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Abstract: The current study presents the numerical solutions of a fractional order monkeypox virus
model. The fractional order derivatives in the sense of Caputo are applied to achieve more realistic
results for the nonlinear model. The dynamics of the monkeypox virus model are categorized into
eight classes, namely susceptible human, exposed human, infectious human, clinically ill human,
recovered human, susceptible rodent, exposed rodent and infected rodent. Three different fractional
order cases have been presented for the numerical solutions of the mathematical monkeypox virus
model by applying the stochastic computing performances through the artificial intelligence-based
scaled conjugate gradient neural networks. The statics for the system were selected as 83%, 10% and
7% for training, testing and validation, respectively. The exactness of the stochastic procedure is
presented through the performances of the obtained results and the reference Adams results. The
rationality and constancy are presented through the stochastic solutions together with simulations
based on the state transition measures, regression, error histogram performances and correlation.

Keywords: monkeypox virus system; fractional; artificial intelligence; scaled conjugate gradient;
numerical solutions

1. Introduction

Monkeypox infection is a type of zoonosis. Africa is a region where this disease has
more frequently appeared as compared to other parts of the world. Monkeypox was first
identified in 1958 with the condition of mimicking the pox in populations of monkeys.
Many nations have informed the World Health Organization (WHO) about monkeypox
instances since the start of 2022. As of mid-2022, 2103 positive cases and one death have
been reported, according to WHO [1,2]. The spreading process of this disease from one
person to another is by direct contact with scabs, infected rash, and bodily fluids. The
infection can also spread via respiratory droplets during face-to-face interaction, sex acts,
or other close human touch [3,4]. The disease mainly spreads to humans through animals,
such as African monkeys and rats. People can contract animal diseases through scratches
or bites, the preparation of bush meat, recurrent relations with bodily fluids or eating
food tainted by rodents. There are numerous mathematical concepts that identify the
natural events using predator–prey studies and interactions between distinct species. The
disease can be transferred by immediate communication with wounds and body substances
through infected people [5].

The manifestations of monkeypox differ among individuals. The main indications
of monkeypox include headache, fever, muscle aches, swollen lymph nodes, backaches,
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tiredness and anxieties. Patients generally experience a mild disease that subsides on
its own in a couple of weeks. People with a weakened immune system can experience
serious effects [6]. Currently, there is not any special treatment for monkeypox viral disease.
However, smallpox vaccination and antiviral measures have been used to protect against
this disease. Due to the worldwide eradication of smallpox, immunization is presently not
accessible [7,8].

Monkeypox disease has received little consideration in the past; therefore, the spreading
system of this disease is not recognized. Many scientists mathematically performed mon-
keypox virus formulations and presented the solutions by using deterministic schemes [9].
According to their research, keeping diseased people apart from the general population
can prevent the spread of disease. Additionally, a set of nonlinear systems was developed
to represent the dynamics of monkeypox infection [10]. The simulation model indicates
that a person’s immunological health affects whether they recover from the orthopoxviral
infection. A variety of computer simulations have been applied on communicable dis-
eases to better comprehend the propagation dynamics and discover new ways to treat the
wide-spreading sickness [11].

A design of a mathematical game theory model based on vaccination strategies in a
moderate environment was presented to better understand the monkeypox dynamics [12].
Vaccination can effectively eliminate monkeypox in a completely epidemic state. Addition-
ally, the model’s theoretical calculations showed that the planned actions will cause the
eradication of infectious classes in communities of non-human primates [13]. Nowadays,
scientists and engineers from various fields have paid attention to modeling fractional
systems, especially mathematical modeling in healthcare. The fractional differential models
have a variety of applications in various disciplines [14,15]. Recently, many scientists
have used fractional systems to model a variety of infectious as well as non-infectious
disorders. The coronavirus infection is an interesting research subject which has been
broadly scrutinized, and valuable solutions have been produced based on the fractional
Caputo derivative (CD) [16–18]. Studying tuberculosis with spontaneous reactions and
external reinfections has already been realized by using a fractional kind of model [19].
A fractional AIDS/HIV epidemic system using the Mittag–Leffler kernel has also been
presented [20]. A few more fractional order dynamical systems that have been solved with
different techniques are presented in Refs. [21–23].

The current work designates the numerical performances based on the mathematical
monkeypox virus system using fractional order equations. The fractional order derivatives
in the sense of CD are applied to achieve more realistic results for the nonlinear model.
The numerical solutions of the mathematical monkeypox virus model are presented by
applying stochastic computing performances through the artificial intelligence-based scaled
conjugate gradient. Some well-known applications of the stochastic solvers are nonlin-
ear smoke models [24], singular functional models [25] and delay functional differential
models [26]. The minute specifics in the fractional order derivatives provide the super-fast
transition as well as super-slow development along with the details of the system dynamics,
which are difficult to understand in the integer order model. Moreover, fractional calculus
is used to compute the system behavior for the indices. When the circumstance is available,
the fractional kind of derivatives performs significantly better than the integer form of the
derivative [27,28]. Additionally, a wide range of projects based on engineering, control
networks, physical networks and mathematical structures have been researched using
fractional differential equations. Fractional calculus has been implemented in the past
3 decades by applying considerable operators, such as CD [29], Weyl-Riesz [30], Riemann-
Liouville [31], Grünwald–Letnikov [32] and Erdélyi–Kober [33]. All these operators have
their individual strengths and importance; however, CD is simple to measure and has an
ability to solve both homogeneous/non-homogeneous input variables. The researchers
are motivated to design mathematical models and offer numerical achievements based on
these fractional order implementations.
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The other sections of this paper are as follows. The fractional order system is shown
in Section 2. The proposed methodology using the stochastic performances is given in
Section 3. The imitations of the solutions are shown in Section 4. The concluding comments
are presented in Section 5.

2. Mathematical System

This section presents the mathematical system based on the monkeypox virus by using
the transmission of monkeypox, which involves human and rodent populations. Eight
compartmental systems based on five human and three rodent classes have been provided.
The dynamics of the nonlinear model are categorized into eight classes: susceptible human
Sh(t), exposed human Eh(t), infectious human Ih(t), clinically ill human Ch(t), recovered
human Rh(t), susceptible rodent Sr(t), exposed rodent Er(t) and infected rodent Ir(t). The
mathematical illustrations based on fractional monkeypox model are given as follows [34]:

S′h(t) = ϕh − (µh + λh)Sh(t), Sh(0) = i1,
E′h(t) = λhSh(t)− (β + µh)Eh(t), Eh(0) = i2,
I′h(t) = βEh(t)− (γ + ψ + δ1 + µh)Ih(t), Ih(0) = i3,
C′h(t) = γIh(t)− (δ2 + ρ + µh)Ch(t), Ch(0) = i4,
R′h(t) = ρCh(t)− µhRh(t) + ψIh(t), Rh(0) = i5,
S′r(t) = ϕr − λrSr(t)− µrSr(t), Sr(0) = i6,
E′r(t) = λrSr(t)− (µr + ε)Er(t), Er(0) = i7,
I′r(t) = εEr(t)− µr Ir(t), Ir(0) = i8,

(1)

where ϕh and ϕr indicate the susceptible population based on human and rodent recruit-
ments, µh and µr are the natural death rates per capita in humans and rodents, β is the rate
of disease progression through exposed infectious individuals, δ1 and δ2 are the infectious
humans and clinically ill humans, γ presents the clinically ill rate, ρ is the recovery rate
based on the clinically ill humans, ψ presents the rate of natural recovery based on the
immunity, λh is the force of infection, λr shows the exposed rodents enhanced with the
infection force and ε is the increment rate of infectious rodents.

DαSh(t) = ϕh − (µh + λh)Sh(t), Sh(0) = i1,
DαEh(t) = λhSh(t)− (β + µh)Eh(t), Eh(0) = i2,
Dα Ih(t) = βEh(t)− (γ + ψ + δ1 + µh)Ih(t), Ih(0) = i3,
DαCh(t) = γIh(t)− (δ2 + ρ + µh)Ch(t), Ch(0) = i4,
DαRh(t) = ρCh(t)− µhRh(t) + ψIh(t), Rh(0) = i5,
DαSr(t) = ϕr − λrSr(t)− µrSr(t), Sr(0) = i6,
DαEr(t) = λrSr(t)− (µr + ε)Er(t), Er(0) = i7,
Dα Ir(t) = εEr(t)− µr Ir(t), Ir(0) = i8,

(2)

where α represents the fractional order derivatives in the sense of CD for solving the
mathematical monkeypox virus model. The fractional derivatives are obtained in the
interval [0, 1]. Recently, fractional calculus has been applied in diverse studies, e.g., pine wilt
virus system with the rate of convex [35], irregular rate of heat transfer [36], spatiotemporal
patterns using the reactions of Belousov–Zhabotinskii [37], predator/prey system using the
performances of herd [38], numerical approximation using the soil animal material content
based on visible/near infrared spectroscopy [39], typhoid disease including protection from
infection [40] and hepatitis B virus system [41]. Some novel geographies of the proposed
approach to solve the monkeypox infection model are described as follows:

• The design of a fractional monkeypox infection model is provided to achieve more
accurate performances.
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• Stochastic processing is employed to simulate the monkeypox infection model using
the fractional derivative between 0 and 1.

• The precision of the proposed method is verified using the comparison of the reference
Adams results and the achieved results.

• The negligible absolute error (AE) presents the accuracy and capability of the proposed
method.

• The error histograms (EHs), correlation, state transitions (STs) and regression indicate
the reliability of the proposed approach to solve the model.

3. Designed Methodology

The stochastic computing approach for the mathematical monkeypox infection model
is defined using the network system (1). Figure 1 represents the monkeypox infection model
in three steps, namely the mathematical system, methodology and solution presentations.
The computing stochastic performances using the noteworthy actions along with the
implementation process are presented.
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Figure 1. Stochastic illustrations to solve the monkeypox infection system.

The Adams technique has been used to offer major simplification along with default
parameter settings to execute simulations numerically [42,43]. The selection of the data
was 83% for training, 10% for testing and 7% for validation. Fifteen neurons were used in
the hidden layers. The numerical solutions of the mathematical monkeypox virus model
were derived using the stochastic computing performances of the artificial intelligence-
based scaled conjugate gradient neural networks. The network parameters were used after
inclusive simulations and gathering knowledge.

Figure 2a presents the layer structure, whereas the obtained layer design, an input
single layer direction with 15 hidden neurons and three outer layer performances are
labeled in Figure 2b. The stochastic computing performances are implemented through the
MATLAB (nftool) command-based suitable hidden neuron sections, learning approaches,
testing and confirmation data. The execution of the stochastic approach for the mathemati-
cal monkeypox infection model together with the parameter set is shown in Table 1. The
parameter setting values are presented in Table 1, while some of the values have been taken
as default.

Table 1. Value setting to perform the stochastic process.

Index Settings

Fitness goal (MSE) 0
Hidden neurons 15
Maximum mu values 109

Decreeing mu 0.1
Increasing mu 09
Adaptive mu 6 × 10−4

Epochs 880
Minimum values of gradient 10−7

Training values 83%
Testing statics 10%
Validation data 7%
Samples Random
Hidden and output layers Single
Adam solver and stopping criteria Default
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4. Results of Fractional Monkeypox Infection Model

The solutions of three cases based on the fractional monkeypox infection systems are
presented in this section by taking α = 0.7 for case 1, α = 0.8 for case 2 and α = 0.9 for case
3 in system (1). The other values used were φh = 0.1, φr = 0.2, µr = 0.002, µh = 0.000303,
ε = 0.1, ρ = 0.036246, β = 0.016744, δ1 = 0.003286, γ = 0.5, δ2 = 0.055487, ψ = 0.088366,
λh = 0.000303, λr = 0.00404, σ = 0.012458, ii = 0.01, i2 = 0.02, i3 = 0.04, i4 = 0.06,
i5 = 0.08, i6 = 0.1, i7 = 0.12 and i8 = 0.14 [44–46]:

The solutions through the stochastic method are shown in Figures 3–5 for the frac-
tional monkeypox infection systems. Figure 3 indicates the STs together with the opti-
mal representations of the fractional monkeypox infection model. ST values and MSE
measures through the substantiation and optimal results are presented in Figure 3. The
achieved fractional monkeypox infection systems are presented at generations 20, 29 and
26, performed as 4.5724 × 10−11, 1.6328 × 10−10 and 6.3094 × 10−11. It is observed
that by increasing the number of epochs, the curves of training, testing and validation
approach a steady-state position. Figure 3b authenticates the gradient performances
through the stochastic approach for solving the monkeypox infection mathematical model.
The gradient representations are calculated at around 8.909 × 10−8, 9.2415 × 10−8 and
8.7509 × 10−8. An error gradient represents the direction as well as magnitude, obtained
during the designed neural network training, which is applied to upgrade the weights of
the network in an appropriate direction. Mu presents the training values, showing the
momentum constant/parameter. It is included in the process of upgrading the weights,
which update the expression to evade the local minimum problem. The assessment of
the solutions using the test outputs, training/validations targets and outputs, test targets,
fitness curves, validation outputs and errors are presented in Figure 4a. The values of EHs
through the training, authentication, zero and test error are provided in Figure 4b. The EH
values are plotted as 9.44 × 10−7, 2.55 × 10−6 and −9.0 × 10−9 to present the numerical
solutions of the fractional monkeypox infection mathematical model. Figure 5 shows the
correlation illustrations using the train, authentication and test to find the solutions of
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the fractional monkeypox infection mathematical model. The correlation is reported as
1 for each variation of the fractional monkeypox infection system, which shows the perfect
model. The correlation coefficient (R) is applied together with MSE indexes. The values
of R exist between −1 and +1. Hence, if the values of R are close to +1, a higher network
performance along with a positive linear association can be accomplished. These actions
designate the exactness of the stochastic measures based on the monkeypox infection
mathematical model. The MSE measures designate the train, complexity, authentication,
generation, test and backpropagation measures, which are tabulated in Table 2 to present
the fractional monkeypox infection mathematical model.
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Figures 6 and 7 provide the results comparison and AE performances for the frac-
tional monkeypox infection mathematical model. Figure 6 presents the overlapping of the
outcomes for each category of the mathematical model, which authenticates the method’s
correctness. The AE for the mathematical system is presented in Figure 7. The AE per-
formances for the susceptible human category are found as 10−5–10−7, 10−4–10−5 and
10−4–10−6 for categories 1–3 of the mathematical monkeypox model. The AE for the second
category of exposed humans is 10−6 to 10−8 for cases 1–3 of the system. The AE values
for the infectious humans are calculated as 10−5 to 10−8, 10−5 to 10−6 and 10−5 to 10−7 for
cases 1 to 3. The AE measures for the clinically ill humans are calculated as 10−6 to 10−7 for
cases 1 to 3. The AE values are found as 10−6 to 10−7 for cases 1 and 2, while these values
have been calculated as 10−6 to 10−8 for the third case based on the recovered humans. The
AE for susceptible rodents is found to be 10−6 to 10−8 for each case of the model. The AE
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performances for exposed rodents and other classes are found as 10−6 to 10−8 for cases 1 to
3. These negligible AE values validate the precision of the stochastic method to solve the
monkeypox nonlinear model.
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5. Conclusions

The aim of this research was to present the numerical performances of a fractional
order mathematical monkeypox virus model. The fractional order derivatives in the sense
of Caputo were applied to achieve more realistic results for the nonlinear system. The
dynamics of the nonlinear model are sorted into eight classes, i.e., susceptible human,
exposed human, infectious human, clinically ill human, recovered human, susceptible
rodent, exposed rodent and infected rodent. A few concluding remarks are presented as
follows.

• The numerical solutions of the mathematical monkeypox virus model are presented
by using the stochastic computing scheme.

• Three different fractional order cases have been used to present the numerical solutions
of the mathematical monkeypox virus model.

• The stochastic computing performances through the artificial intelligence-based scaled
conjugate gradient neural networks have been chosen as 83%, 10% and 7% for training,
testing and validation, respectively.

• The exactness of the stochastic procedure was confirmed through the overlapping of
the obtained and reference results.

• The negligible AE performances were presented to verify the accuracy of the proposed
method.
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• The rationality and constancy were ensured through the stochastic solutions together
with simulations based on the state transition measures, regression, error histograms
performances, mean square error and correlation.
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27. Yokuş, A.; Gülbahar, S. Numerical solutions with linearization techniques of the fractional Harry Dym equation. Appl. Math.
Nonlinear Sci. 2019, 4, 35–42. [CrossRef]
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