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Abstract: This paper investigates the switching-jumps-dependent quasi-synchronization issue for
fractional-order memristive neural networks (FMNNS). First, a simplied linear feedback controller is
applied. Then, in terms of several fractional order differential inequalities and two kinds of Lyapunov
functions, two quasi-synchronization criteria expressed by linear matrix inequality (LMI)-based form
and algebraic form are established, respectively. Meanwhile, the co-designed scheme for error bound
and control gain is established. Compared with the previous quasi-synchronization results, a strong
assumption that the system states must be bounded is removed. Finally, some simulation examples
are carried out to display the feasibility and validity of the proposed analysis methods.

Keywords: quasi-synchronization; fractional-order memristive neural networks; error bound;
switching-jumps

1. Introduction

Neural networks have self-organization ability, fault tolerance, adaptability, fast com-
puting speed, and strong associative ability, and they are widely used in image process-
ing [1], fault diagnosis [2], signal processing [3], pattern recognition [4], fluid mechanics [5]
and other fields with broad application prospects and are a research hotspot. A rich body
of research has studied FMNNs and developed neural network models such as convolution
neural network [6], Hopfield neural network [7], artificial neural network [8], fuzzy rough
neural network [9], and spiking neural network [10]. In recent decades, many scholars
nationally and internationally have found that fractional calculus operators have mem-
ory and non-locality [11], and they are widely used in neural networks because of these
characteristics. Fractional neural networks have achieved many excellent results, such as
in [12,13]. Chua [14] pioneered the concept of the memristor, which was discovered by
Hui Pu Labs [15] as the fourth basic circuit element. Memristors have the characteristics
of low energy consumption, high storage, small size and non-volatility. They have very
similar functions to biological neuron synapses and can act as synapses of artificial neurons.
Therefore, the fractional-order neural network based on a memristor is established, namely
the fractional-order memristive neural network. Many excellent works on FMNNs have
been studied in [16-18].

Synchronization is an interesting research hotspot. Up to now, some published works
have been published for FMNNSs. For example, the Mittag—Leffler synchronization issue
has been investigated for complex-valued FMNNSs by designing complex-valued adaptive
controller and using fractional-order Lyapunov theory [19]. The pinging synchronization
control issues have been addressed along with delay pulse FMNNs and multi-delays
FMNN:Ss in [20,21], respectively. Combining open-loop control with time-delay feedback
control, the projection synchronization issue has been considered for a class of multi-delay
FMNN s [22]. By designing a chatter-free sliding mode controller, the synchronization of
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fractional-order chaotic systems has been discussed in combination with a neural network
observer [23]. Using the interval matrix method, a linear state feedback controller was
constructed, and then, the quasi-synchronization problem of FMNNs was solved [24].
In [25], the error system was processed by the closure algorithm. In addition, the linear
state feedback controller has been applied, and the robust synchronization of the fractional
Hopfield memristive neural network has been realized. Nevertheless, almost all the
mentioned works are focused on the complete synchronization. Only a few works focus
on the quasi-synchronization of FMNNs in the presence of switching jumps. In addition,
most existing synchronization controllers may be too complex for FMNNSs. Therefore,
it is necessary to study the potential mechanism of the impact of switching jumps on
synchronization. However, as far as we know, this is still an outstanding issue which
deserves further investigation. As such, we need to study the switching-jumps-dependent
quasi-synchronization issue for FMNNSs.

It is worth noting that the previous works associated with the synchronization, the
stability, and the stabilization problems of FMNNSs are all expressed in terms of algebraic
conditions [26-29]. Nevertheless, the defect of this method is that it requires a large amount
of calculation because the conditions must be checked 7 times one by one. To overcome
this defect, the LMI-based approach, based on which and with the help of MATLAB LMI
toolbox the feasible solutions can be easily obtained, is considered to be a convenient and
effective method. Unfortunately, the existing LMI-based approach is not applicable to the
FMNNSs systems studied in this paper. To this end, two new inequalities in differential
inclusion are identified and the criterion of quasi-synchronization in the form of LMIs is
obtained. On the other hand, the previous works on quasi-synchronization [30] cannot
be derived unless there is a strong assumption that the system states must be bounded.
This implies that the trajectory boundary needs to be given beforehand. That is to say,
the state estimation issue is a prerequisite for the research of dynamic systems control
design. Therefore, such a problem has become particularly meaningful and achieved a
lot of excellent results. However, it indeed poses a difficult and challenging problem for
obtaining the real-time status information. The main reason lies in that the boundaries
of chaotic systems are dependent on the initial value, and then the boundary must be
recalculated as long as the initial value changes. To address this issue, we will develop a
novel analysis method that is not limited by chaotic trajectories so as to implement some
improved quasi-synchronization criteria.

Inspired by the above discussion, this paper mainly discusses the quasi-synchronization
of FMNN’s based on linear feedback control. The main contributions are listed as follows:

(1) In contrast with the previous results [24,30], a strong assumption that the system
states must be bounded is removed.

(2) In view of several fractional order differential inequalities and two kinds of Lya-
punov functions, two quasi-synchronous criteria given by LMIs-based form and algebraic
form are developed, respectively. In addition, the co-designed scheme for the error bound
and control gain is established.

In addition, some useful notations are displayed in Table 1.

Table 1. Notations and Descriptions.

Notation Description
Amax(Q) the maximum eigenvalue of matrix Q
QT(or Q‘l) transpose (or inverse) of matrix Q
* the symmetric element
Q>0 Qs a positive
(orQ >0) definite (or semi-definite) matrix

diag(...) a block diagonal matrix
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2. Preliminaries and Model Description
Consider the following FMNNSs as the drive system
n
oDivp(t) = =8pvp(t) + ) apg(vg(1)) g (vg(t)), p=1,...,m, (1)

q=1

where order 0 < ¢ < 1; v(t) denotes the state of the pth neuron; ¢, > 0 denotes the system
state; a,, (v4(f)) is the memristive connection weights; and

w
g (vg(t)) = [j:)q X Lpg,
where 1p; = 1if p # g, otherwise 1 = —1. Wy, is the memductances of voltage-controlled

memristors M, respectively; M, is the memristor connecting 1, (v4(t)) and vy (t); ,(-)
is the activation functions satisfying ¢,(0) = 0, [;(v) — ¢4 ()| < 94|v — p|, where 9, is
Lipschitz constant, and v, 4 € Rand g = 1,...,n. The initial condition v, (t) = ¢,(t), for
p =1,...,n. The memristive synaptic weights a, (v4(t)) is represented by

_ By ()| < Ty,
tpq (vg(t)) = { iy V(D] > T,

forp,q =1,...,n, where &, &p;, are constants and the switching jumps T; > 0.
Accordingly, consider the response system

oDipp(t) = —Sppp(t) + il“pq (1g() g (g (1) +up(t), p=1,...,n, 2
=

where u,(v(t)) is the stabilizing control law, 1, (t) denotes the state of the pth neuron; and

_ B ()] < Ty,
apq (g (1)) = { Gy, (D] > T,

where T; > 0 denotes the switching jumps. The initial condition p,(t) = 8,(t), for

p=1...,n
Based on [31], define the multivalued maps for system (1) as

Bpg, |vg(8)] > Ty,
Klapg (vq(t))] = fo{"‘m/"‘pq}/ v (t)| = Ty,
&pg, Vg (1) < Ty

Clearly, co{&pg, &ps} = [gpq,ﬁpq} for p,g = 1,...,n, where a,, = min{&pg, &pq },

Tpg = max{pq, dpq}.
Forp =1,...,n, the set-valued map

n

vp(t) = =0pvp(t) + ) Kapg (vg(t)) ] g (vg (1)),

q=1
is compact, nonempty and convex. In addition, it is upper semi-continuous [32].
From (1), it yields

n

oDy (t) € =6,vp(t) + Y Kapg (vg (1)) |1 (v4(t))- (3)

q=1
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Moreover, in view of the measurable selection theorem [33], there exists 7,4 (vq (t)) S
K{[apg(vq(t))] such that

oDivp(t) = =6pvp(t) + il’ﬂw (vq(t)) g (vq(t)). (4)
o

Similarly, for response system (2), define

Bpg, g (1] > Ty,
Klapg(pq(t))] = co{apg dpg}, |pg(t)| = To,
fpg, ue(t)| < Tj.
Then, from (2), it yields
0Diup(t) € —0ppp(t) + X%K[“pq(ﬂq(t))]%(ﬂq(t)) +up(t). @)
=

Moreover, there exists v, (114 (t)) € K[apg(jq(t))] such that
Dipp(t) = =dppp(t) + 2171%7 (q (8)) ¥q (1g(£)) + up(t). ©)
=

Let e, (t) = pp(t) — vp(t), and the controller

up(t) = —kpep(t), @)
where k, > 0,p =1,2,...,n. Then, according to (4) and (6), one has

n

oDiep(t) = —(0p +kp)ep(t Z [Ypa (1a(1)) ¥ (1q (1)) — Ypa (va(t)) g (vg(1))]. (8

The initial condition is defined by £p(0)
Denote v(t) = [v(t),...,va(H)]T, u(t) =
and ¢(s) = [¢1(5), ., 9u(5)]T.

QZP(O)’ where @, (s) = dpup(s) — vp(s).

[7 B, un(D],e(t) = ler(t), ..., en(H)]T,

Remark 1. During the dynamic evolution of FMINN, asynchronous switching time interval (ASTI)
and synchronous switching time interval (SSTI), i.e., apg(vg(t)) # apg(pq(t)) and apg(vy(t)) =
wpq(pq(t)), appear alternately. The drive-response systems are sometimes consistent and sometimes
different. When the drive-response systems switch with consistent jumps and inconsistent initial
values, it is impossible to eliminate errors for ensuring complete synchronization, because fractional
nonlinear systems based on continuous controllers do not have finite time stability [34]. Therefore,
the error that is not completely eliminated will result in the state of the drive-response systems
not reaching the switch jump T, at the same time. This means that the drive-response systems
cannot be switched synchronously, which will result in apg(vy(t)) # apg( muy(t)). In other
words, ASTI will appear. On the other hand, mismatches between join weights can also lead
to new synchronization errors. Therefore, the linear feedback controller cannot achieve complete
synchronisation due to the total error of two different subsystems in ASTI. After analysis, ASTI
plays an important role in FMNN synchronization. In fact, even if the initial value is the same, if
the switch jumps are not equal, i.e., AT # 0, the linear feedback control systems (1)—(2) may not be
able to achieve full synchronization, because ASTI does exist.

To facilitate the analysis, the following definition and lemmas are proposed.
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Definition 1 ([35]). The Caputo fractional derivative of order 0 < 1 < 1 of a function x(t) is
defined as

WDX() = = [ (=) (e

Lemma 1 ([36]). If continuously differentiable function h(t) € C1([0, +-00), R), forany 1 € (0,1),
one has
oD (t) < sign(h(t))odih(t).

Lemma 2 ([37]). If vector v(t) € R" denotes a differentiable function. Then, for t > to, one has
1
5, DT (t)Pv(t) < vI(t)P,Div(t) Vi€ (0,1],
0
where P > 0 € R™™".

Lemma 3 ([38]). The LMI

0= [@11 O12

<0,
o1, @22}

is equivalent to

] 011 <0, Oy — @{z@ﬂl@lz <0,
. Oy <0, O — @12@521@{2 <0,
where Q11 = @1T1, 0y, = 0L,

3. Main Results
Theorem 1. If the following algebraic condition

1<p<n

n
min {(5p +kp— ) ocg‘pr} >0
q=1
holds, then systems (1)—(2) achieve quasi-synchronization with error bound % via the controller (7) ,
where A = minlgpgn{ép +kp— Lo “3pr}r 0 =151 o1 | At pg| Ly Trnax-

Proof. Take the following Lyapunov function:
n
V(t) =} lep(t)].
p=1

orany given p,q =1,2,...,n,and v, iz € R, one has
If vy (t)| < Ty, |uq(t)| < Ty, then

| K[otpq (1q (1) [9q (g (t)) — Klatpg (vg (1)) g (va (1)) | = |&pathq (mq(t)) — Apgtpqg (ve(t))|
|&pg| | g (pq(t)) — g (vg(t))]

Ly |eq(t)

VANIA

7

where azq = max{|&pq], [&pq|}-
If |vg(t)| > Ty, |pg(t)| > Ty, then

K [apg (11q(£)) g (g () — Kapg (va (1)) g (va(£))]| = |&pgthq (1q(t)) — &pgthg (vq(t))]
< [&pq||9q (1g(t)) — P (vg (1))

< apglLyleq(1)].
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If vy (1) < Tp,

pg(t)| > Ty, then

| K [tpg (19 (1) ] g (g (1)) — K [atpg (vq (t)) | 1pg (v4(1)) |
=[apqtpq (119 () — Rpgtpg (va(t))]
:|5‘M [q (1 (1)) — g (vg(£))] + (8pg — &pg) g (va(t))]
apaLgleq(t)] + |&pg — dpg|Lg|vg(t)]
<”‘u gLaleq(t)] + [ Aapg| Lg Tmax-

If vy (8)| > T,

uq(t)| < T,, we also have
| Kletpg (19 (£)) ) 9pq (pq (£)) — Klatpg (v4(£)) ] g (v4(£)) |
SapoLgleq(t)] + [Aapg|Ly Tmax-

Hence, one can obtain

K [eepg (1q (1) [90q (g (£)) — Klapg (vg(t)) ] g (vq (1)) | < apyLgleq(t)] + [Aapg|Lg Tmax-

In view of Lemma 1, one has

00tV (t) =4 Z!sp )| < i:lsign(sp(t))éisp(t)
p=
= i sign(ep(t)){—(6p +kp)ep(t)

p=

M-

+ 3 [rpa (g (1) g (g (£)) — vpq (va (1)) g (v(£)) ] }

-
Il
—_

M:

n n n n
<= ) (O +kp)lep(®)] + Y Y apLaleg(t)| + Y Y |Anpg|LoTmax

p:l q:l p:] q:l

]
Il
-

n n n n
== <5P +kp — 2“%%) lep()] + ). ) [Aapg|Lg Tmax-
p=1 7=

p=1g9=1

Let A = minlgpgn{% + kp - Zg:l “‘L;PLP}’ 0 = 22:1 Zgzl |A06pq|Lq Tmax, Tmax =
max{T,}. Then, one has

V() < —A f|sp(t){ +6
=1

= —AV(t) +6.
Based on Fractional Halanay inequality [39], it yields

0
le(t)l < 5t +e

Obviously, the synchronization error belongs to region D, where

Dz{awwamhsi} f o oo,

which means that the quasi-synchronization of systems (1)—(2) can be achieved with error
bound % O
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Theorem 2. For given matrices P > 0,Q1 > 0, Q2 > 0,G, a scalar A > 0, and

* _Ql 0

—2PC —2G +PAL+LATP+AP 0 P
<0,
* * -

holds, then the quasi-synchronization of systems (1)—(2) can be achieved with error bound | ﬁ

min(pp)A’
where C = diag(dy,...,6,), M = diag(My,...,My,),L = diag(Ly,...,Ly), 86 = H'QyH,
H = AALTmax, Toax = (Tnax -+, Toa) T, A = (ahg) A4 = (|Aayy]),, Moreover,
feedback gain K = P~'G, P = diag(py, . .., pn) and K = diag(ky, ..., ky).

Proof. Consider the Lyapunov function

V(t) = [e()[TPle(t)-

where [¢(t)] = (lex ()], le2(D),- ., len(t))T, P = diag(p1, P2, ., )
In view of Lemmas 1-3, one has

00V (1) <2le(t)|" Podile(t)] = 2 Z |ep(t)[ppdifep(t))|

n

<2 Z:l‘ep(t)‘ppsign(ep(t))oéﬁsp(t)
=

=2 i|sp(t)|ppsign(£p(t)){—(5p +kp)ep(t)
o
+ 3 [pa (1 (1)) g (1q (1)) — Ypq (va(t)) g (vq(t))]}

q=

1
<- 221| B pp(6p +kp)|ep(t)]
p=

+ i Zlep(t)|PP|7pq(Vq(t))%(P‘q(t)) — Ypa(va (1)) g (vg (1)) |

S- Z| Bpp(3p +kp)lep()] +2 ) Z|€P(t)‘PP(“Zqu|Sq(t)‘
= p=1q=1

+ ’A"‘M |Lg Tmax)

__22|£P ) pp(0p +kp) |ep(t)]

n n
+23 ) lep(t)|ppapgLoleq(t)| +2 3 ) [eq(t)pp|Anpg| Ly Tmax
p=1qg=1 p=1q=1

= —2[e(t)|TP(C + K)e(t)| + 2|e(t)|"PAL|e(t)| + 2|e(t)| T PH
< —2]e()|TP(C +K)|e(t)| +2|e(t)|TPAL|e(t)]
+1e(t)|TQ; 'Ple(t)| + HT Q:H
:|e(t)|T(72PC —2PK + PAL+ LATP + Q;'P? +AP> le(t))|
= Me(t)| " Ple(t)] + HT QaH.
By Lemma 3, the LMI of Theorem 2 is equivalent to

—2PC —2PK + PAL+ LATP 4+ Q;'P* + AP < 0.
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Hence, one has
08tV (1) < —Ale(t)|"Ple(t)| + H' Q:H
< —Ale(t)[TPle(t)] + 6
= —AV(t) +6.
Based on Fractional Halanay inequality [39], one has
0
V() < 5, to foo )
From V(t) = |e(t)|TPle(t)| = Y1 pplep(t)|2, one has
min (py)lle(t)[3 < V(£) < max(py)|le(t) 3. (10)
According to (9) and (10), one can obtain
. 5 0
min(p,)|le(t)|lz < V(t) < J% t— +o0
Hence, it has
le(t)]l2 < t— +oo,

min (p, )1

which means that the quasi-synchronization of systems (1)—(2) can be achieved with error

/ 0
bound W . O

Remark 2. Because of the fractional derivative definition, some traditional methods applied for
MNNe s, i.e., the Lyapunov Krasovskii functional, cannot be simply used to find conclusions and apply
them to FMINNs. By employing the existing LMI-based analysis techniques and by constructing an
appropriate fractional Lyapunov function, the LMI-based conditions of FMINNSs are given, which are
easy to solve. The analysis technology in this paper provides a new idea for the research of FMINNS.

4. Numerical Examples

Example 1. Consider a 2—neurons FMNNs (1), 1 = 0.78, ¢, (v;) = tanh(vg), q = 1,2. Take
01 =26,0p =26,T; =1land

20, Jn|<1 —20, |n|<1
aqp(v1) = { aqp(v2) =

12, || >1 —21, |w|>1
8 (1) = =035, <1 (1) = 255, || <1
T 2030, ] >120 YT 1260, i) > 10

Assume that the response system (2) is different from the drive system only by switching jumps
T, =01, =1,2and 8,(s) = 9,(s) = (0.8, —0.5)T.

Figure 1a,b show the state trajectories of drive-response systems, respectively. Taking

k1 = 12.5958, k, = 4.7486, by simple calculation, one has Tmax = 1,

<p

n
A= 1m'2n{5,, +kp— Y, agpr} = 2.6486,
= L]:l

n
0=173 ) |Aapg|LgTimax = 1.
p=1g=1
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Figure 1. (a) Time responses of vy (t), vo(); (b) u1(t), pa(f).

In view of Theorem 1, the quasi-synchronization can be achieved for systems (1)—(2)
in the presence of error bound ||e(t); < ¢ = 0.3776, which is verified by Figure 2. From
Figure 3, one can conclude that the synchronization error can be influenced by AT.
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Figure 2. Error bound and ||e(t)||; of Example 1.
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Example 2. Consider a 3—neuron FMNN (1), 1 = 0.85, ;(vy) = tanh(v,). Set 6; = 2.2,
5 =12,85=18,8,(s) = (1,—05,07)T, T, = 1,q = 1,2,3, and

(1) = 22, || < T, 15 (1) -2, | < Ty
1 2, |u|>T, " 21, |w|>T,

2, |n|<T, -08, |n|<T,
ay3(v3) = { 7 (v1) = {_0 !

18, |u3|>T, 6, |n|l>T,
iy (vg) = 37V hal <7y () = [ 115 v3] < T,
z 568, || >T," > 11, |ul>T,

oy (o) = {475 ml<Ty = {1 | < T,
31 —45, |u|>T, 2 08, [>T,

12, || < T,
125, |v3| > T,

w33(v3) = {

Assume that the response system (2) is different from the drive system only by switching jumps
T, =02,9=1,23.
q aad

Figure 4a,b display the state trajectories of systems (1)~(2) with 8, (s) = (1.5, —0.6,0.3)T
and 8, (s) = (—1.5,5.1, —4.6)T, respectively.

(@ ‘ (0)

() 0] ‘

2

"0 )

1y (1)

(1)

15§

1t

051

ot

= 05¢ ] = or

0 5 10 15 20 0 5 10 15 20
t/s ts

-1

A5F\ g
2 g
25¢ 4

-3

L I T - T T - I N

Figure 4. (a) Time responses of vy (t); (b) up(t), p = 1,2,3.

Taking A = 6, the values of P, G, Q1, Q2, K are given by solving the LMI in Theorem 2.

(04924 0 0
P=| o0 0733 o0 |,
0 0 03226 |

[ 4.1480 0 0
G= 0 8.2232 0 ,
0 0 3.4612 |

53417 0 0
Q1 =0Q, = 0 53417 0 |,
0 0 53417

8.4243 0 0
K=rPlGg = 0 11.1226 0
0 0 10.7301
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By simple calculation, one has
H = AALTmax = (0.2,0.03,0.05)7,
6 — HHTQ2HH2 — 0.2137.

Based on Theorem 2, the quasi-synchronization can be ensured for systems (1)—(2) with

error bound ||e(t)][2 <, / m = (0.3322, which is verified by Figure 5.

4.5 T
estimated error bound ||e(t)||2

4r llell,

0 5 10 15 20
t/s

Figure 5. Error bound and ||¢(t)||; of Example 2.

5. Conclusions

This paper investigates the switching-jumps-dependent quasi-synchronization prob-
lem for FMNNSs. To derive the quasi-synchronization criteria, a simple linear feedback
controller is applied. To obtain the improved results, a strong assumption that the system
states must be bounded is removed. In combination with several fractional-order differ-
ential inequalities and two kinds of Lyapunov functions, two quasi-synchronous criteria
expressed by LMIs-based conditions and algebraic conditions are derived, respectively.
Finally, the theoretical results are verified by two numerical examples.
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