , 0 , 0 , 0 , 0 )   of system (72), i.e., every state of the neurons of neural network models (72) are as close to null as   t → + ∞ .   If   ϑ ∈ [ 0.44 , + ∞ )  , then system (72) becomes unstable and a Hopf bifurcation arises. For this case, we choose   ϑ = 0.5 >  ϑ *  = 0.44  . The Matlab simulation graphs are listed in Figure 9. Figure 9 confirms the onset of Hopf bifurcation around the null equilibrium point   E ( 0 , 0 , 0 , 0 , 0 )   of system (72), i.e., every state of the neurons of neural networks (72) maintains a periodic oscillatory level around the null equilibrium point   E ( 0 , 0 , 0 , 0 , 0 )  . In order to display this nature more intuitively, we provide the relevant bifurcation figures (see Figure 10, Figure 11, Figure 12, Figure 13 and Figure 14). Figure 10, Figure 11, Figure 12, Figure 13 and Figure 14 reveal the relation of ϑ-  w 1  , ϑ-  w 2  , ϑ-  w 3  , ϑ-  w 4  , ϑ-  w 5  , respectively. From Figure 10, Figure 11, Figure 12, Figure 13 and Figure 14, it can be seen that the bifurcation number of system (72) is   0.44  .





Example 3.

In this example, we have the following fractional controlled BAM neural network models:


           d  0.92    w 1   ( t )    d  t  0.92     = − 1.3  w 1   ( t )  + 2 tanh  (  w 2   ( t − ϑ )  )  + 0.8 tanh  (  w 3   ( t − ϑ )  )                       + 1.9 tanh  (  w 4   ( t − ϑ )  )  + 1.3 tanh  (  w 5   ( t − ϑ )  )  + γ  [  w 1   ( t − ϑ )  −  w 1   ( t )  ]  ,            d  0.92    w 2   ( t )    d  t  0.92     = − 1.3  w 2   ( t )  − tanh  (  w 1   ( t )  )  ,            d  0.92    w 3   ( t )    d  t  0.92     = − 1.3  w 3   ( t )  − 2 tanh  (  w 1   ( t )  )  ,            d  0.92    w 4   ( t )    d  t  0.92     = − 1.3  w 4   ( t )  − tanh  (  w 1   ( t )  )  ,            d  0.92    w 5   ( t )    d  t  0.92     = − 1.3  w 5   ( t )  − 2 tanh  (  w 1   ( t )  )  .        



(73)







Obviously, system (73) admits a unique null equilibrium point   E ( 0 , 0 , 0 , 0 , 0 )  . Let   γ = − 0.5  . Using Matlab software, we gain    ϑ *  = 0.32  . We can verify that    (  A 1  )  ,  (  A 2  )  ,  (  A 3  )  ,  (  A 4  )  ,  (  A 7  )  ,  (  A 8  )    of Theorem 4 are satisfied. Thus, if   ϑ ∈ [ 0 , 0.32 )  , then the null equilibrium point   E ( 0 , 0 , 0 , 0 , 0 )   of system (73) is locally asymptotically stable. For this case, we choose   ϑ = 0.3 <  ϑ *  = 0.32  ; the Matlab simulation graphs are presented in Figure 15. Figure 15 shows the local asymptotic stability of the null equilibrium point   E ( 0 , 0 , 0 , 0 , 0 )   of system (73), i.e., all the states of the neurons of neural networks (73) are close to zero as   t → + ∞ .   If   ϑ ∈ [ 0.32 , + ∞ )  , then system (73) becomes unstable and a Hopf bifurcation arises. For this case, we choose   ϑ = 0.33 >  ϑ *  = 0.32  . The Matlab simulation graphs are listed in Figure 16. Figure 16 confirms the onset of Hopf bifurcation around the null equilibrium point   E ( 0 , 0 , 0 , 0 , 0 )   of system (73), i.e., every state of the neurons of neural network models (73) maintains a periodic oscillatory level around the null equilibrium point   E ( 0 , 0 , 0 , 0 , 0 )  . In order to display this property intuitively, we provide the relevant bifurcation figures (see Figure 17, Figure 18, Figure 19, Figure 20 and Figure 21). Figure 17, Figure 18, Figure 19, Figure 20 and Figure 21 reveal the relation of ϑ-  w 1  , ϑ-  w 2  , ϑ-  w 3  , ϑ-  w 4  , ϑ-  w 5  , respectively. From Figure 17, Figure 18, Figure 19, Figure 20 and Figure 21, it can easily be seen that the bifurcation number of system (73) is   0.32  .





Remark 2.

Relying on the numerical simulation results for Examples 1–Example 3, we know that the bifurcation number of system (71) is   0.37  , the bifurcation value of system (72) is   0.44  , and the bifurcation number of system (73) is   0.33  . Thus, we can conclude that it is possible to effectively enlarge (reduce) the stability region and delay (shorten) the time of onset of Hopf bifurcation for system (71) by adjusting the feedback gain coefficient.






8. Conclusions


During the past several decades, neural networks have attracted great interest because of their wide application in various areas. Relying on earlier publications, we have proposed a class of new fractional-order BAM neural networks concerning five neurons and delays and systematically analyzed the existence, uniqueness, and boundedness of the solution of the involved fractional-order BAM neural networks. Moreover, we acquire a new delay-independent condition of the stability and bifurcation of the involved fractional-order BAM neural networks. Making use of a speed feedback controller, we successfully control the stability domain and time of Hopf bifurcation of the involved fractional-order BAM neural networks. The results obtained from this study have important theoretical significance in dominating neural networks. There are other control techniques that can be applied to control the Hopf bifurcation of fractional-order BAM neural networks. For example, the Hopf bifurcation of fractional-order BAM neural networks we can be controlled by a delayed feedback controller, hybrid controller,   P  D p    controller, etc. We leave these as future research directions.
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Figure 1. Matlab simulation outcomes for system (71) when   ϑ = 0.35 <  ϑ 0  = 0.37 .   The null equilibrium point   E ( 0 , 0 , 0 , 0 , 0 )   of system (71) keeps locally asymptotic stability. 






Figure 1. Matlab simulation outcomes for system (71) when   ϑ = 0.35 <  ϑ 0  = 0.37 .   The null equilibrium point   E ( 0 , 0 , 0 , 0 , 0 )   of system (71) keeps locally asymptotic stability.



[image: Fractalfract 07 00007 g001a][image: Fractalfract 07 00007 g001b]







[image: Fractalfract 07 00007 g002a 550][image: Fractalfract 07 00007 g002b 550][image: Fractalfract 07 00007 g002c 550] 





Figure 2. Matlab simulation outcomes for system (71) when   ϑ = 0.4 >  ϑ 0  = 0.37 .   System (71) generates a Hopf bifurcation near the null equilibrium point   E ( 0 , 0 , 0 , 0 , 0 )  . 






Figure 2. Matlab simulation outcomes for system (71) when   ϑ = 0.4 >  ϑ 0  = 0.37 .   System (71) generates a Hopf bifurcation near the null equilibrium point   E ( 0 , 0 , 0 , 0 , 0 )  .
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Figure 3. Bifurcation graph of system (71): the time delay  ϑ  versus the variable   w 1  . The bifurcation number is   0.37  . 
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Figure 4. Bifurcation graph of system (71): the delay  ϑ  versus the variable   w 2  . The bifurcation number is   0.37  . 
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Figure 5. Bifurcation graph of system (71): the delay  ϑ  versus the variable   w 3  . The bifurcation number is   0.37  . 
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Figure 6. Bifurcation graph of system (71): the delay  ϑ  versus the variable   w 4  . The bifurcation number is   0.37  . 
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Figure 7. Bifurcation graph of system (71): the delay  ϑ  versus the variable   w 5  . The bifurcation number is   0.37  . 
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Figure 8. Matlab simulation results for system (72) when   ϑ = 0.42 <  ϑ *  = 0.44 .   The null equilibrium point   E ( 0 , 0 , 0 , 0 , 0 )   of system (72) keeps locally asymptotic stability. 
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[image: Fractalfract 07 00007 g008a][image: Fractalfract 07 00007 g008b]







[image: Fractalfract 07 00007 g009a 550][image: Fractalfract 07 00007 g009b 550][image: Fractalfract 07 00007 g009c 550] 





Figure 9. Matlab simulation outcomes for system (72) when   ϑ = 0.5 >  ϑ *  = 0.44 .   System (70) generates a Hopf bifurcation near the null equilibrium point   E ( 0 , 0 , 0 , 0 , 0 )  . 
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Figure 10. Bifurcation graph of system (72): the time delay  ϑ  versus the variable   w 1  . The bifurcation number is   0.44  . 
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Figure 11. Bifurcation graph of system (72): the time delay  ϑ  versus the variable   w 2  . The bifurcation number is   0.44  . 
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Figure 12. Bifurcation graph of system (72): the delay  ϑ  versus the variable   w 3  . The bifurcation number is   0.44  . 






Figure 12. Bifurcation graph of system (72): the delay  ϑ  versus the variable   w 3  . The bifurcation number is   0.44  .



[image: Fractalfract 07 00007 g012]







[image: Fractalfract 07 00007 g013 550] 





Figure 13. Bifurcation graph of system (72): the delay  ϑ  versus the variable   w 4  . The bifurcation number is   0.44  . 
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Figure 14. Bifurcation graph of system (72): the time delay  ϑ  versus the variable   w 5  . The bifurcation number is   0.44  . 
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Figure 15. Matlab simulation outcomes for system (73) when   ϑ = 0.3 <  ϑ *  = 0.32 .   The null equilibrium point   E ( 0 , 0 , 0 , 0 , 0 )   of system (73) keeps locally asymptotic stability. 
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Figure 16. Matlab simulation outcomes for system (73) when   ϑ = 0.33 >  ϑ *  = 0.32 .   System (73) generates a Hopf bifurcation near the null equilibrium point   E ( 0 , 0 , 0 , 0 , 0 )  . 
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Figure 17. Bifurcation graph of system (73): the time delay  ϑ  versus the variable   w 1  . The bifurcation number is   0.32  . 






Figure 17. Bifurcation graph of system (73): the time delay  ϑ  versus the variable   w 1  . The bifurcation number is   0.32  .
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Figure 18. Bifurcation graph of system (73): the time delay  ϑ  versus the variable   w 2  . The bifurcation number is   0.32  . 






Figure 18. Bifurcation graph of system (73): the time delay  ϑ  versus the variable   w 2  . The bifurcation number is   0.32  .
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Figure 19. Bifurcation graph of system (73): the time delay  ϑ  versus the variable   w 3  . The bifurcation number is   0.32  . 






Figure 19. Bifurcation graph of system (73): the time delay  ϑ  versus the variable   w 3  . The bifurcation number is   0.32  .
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Figure 20. Bifurcation graph of system (73): the time delay  ϑ  versus the variable   w 4  . The bifurcation number is   0.32  . 






Figure 20. Bifurcation graph of system (73): the time delay  ϑ  versus the variable   w 4  . The bifurcation number is   0.32  .
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Figure 21. Bifurcation graph of system (73): the time delay  ϑ  versus the variable   w 5  . The bifurcation number is   0.32  . 






Figure 21. Bifurcation graph of system (73): the time delay  ϑ  versus the variable   w 5  . The bifurcation number is   0.32  .
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