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Abstract: As a follow-up to the inherent nature of Hadamard-Type Fractional Integro-differential
problem, little is known about some asymptotic behaviors of solutions. In this paper, an integro-
differential problem involving Hadamard fractional derivatives is investigated. The leading deriva-
tive is of an order between one and two whereas the nonlinearities may contain fractional derivatives
of an order between zero and one as well as some non-local terms. Under some reasonable condi-
tions, we prove that solutions are asymptotic to logarithmic functions. Our approach is based on a
generalized version of Bihari-LaSalle inequality, which we prove. In addition, several manipulations
and crucial estimates have been used. An example supporting our findings is provided.
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1. Introduction

Of concern is the following general class of initial value problems modelled by:

(HD%MY('?) = f(t, (HDz)l“) (f)rftf) h(f/ s, (HDfozu) (s))ds), t>1ty >0,
1)
(HItlo_"‘u) (tg) =, (HD%“) (tg) = uz, up,up €R,

where HD‘;B , HDfi]l and HD;"O2 are the Hadamard fractional derivatives of orders &, a1 and

ay, respectively, 0 < a1 <a <land 0 < ap < a < 1. The operator HIﬁ) is the Hadamard
fractional integral of order p > 0. The definitions of these operators are given in Section 2.

We shall investigate the asymptotic behavior of solutions for Problem (1). Sufficient
conditions on the nonlinear source term guaranteeing the convergence of solutions to
logarithmic functions, for large values of time, are established. The importance of using
analytical techniques to study the asymptotic behavior of solutions for Problem (1) arises
from the lack of explicit solutions.

It is known that solutions for many kinds of (integer-order) ordinary differential
equations may approach a certain function as time goes to infinity; in particular they may
decay to zero, oscillate, or blow up in finite time. Many results in this regard exist in the
literature. For example, we refer the reader to the papers [1-6], in which various classes of
linear and nonlinear ordinary differential equations have been studied. Generalizing the
existing results from integer orders to non-integer fractional orders is of great importance
due to their numerous applications; see for instance, [7-10]. Unfortunately, imitating the
techniques verbatim is not straightforward. Many difficulties arise when trying to do so.
Some of these difficulties are due to the nature of the fractional derivatives themselves as
they involve by definition all the past memory of solutions as well as nonregular kernels.
In addition, many fundamental properties of integer-order derivatives are not valid for

Fractal Fract. 2022, 6, 267. https:/ /doi.org/10.3390/ fractalfract6050267

https:/ /www.mdpi.com/journal/fractalfract


https://doi.org/10.3390/fractalfract6050267
https://doi.org/10.3390/fractalfract6050267
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/fractalfract
https://www.mdpi.com
https://orcid.org/0000-0002-4530-6527
https://orcid.org/0000-0003-3467-230X
https://doi.org/10.3390/fractalfract6050267
https://www.mdpi.com/journal/fractalfract
https://www.mdpi.com/article/10.3390/fractalfract6050267?type=check_update&version=2

Fractal Fract. 2022, 6, 267

20f19

fractional-order derivatives. The chain rule is an example of such invalid properties. We will
go around these difficulties by utilizing some adequate estimations, like desingularization
methods, to deal with singular terms and by modifying and/or generalizing some versions
of Bihari-LaSalle inequality.

The study of the asymptotic behavior of solutions for fractional differential equations,
with Riemann-Liouville or Caputo fractional derivatives, has been investigated by many
researchers, see e.g., [11-20]. The authors of [15] considered the fractional differential equation:

(Dgeu')(t) + f(t,u) =0, t >0,

under the condition

Lf(t,u)] < 4)(t, (1|—|L—t|t)“>' t>0, uck,

where Dy, is the Riemann-Liouville fractional derivative of order , 0 < a < 1. The
function f : [0,c0) x R — R is continuous and the function ¢ : [0, 00) x [0,00) — [0, 00) is
continuous in each argument and nondecreasing in the second one. They proved that the
solutions can be represented asymptotically as a1 + a>t* + O(t*~1), ay,a; € R.

In [20], the case when the source function f depends on the solution and its sub-first-
order fractional derivative has been considered, namely,

(CD%u) (1) = f(t u(t), <CD§3 >(t)>, >t >0, o
u(to) = uo,

where CDt’ﬁ is the Caputo fractional derivative of order «, 0 < a7 < @ < 1. The authors
0

showed that any global solution of Problem (2) is asymptotic to ct*! for some real number c.
The present authors investigated the boundedness, power-type decay and asymptotic
behavior of solutions for the initial value problems:

(D&, u)(t) = ( fo (t,s,u(s ds) t>0,0<a<1

u(0) =ug, up €R,
and

(D(")‘flu) (t) = f( (Dyhu fo (t,s, (Dgiu)(s))ds), t>0,0<a,a<a<l

(137%4) (0%) = uo, ( D§,u)(0%) =, o, € R.
Several different classes of source functions f such as

ftu o)l < kOP(ul) +1UOQ0D, |f(tuv)] < kEPE]u)Q(v]),
or [f(tu,v)] < KOP(F7Fu]) +1()Q(Jo]),

and on the kernel % such as:
h(ts,w)l < w(s)K(Jul), [h(ts,u)] < w(s)K(su]), [h(t,s,u)] < w(t,s)K(|u]),

or [h(t,s,u)| < w(s)K(tl’“+“2|u|),

for some functions k, [, P, Q, w and K have been treated, see [11,12,21-23].
For fractional differential equations with Hadamard-type fractional derivatives, we
found relatively few results in the literature tackling the long-time behavior of solutions of
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fractional initial value problems, see, [24-28]. The authors of [28] studied the stability and
decay rate of the zero solution of the fractional differential problem:

(HD‘;‘OL{)(t) = f(u(t), t >t >0,0<a<1
3)
(HIEO_‘XL!) (t§) =uo, up € R.

They considered first the linear case, f(u) = cu, ¢ € R, and established a criteria for
the decay rate of solutions and the Lyapunov stability of the zero equilibrium. For the
nonlinear case, they obtained the stability and decay rate of the hyperbolic zero equilibrium.
They used a modified Laplace transform to express solutions by Mittag—Leffler functions
and then used the asymptotic expansions of these functions to discuss the stability and
logarithmic decay of the solutions. In [25], the authors discussed the stability of logarithmic
type for the initial value problem:

(Hpg)u)(t) - f(t,u(t), (Hpggu) (t)), E>1>0,0<a <a<l,
4)
(Hpg;lu) (t5) = ug, ug € R.

Under some sufficient growth conditions of f, it has been shown that the solutions decay
x—1
to zero as the logarithmic function <ln %) . Recently, the same authors considered

Problem (4) in [26] with % ( uDg, u) (t) on the left hand side and the additional initial

condition ( Dy, u) (ty) = u1 € R. They showed that solutions approach a logarithmic
function as time goes to infinity.

To the best of our knowledge, the long-time behavior of solutions for the class of
fractional integrodifferential equations with Hadamard fractional derivatives (1) has not
been investigated so far. In this paper, we prove that solutions of (1) are asymptotic to the
logarithmic function (In %)tx where « is the order of the involved fractional derivative.
Under sufficient growth conditions, we show that there exist a real number r such that

any solution for (1) in the space u € C{*!, [t), ), see (16), has the following property
lim u(t) T =T.
2 o)

The rest of this paper is organized as follows. In the next section, Section 2, we give
some notations from fractional calculus and present some preliminary results. In Section 3,
we introduce and prove our main results. Section 4 is devoted to an example that supports
our results. A brief conclusion is presented at the end of the study in Section 5.

2. Preliminaries

This section is devoted to briefly introduce some basic definitions, notions, and prop-
erties from fractional calculus and fractional differential equations theory which will be
used in further considerations.

Definition 1 ([7]). We denote by C 1n[to, T], 0 < v < 1, the following weighted space of
continuous functions:

Conlo T = {&: (0 )5 ®: (10 L) et € Clio T}, ©

fo

el = | (1) e

0

with the norm
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where Clty, T| = Con|to, T) is the space of continuous functions on [ty, T].

Definition 2 ([7]). Letd = t% be the -derivative. For n € Nand 0 < v < 1, the weighted space
of continuously d-differentiable functions up to order n — 1 with nth é-derivative in C, 1, [to, T}, is
denoted by Cj, [to, T| and defined by:

Cl.[to, T) = {g  (to, T) > R | 8¢ € Clt, T), i =0,1,2,...,n—1, "¢ € Cy pmlto, T]},
(6)

with the norm
n—1

ey, = &

i=0

o

n
1o,
In particular, Cgﬂr [to, T] = Cy in[to, T].

A characterization of the space Cj [to, T] is given as follows [7]: The functions ¢ in
the space C}},7 [to, T],n € Nand 0 < 7 < 1, can be represented as:

&(t) = (HED, /t: (m Z)n_lh(:)ds 4 ;)1 b (m t’;)

where h € C%ln[to, Tl and b; , i = 0,1,2,...,n — 1, are arbitrary constants. In fact,
h() = (8"¢)(t) and by — L28)0)

1!

Definition 3 ([7]). The Hadamard left-sided fractional integral of order « > 0 is defined by:

(HI%ZU)(t) = r(llx) /t‘t(lnt>a_lwis)ds, t > ty, (7)

0 S

provided the right-hand side exists. We define HI% w = w. The function T is the Euler gamma
function defined by T(a) = [;°t*~le~tdt, & > 0, where t*~1 = e(e~1)Int,

Definition 4 ([7]). The Hadamard left-sided fractional derivative of order & > 0, is defined by:

(HDfw)(t) = 1"(nl—¢x)5n /t: <ln;)n_a_lwis)ds, t>to,
that is,
(D) (1) = " (Wi w) (), t > to, ®)
where " = (t%)n, n = —[—a|. In particular, when « = m € Ny, we have HD{gw = /Mw.

The next lemma shows that the Hadamard fractional derivative (or integral) of a
logarithmic function results in a multiple of the same logarithmic function with the order
of the fractional derivative (or integral) subtracted from (or added to) its power.

Lemma 1 ([7]). Ifa > 0, B > O, then:

[ () o= () o

(HD{?‘O (ln :)) ﬁl) () = r(I;;(ﬁ)a) (ln :0> IHH, t> to.
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In particular, when 0 < a < 1, p =1, then:

(HZ1)(t) = r(l) (ln t>a, t > to,

(#DE1)(t) = 1"(11—0c)(lntt0> , t > to.

The last property shows that the Hadamard-type derivative of a constant is not zero.

The composite of the Hadamard operators of fractional differentiation and integration
with different orders is given next.

Lemma 2 ([7]). Let 0 < B < aand 0 <y < 1, then:

uDp yIiw = pIy P
at every point in (to, T] if w € Cy n[to, T| and at every point in [ty, T] if w € Clto, T]. In
particular, when o > B = m € N, we obtain:

m n _ a—m
HDtO HItOw — HItO w.

The Hadamard differentiation operator is the left inverse to the associated Hadamard
integration operator [7]. Thatis, y Dy, ;Zf w = w atevery pointin (to, T]if w € Cy n[to, T]-
This property is not valid when the Hadamard fractional derivative and the Hadamard
fractional integral are inverted as shown in the lemma below.

Lemma 3 ([7]). Leta > 0andn = —[—a]. Ifw € C,1n[to, T], 0 < v < 1and HIg)_‘"w €
G5, [to, T, then:

n n—i tnfzx + a—i
(W5 i) () = w(t) - L S r((lf_“i f 1))) o (ln fo) : ©)

forall t € (to, T]. In particular, for 0 < a < 1, we have:

170¢w + a—
(T8, w D) (1) = w(t) - W (1ns) 1 (10)

at every point in (to, T] if w € C,[to, T| and at every point in [to, T] if w € Clto, T] and
uIi “w € Cj [to, T).

For more about Hadamard fractional integral and derivative, we refer to the
books [7,29,30].
The limit of the ratio of the Hadamard fractional integral ( HI;’(‘)HS f(s,u(s), v(s))) (1)

14
and the power function ﬁ (ln ti) as t — oo is treated in the lemma below.
0

Lemma 4. Let f € L!(ty, ), tg > 0. Suppose that u and v are real-valued functions defined on
[to, o), then:

g CESEOUO ) g w

S () o (g

|
< 3
-
—
»
=
—
2
Q
—
[95)
S—
SN—
Y
NZ
8
V
©
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Proof. It is easy to see that:

I’X()Hsf(s,u(S),U@)) () i
(H £ ) _ (s,u(s),v(s))ds

e (mg)

where
= [ Lifh<s<t
Alto]\5) = 0, otherwise. *
As f € L(tg,00) and
_ In % “
hm 1 - h'li X[to,t} (S) - 1, fOI‘S < t,
to
we get from the Dominated Convergence Theorem [31],

| (T s f 19, 2(6) 0

S ()

— [ Futs),o(s))ds

0 In<\"
< lim 1fﬂxH@>1mwwmmw
t—o0 Ji, ( In % [fo.1]
o ln% “
= " tlgglo 1- mt | Xt (s) = 1|If(s,u(s),v(s))|ds = 0.
fo

This completes the proof. [

The next lemma can be considered as a Hadamard fractional version of L’'Hopital’s
rule when applied to the solution of problem (1).

Lemma 5. Let u be a solution of problem (1) with f € L'(0, o). Then,

Lo (nDu) (1)
tg?o (ln%)“ o teww

- 1‘(041-1-1) (uz * /t:of(sf (Hth;u) (S)r/s h(s, T, (HD?;ZM) (T))dT) ds).

fo

Proof. Integrating both sides of the equation in (1) over the interval [ty, t], we obtain:

(HDfu) (t) = uz + t: f (s, (D) (), / Th(s, T, (nDi20) (T))dT)ds. (11)

fo
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Apply pZf to (11) and use Lemmas 1 and 3, to find that:

o g m(md)” [(m)"

I'(a) ~ T(a+1) TI(a) s

/ f( HD 1 ( )//Th(T/U, (prozu)(a))da)dris, (12)

to

forall t > ty > 0. Reorder the double integral on the right-hand side and integrate by
substitution to have:

o = e )

_l’_
( ( Dy ) 7), [ h(z,o0, (HDfOzu) (0))d0> ?d’l’

_ (%) ( )“ [t
)

(ac+1) 1x+1

)@, | e (D)o

(@)
( (w5 )d ) (13)
o
Dividing both sides of (13) by <1n %) gives:
u(t) U Uy 1 /t( t)“
= + + In—
(ln%)lx r(oc)ll’l% F(l’(+1) 1—.(“_’_1)(11’1%)“ to T

x f(T, (D) (7), / “hr,o, (sDizu) (@) )da) dr, (14)

fo

forall t > ty > 0. Taking the limit of the resulting ratio at infinity and applying Lemma 4
leads to the desired result. O

In the next lemma, we recall Bihari-LaSalle inequality which is a nonlinear generaliza-
tion of the well-known Grénwall-Bellman inequality.
Lemma 6 ([32,33]). Suppose that w and g are nonnegative continuous functions on [ty, o0) and ¢
is a positive function on (0, c0), continuous and nondecreasing on [0, o). If
t
w(t) <c+ t g(D)(w(t))dT, t € [ty, 0),
0

where ¢ > 0, then

t
w(t) < @7 (cp(c)+ / g(‘t)dr), te [to, T1),
to
where =1 is the inverse function of ®,
X ds
®(x) = / x>0, x>0,
= e

and Ty is chosen so that ®(c) + ft T)dt is in the domain of @~ forall t € [ty, Ty].

The next nonlinear integral inequality can be considered a generalization of Bihari-
LaSalle inequality that has been recalled in Lemma 6.
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Lemma 7 ([34]). Assume that w and 1j;,j = 1,...,n are nonnegative continuous functions on
[to, T] and ?j, j =1,...,n are nonnegative, continuous and nondecreasing on [0, c0) such that
@1 OC o OC -+ - o @y (thatis, @u/ @n_1,..., P2/ @1 are nondecreasing functions). Assume further
that c is a positive constant and

nooet
w(t) <c+ 2/ iyj(s)(pj(w(s))ds, t € [k, T],
j=1"t0
then, for all t € [to, T1],

w(t) < @, (cbn(cnl) + / w(s)ds),

where
_1 . . . x4 ) .
1. <I>]. is the inverse function of ®; and <I>]-(x) = fx]_ (Pj(ss),x >0,x;>0,,j=1,...,n.
2. The constants c; are given by co = c and ¢; = CD].*1 (CIDj(cj,l) + ft? 17j(T)d7>,j =1,...,.n—
1.

3. The number Ty € [ty, T] is the largest number such that:

T1 0 art
-Td"rg/ ,i=1,...,n.
/to ;7]( ) Cj—1 go]'(T) J

Lemma 8 ([34]). Suppose that w and 1;, j = 1,2,3 are nonnegative continuous functions on
[to, T] and ¢;, j = 1,2,3 are nonnegative, continuous and nondecreasing on [0,c0) such that
@1 O @ o< @3, (that is, @3/ @2 and @/ @1 are nondecreasing functions). Assume further that c is
a positive constant. If

a) < et [ m@ei [ e [ ) )

0
then, for all t € [to, T1],

w(t) < &5 <d>3(c2) +/t:773(f)dT),

where the functions q)].—l, ®;, j =1,2,3 and the constants c, c1, c; are the same as those given in
Lemma 7.

Remark 1. By considering the following functions,
@1(t) := max {¢@1(1)},
Te(0,¢]
o (15)
() 9;(t , -
@j(t) 1= max { G by (1), = 2.3,
we can drop the ordering and monotonicity requirements in Lemma 8. It is clear that ¢;(t) < @;(t),

@; are nonnegative and nondecreasing functions on [0,00) for all t € [0,00), j = 1,2,3 and
W1 X Wy X (3.

3. Main Results
In this section, we study the asymptotic behavior of continuable solutions for the

problem (1) in the space crtl [to, T],0 < tp < T < oo, defined by:

1—a,In

(0Dr(0)
Ci L lto, T = s (O.T] =+ R | € Cr_gunlto, T, ——— € Ci_ylto, T] ¢, (16)
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where the space C;_, n[to, T| is defined in (5).
The following two types of functions are used repeatedly in the rest of this paper.

Definition 5. A function g is said to be (),.-type function if it is continuous, nonnegative on
(tp, 00) and
8] t\*
/ <ln> g(t)dt < oo, x=00r1.
to tO

Definition 6. A function  is said to be Y-type function if it is continuous, positive, nondecreasing
n (0, 00),

p(a) < blp(%)for all >1,b>1,
and

t
/ d()—>ooast—>ooforanyp>0

The two classes of functions introduced above are not empty, see the example provided
in Section 4.
Consider the following nonlinear inequality:

w) < m+ (in ) (s [ [sa(©a() + ([ samoatomyir)|as), )

for all t > ty, where a1, a; and a3 are positive constants, g1, g3 are );-type functions, g7 is
Qo-type function and ¢}, j = 1,2,3 are ¥-type functions with ¢ o¢ ¢ o ¢3.

Let ,
0e
K::<I>3(b3)+t g3(s)ds, (18)
0
and . ;
Ky := ®5(c2) + <1n )83(t)df/ (19)
toe tO
where
toe
by = D, (CDZ (by) + / > by, = <(D1(611 +a2)+a3/ gl(S)dS>,
to
*® t
= @, @y =, @ (K In— g (t)dt ),
%) ( 2(c1) / ) 1 ( 1( 2)+ﬂ3/t06<nt0)81(> )
t toe to@
K, = oK d oK d ) ds, 20
2 ﬂ1+ﬂz+ﬂ3€01( 5 ( ))/to g1(s) S+ﬂ3(P2<(P3( 5 ( ))./to g3(T)dt ./to g2(s)ds (20)

[
A generalized version of Lemma 8 is introduced below. We shall provide an estimate

for an integral term that arises later in our present problem. Although this estimate is not
the best possible, it ensures that such an integral is bounded, which is exactly what we will
need to prove our results below.

and ®; ! is the inverse functions of ®;(x) = [ -4 i =1,2,3,x > p > 0.
j ] 9;(s)

Theorem 1. Suppose that w(t) is a continuous nonnegative function on (ty, c0) satisfying In-
equality (17) for all t > t(, a1, ap and az are positive constants, g1, g3 are Qy-type functions, g is
Qo-type function and ¢;,j = 1,2,3, are ¥-type functions with g1 o ¢ o @3. Then,

w(t) < @31 (K) forall ty < t < toe, (21)

and

w(t) < @51(K1) <ln tt> forall t > toe, (22)
0
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where K and Ky are given in (18) and (19), respectively.

Proof. For ty < t < tpe, the inequality (17) becomes:

w() S m+ar+as [ |60 0) + g2(6)e ([ sa(Dgalw)ir ) |ds o <1 < toe @)

and Lemma 8 is applicable. The relation (21) follows immediately.
For the case t > tye, we have In % > 1 and (17) may be rewritten as:

W < mramtn [ [nEn@e) + e [ s@em@r) |

t
11'1%

IN

mtatn [ |aEewE) + g0 [ s |

to

i [ o @p@E) + w@e( [ a@e@mr) s o

In virtue of the estimate (21) together with the continuity and monotonicity of the
functions ¢;,i = 1,2,3, we get:

?]Li) <Ky+as /t [81(5)4’1 (w(s)) + g2(s) P2 (/t: gs(T)qog,(w(T))dT)]ds, (25)

n fo toe

where Kj is the constant given in (20).

Let
zZ:=2z1+ 2+ z3, (26)
where
t
alt) : =Ko+ a3/t 21(s) g1 (w(s))ds, t > toe,
0e
t
zp(t) : = 613/t 22(8)@a(za(s))ds, t > toe,
o0e
t
z3(t) : = /t 23(s)ps(w(s))ds, t > to. (27)
0
It is clear that
?)Ltt) < z(t) for all £ > tge. (28)
I

In light of the types of the functions g;, and ¢;,i = 1,2,3, see Definitions 5 and 6,
differentiating z yields:

Z(t) = asgi(t)pr(w(t)) +asga(t)p2(z3(t)) + g3(t) @3 (w(t))

a3g1(t) <1n ti)) ¢1 (iﬁ?) +a3g2(H) @a(z(t)) + g3(t) <ln fi)) 93 <?r]1(tt)>

fo to

IN

IN

s (10 1 )1 (D1 (2(0) + g2 (092(z(0)) + (10 1 )ga(Dga(0), 1 = e 9)

Now, we integrate both sides of (29) over the interval [toe, t] to find:

ot

2(t) < z(toe) + a3 /

toe

(ln :O)gl (5)p1(z(s))ds +as /t: 82(s)p2(z(s))ds

+ t (ln :0>g3(s)q)3(z(s))ds. (30)

toe
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Applying Lemma 7 with 7 (¢ ) = a3 (ln %)gl(t), na(t) = azga(t), n3(t) = <1n %)gg,(t)
= o00,i = 1,2,3 for any p > 0), the inequality (30)

and T; = oo (by assumption f 7 T) =

leads to:
z(t) < ®;1(Ky), forall t > tge,

as desired. [

From now on, we assume that the functions f and & on the right hand-side of (1),
satisfy the conditions below:
(A1) f(t,u,v): (tg,00) x R2 = Risa Cy_g a[to, o) functionin E; = {(t,u,v) : t >ty > 0,
u, v € Ci_ynlto, )}
(Ap) h(t,s,u)isacontinuous functionin Ey = {(t,s,u) : tg <5 <t < 00,1 € Cy_yn[f0,0)}.

(A3) There are ();-type functions g1, g3, an ()p-type function g, and ¥-type functions ¢;,
i =1,2,3 with ¢1 o @y o @3 such that:

t

1—a+aq
£t 1,0)] < g1(H)n ((m to) |u> T+ 92(Oga(lo]), (tu,0) € E,

17064’0(2
|h(t,s,u)| < g3(s)gs3 <<In S) |u>, (t,s,u) € Ey,

to
0<wm<a<land0<a <a <l
Functions satisfying the above hypotheses are given in Section 4.

In the next result, we shall show that the solution for Problem (1) satisfies the useful
nonlinear inequality below.

Lemma 9. Suppose that u(t) isa Ci‘*;l [to, 00)-solution for Problem (1) and the functions f and

h satisfy (A1), (Ap) and (A3). Then,

¢ 1—a
(mt) ()] < o(t), t > to, (31)
0
and 1ot
t — Dé]' &
(ng) o) 0] < vt 1> 10 (32)
where

R >+r£“i° (i [ fsom () ooty
N (S R o
1| f

o) = F(a—wj)+r(al—na +1 {|u2|+/ g1(s (( ;)1_““1 (HD;’(;”)(S)D

+82(s) 92 (/to 83(T)9s ((ln;)l_wz (HD}?u)(’r)DdTﬂds}, (34)

forallt > tyand j =1,2.

and
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Proof. Firstly, we recall the relations (12) and (13) from the proof of Lemma 5,

PR G N Gl [(m)"
0

T'(a) I'(a+1) TI'(a) s

X t:f<'r, (HD?;1U> (T),/Th('r, o, (HDfozu) (0))d0> d'r%, t>ty, (35)

to

N « .
u(t) = ”1(1;1(23 + (lnto) + ! )/t:<lnt>

I(a+1) Fla+1 T
xf(r, (HDt”;] u) (T),/torh(r, o, (HD‘t’i)zu) (U))d(f) T, t > to. (36)

Equation (36) leads to the following bound on |u(t)|,

r] (in %)’H wol(ng)" (ing)"

)l < T(x) T(w+1) ' Tla+1)
X /t: f(r, (sz)lu)(’f),/t;h(”[,(f, (HD‘t’gzu) (a))da)

1—a + t

¢ |1 |uz|In ; In ;

1 . < 0 0
(n ) u@®l < T@) " T@a+1) T+l

X /tot f(r, (HDf‘Olu) (T),/trh(’f, o, (HD’;‘OZu) (U))dU)

0
for all t > ty, which, in the light of the hypothesis (A3), leads to (31) as desired.

Now, apply the Hadamard differentiation operator HD:g, j=1,2to (35), then employ
Lemmas 1 and 2 (with B = aj and v = 1 — , see (16)) to get:

dt,t > tg, (37)

or

dt, (38)

o = 0 o) e
0

to F(a—aj) F(oc—ocj+1) F(a—o(]-) s
/ f( uD;lu ( ),/torh(r,(f, (HDgQu)(a))da)drdss, t > to. (39)

In a similar way to that used to obtain (36), the relation (39) reduces to:

et - MR e
0

T(a—a)) Fla—aj+1) T(a—aj+1 T
X f<T, (HDf‘Olu) (T),/t‘Th(T, o, (HD‘;‘OZu) (U))d(f) dt, t > to, (40)

and consequently,
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‘(HD"‘fu)(t)‘ < |u1|(1n @Hﬁrl n |u2|(h‘ %)lHj n 1 /t <1n t)“_“’

T(a—a) Tla—aj+1) Tl@—aj+1)Jp\ 7

X f(r, (HD’t’;lu) (T),/torh(r, o, (HD‘;;Zu> (U))dU) dt
a—ai—1 a—u;
| | (In ! In - !
N E(l’ét—>"‘;‘) TE“ - ‘3;' oy el
/tot f(r, (HDt”‘Olu) (T),/t:h(T, o, (HD‘t’;Zu> (U))da) dT], t>tg, (41)

which yields, in light of the hypothesis (A3), the desired result in (32) and completes the
proof. [

The main result of this section is given below.

Theorem 2. Suppose that the hypotheses (A1), (Ay) and (A3) are satisfied, then there exists a real

number r such that any solution u € Ci‘f;,ln [to, 00) of Problem (1), has the following asymptotic
u(t)

property tlirglo (ln . )W =r.
0

Proof. Let us start by recalling the relations (31) and (32) in Lemma 9,

¢ 1—a
(m) u(t)] < o(t), t > to, (42)

fo
| ¢ 171x+1x]-
ni
fo
Clx-‘rl

where uisa C{™ | [to, 00)-solution for Problem (1), v(t) and v;(t), j = 1,2 are given in (33)
and (34), respectively.

and

(D) (0] < o5(0), > 10, j=1,2, (43)

Let
a4 = |uq|max S ay = |up| max L L
S ) I'(a) T(a—a;) |’ SRR ey Fa+1)' T(a—aj+1) |
1 1
= , , 44
“ ﬁ?,’z({r(aﬂ) F(oc—oc]-—i-l)} #)
and

w(t) = a1+ (ln :0> {az + as /tot [gl(s)(m ((hq tso)lomu (Hnglu) ) D
+ ()92 (/tOT 3(7)9s < <1n ;) T (4D2u) (1) D dr> ] ds}, E> o, (45)

then,
o(t) <w(t) and v(t) < w(t) forallt > to, j=1,2. (46)

From the nondecreasingness property of the functions ¢;, i = 1,2,3, we have:



Fractal Fract. 2022, 6, 267 14 of 19

a) = mt (s o [ fa@aE) + o600 [ amememr)|d]
mt (g {m e [ [sr6)er@) + 22000 [ saDgataleir) |as},

IN

for all t > ty, which is Inequality (17). Therefore, we get from Theorem 1 that:
w(t) < (ln ;)CID31(K1) forall t > tgpe, 47)
0
and as a consequence of the estimates (42) and (46), we find:

1—a
(1n :) lu(t)| < <1n :) @, (Kq) forall t > toe, (48)
0 0

or
t
M < Kz := q>3—1(1<1) forall t > tge, (49)

z <
(ln %)
where Kj is as in (19).
Now, in the light of Hypothesis (A3), and the inequalities (43) and (46), we deduce that:

J = ‘/t:j(s, (HD’thlu) (s),/t:h(s, T, (HD’;;Zu) (T))dT)dS
/t: f<s, (Hp;gu) (5), /t: h(s, T, (HD‘;;M) (T))dT)
o ((v2) oyl Lo

X o (/tos 23(T) @3 ( <1n ;) e (Hpt”;zu) (1) ’) dT) ds

[ siontends+ [ g ( [ sampo()dr) i

to

+/t:881(5)¢1(w(5))ds + '/t;gz(s)q)z (/t:gg(r)go3(w(T))dT)ds
= T+ (50)

ds

IN

IN

IN

The first integral,

toe

5o+ = [Ta@nes [“nee( [ s

to 0

[ 10001 (@3100)as + [ gals)n ([ sa(riga(@51x))ar )i
toe toe 'S
(k) [0+ [ 00 paiks) [ galriie )as o)

.to 0

IN

IN

is finite by (21) from Theorem 1, K4 := ®;'(K) and K is given in (18).
The second integral,

i [ aEewE)as+ [ oo [ s@nw@ur)s, >0 6
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can be estimated in view of (47), Theorem 1 and the type of the functions ¢;,i = 1,2,3
as follows:

%< [ (0D )a@nkiss [ a6e( [ amenkoi

+ ts (lnT>g3(T)go3(K3)dT)ds
toe
< fPl(Ks)/M(ln )81 d5+/ 82(s) fP2<fP3(K4)/t g3(T)dt
+¢3(K3) /s <1r1 t)g3(r)d’r) ds, forall t > tge. (53)
toe 0

Since g1 and g3 are ();-type functions and g; is an ()p-type function, we see that the
integral J; is uniformly bounded and so is the integral 7.

Therefore, the integral ftz f (s, (HDt’XOl u) (s), |, tz h(s, T, ( HDf;Z u) (T))dr) ds absolutely
convergent and, consequently,

lim if(s, (HD‘;Olu) (s), /S h(s, T, (HDf‘Ozu) (T))dT) ds < oo, (54)

t—o0 Jt to

Using Lemma 5, there exits a finite real number r such that:

lim (lu(f))a - = 1 (”2+t155‘o/ f( (uDfu (),/sh(s,r, (HDZ]Zu)(T))dT)ds)—r, (55)

to
to
as wanted. O
Remark 2. If the condition (As) is replaced by the condition:

(Ay) There are O)q-type functions ¢1, Gy and Y-type functions ¢;, i = 1,2,3 with Pp1¢p o ¢3 such
that

1—a+ay
|f(t,u,v)| < &1(t)d <<Int) |u>¢2(v|), (t,u,v) €E;, 0<; <a<l1,

and

1—a+ay
|h(t,s,u)| < §2(s)¢3<(1n S) |u|>, (t,s,u) €E, 0<ay<a<l,

then the conclusion of Theorem 2 is still valid. We state this fact below.

Theorem 3. Suppose that the functions f and h satisfy the conditions (A1), (Ay) and (Ay). Then,

there exists a real number v such that any solution u € Ci‘ﬁ}c 1nto, ) for Problem (1) satisfies
u(t)

PR )

x = 1.

The proof is skipped as it can be shown in a similar manner to that used in the proof
of Theorem 2.
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Remark 3. The problem,

(HD?‘Ou)/(t) — f(t,u(t),ftgh(t,s,u(s))ds), E>t)>0,0<a<1,
(56)

(HI}U*’Xu) (ty) =u, (HDﬁ‘Ou> (tg) =up, uy,up €R.

is a special case of Problem (1) when a1 = ap = 0. Therefore, we can conclude that there

exists a constant r € R such that any solution u € Ci‘f; 1nlto, ) for Problem (56) satisfies

tlim u(f) s
o (In )

4. Example

Consider the initial value problem:

(4258) 0 - 2 (m ) (s0) ()
s\ B3 X 3 ]2
x (1n2)"(hDi2u(s) ) ds} >t >0, (57)

(HIEO*“u> (t0+) = u1, (HD%L[) (tar) =up, uy,upy €R,

where0 < a; <a<1,0<a <a<1l,0>1j=123p8 >1-ata)n—1,
Bo>—-1,B3>(1—a+ay)y;—land0< 11 <1y <713 < L
The source function,

t lsl t 152
f(tu,v)=t""% (ln t) uM 472 <ln t) v, t >ty >0, (58)
0 0
satisfies
D} th D2 d
fltu A u(t),/to (t,s,H s u(s)) s
- . i B1 a1 T —o i B2 /t —0
o1 <ln to) (HDfo u(t)) 70 (I (1)
B3 2
s " 73
X (ln fo) (HDtO u(s)) ds) ’
¢ 1—a+aq ¢
< ail)¢ <<In to) HD‘E‘;u(t)D +gz(t)qoz</t 83(s)
0
s 1—a+ay
><(p3<<1n ) HDfQu(s)’)ds),
to 0
with

)/51+(0¢0¢11)’Yl

S\ o t
h(t,s,u) = (t+5)03(ln> u”, gl(t)ztﬂ(ln
to to

B £\ P2 B 1\ Pat(a—aa=1)7s
gz(t) = t 72 <h‘lt0) ,g3(i’) =1t 73 <ln)

)

, @j(t) =7, t > 19 >0,

whereﬁl > (1706%0(1)’)/1*1,‘52 > -1, B3 > (170(‘%062)’)’3*1,0']' > 1,j:1,2,3and
0<m<mrs<msl
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The functions Sjs j =1,2,3 are continuous, nonnegative on (g, ),

toe toe B1+(a—ar—1)71 toe Br+(a—ar—1)71
/0 a(t)dt = /° (mt) a1 /0 (mt) at
to to fo tn tgl_ to to t

1
= 1 / ghrt(a—a =1y gg 1 < oo
0

g (Br+ (a —ag — 1)y + 1)t ’
toe toe t .B3+(’X70‘271)71 dt 1
/ g3(t)dt = / <1n ) — < —— < oo,
to to to t (‘B3+ (06—063 —1)’)/3+1)t03

and

toe toe t\ P2 dt 1 toe t\P2dt 1
to to to to2 ty’ to to t (B2 +1)ty?

The function gy is an ()y-type because:
) 5] B2 5] B2 -1
/ gbdt = / (lnt> dar _ 171/ (lnt> (t°> dt
toe toe tO t2 tgz toe tO t t

o B oo
< L / h’1i 287(0'271)11’1%% = 1 / S‘Bze*(ﬂzfl)Sds
>~ tgz—l to tO t tgz—l 0

1 o T 1
- Bat1,05—1 / e Tt = (ﬁzﬂ:rl )az—l
((72 — 1) to 0 ((72 — 1) to

whereas the functions g; and g3 are ();-type functions since

00 t ] t B1+(a—a;—1)y1+1 At
n L) (tar = / In L a
/foe (1’1 t0>g1( ) toe < tO) tn

o —a =) +1
- 1 / (lnt>l31+(zx a—1)y1+ e—(tﬁ—l)ln%dt
to

(- to t

= 1 ® ghrt(a—a—1)11+1,— (1 —1)s g4
51 Jo
T(B1+ (& — a3 —1)y1+2)
(01 — 1),Bl+(”‘_“1_1)71+2tgl_1

—

and

/oo <1n t)g3(t)dt _ /oo <1n t>ﬁ3+(u¢azl)73+1dt - T(B3+ (x —ap —1)y3 +2) .
4 fo t

0e 0e to o3 — (05 — 1)ﬁ3+(“*“2*1)73+2tg3*1

The functions q)j(t) =1%,7=1,23,0< 7 <72 <73 <1, are ¥-type functions with
@1 o @3 o @3. These three functions are continuous, positive, nondecreasing on (0, c0),

. a\"j a
goj(a) =qa7 < b(g) ! :bqoj(g> foralla>1,b>1,0<7;<1,

and
/xi_/xﬁ_ﬂxpasx%ooforan >0
o o0 Jo 1 S

As 0 < 91 < 72 < 93 < 1, then ¢3/¢2 and ¢,/ ¢ are nondecreasing functions and so
P1 X @2 O @3-
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Obviously, Conditions (A1), (Az) and (A3) are fulfilled with these functions and the
hypotheses of Theorem 2 as well. Therefore, there exists a real constant r € R such that

solutions of Problem (57) satisfy tlim ult) =y
—00

¢ o
(ini5)
5. Conclusions

In this article, we considered a fractional integro-differential problem with Hadamard-
Type fractional derivatives. The nonlinear source function depends on a lower-order
Hadamard fractional derivative of the state and an integral involving another lower-order
Hadamard fractional derivative of the state. We assumed the boundedness of the nonlin-
earities in question by some special kinds of functions in some appropriate spaces. Under
these nonlinear growth conditions, we demonstrated that solutions of the initial value
fractional problem under consideration are not only bounded by logarithmic functions but
actually they converge asymptotically to logarithmic functions.
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