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Abstract: In this paper, the nonlinear system of local fractional partial differential equations is solved
via local fractional Elzaki transform decomposition method. The local fractional Elzaki decomposition
transform method combines a local fractional Elzaki transform and the Adomian decomposition
method. Applications related to the nonlinear system of local fractional partial differential equations
are presented.
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1. Introduction

With the rapid advancement of human knowledge, there is an urgent need to improve
the basic definitions in the various scientific fields. One of these new developments
in differential equations is the use of new concepts with local and non-local fractional
differential calculus. These concepts have been rapidly applied in various branches of
mathematics, physics and engineering [1-13].

Recently, local fractional calculus has been a considerably important topic in both
mathematics and engineering [14-23]. Researchers have been used the Adomian decompo-
sition method (ADM) [24] to solve local fractional differential equations, local fractional
partial differential equations and local fractional integral equations [25-28]. Local fractional
derivative operators with some known transforms, such as the Young-Laplace transform
and the Sumudu transform, are combined with a decomposition method. A few of these
methods are the local fractional Laplace decomposition method [29], the local fractional
Sumudu decomposition method [30,31] and the Yang-Laplace decomposition method [32].
Thus, local fractional differential equations or local fractional partial differential equations
are solved by these methods.

This paper analyzes the non-differentiable solutions to the fractional form of the
coupled nonlinear system of partial differential equations, including the local fractional
derivative (LFD), with the aid of a novel, efficient method. There have been few studies
about the solutions of local fractional partial differential equations in the literature [25-32].
We carried out such study, in order to find an effective method among the existing methods
in the literature for the existing solutions of such equations, and to gain a new perspective
for future studies. The novelty of this paper is to define a local fractional Elzaki trans-
form and give its properties. Additionally, we suggest a local fractional Elzaki transform
decomposition method (LFETDM), which is constructed from the local fractional Elzaki
transform and the Adomian decomposition method. We note that the local fractional Elzaki
transform decomposition method is the same as the Yang-Laplace decomposition method.
The nonlinear system of local fractional partial differential equations is solved by LFETDM.
The originality of this study is to propose a new hybrid method for obtaining the analytical
or numerical solutions of a nonlinear system of local fractional partial differential equations.
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2. Preliminaries

In this section, we give the concepts of local fractional derivatives and integrals and
polynomial functions on Cantor sets.

Definition 1. Let the function f(x) € Cy(a,b) [33,34]. If there are
[f(x) = flxo)| <€, 0 <a <1, )
where there is |x — xo| < 0, for e > 0and € € R, then f(x) is local, fractional and continuous.

Definition 2. Let the function f(x) € Cy(a,b). The local fractional integral of f(x) of order a in
the interval [a, b] is defined by [35,36]

b — o
WO = gy [ A6 = i D S et o

where the partitions of the interval [a,b] are denoted as (tj,tiy1),j = 0,...,N =1Lty = a and
tN = b with Ai’] = tj+1 — t]' and At = max{AtO, Ai’l, Ai’j, .. }

Definition 3. Let the function f(x) € Cy(a,b) [36,37]. The local fractional derivative of f(x) of
order o in the interval [a, ] is defined by

df(x0) _ A () = f(x0)) -
dx® (x—x0)* '
where
A (f(x) = f(x0)) = T (1 + ) [f(x) = f(x0)]- )
The local fractional partial differential operator of order a (0 < a < 1) is given by [36,37]
*u(xg,t)  A*(u(xo,t) —u(xo, to)) 5)
ot (t—t)" ’
where
A*(u(xo,t) —u(xg,to)) = (14 a)[u(xo, t) — u(xp, to)]. (6)
Theorem 1. (Local fractional Laplace transform of local fractional derivative) [38,39].
Let Lo {f(x)} = f&*(s). Then, we have
La{f*(x)} = s"La{f (%)} = £(0). )

3. Local Fractional Elzaki Transform

The local fractional Elzaki transform (LFET) is proposed, and some properties of this
transform are analyzed. We use the concepts of polynomial functions on Cantor sets.
If there is a new transform operator “E, : f(x) — F(u), so that Equation (8) is valid.

[e9) [e9)

akx"‘kl =) T+ ak)ago*k+2), (8)
k=0

LFEa{f(x)} =E, l

k=0

As a classical example, we can use

LFp x* T
“IT(1+a) '
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FE AR} = oL A(D)} = ot [EL{F (1)} - fO)] = L £ (1)} -2 f(0)

Definition 4. The local fractional Elzaki transform of f(x) of order w is defined by

YEWF(0)} = R) = 55

T(1+a) /000 Ex(—07%x%) f(x)(dx)", 0 <a < 1. )

where the integral converges and v* € R*.
The inverse local fractional Elzaki transform of f(x) of order w is defined by

FE, YE @)} =f(x),0<a <1 (10)

Theorem 2. (linearity)
Let " E{f(x)} = Fa(v) and "' E{g(x)} = Gu(v). Then, we have

FE{f(x) + g(x)} = Fa(0) + Ga(0). a1

Proof. By using Equation (9), we have

UEWF() + 800} = gy [ Ex(0 )+ 9)(x) ()" 12
0

= mvﬂ) /0oo En (=0 ") £(x) (dx)" + r(fﬁ > I ¥ Eu(—o ) g(x)(dx)* (13)

= Fa(v) + Ga(0). (14)
The proof is completed. [J

Theorem 3. (Local fractional Laplace—Elzaki duality).
Let Ly{f(x)} = fL*(s) and LFE,{f(x)} = Fx(v). Then, we get

ey =oLf(3) )
Lis@y = e (1) } 6

Proof. By using the definitions of the local fractional Laplace and Elzaki transforms, then
we directly obtain these results. [

Theorem 4. (Local fractional Elzaki transform of the local fractional derivative).
Let "'E{f(x)} = Fy(v). Then, we get

LFE,X{ d* f(x) } _ Fo(0) 2" £(0). (17)

dx® o

Proof. By using Equations (7)-(15), the local fractional Elzaki transform of the local frac-
tional derivative of f(x) is obtained as

(18)

Fy(v zx
=5 - e f(0),

where
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The proof is completed. [

By the direct result of Equation (17), the generalization of Equation (17) is obtained.
Let “E,{f(x)} = Fy(v). Then, we get

nu n—1
LFEa{dd];(aX) } _ FaiZ) o [Z v(2—n+k)zxf(koc) (0) ) (19)
x v =
After substituting n = 2 into Equation (19), we have
d?* f(x Fy(v &
e TII -E) — f0) - 0) 20)

4. Local Fractional Elzaki Transform Decomposition Method

Consider the general nonlinear system as a local fractional derivative [33]:

{ IX 4 OX 4 Nyt (X, T) + Re1 (X, T) = o(x,7), o

IT + 9T + Nuo(X, T) + Rep(X, T) = 9(x,7),

where aa—“a represents the linear local fractional derivative operator of order «, R, 1 and

Ry > are the linear local fractional operators, N, 1 and N, » are the nonlinear local fractional
operators and ¢(x, T), (x, T) are two unknown functions.

An analytical solution of this system is obtained by the following steps.
Step 1 If the local fractional Elzaki transform (LFET) is applied to both sides of each

equation in system (21), then it is obtained as

J 1 Eu | 5] 4+ PN (X, T)) 4 Ea[Rap (X, T)] = HF Ealp(x, 7)),

dx?

(22)
L] + P [ 3] + HFEa[Nea (X, T)] + FEa[Rua(X, T)] = Ea[(x, 7).
If the differential property of Elzaki transform is applied, then we have
LPEG[X] = 02X (x,0) + 0% [P Ea[p(x, 7)]] — FEw | 35 + Na (X, T) + Raa (X, T) |,
(23)

FFEW[T] = 0T (x,0) + 0" [MEo[p(x, T)]] — " Eq [3”,5 + Nu2(X, T) + Rea(X, T)} :

If the inverse LFET is applied to both sides of each system Equation (23), then it is

obtained as

X:LFEafl(UMX(x’O))+LFEafl(va[(LFE“W(X’T)])])_LPEDCfl(va[(LFE’X[?;)u(_’_Na/l(X’T)_i_Ra,l(X’T)})}),

(24)

T = LFE, 1 (02T (x,0)) + LFEy 1 (08 [ (FFEq[p(x, T)])]) — “FEq ! (v”‘ [(LFEa [?,XT + No2(X, T) + Ry 2(X, T)])D

Step 2 Applying the Adomian decomposition method [40], we can show the two

unknown functions X and T as infinite series.

X(u,t) = i X (u,t), (25)
n=0

T(u,t) = i Tu(u,t), (26)
n=0
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and the nonlinear terms are decomposed as
Nu1 (X, T) = ¥ An,
o~ (27)
Nzx,Z(Xr T) = Z Bnr
n=0
where A, and B, are Adomian polynomials [20].
If Equations (25)—(27) are substituted into Equation (24), then we obtain
EOX”( 7) = LFE, 71( ZAX(x,O)) +LFEa—l(z;a[(LFEa[gp(x,r)])}) —LFp, -1 (m [(LFE[k [W ( Y Xau(x, -r)) +n§0An + Ry (:Z:joxn “)Oj:jOT,,ﬂ)D, (28)
)0::: T,,( ) LFE“—l (ZJZ“T(X,O)) +LFE“—1 (v"‘[(LFE,k[lP(X,Tﬂ)D —LFE,K71 (ZI“[(LFEa |:— aa;;a (n);OTn(XIT)> +n§03n +Ra,2 (n)%j: Xu, HOX::OTn>]>:|>~
If both sides of Equation (28) are compared, then we obtain
Xo(x,7) = LFE *1( 2“X(x,0)> +LPE[1( [(LPE )]) (29)
a
Xi(x,7) = —LFE, ! <v“ KLFEa {aaﬁo + Ao + Ry 1(Xo, To ])D (30)
X e ] N s Ny (X1,T1) 31
2(x,7) = —"Ey (v o5 TALT w1(X1, Th) (31)
r [ ya
X3(x,7) = —LFE, 71 <v"‘ (LFEa aaiiz + Az + Ry1(Xa, Ta DD (32)
To(x,7) = B (0%T(x,0)) + B (o[ (M Ealp(x, 7)) ] ), (33)
Ty (x,7) = —LFE,[l( (LFE,X aa:C? + By + Ru2(Xo, To DD (34)
_ _LFp -1 LF a“T1
Tr(x,T) = =" Eq Eq + B1 + Ry2(X1, T1) (35)
T
T3(x,T) = LFE,ﬂ( [(LPE,X [a 2+ By + Rya(X, T m) (36)
and so on.
Step 3 The analytical solution of (X, T) of the system (21) is obtained as
X(x,7) = I\li1m Z Xu(x, 1),
— 00
nNO (37)
T(x,7)= lim Y. Ty(x,1).
N—oo ;=0

5. Applications

In this section, the proposed method
(LFETDM) is applied.

for solving a nonlinear system of LFPDEs

Example 1. Consider the following coupled nonlinear system of local fractional Burger equations [33]:

"X X

X X yx X 4 (XT)® =0,
{ ZTT zjo * g 0<a<t, (38)
a a o
T _ T _)TTE 4 (XT)" =0,
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with the initial conditions

X(x,0) = sing(x*), T(x,0) = sing (x*). (39)

If we apply the LFET to both sides of each equation of the system Equation (38),

ox2a

LFEL[X(x,T)] = [v*sing (x*)] — o* [(LFE,X {—azax —2XX% + (XT)?‘C} )], a0

LEEL[T(x,7)] = [0sing (x*)] — o* [(LFEa {—BZGT —2TT% + (XT)ﬂ )}

ox2a

By applying the inverse LFET to both sides of each equation in Equation (40), we have

X(x,T) = sing (x*) — LFp -1 (v"‘ [(LFEa [— 582;2{1( —2XX§ + (XT)ﬂ )} ),

(41)

T(x,7) = sing (x*) — B, (00 [ (VB [~ 228 — 2178 + (x7)2] ) ]).

ox2a

If the Adomian decomposition method is applied, then each function of the solution
(X, T) is decomposed as an infinite series

[e9)

X(x,7) = ¥ Xu(x, 1),

" (42)
T(x,7)= Y Tu(x,7),
n=0
and the nonlinear terns can be decomposed as
xx® = Y Au(X), (43)
n=0
(XT)E = Y Ba(X, T), (44)
and -
T = Y Cu(T). (45)
n=0
If Equations (42)—(45) are substituted into Equation (41), then we have
pM X (x,T) = sing (x*) — LFE, 7! (v"‘ KLFEa {—aa; (nzo X (x, r)) 2y An(X) + pM B (X, T)} )} )
o o o w (46)
Y Tu(x,7) = sing(x*) — LFE, 1 <U“|:<LFE“ {—8922( )y Tn(x,T)) -2y Cu(T)+ ¥ Bn(X,T)DD.
n=0 X = n=0 n=0
By comparing both sides of Equation (46), we obtain
Xo(x,T) = sing(x*), 47)
X _ g1 (o (e [— 250 o ug(x) 4 Bo(x, T 48
1(X/T)—— « 4% uc—axﬁ— O( )+ O(/ ) ’ (48)
LFr —1( al|(LF X1
Xy(x,T)=—""E v E. ~ o 2A1(X) 4+ B1(X, T) , (49)
_ _LFp —1( af|(LF X A
X3(x,7) = —""E v En|— 532 —2A5(X) 4+ B2(X, T) , (50)
To(x, T) = sing(x“), (51)
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Ti(x,7) = —FE, 1 <v”‘ [(LFE,X[ Ty —2Co(T) + Bo( X, T)DD (52)

o ox2a

Ty(x,7) = —"FE, 7! (v”‘ [(LFE,X[ Py —2C(T) + By ( X, T)DD (53)

o ox2a

Ta(x,7) = —FE, ! (v”‘ KLFEQ{ T —2Gy(T) + By( X, T)DD (54)

o ox2a

and so on.
The first few components of A, (X), B, (X, T) and C,,(T) polynomials [41] are obtained as

Ag(X) = XoXo, (55)

Aq(X) = XoX14Y + X1 XY, (56)
Ax(X) = XX + XX ™ + X1 X1, @), (57)
By(X,T) = (XoTo), ", (58)

Bi(X,T) = (XoTy + X1 Tp), ), (59)
By(X,T) = (X1 T1 + XoTo + XoTp) ), (60)
Co(X) = ToTp,.®, (61)

Ci(T) = ToTy ™ + Ty To ¥, (62)

Ca(T) = ToTo™¥ + ToTp, ¥ + Ty Ty, @, (63)

and so on.
According to Equations (47)—(54) and Equations (55)—(63), the first terms of LFETDM
of the system Equation (38) are obtained as

Xo(x,T) = sing (x), (64)

Xi(x,7) = —sz’n,x(x“)r(lia), (65)

Xa(x,7) = sina(x“)r(ffza), (66)

X3(x,7) = —sina(x“)mfm, (67)

" To(x, T) = sing(x*), (68)
Ty(x,7) = sina(x“)r(lia), (69)

Ty, 1) = sina<x«)r(ffm, (70)

T3(x,7) = —sina(x“)r(lrfm, (71)

and so on.
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Thus, the local fractional series solutions of X(x,7) and T(x, T) are, respectively,
obtained as
X(x,7)= ¥ Xu(x, 1),
= (72)
T(x,7) = Y Tu(x, 1),
n=0

Therefore, the local fractional series solutions of the system Equation (38) can be
written in the form:

X(x,T) = sing(x )hm Z %,

o , (73)
N o
N—o0 =0 I'(1+na) °

T(x,T) = sing(x*)
If Equation (73) is rewritten in a closed form, then the non-differentiable solutions of
X(x,7) and T(x, T) are obtained as

X(x,T) = sing (x*)Eq(—7%),
{ T(x, ;—r) = sing (x*)Eq(—T%). (74)

After substituting « = 1 into Equation (74), we obtain

{ X(x,7) =sin(x)e” 7, (75)

T(x,7) = sin(x)e".

Equation (66) can supply the exact solutions of Equation (38). Additionally, the
LFETDM solutions of Equation (38) are same as both solutions obtained in [33] by the
Yang-Laplace decomposition method and in [42] by the natural decomposition method.

The graph of the LFETDM solution for alpha = 1 and the exact solution of the
system (38) is shown in Figure 1.

Exact —— LFETDM

1
il

Figure 1. A comparison of the LFETDM solution and the exact solution of the system (38).

v

(=}

(=]

The graph of LFETDM solutions for alpha = 0.9, alpha = 0.8, alpha = 0.7, alpha = 0.6
and the exact solution of the system (38) is shown in Figure 2.
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—— LFETDM solution for alpha=07
—— LFETDM solution for alpha=06
—— LFETDM solution for alpha=029
LFETDM solution for alpha=08
Exact

X&T

Figure 2. A comparison of the LFETDM solutions for alpha = 0.9, alpha = 0.8, alpha = 0.7, alpha = 0.6
and the exact solution of the system (38).

Example 2. Consider the following coupled nonlinear system of local fractional KdV equations [39]:

UX L X L OX X% +2TXE =0,

. 0<a<t, (76)
o+ 5o T 2TTE 4+ 2XTE =0,

with the initial conditions
X(x,0) = Ex(—x"), T(x,0) = —Eo(—x"), (77)

If we apply the LFET to both sides of each equation of the system in Equation (76),

LB X (x,7)] = [0 Ea(—3)] — FE M (0t [ (L[5 +2xx5 +213] )]),

ox3a

(78)

FPEG[T(x, )] = [0 Ea(~2)] - B ([ (P[5 + 27T 2x7y] ) ).

ox3a

By applying the inverse LFET to both sides of each equation in Equation (78), then we
have

X(x,T) = Eq(—x%) — LFE, 1 (v“ [(LFE,X [aS“X F2XXE 2TX§‘§] )] )

ox3a

(79)

T(x,7) = —Ex(—x") = PFE Y (0% [ (LFE | 3k + 2773 +2xT2] )] ).

If the Adomian decomposition method is applied, then each function of the solution
(X, T) is decomposed as an infinite series:

X(x,T)= § Xu(x,T),

" (80)
T(x,T)= Y Tu(x,7),

n=0

and the nonlinear terms can be decomposed as

XX& = i An(X), (81)
n=0
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TX§ =) Bu(X,T), (82)
n=0
TT¢ = Y Cu(T) (83)
and -
XTy =) Du(X,T). (84)
n=0
If Equations (80)—(84) are substituted in Equation (79), then we have
Y Xu(x,T) = Eq(—x%) — LFE, 1 (U“[(LFEK[;;; ( Y Xn(x,r)> +2 Y Au(X) 42 % Bn(X,T)DD,
n=0 n=0 n=0 n=0
Y. Tu(x,T) = —Eq(—x%) —LFE,X1<U”‘[(LFE,X[BBX; ( )y Tn(x,T)) +2 Y Cu(T)+2 ¥ Du(X, T)DD
n=0 n=0 n=0 n=0
By comparing both sides of Equation (85), we obtain
Xo(x,T) = Ex(—x"), (86)
LFp -1 L [9%Xo
Xi(x,7) = —""E,~ <z;"‘ K Ea{ per +2A0(X) +2By(X, T)} ﬂ >, (87)
LFp —1 e [07X)
i =10 (e ([ sain i) o
LFp -1 LFp [97X2
Xg(X,T) E,™ (U‘X[ E,X|: Fpn +2A2( +2B2 X, T :|>]> (89)
To(x,T) = —Ef(—x%), (90)
a3aTO
I (6, 7) = L, <v“[(LFEa[ S +2Co(T) +2Do(X, T) DD 91)
aSaTl
Tr(x,7) = —LFE, ! (U“KLFEN [axﬁw +2C1(T) +2D1(X, T DD (92)
a3uT2
Tsy(x,7) = —LFE, ! <U,x [(LFE“ [ax?»a +2C,(T) +2D,(X, T) DD (93)
and so on.

The first few components of A, (X), B,(X, T), Cx(T) and D, (X, T) polynomials [39]

are obtained as

Ag(X) = XoXo",
A1(X) = XOXLX(’X) + X1X0,x(a),
Ay(X) = XoXa: ™) + X5 X0, + X X1 @,

Bo(X, T) = TpXo,",
Bi(X,T) = ToX1,, ™ + Ty X,

Ba(X, T) = ToXp, ™ + Ty X 0 + Tr X0 @),

Co(X) = ToTp."™,
Ci(T) = ToTy ™ + Ty Ty .,
Co(T) = ToTox ™ + ToTo ™ + T T @,

(94)
(95)
(96)
(97)
(98)
(99)

(100)
(101)
(102)
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Do(X, T) = XoTo ™, (103)

Di(X,T) = XoT1 ™ + X1 Tp, ), (104)

Dy (X, T) = XoToe™ + X111 ™ + X2 To ¥, (105)

and so on.
According to Equations (86)—(93) and Equations (94)—(105), the first terms of LFETDM
of the system in Equation (76) are obtained as

Xo(x,T) = Ea(—x%), (106)
Xi(x,7) = E,X(—x"‘)r(lTj_a), (107)
Xa(x,7) = Ea(—x“)r(ffz“), (108)
Xs(2,) = Ea(—X) (109)
e To(x,7) = —Eq(—x%), (110)
Ty(x,7) = E”‘(xa)r(lria)’ (111)
Ty(x,7) = _Ea<_xa>r(lf+2“2“), (112)
Ts(x, ) = —Ea(—x“)r(lfi,@, (113)
and so on.

Thus, the local fractional series solutions of X(x,T) and T(x, T) are, respectively,
obtained as
X(x,7) = ¥ Xn(x,7),
"0 (114)
T(x,t)= Y Tu(x,7),
n=0

Therefore, the local fractional series solutions of the system in Equation (76) can be

written in the form
N

ni

X(x,7) = Ea(—) lim T poie
NS T (115)
ri) -, £ e

If Equation (115) is rewritten in a closed form, then the non-differentiable solutions of
X(x,7) and T(x, T) are obtained as

X(x,7T) = Ex(—x")Eq(T%), (116)
T(x,T) = —Ea(—x*)Ex(T%).
By substituting « = 1 into Equation (116), we obtain
X(x,T) = e *17,
{ T(x,T)=—e "7, (117)

Equation (117) provides the exact solutions of Equation (76). Additionally, the LFETDM
solutions of Equation (76) are the same as the solutions obtained in [42] by the LFRDTM.
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Example 3. Consider the following coupled nonlinear system of local fractional partial differential
equations [33]. For 0 < a <1,

X W 4 T,@ 7, (@0 T @7 (@) = X
T, + x, Wz, (@ 4 x @z (0 =T, (118)
Z.@ 4 x, @1 @ 4 x (O, (0) = 7

with the initial conditions
X(x,v,0) = Eg(x* +v%), T(x,v,0) = Eo(x* —v*), Z(x,v,0) = Ex(—x* +v%).  (119)
If we apply the LFET to both sides of each equation of the system in Equation (118),
LFE[X(x,v,7)] = [0®Eq(x* + v%)] — o* [(LFE,X [Tx(“)ZV(“) ~ T, Wz, @ 4 X} )}
LEE[T(x,v,T)] = [0%*Eq(x* — v%)] — 0 [(LFEa [XXWZV(“) + X, 0z, () — T} )} (120)

LEE[Z(x,v,T)] = [02Eq(—x* +1%)] — 0 KLFE“ [Xx("‘)TV("‘) + X, (T () — z} )}

By applying the inverse LFET on both sides of each equation of Equation (120),
we have

X(x,v,T) = Eg(x* +v%) — LFE, 1 (v“ {(LFE,X [Tx("‘)Zv(”‘) _T,Wz @ 4 X] )} )
T(x,v,T) = Eq(x% — 1) — LFE,~1 (v"‘ [(LFE,X [xx@zv(“) + X, (02,0 — T} )} ) (121)

Z(x,v,T) = Ey(—x* + v%) — LFE, 1 (v“ [(LFEa {XX(MTV(“) + X, (T, @) — z} )D

By applying the Adomian decomposition method (ADM), each function of the solution
(X, T, Z) is decomposed as an infinite series

[ee]
X(x,v,7)= Y Xu(x,v,7),
n=0
(e}
T(x,V, T) = E Tn(-x/V/ T)/ (122)
n=0
Z(x,v,7) =Y Zu(x,v,7),
n=0

and the nonlinear terns can be decomposed as

T, ™z, = Yy AT, Z),T, Wz, = Y AT, Z), (123)
n=0 n=0

Xz, =Y B,(X,2), X,z =Y B/(X,2), (124)
n=0 n=0

XWT,® = Y (X, T), X, YT = Y ¢,/ (X, T). (125)
n=0 n=0

If Equations (122)—(125) are substituted into Equation (121), then we have
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3

§ Xu(x,v,7) = Eg(x™ +v*) — LFp -1 (v“ KLFE,X [ E AT, 2)— Y AJ(T,Z)+ % Xn(x,v,r)})])
n=0 n=0 n

0 n=0

OZOJ To(x,v,T) = Eg(x* —v*) — LFE, 71 (v"‘KLFEa LOZEOBn(X,Z)—i— Ozoj B, (X,Z)— OXO; Tn(x,v,r)]ﬂ), (126)

=0 n=0 n=
)

Xo(x,v,T) = Ex(x* + 1), (127)

o

012

n
E Zn(x,v,T) = Ey(—x* +v*) = LFE, 1 (U“KLFE“{E Ca(X,T) + f C (X, T) -
n=0 n=0

n=0

n

By comparing both sides of Equation (126), we obtain

Xi(x,v,7) = —LFE, (v“[(LFE Ao(T,Z) — Af(T, 2) +X0(x,1/,r)]>D, (128)
Xo(x,v,7) = —LFE, 1 (v"‘{(LFEa AT, Z) — AY(T, 2) +X1(x,v,T)])D, (129)

X3(x,v,7) = —LFE, (v"‘[(LFEa Ay (T, Z) — A)'(T, Z) +X2(x,1/,'r)]>D, (130)

To(x,v,7) = Eq(x* —1%), (131)
Ti(x,v,7) = —LFE, (v"‘ [(LFE“ — By'(X,Z) + To(x, v, r)})D, (132)
Ty(x,v,7) = —LFE, (v"‘ KLFE,X Bi(X,Z) - By (X,Z) + Tl(x,v,r)])D, (133)
Ty(x,v,7) = =B (0| (FEa[B2(X, 2) — B (X, 2) + Ta(x,v,7)] ) |), (134)
Zo(x,v,T) = Ea(—2* +1%), (135)
Zi(x,v,T) = —LFEa_l(v"‘ (LFE,X —Co/(X,T) + Zo(x,v, r)])]) (136)

[
Zo(x,v,T) = —LFEa_l(v"‘{ LFE[C (X, T) — G/ (X, T) +zl(x,v,r)})D, (137)
|

(
Zs(x,v,7) = —LFEa_l(v"‘ (LFE,X G (X, T) — G/ (X,T) +zz(x,v,r)})D, (138)

and so on.
The first few components of A, (T, Z), By(X,Z) and C,(X, T) polynomials [41] are
obtained as

Ay(T, Z) = Tp W Zo, @), (139)

AL(T, Z) = 1, 2o, + To, ¥ 2, @, (140)

Ao (T, Z) = Tox W Z, ™ + To ™ 29, @ + 11,0 2, @), (141)
Bo(X, Z) = Xox ¥ Zoy ¥, (142)

Bi(X,Z) = X1, Zo, ™ + X0, 7,1, (143)

By(X, Z) = Xox ¥ Zoy ™ + X0 29, + X1, ¥ 2, W), (144)
Co(X,T) = Xox ™ T, @, (145)

Ci(X, T) = X1 To, ™) + X0, W T3, @), (146)

Co(X, T) = Xox ™ Ty ¥ + Xo, W T, @ + X1, 17, @, (147)

and so on.
Additionally, the polynomials A,’, B,’ and C,’ are similarly computed.
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According to Equations (127)—(138) and Equations (139)—(147), the first terms of the
local fractional Elzaki transform decomposition method of the system Equation (118) are
obtained as

Xo(x,v,T) = Eg(x* +v%), (148)
-
X1(x,0,T) = —E(x* + v“)m, (149)
2
Xo(x,0,T) = Eq(x* + v“)m, (150)
3
X3(x,0,7) = —Eu(x* + v“)m, (151)
To(x,v,T) = Eo(x* —v%), (152)
"
Ti(x,0,T) = Eq(x* — v“)m, (153)
20
Tr(x,v,T) = E(x* — v”‘)m, (154)
3
T3(x,v,7) = Ey(x* — v“)m, (155)
and
Zo(x,0,T) = Eg(—x* + %), (156)
Z1(x,0,7) = Eo(—x* + Va)I‘(lizx)' (157)
2
Zy(x,0,T) = Ex(—x" + v“)m, (158)
3
Z3(x,0,T) = Ex(—x" + v"‘)m, (159)
and so on.

Thus, the local fractional series solutions of X(x,v,7), T(x,v,7) and Z(x,v, T) are,
respectively, obtained as

(o]
X(x,v,7)= Y Xu(x,v,7T),
n=0
(e}
T(x,v,7)= Y Tu(x,v,7), (160)
n=0
(o]
Z(x,v,T) =Y Zu(x,v,7),
n=0

Therefore, the local fractional series solutions of the system Equation (118) can be
written in the form

N n_na
_ . (71) Tna
X(x,0,7) = Ex(x* +v*) lim ¥ Trrsays

N nu

T(x0,7) = Eal(x" —v*) im & rfy,

(161)

na

N
_ 4t a\ 14 T
Z(x,0,7) = Eg(—x* 4+ v )1\%1—r>noon§o INEEETON
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If Equation (161) is rewritten in a closed form, then the non-differentiable solutions of
X(x,v,7),T(x,v,T) and Z(x,v, T) are obtained as

X(x,0,T) = Eg(x* + v%)Eq(—T%),
T(x,v,7T) = Eq(x* —v*)Eg(T%), (162)
Z(x,0,7) = Eg(—x* + v*)Eg(T%).

Additionally, Equation (163) is obtained from Equation (162) as [32]

X(x,v,7) = Eg(x* +v* —1%),
T(x,v,7) = Eg(x* —v* 4+ 1), (163)
Z(x,v,T) = Eg(—x* +v* + 1%).

By substituting « = 1 into Equation (163), it is obtained as
X,0,T
x,0,T) = e 07T, (164)

The solutions in Equation (164) are the exact solutions of Equation (118). Additionally,
the LFETDM solutions in Equation (163) are the same as the solution obtained in [32] by the
Yang-Laplace decomposition method and in [41] by the natural decomposition method.

6. Discussion

It has observed from the solutions of a coupled nonlinear system of local fractional
Burger equations that LFETDM, LFRDTM, the Yang-Laplace decomposition method and
the natural decomposition method give the same results. Additionally, Figures 1 and 2
show the results obtained by using LFETDM for Example 1. Besides, it has been observed
that the solutions decrease as the alpha values move away from 1. Additionally, we saw
from the solutions of a coupled nonlinear system of local fractional partial differential
equations that LFETDM, the Yang-Laplace decomposition method, LFRDTM and the
natural decomposition method give the same results. It is seen that the overall structure
of the curve obtained from Maple software differs for different values of fractional order
alpha for Example 1.

7. Conclusions

The nonlinear systems of local fractional partial differential equations have been solved
by the local fractional Elzaki transform decomposition method (LFETDM). Additionally,
Figures 1 and 2 show the results obtained by using LFETDM for Example 1. It has been
seen that the solutions decrease as the alpha values move away from 1. Additionally, it
has observed from the non-differentiable solutions of a coupled nonlinear system of local
fractional partial differential equations that LFETDM, the Yang-Laplace decomposition
method, LFRDTM and the natural decomposition method give the same results. In addition,
it was seen that the overall structure of the graph obtained from Maple software differed for
different values of fractional order alpha. It has been shown that LFETDM is an effective
algorithm. Additionally, it was shown that this algorithm provides the solution in a series
form which converges quickly and successfully to the exact solution. Thus, it is concluded
that LFETDM is reliable, effective and powerful in obtaining the analytical solutions for
different classes of linear and nonlinear local fractionals of ordinary and partial differential
equations.
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