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Abstract: Let B = {B!
paper, we consider the linear self-attracting diffusion: dX/* = dB/f + o XHdt -0 ( fot (xH —xi) ds) dt
+ vdt with X(I){ = 0, where § > 0 and o, v € R are three parameters. The process is an analogue
of the self-attracting diffusion (Cranston and Le Jan, Math. Ann. 303 (1995), 87-93). Our main aim
is to study the large time behaviors. We show that the solution (t — %)H (x}1 — xII) converges in

,t > 0} be a fractional Brownian motion with Hurst index % < H < 1. In this

distribution to a normal random variable, as t tends to infinity, and obtain two strong laws of large
numbers associated with the solution X*.
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1. Introduction

In 1995, Cranston and Le Jan [1] introduced a linear self-attracting diffusion

X, = Bt+vt—6/ /

with 0 > 0 and v € R, where B is a 1-dimensional standard Brownian motion. It showed
that the process X; converges in L? and almost surely as ¢ tends to infinity. This is a special
case of path-dependent stochastic differential equations. In 2008, inspired by research on
fractional Brownian motion as a polymer model, Yan et al. [2] considered the analogue
driven by fractional Brownian motion with % < H < 1, and, moreover, Sun and Yan [3]
studied related parameter estimation. In fact, such a path-dependent stochastic differential
equation was first developed by Durrett and Rogers [4] and was introduced in 1992 as a
model for the shape of a growing polymer (Brownian polymer):

X; = Bt+//f

where B; is a standard Brownian motion on R? and f Lipschitz continuous (which is called
the interacting function). X; corresponds to the location of the end of the polymer at time .
The model is a continuous analogue of the motion of edge self-interacting random walk (see
Pemantle [5]). We may call this solution a Brownian motion interacting with its own passed
trajectory, i.e., a self-interacting motion. In general, Equation (2) defines a self-interacting
diffusion without any assumption on f. We will call it self-repelling (resp. self-attracting)
if, for all x € RY,x - f(x) > 0 (resp. < 0); in other words, if it is more likely to stay away
from (and, respectively, come back to) the places that it has already visited before. In
2002, Benaim et al. [6] also introduced a self-interacting diffusion with dependence on the
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(convolved) empirical measure. A great difference between these diffusions and Brownian
polymers is that the drift term is divided by ¢. It is important to note that, in many cases of
f, the interaction potential is attractive enough to compare the diffusion (a bit modified) to
an Ornstein—Uhlenbeck process, which gives access to its ergodic behaviour.

On the other hand, in 2015, Benaim et al. [7] studied the self-repelling diffusion of
the form

t ‘t s
X; :Bt—l—/o g(Xs)ds—/O /0 f(Xs — Xy )duds,

where B is a Brownian motion and f is a 27r-periodic function with sufficient regularity.
Under a suitable condition of the initial drift profile g, they introduced the Feller property
and invariant measure of the transition semigroup. More works can be found in the works
by Chakravarti and Sebastian [8], Cherayil and Biswas [9], Cranston and Mountford [10],
Gauthier [11], Herrmann and Roynette [12], Herrmann and Scheutzow [13], Mountford
and P. Tarrés [14], Sun and Yan [15], Chen and Shen [16] and the references. Motivated by
these results, in this paper, we consider the equation

t t s
XF:B{MU/ xfds+ut—e/ / (x4 — xI1) duds, 3)
0 JO JO

where 6 > 0, 0, v € R are three parameters and BH is a fBm with Hurst index % <H<<I.
Perhaps this process should be called the fractional Ornstein—Uhlenbeck process with linear
self-attracting drift. Our main aim is to expand and prove the next statements.

(D Let} < H <1land# > 0. Define the function

hoo(s) =1— (6s — U)egsz_”/ e 3ty

S

Then, X[? converges to
X = [ oo )dBE +v [ hop(s)ds
0 0
in L? and almost surely as ¢ tends to infinity. Moreover, we have

(1= 2)" (X~ x8) — N(0,4(H,0)) 1)

in distribution, as t tends to infinity, where N (0, o) denotes a central normal random
variable with the variance o and

C(H,0) = HO2IT(2H).
(I) Let % < H < 1and 6 > 0. Define the process
t
H _ _v H s
YH = /0 (r=2)axte >0,

Then, we have

1 (T g v
7 v — g 5)
and T 2H
1 o, . HO”
e |, ()t — =T (eH) (6)

in L2 and almost surely as T tends to infinity.

It is important to note that the above convergences are not true if 8 = 0, i.e., the
process (3) is an Ornstein—Uhlenbeck process. This also points out, in general, that the
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long-time behavior of the process (3) is much more complex than that of the Ornstein—
Uhlenbeck process, so many cases cannot be observed in the Ornstein-Uhlenbeck process.
When 6 > 0, we can basically conclude that the asymptotic behavior of the system is very
sensitive to the complexity of the dependent structure of a driving noise, and the driving
noise is the main contradiction that leads to the complexity of the asymptotic behavior of
such processes. Guo et al. [17] considered the model driven by sub-fBm and ¢ = 0. When
6 < 0, the asymptotic behavior of the process (3) basically does not depend on the selection
of noise (in fact, the results in the study by Sun and Yan [15] support this judgment). We
also need to say that such an equation can be written as

t s
xH =B +/ / (0r + o)dXHds + vt
0o
with X} = 0, which is a special case of the equation

t ps
Xt =x+ 8+ [ [ gi(axflas + ga(t)

with X} = x, where g; and g, are two Borel measurable functions. We will consider this
general equation in a future paper. This paper is organized as follows. In Section 2, we
present some preliminaries for fractional Brownian motion and Malliavin calculus. In
Section 3, we prove the statement (I). The statement (II) is given in Section 4.

2. Preliminaries

In this section, we briefly recall some basic definitions and results of fractional Brow-
nian motion. For more aspects of this material we refer to Duncan et al. (2000) [18],
Hu (2005) [19], Mishura (2008) [20] and the references therein. Throughout this paper,
we assume that % < H < 1is arbitrary but fixed and we let B! = {Bf,+ > 0} be a one-
dimensional fBm with Hurst index H defined on (Q, !, P) such that 7! is the sigma-field
generated by BY. A fractional Brownian motion (fBm) B = {B[?,t > 0} with Hurst index
H is a mean zero Gaussian process such that BY = 0 and

1
E[BI'BI] = 5 |21 52— |t — 5]
forallt,s > 0. For H = %, B coincides with the standard Brownian motion B. B is

neither a semi-martingale nor a Markov process unless H = %, so many of the powerful
techniques from stochastic analysis are not available when dealing with Bf.

Let H be the completion of the linear space £ generated by the indicator functions
Lo, t € [0, T] with respect to the inner product

1
Lpos) Ljos)n = 5 [fZH +s2 — |t — S|2H}

foralls,t € [0, T]. When % < H < 1, we have
T T
() =an [ [ o)t — s 2asat < oo
forall ¢, ¢ € £ with ayy = H(2H — 1). The elements of the Hilbert space  may not be

functions but distributions of negative order (see, for instance, Pipiras and Taqqu (2001)).
In order to avoid unnecessary trouble, we introduce a subspace of H as follows:

H={@:10,T] = R | [lgll < o}
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for all % < H < 1, where

ol =as [ [ lolig)ll - 5P 2dsat.

It is not difficult to show that || is a Banach space with the norm || - |3 and that £
is dense in |H|. Moreover, we have

(o, 9 Hfocub/ / s)(EAs)*|t — |V dsdt

forall ¢, ¢ € |H| and we also have

L2([0,T]) c Lu([0,T]) C |H| C H

forany T > 0.
As usual, we define the Wiener integral

H _ T H
Bl(g) = [ p()aBf!, gc @)

as the limit in probability of a Riemann sum, which is a linear isometry between # and the
Gaussian space spanned by B, and it can be understood as an extension of the mapping
Ljoq Bl!. The Wiener integral B () is well-defined as a mean zero Gaussian random
variable such that

’ / dBt

for all ¢ € H. If the Wiener integral fo (t)dB[! is well-defined for every T > 0, then we
can define the integral
JAGLER
0

= llol%

for any ¢ satisfying

||4’HH —ucH/ / (s)|t — s~ 2dsdt < co.

Thus, we regard (7) as the indefinite Wiener integral.
Consider the set S of smooth functionals of the form

F = £(B™(g1),B™(92),..., B (gn)) ®)

where f € C;°(R") (f and all of its derivatives are bounded) and ¢; € H. The derivative
operator D' (the Malliavin derivative) of a functional F of form (8) is defined as

DHF = ii aa)]; (BH(%)' B (¢2),.. -rBH(%)) ;-
=

The derivative operator D is a closable operator from L?(Q) into L?(Q;H). We
denote the closure of F by D! with respect to the norm

2
|Fll,» := \/EIF]2 + E|DHF |3,
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The divergence integral 6" is the adjoint of the derivative operator DH. That is, we
say that a random variable u in L2(Q); H) belongs to the domain of the divergence operator
oH, denoted by Dom(sH), if

H
EKD F,u>H‘ < c||Fll2(q)
for every F € F. In this case, 6" (1) is defined by the duality relationship
H _ H
E [F(s (u)} = E<D F,u>H
for every u € D2. We have D> C Dom(s") and
T (T
E|(S(u)|2 = rxH/ / E[usuy]|s — t|*12dsdr
0 JO
o (T Tt H H 2H-2 2H-2
+vcH/() /0 /0 /0 E{(Dx us)(Dy ut)} |s —y|=" 7%t — x|*" " “dsdtdxdy
for all u € D2, We will use the notation
T
o (u) = / usoBH
0
to express the Skorohod integral of a process u, and the indefinite Skorohod integral is
defined as fot us6BL = 6 (ulp ).

Finally, we recall that the fBm ¢ — B} admits almost surely a bounded p > %—
variation on any finite interval. As an immediate result, one can define the Young integral

t
/ usdBH
0

as the limit in probability of a Riemann sum, and
t t
B = / usdBH + / BHdu
0 0

provided the process u is of bounded g-variation on any finite interval with 4 > 1 and
% + % > 1. Moreover, if u € D2 (|H|) such that

T /T
//|D5Huth—s\2H72dsdt<oo.
0o Jo
then, we have

T T T T
/ usdBH = / us6BH + ocH/ / DHus|t — s 2dsdt.
0 0 0o Jo

3. Large Time Behaviors

The object of this section is to expound and prove the large time behaviors of the linear
self-attracting diffusion

t t prs
XtH:BF+(7/ des+vt—9/ / (XH — XH)duds 9)
0 0 JO

with 0 > 0, 0,v € R, where Bf[ is a fractional Brownian motion with % < H < 1. For sim-
plicity, throughout this paper, C stand for a positive constant that may depend on H, 6,7, v,
and its value may be different in appearance. This assumption is also suitable for c.
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Proposition 1. Equation (9) admits a unique solution, and the solution can be expressed as

t t
x :/ hg,g(t,s)dBSH—‘rl// ho,(t,s)ds, (10)
0 0

where

t
ho,(t,5) = (1 — (65 — 0)e / eg”z*"”du)l{»s} (11)
i >

fors, t > 0.

Proof. We can show the result by integration by parts. Of course, we also can regard (9) as
a deterministic equation since the diffusion coefficient is equal to a constant. Thus, we solve
the equation by the variation of constants method. In fact, Equation (9) is equivalent to

XH = BF —otxH + X (12)
in distribution, with Xt = 0 and X&' = B! + v. Let Z; be the solution of the equation
Zt = —0tZ; + 0Z;.

Then, we have
042
Zt — Ct@iit +£Tt.

Through the variation of constants method, we can assume that the process
. 042
Xt = cfle 2ttt (13)

is the solution of Equation (12) with X! = 0and X} = B} +v. Then, wehave C§! = B{I +v

and o
CtHefit +ot _ BtH

for all t > 0, which implies that
Eoga oo
cH — / e5° -0 BHds 1 clf
0
oH 012 —ot SH f 95205 37pH H
= B;'ez — By —/0 (0s — o)e2 dBg' + Cy
. t
= e3t'~ot(y 4 BH) - /O (6s — 0)e25* =75 (dBH + vds).
It follows from Xé{ = 0 and (13) that
H P H 92405 H
X! :/ CHe=5+054s + x|
0
t . u
= / (1/ + BI — e~ autou / (0s — U)egSL‘TS(VdS + dBf))du
0 0

t u
= [ (0 [t )

t t
vt +BH — /0 (0s — U)egsz_“ (/ e_g”2+‘7“du) (vds + dBH)
S

— ! 920 ! —%utou H
—/0 (1— (0s — 0)e /o ez du (vds+st )
t t
:/ hglg(t,s)dBf—l—v/ ho o (t,s)ds
0 0

forallt > 0. O
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Lemma 1. Let 6 > 0. Then, the function (t,s) — hg,(t,s) admits the following properties:
(1) The limit

ho o (s) := tlim hgs(t,s) =1— (0s — (7)6%52_‘75/ e~ gui o gy (14)
— 00

S

exists for all s > 0.
(2) Forallt > s >0, we have

e 10 =5)+o(t=s) < hoo(t,s) <1+ Cyyp (15

forallt > s > 0.
(3) When o <0, we have
hﬂ,v(s) < he,a(tzs)

forallt > s > 0. When o > 0, we have

hﬁ,a(tr S) S he,a(s)

h@,o(s) < h@,a(tr S)

foralls > §.
(4) The estimates

. 1
0< he,a(s) < Ce,a mln{lr (95_0)2} (16)

hold for all s > 0.
(5) Forallt > u >0, wehave hyy(t,§) = ho,(t,t) =1and

t t
/h(;a(t,s)ds:e%euzf‘m/ =205 405 g,
u ! u

(6) We have

‘hG,(T(t' 52) - hG,(T(SZ) | |h9,a(t/ Sl) - h9,0(51)|

< |0s1 (_6;7!%:52_ U|e%(s%+s%)fa(sl+sz) _679t2+20t

for 0 < 51,59 < t. Moreover, we have

[ 0rt0,9) oo < )
forallt > 0.
Proof. The statement (1) is trivial. For the statement (2), we have
e 20 =s?)Folt—s) < heo(t,8) <1

if o < 0. When ¢ > 0, we have
2

hoo(t,s) =1+ (Z - s)e%e(%*s)zﬁ . e 200y <14 (97—2
¢

[
7t
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if0<s<t<g and
I 10(9 —s)? 7 _lg,2 o? o2 2
ea(ts)—1+<9—s>e2 0 /Sgez dx§1+9—2§1+?329
if0<s<§<tand
e—%@(tz—s2)+0(t—s) < h@,a(tzs) <1
ift>s> %. Similarly, one can show this for the other statements. O
Lemma 2. Let 6 > 0 and denote
t [
)= [ aoltis)ds = [ ho(s)ds (18)
0 0
forall t > 0. Then, we have
tlgg(t B 5)A9( )=0.
Proof. This is a simple calculus exercise. In fact, we have that
/ ho o (1, 5)ds —/ g o (s)d
0
t e
= [ U (t,9) = ho())ds = [ hos(s)ds
= (e%w—"t - 1) /0o e~ 20wy, /m hg »(s)ds
t t
forall t > 0 and 6 > 0. Thus, the Lemma follows from convergences
: _ Z 1082 —at _ ~ —10u+ou
i
= lim ,1 Top2 / S
t—c0 (t _ %) o~ 3108240t Ji 0
and
[ee) 1 [ee)
tlggo(t - 5) /t hg o (s)ds = tILnC}O (t—‘g)l/f he o (s)ds
. o\?2 1
= Jim (¢ =) o) = 5
for 0 > 0. This completes the proof. O
Lemma 3. Let 0 > 0. Then, we have
lim (0t — a)3ih9 (t) = —26°%. (19)
t—o0 dt 7

Proof. Given 0 > 0, integration by parts implies that

o 1 oo
/ e*jeueraudu — / 1 67
t Ou —

%9u2+0ud (_;guz + 0'11)

— 1 ——9t2+at 9/ %0u2+audu
0t —o t Bu - cr
1 ) 302 1563 p 1gp2
— _ _ - — 50t 4ot
9t—¢7< Gr—or T =0y (er—op ))e
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forallt > (0V §). It follows that
d _ ®© 9,2
ahQ,v( ) — (9€2t 0t+(9 )Zezt t)/t P ianr Ly M
+ 9f— )ezt —ot 7—t2+0t
— (9+ Z)egfz—‘” /oo e~ TGy 4 (0t — o)
t
0
N <9t o + (66— )>
) 362 15603 6
: - £ ot —
(1 oot @ @rep o0 F 00

2% N 126 156° ot

- (Bt—0)3  (t—0)5  (ot—0)
forall t > (0V §), which implies that

lim (6t — 0)° dthea( ) = —26.
This completes the proof. [
Lemmad4. Let % < H<1,0>0and o € R. Then, the supremum
s © 4, 2-2H
EH,G,(T := sup e—HGt +2Hot (/ 3_79” +0udu)
120 t (20)

[l oo oylesiewsn. et}
| [ ou=o)eo -t L.

is finite and non-zero.

Proof. By the continuity, the Lemma is equivalent to

5 0 1o 2—2H
AHGA -— lim efHGt +2Hot / 679u +¢7udu
/' t—o0 t

bt L0(u2+v?)—o(u+0) dvdu
/0 /0(91/! 0')(9?) (7')62 m S (0,00)

for % < H < 1,0 > 0and ¢ € R. According to L'Hospital’s rule and making the

substitution ,
EG(tz - vz> —o(t—v) =1,

we have
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79t2+217t 1y ) dodu
N A

=i 0v — 2927 f— 2H72d
fim, (et_g)meietzﬂ/w ) 1 — oM R

) 92H71 t o _19(t2—02)+0(1‘—0) 2H-2
}LTOH)Z—M/O(U_G)E : (t — 0)?H2do

. g2H—2 2080t o o\2  2x 22
:tlgg (t_g)ZZH/o ¢ (t_g)_ (t_é) ) dx

g2H -2
= Am 2—2H
=S (- g)
lor2—ot 25\ 2H-2 2 2 22h
: —x(2X _v _o\ X
/0 ¢ (9) ((t a) TV (-5) 9> dx
2-2H
30120t 2%
—92H-27; 2 —x,2H-2( 1 <X )
Ay W ea—ge) ™

It follows from the dominated convergence theorem that
e}
Amon = / e %224y = T(2H — 1)
0
for all % < H < 1. This completes the proof. [J

Lemma5. Let 0 > 0and % < H < 1. Denote
t
Qff = [l (t,5) ~ ho(s))aB!
forall t > 0. Then, we have

E||of - o

2
} < Crraplt — s 1)

forall0 <s <t.

Proof. Let % < H < 1, this is a simple calculus exercise. In fact, we have

t s
Q= Q! = [ Mo (t,r) = oo (NIABE — [ Tho,r(s,7) — ho,r (1B
0 0

— [ U tt,r) ~ oo (1B + [l (1,7) — o (s r)laBY

= ( / N e-%9u2+fmdu> ( / or— a)e%f’rz—”dBﬁ)
t Js
_ (/t eéeuzﬂmdu) (/S(Qr _ U)eiﬂrzurdB}ﬁ)
s 0

=Q"(1) - Q"(2)

forall 0 < s < t. We estimate the variances of Q" (1) and Q" (2) in three cases.
Casel: 0 <Qor % <'s < t. By means of the convergence

1 © 1 1 © _1p2 T
11m7/ ¢~ 2605 dx = -, hmi/ e 2%y = [ =
o0 p—1,— 308 0" =0 p— 308
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and continuity of the functions t — [, e 20%dx and t — (% A 1)6_%(%2, we obtain
the inequality

o0 1
/ e 294y < C, <t A 1)e%9fz (22)
t
for all t > 0. As an immediate result, we see that

® 19,2 2 [® 152
/ e 50u +17udu — e / e 50x dx
t t—

00 _1p.2 1 _lpp2
/ xe 50x dx = e 50t +ot
t 0t —o

(23)

<

for all t > 0. It follows from Lemma 4 that

E {(QH(l))z} = </too eieuzﬂmdu) 2E </t(6r — a)eée#grdBF)Z
=ay (/too e_%9”2+‘7”du) i

£t
. / / (0r—o)(0v—0)|r — v|2H_26%9(r2+”2)_‘7(V+v)dvdr
S S
00 2 t ot
< (Gt—(r)zeetz*z‘” </ e%91‘2+‘7”du> <ocH/ / |r—v|2H2dvd1’)
t s Js
< CG,cr(t - S)ZH

and

t 2 s 2
E[(QH(Z))Z} — </s e;Gueraudu) E</0 (Br—a)e;"rz”dBf’)
b 1p0 2H toq, . 2—2H
= </ *jeu +Uudu> </ 7§9u +(7udu>
s

lg

aH/ / (0u — ) (v — )20 +0)—0(ut0) 1y 2H-2g5, 3,

0 2—2H
< (t )ZH —H952+2H0'S(/ —19u2+0udu)

lg

ocH/ / (01 — 0) (v — )20 )~ (ut) |y _ 4 2H=2 g,
< apEp gt —s)*

forallt >s > §.
Casell: 0 > 0and 0 <s < t < §. We have

E[@"@?] =an( [ e %9u2+oudu)2

// (0r — o) (v — )|r U|2H 203007 +0%) =0 (r+0) gy 1y
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and

[0 @] - ([t ora)’

ocH// (01 — 0) (80 — o) [u — v[PH 22007402 —0(u40) gy 3y,

< 207 eT(t—s) (aH/ / |u—v|2H2dvdu>
0 Jo

:zﬁ(%)m T(t—s)? < C(t—s)2H

forall0 <s <t < g.
CaseIll: 0 > 0and 0 < s < § < t. According to the inequality (22), we have

H 2 —2(( _T\—2 —012 120t
E[(Q"(1))?] < and 2((t—5)2A1)e
ot
/ /(6r—a)(f)v—0)|r—v|2H*23%9(’2+02)*‘7(7+v)dvdr
S S
:aH((f—g)_2A1>e_9(t_%)2
t_7
/0 / i " uo|u — o|PH2e20024+0%) gy gy,
579 [
SaH((f—a) Al) o=5)
T
/ / MU|M |2H 2 —Qu +0? dvdu
_ - —6(t—§)?
+1xH<(t 6) A1)e

2
/ / uv|u Z)|2H 2 9(u +v? dvdu
st

B

a

I
< ocH/ ! lu — v|?H2dvdu
0 0

—l—txH<(t - 5) A 1 /77 / — 0" 2dvdu
<(t- %)2H+C9,0(% fs)z < Coult =)

forall t > % > s > 0. Similar to case I, we also have
el = ([ et o) ([t
s s
Say /OS /Os(Gu — 0)(00 — )20 0 —o(uto) |y 4 12H-2 54y,
< (b — 5)2H e~ HOS +2Hos </°° 19u2+0udu> e

ocH/ / (01 — o) (v — o)e20 (20" o (uo) |y o 2H-235 3,

< CHGU(t_S)

2—2H

forallt > § > s > 0. Thus, we complete the proof for % < H < 1. Similarly, we can obtain
thecase H=1. O
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Theorem 1. Let § > 0 and < H < 1. Then, the solution X of (9) converges to the
random variable

xH ::/ hg,g(s)dquLv/ hg »(s)ds (24)
0 0
in L? and almost surely as t tends to infinity.

Proof. Let § > 0. We first consider the convergence in L?. We decompose

X X2 = [hoo(t,5) ~ hoo()]aBE — [~ ho(s)ant
+ v(/ot ho #(t,s)ds — /Ooo hglg(s)ds) (25)
= Q= [ (B + vt
forallt > 0and % < H < 1. WhenH = %,by the fact

® _1p,2 1 _1gp2
/ e 50u +(7udu ~ e 50t +(7tl
t ot—o

as t tends to infinity, we have

00 2
E( }/2)2 _ (/ e%6u2+crudu> /t(GS _ 0,)2695272175615
t 0

1 —012 420t /t N2 0s%—0s 1
(9t—a)2e 0(95 o)‘e ds 72(91‘—(7)—}0

(26)

and
15(/;o hg,g(s)ngﬂ)Z - /too(hg,g(s))zds - o<(9t_10)3> 0, (27)

as t tends to infinity. Combining this with (25) and Lemma 2, we show that th/ 2 converges
to X/?in L? for H = ] as t tends to infinity.
When % < H < 1, we also have that

H|? 2 2
EUQt ‘ ] = Hhé),a(tf') *hé),o(')HH < CHhG,a(tf') *hé),o(')HLl/H([ort])

= ([ hatt,9) = has (o))

R ]92 2 t 1/H 1 92 1
=C / e 2% s / |0s — o|'/ Hezn” ~H (s
t 0

L — 0
(0t — 0)2H

2H

2H

and

(e} 2 [ee] [ee]
E (/ he,a(s)stH> = ‘XH/ / ho,0(8)hg o (r)|s — r[*F~2dsdr
t t t

e8] e8] 1 -
<C| | ook s

B o0 oo 1 B
=0 2C‘/t - ‘/t - WLX 7y|2H dedy
B ASEN

S —

(t _ %)4—2H

(28)
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as t tends to infinity for all ; < H < 1. Combining this with Lemma 2, we show that X}

converges to Xt in L2 for all % < H < 1 as t tends to infinity.
We now prove the convergence with probability one. According to the decomposi-
tion (25) and Lemma 2, we need to show that the convergence

o — o, (29)
/t g0 (s)dBH — 0 (30)

holds almost surely as t tends to infinity.
First, on the grounds of (16), Lemma 3 and the fact that

B

almost surely for all % < H < 1as T tends to infinity, we prove that
[o0] [ee]
[ hoo(s)dBE = —ho, (1)Bf1 — [ Bilh ,(s)ds — 0
t t ’
for all % < H < 1 as t tends to infinity.

Now, we consider the convergence (29). When % < H <1, for integer numbers n, k
with 0 < k < n, we set MnHk = QnH+ - Then, MnHk is Gaussian, and we have

2
e Gl S e e

withn > (0V §) and

-9

| _ 2 0o _ a2
/ e 2«72dx§1/ X e 202dx
Je 2o € Je 2ntor
[’} 2 E2
I A
€ Je/o \/2TT eV 2T
V<C 2 2H
< ———exps —Ce“(n—0o
e(0n — o) p{ ( ) }

([

foralle > 0andn > (0V §). Furthermore, for s € (0,1), we denote R = Qiim - QnH+k‘

Then, {R!*,s € (0,1)} is a Gaussian process for any 7 and k, and, on the basis of Lemma 5,

we have
2 C
nk nk _JI2H
E[(RS Rs/) ] Si(@n—a)m's s'|

_ (QH_CU)ZHE{(BSH - Bf)z].

foralle > 0and n > (0V §). It follows from Slepian’s Lemma and Markov’s inequality that

C
P sup |[R"™|>¢e| <P ———— sup [B¥| >¢
<0§51§31‘ ’ ) <(9” — o) ogsg ’
C 2y C
- _E BH - =
~ e27(0n —o)2H L?:El 5 ] — &27(0n — o)2HY
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foranye > 0,n > (0V §) and 7 > 1. Combining this with the Borel-Cantelli Lemma and
the inclusion relation,
S
2

sup Q{{’>£ g{‘Mﬁk
n+K<t<n kil

forallk,n > (0V §), we show that the convergence (29) holds almost surely. Similarly, we
can also check the case H = 1. This completes the proof. [

RI*

3
> f} U4 sup
2 0<s<1

Theorem 2. Let% <H<1,0>0ando,v € R. Ast — oo, we have

(t - g)H(XtH - Xg) — N(0,(H,0)) (32)

in distribution, where N (0, ¢) denotes a central normal random variable with the variance o and
C(H,0) = HO"2IT(2H).

Proof. Keep the notation of Theorem 1. From the decomposition (25), it follows that

()" (=) = (=) "t 1= 5) s

NG %)H /too Tg 0 (s)dBY

forallt > (0V §). Thus, according to the Slutsky theorem, we only need to check that the
following convergence:

(33)

o\ H
( _ 5) Qf{ — N(0,(H,0)) in distribution, (34)
H [
A= (t=2)" [ hoo(s)dBl — 0 in probability, (35)
t
o\ H
(t — 5) Ag(t) — 0, (36)

as t tends to infinity. The convergence (36) is an immediate result of Lemma 2, and the
convergence (35) follows from (27) and (28). Finally, for (34), by the normality of Qf{ , We
only need to calculate

C(H,0) = lim (£ - %)ME (@]

t—o0
—612+20t 2
—g2MHgim & . E /t(Gs - U)e%esz_"sdBH (37)
t—eo (gt — 0)272H 0 s

= HO2HT(2H)

for all % < H < 1. In accordance with the proof of Lemma 4, we can obtain (37), which
gives (34), and the theorem follows from the Slutsky theorem. O

4. The Laws of Large Numbers

In this section, we check that convergence (5) and (6). In fact, these limits can be seen
as the laws of large numbers associated with the self-attracting diffusion. Denote B = BH
when H = %

In Section 3, we have shown that the solution can be expressed as

t t
XtH = / hgla(t,s)dBf +1// hg o (t,s)ds
0 0



Fractal Fract. 2022, 6, 454 16 of 25

and - -
xH - xH = / hg o (s)dBL —I—v/ hg »(s)ds
0 0

in L? and almost surely as t tends to infinity. Moreover, the solution X/T admits the
following estimation.

Lemma 6. Let % < H < 1and @ > 0. Then, the solution XtH satisfies
2 2
E {(Xf[ - Xf) } < C(t—s)2H 412 (t—s)
forall0 <s,t <T.
Proof. Let % < H < 1. We have
t S
Xf = X = [“hoo(t,)dBE + [ o () — o, (s,1)dBE
ot 5
ey / oo (£, 7)dr + v /0 o (t,7) — hg o (s, 1))dr
S
4
=) A]H(t,s)
j=1

forall 0 < s < t. Clearly, on the basis of (15), we have

2 t 2
E[(A{f(t,s)) ] - E(/ hg,(,(t,r)dBfI>
S
ot
= DCH/ / ho o (t, 7)o, (t,0) |1 — v|*H2drdo
S S
t ot
< ocH/ / Ir —o|*H2drdo < Cy(t —s)*H
s S
and
E|(Af(19)"| =2 g (6 1) 2 — 5)?
3 7 - 9,(7 ,7’) 9,(7(t/v)drdv S v (t S)
S s
for all 0 < s < t. The proof of Lemma 5 implies that
2 2
| (af(t9)"] =£[(Q"@)] < cr- o2
for all 0 < s < t. Finally, we have
2 b 1,0 2
E{(Ag(t/s)) :| — 12 (/ e 20u +Uudu>
S
: ( | /S(Hr —0) (6o — J)e%B(rZJrvz)”(””)drdv)
0 Jo
< Vz(t _ S)Zeff)serZas (e%(iszfas _ 1)2 < l/z(t _ 5)2

forall 0 < s < t. Thus, we complete the proof for 1 < H < 1. Similarly, we can obtain the
case H = % O
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As an immediate corollary, we assert that the process t — X! is a Holder function of
order H. Thus, the Young integral
t
/ usdXH
0

is well-defined as a limit in probability of a Riemann sum and
t t

/ usdXH = u XH — / XHdus,
0 0

if u admits a bounded p-variation with 1 < p < ﬁ
Consider the process

t
il :/O (r=2)axt, t>o, (38)
where XtH is the self-attracting diffusion defined by (9). Then, we have
t t S
xXH = BfI—I—U/ des—@/ (/ Xf—Xﬁ)drds%—vt
9/ (/ r—— dXH>ds—|—vt 39)
= Bfl—e/ YHds + vt
0
forallt > 0.
Lemma 7. Let % < H < 1and 0 > 0. Then, we have
H _ —102+ot t o E 1952 —os ;pH Z o — Lo+t
Y," =e2 /0 (s 9)62 dB; +6(1 e 2 ) (40)
forallt > 0.
Proof. By the definition of YtH and (39), we have
ayH = (t— %)dxﬁ
P\ rtipn (s T\ it a oo T\ @y
for all t > 0. Through the variation of constants method, we can assume that the process
H _ CtIJe—%et2+at
is the solution of (41) with Cgl = Yé‘l = 0. Then, according to (41), we have
—10+ot3oH _ (4 7 H v
208+t goH (t G)dBt +v(t G)dt
for all t > 0, which implies that
! O\ 16s2—gs ypH ! 0\ los2—gs
cH —/ (s 9)62 dB; —1—1//0 (s—a)ez ds
v 95 —0s H Lot +ot
_/ ° 2Bl + 5 (e 1)

forall t > 0. This gives (40). O
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Lemma 8. Let% <H<1land® > 0. As T — oo, we have

1 (T u %
T /0 Yy dt — ]
in L2 and almost surely.

Proof. The theorem is clear. In fact, according to (39) and Theorem 1, we have

BY v
H X7
/Y*dt or T te
in L? and almost surely as T tends to infinity. O

Lemma9. Let 3 < H < 1and 6 > 0. Define the process 7 = {n;,t > 0} by

_1lgs2 O\ lpg2_
n=e 201‘ +ot (S _ 7)6295 Usng-I‘
0 0

Then, we have

lim T2H- 2E(17 ) = HO~2HT(2H).

T—o0

Proof. This Lemma follows from (37). O

Lemma 10. Let % < H < 1and 6 > 0. We have

2 217
< o o2H=2|(, 9\ (. ©
E[nms) < C(t—s) (t 9) (s 9) +C 42)
forallt > s> 0and 0 <y <2 — 2H. In particular, we have
E[nms] < C(t—s)* 24 C, (43)

forallt >s > 0.

Proof. When % < H < 1, consider the decomposition

E(nims) = vcHe—%[<f—%>2+<s—%>2]
/ / e g>€%[(”*%)2+<07%>2] lu — 2Py

+ e s[5+ 5)7)
= o = el B o2
=Y,(H;t,s)+¥Y2(H;t,s)

for all t > s > 0. Now, we estimate the above terms ¥ (H;t,s) and ¥2(H;t,s) by using a
method similar to proving Lemma 5.
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Casel:c <0 or% < s < t. We have that

W, (H;ts) < ape 2l-§7 (=57

w_? 212,852 ( [* 15— Tph0=5)
.l(u_g)(u_s) ez [ A(U—E) ez dv |du

I}

6 6
a a t [ a
< D%{efg[( —§1-(-5)7] /S (u— %)(u — s)ZH*Zeg[(”*E)zf(sfﬁ)z]du

to obtain

Jo- i
_ 7% N Llox _ g ’ B B g
/ e2 { (s 9) +x—(s 9)

~§)? Ve N
lox 2H-2 LAY _Y
2/ e2%x [,/(s 9) +x+(s 6)] dx
1 (o (o 2—-2H (t7%)27(57%)2 loy 2H—2
<5((-9)+6-3) A 2

for all % < s < t. It follows from the fact
X
/0 yﬁeydyxxﬁ(l/\x)ex
with x > 0and 8 > —1 that
i <c((e-5) (-9
(=565 (=569
:cxr—@”f2(1A<(r—g)2—(s—g)2)>.

For the term ¥, (H;1t,s), according to Lemma 4 and the facts

e —0s2420s 1 —0124 20t
/ e ds < ———e
¢ 1V (t—3)

and e < < L with0 < ¢ < 1and x > 0, we obtain

1
= THx

R [ C LS PRSI EX T

(44)
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Y, (H;t,s) =2ape (G PO O / i /xg xye%(xhryz)(x — )2 2dydx
7 /7

)272H

forallt >s> 9,0 <0and 0 <y <2-2H.

CaseIl: ¢ > 0and 0 < s < t < §. From the forms of ¥1(H; t,s) and ¥»(H;t,s), it is
easy to find that they are bounded uniformly in f and s.

CaseIll: 0 > 0and 0 < s < § < t. Clearly, ¥2(H;t,s) is bounded uniformly in t and
s. For ¥1(H; t,s), based on the following estimates

Y11(H;t,8) : = o 2[(t=5)? /t—f /

(7 y2H- 81§ +6-5 7o 5 /t_ TS
0

X+y 2H 2, 10(x2+y? )dxdy

and

0 a
Y1o(H;t,s) := e 2[5 +(—§)] / T wo(u — v)2H=20200240%) g4y < C
s_o J_

a

[Y1(H;t,s)| = e a5+ (- §)?]
t s J 0

. / / (u— %)(U — %)(u — U)ZHfze%[(u,g)er(vig)z]dvdu
s Jo

t77

7Q _ 1 2 2
(G o(u —v)2H 20207 +0%) g4y

_u

0

<Y1 (H;ts) + ‘f’lz(H; t,S)

<z>\'=.

is bounded uniformly in t and s. Thus, we have completed the proof. [

Theorem 3. Let % < H < 1and 0 > 0. Then, we have

1T 2 Ho—2H
o /0 (YtH) dt — 53— T(2H) (45)

in L* and almost surely as T tends to infinity.

Let % < H < 1 and denote

Ay = %(1 _ e—%@tz—&-at)

for all t > 0. Then, according to YtH =1+ A and

lim L/T(A )2t =0
T3—2H J, ‘7 ’

T—o0
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the convergence (45) is equivalent to

1 T 5 Ho—2H

in L? and almost surely as T tends to infinity. We now verify that the convergence (46)
holds in L2 and almost surely, respectively.

Proof of the L?-convergence. We first show that the convergence (46) holds in L2. This is
equivalent to

Ar(H,0,0): = T614HE(/OT((W - E(m)z)dt>2

= o [ [ LE[n2007) — BB ()2t
= e [, (Bt — 0 @)

as T tends to infinity, according to the fact that

E(n#n?) = E(u)E(n2) +2(Enems)?

forall t,s > 0. We now check convergence (47) in the four cases.
Case1: H = % On the basis of the fact that

S
/0 e dx < Cpst e (48)
foralls > 0and &« > —1, we have

2
_ ,—30(P+482) 4o (t+s) /S 0N Lo
E(17:1]s) E( i (0—5)e2*~va,

= e_%g(t2+52)+0'(t+5) /S (U _ g)zeevz—hvdv
0 0 (49)

for all + > s > 0. It follows from (48) that

T4// _Y (t**)Z*(S*%ﬂdet

C90’
< / N
T4 /0 (t H)dt 0,
as T tends to inﬁnity.

Case 2: % < H < 1. According to (43), we have

1
AT(E/ 6/ U)

Jim Aq(H,0,0) < Jim = 4H/ / $)H14 4 1) dsdt

< lim C(TSH’S + T‘”H) —0.

T—o0
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Case 3: % < H < % According to (42) with @« = v and % —2H <« < 2—-2H,
we obtain

/1T /jﬁ[E (1)) dsdt
L e (R e
<2C/ /\/T< 4H 4+24x<t g)2a+1>dsdt

_ %)Za

! t—i-\/

<C +CT

dt +CT < C(T - 5)4_4H

) 4H—-3+2« 2]

forallT>1and%<H<%since0<t2—sz<1for

(s,) € {(s,t) t< T,V -1 <s<t}.

Similarly, according to (43), we also have

/ / E(n¢1s)] dsdt < C/ / 4H 44 1)dsdt < C(T4H_2+ Tz>

forall T > 1. It follows from the fact

/01 /Ot[E(Utﬂs)]zdsdt < /01 /OtE(Wt)ZE(Ws)stdt <C

forall § < H < 3 that

A1(H,0,0) = 6= 4H/ / (i) dsdt

T6 4H/ / E(17175)] dsdt

o Lo

C C C (7)4—4H

< + T4—4H + T6—4H (T )

S Te—aH — 0,

as T tends to infinity.
Case 4: H = 3. According to (43), we have

// ECrens)] det<C// <+1)dsdt

< CTlog(T) + CT?

forall T > 1. It follows from the proof of Case 3 that Ar(H,0,0) — 0 as T tends to infinity.
Thus, we have obtained the convergence in L2. []

Proof of the convergence with probability one. Denote T;, = 2"n for integer number 1 > 0.
Then, we have

1 T 1 T
Y, (H) = su 7/ 2dt—7/E zdt’
() TnnganH T3—2H |, Mt T3—2H |, (1t)
T
2 2
= e Y —E dt‘
3 2 g orer,, /0 (m wt))
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for all n > 1. In order to prove the convergence with probability one, based on the

Borel-Cantelli Lemma, it is sufficient to check that
Y P(Yu(H) >¢) < oo
n=0

foralle > 0. Let

1

B(x,y) = /0 (1—u)* 'Y Ydu, x,y >0

be the classical Beta function; then,
B(1— ) = /tT(s BT —s)*ds
forall0 <t < Tandwa € (0,1),and
[ (2~ )
st o (F=E0R) ([ =0
_ [3(1—1“) /OT(T —5)! (/O (112 = B0 ) (s - t)“"dt) ds

= M /OT(Tf s)elgi—a (sa—% /OS (,7% _ E(mz))(s _ t)_‘"dt) Js

forall « € (0,1). It follows from Cauchy’s inequality that

/OT(W? — E(n}))dt

2 _B(2a—1,22)
- B(l—a,a)?

. /OT g2 (/Os (72— EG)) (s - t)‘”‘dt) s

foralla € (3,1). An elementary calculation may check that

Tn—u
u—ov

[0 —o) s = =0 [ a1

< (u o v)l—Za / x—a(l T x)—ocdx _ C(u o U)l—Za
0

forall0 < v < u < T, and & € (%,1). Combining this with the fact that

E[(n? —EGD)) (12— E0D) | = E(nPn?) —E(n?)E(n2) = 2(Enems)?,

we see that

(50)
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IN

C Tyi1 _ S o 2
BV < oS [ ([ (1 = BGR) (s - ) ar) s
n

= Tn6C4H /OTn+1 g20-1 (/OS /Os(s — ) (s — M)_“[E(Wuﬂv)}zdvdu>ds

< C(Tn+1)2(x_1
T274H

T e ([ =007 ) ) o

C(T 20—1 T+t u _
< S [ [ o) =) o

foralln > land « € (%, 1). According to Lemma 10 and (49), one may verify that there
exists a constant v > 0 depending only on H and « such that

C C
E[Ya(H)f < (T)7 ~ n7(27)"

foralln > 1 and % < H < 1. This shows that

i P(Y,(H) >¢) < o0 (51)
n=0

forall e > 0 and % < H < 1, and the convergence with probability one follows. [
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