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Abstract: In this paper, we mainly establish Liouville-type theorems for the elliptic semi-linear
equations involving the fractional Laplacian on the upper half of Euclidean space. We employ a direct
approach by studying an equivalent integral equation instead of using the conventional extension
method. Applying the method of moving planes in integral forms, we prove the non-existence of
positive solutions under very weak conditions. We also extend the results to a more general equation.
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1. Introduction

The fractional Laplacian in R” is defined by

(-8 ux) = Cpupv [ MDD, )

where 0 < a < 2 is any real number, C, 4 = ( fR" H@#)*ldg is a constant and PV

stands for the Cauchy principle value. For the detailed definition about (—A)*/2 and Cj,,,
we refer to [1]. From (1), one can see that it is a nonlocal operator.

In recent years, the fractional Laplacian has been frequently used to model diverse
phenomena, for example, anomalous diffusion and quasi-geostrophic flows, turbulence
and water waves, advection-diffusion, relativistic quantum mechanics of stars, molecular
dynamics and other problems (see [2-13] and the references therein).

Let

= fx= (o)l > 0}

be the upper half of Euclidean space.
In this paper, we mainly establish Liouville-type theorems, the non-existence of posi-
tive solutions to the Dirichlet problem for elliptic semi-linear equations

(—A)*2u(x) = xuP (x), u(x) >0, xeR", )
{u(x)=0, x ¢ R, @

where 0 < & < 2, v > 0is any real number. And then we generalize the results to some
more complicated cases.

Obviously, the operator in (1) is well defined in the Schwartz space S of rapidly
decreasing C* functions in R". In this space, it can also be equivalently defined by the
Fourier transform:

(ZA)2u() = &|*a (),

where 1l is the Fourier transform of u. This definition can be extended to the distributions
in the space:
u(x)|

£ = —_—
w/2 {u‘ R" 1+|x|n+a

dx < co}
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by
< (A2, >= / w(—A)2pdx, forall ¢ € CP(R™).
Givenany f € L} (R"), wesay u € L,/ solves the problem
(=A)*?u = f(x), xeRL,
if and only if
/ (A pdx = /R Fp(x)dx, forall ¢ € CF(RY). 3)

In this paper, we will consider the distributional solutions in the sense of (3).
To apply the method of moving planes in integral forms, we first establish the equiva-
lence between problem (2) and the integral equation:

u(x) = [ Geolx, )y’ (1), @
+
where
 Ape B Bia § (s — th)(1=2)/2 "
Col¥) = Gomaira |1~ e ) pa(yp) 0 YERS O

is the Green function in R, with the same Dirichlet condition. Here
s=|x—y|> while t=4x,y,.
We prove

Theorem 1. Assume that u is a locally bounded positive solution of Equation (2). Then u is also a
solution of integral Equation (4), and vice versa. Here we only require v > —u.

Next, we establish the Liouville-type theorem for the integral equation.

n(p—1)
Theorem 2. Assume p > . Ifu € L G

Equation (4), then u(x) = 0.

(R™) and u is a non-negative solution of integral

By Theorem 1, one can immediately derive the following corollary on Equation (2).

n(p-1)
&

Corollary 1. Assume p > 2. Ifu € L
tion (2), then u(x) = 0.

(R") and u is a non-negative solution of Equa-

Remark 1. Note that here the exponent p can be any number greater than " under the global
integrability condition. Hence this non-existence result also includes the supercritical case p = 1%,
To prove Theorem 2, we apply the method of moving planes in integral forms. We

move the plane along the x, direction and derive that the solution must be monotone
n(p—1)
o

increasing in x,. Further this is in contradiction with u € L (R%). For more arti-
cles concerning applications of the method of moving planes in integral forms, we refer
to [14-20] and the references therein.

We next weaken the global integrability condition in Theorem 2 and exploit a Kelvin-
type transform. To ensure that the half-space R’] is invariant under such a transform, we
need to place the centers on the boundary oR’ .
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We consider
1 x—29

0
|x_20|n71x”(|x_20|2 +27),

10 (x) =

which is the Kelvin type transform of u(x) centered at z°. Some new ideas are involved.

(P*l)
In the case of =% < p < "21*2 e only need to assume u € L (R™), and here

we consider two possibilities:

loc

(i) Thereis a point z° € 9R", such that #,0(x) is bounded near z°. In this case, we can

(R ), then we can move the planes on u just as we did in the proof
of Theorem 2.

(ii) Forall 20 € dR", ii0(x) is unbounded near 20, In this case, we move the planes in
X1, ,Xy—1 directions to show that, for every 20, il,0(x) is axially symmetric about
the line that is parallel to x,-axis and passing through z°. This implies that u depends
only on x;.

In the case of 1 < p < 2£% we only need to suppose that u is locally bounded and
only need to work on 7,0 (x). Then similar to the above possibility (ii), we show that for
every z¥, 71,0 (x) is axially symmetric about the line that is parallel to x,-axis and passing
through z°, which again implies that u depends only on x,.

In both cases, we will be able to derive a contraction and prove the following Theorem.

Theorem 3. Assume 1 < p < ™21 g o > 0. If u is a locally bounded non-negative solution
(p 1)

loc

n+tx < p < n+27+zx

of (4), then u(x) = 0. In particular, when , we only require u € L (R%).

< n+27+zx

Corollary 2. Assumel < p and vy > 0. If u is a locally bounded non-negative solution

wpn)
(RY).

loc

of (2), then u(x) = 0. In particular, when "% < p < "2VH 16 only require u € L

Next, we generalize the results to the case y > —a under weaker conditions, that is:

n+2fy+a

Theorem 4. Assume1l < p < ,y > —a, and ypuP~1(y) € LIZ;C(RC’F). If u is a locally

bounded non-negative solution of
u(x) = [ Gulx, )i’ (n)dy, (6)

then u(x) =0.

n+2’y+oc

Corollary 3. Assume1l < p < ,y > —a, and yyuP~(y) € LEC(R?F). If u is a locally

bounded non-negative solution of

(—=A)*2u(x) = xJuP(x), x eR", 7
u(x) =0, x ¢ R", )

then u(x) =0.

Furthermore, we can also generalize the results of this problem to a more complicated
case. In the following equation, we substitute f(x;) for X,

(—A)*2u(x) = f(xn)uP (x), u(x) >0, x € R:, o
Pty TeR ®

where f(x;) is a positive real-valued function in R} and is monotone nondecreasing with
respect to the variable x,. Obviously, compared with x;), f(x,) stands for a much wider
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family of functions, such as f(x,) = x2 +x, + 1, f(x,) = In(x, + 1), f(x4) = e + 3, and
so on. Then we can establish a series of entirely similar conclusions of this equation.

Firstly, we also establish the equivalence between Equation (8) and the integral equa-
tion:

u(x) = [ Goolx,y)f () (y)dy. ©)

+

We prove that

Theorem 5. Assume that u is a locally bounded positive solution of problem (8). Then u is also a
solution of integral Equation (9), and vice versa.

Next, we establish the Liouville type theorem for the integral Equation (9).

n(p—1)
14

Theorem 6. Assume p > . Ifu € L
then u(x) = 0.

(R) is a non-negative solution of Equation (9) ,

By Theorem 6, we can immediately derive that

n(p—1)
[4

Corollary 4. Assume p > . Ifu € L
then u(x) = 0.

(R™) is a non-negative solution of problem (8),

Similar to the above, under much weaker conditions, we can also exploit the same
type of Kelvin transform to establish the following theorem.

Theorem 7. Assume 1 < p < 2. If u is a locally bounded non-negative solution of (9), then
o

u(x) = 0. In particular, when p = "%, we only require u € L] * (R.).

Corollary 5. Assume 1 < p < 2% If u is a locally bounded nzon—negative solution of (8),

then u(x) = 0. In particular, when p = "%, we only require u € L) * (R'}).

Remark 2.

(i)  In [21], the author considered a similar problem. They required that u € D*/** N C(R") and
established the non-existence of positive solutions for (2) via the extension method.

(i) In [22] and [23], the author considered a similar problem for a slightly different fractional
operator, which is defined by the eigenvalues of the Laplacian, and showed that there exist no
bounded positive solutions under the restriction that 1 < a < 2.

Here, in this paper, we impose no decay conditions on u besides the natural condition
u € Ly/p, and also we allow 0 < & < 2. It is well-known that these kinds of Liouville theo-
rems play an important role in establishing a priori estimates for the solutions of a family
of corresponding boundary value problems in either bounded domains or Riemannian
manifolds with boundary.

The structure of the paper is the following. In Section 2, we show the equivalence
between problem (2) and integral Equation (4). In Section 3, we prove non-existence of
positive solutions in the half space R} for the integral Equation (4) and thus establish
Theorems 2—4. In Section 4, we point out that the non-existence of positive solutions is also
true for the Equation (8), and prove Theorems 5-7 briefly.

2. Equivalence between the Two Equations on R’}

In this section, we establish the equivalence between problem (2) and integral
Equation (4). To prove Theorem 1, we need the following Harnack inequality for «-
harmonic functions on a domain with boundary, its consequences on half-spaces, and the
uniqueness of a-harmonic functions on half-spaces.
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Proposition 1 ([24]). Let f, g : R" — R be two nonnegative functions such that (—A)*f =
(=A)*g = 0in a domain Q). Suppose that xg € 0Q), f(x) = g(x) = 0 for any x € By(x)\Q},
and 9Q (B (xo) is a Lipschitz graph in the direction of x1 with Lipschitz constant less than 1
Then there is a constant C depending only on dimension such that

0 e @

su
P a8 ves, ()0 §(x)°

XEBl XO na g

Based on this Harnack inequality, we derive the uniqueness of a-harmonic functions
on half-spaces.
Lemma 1 ([25]). Assume that w is a nonnegative solution of
(-A)Tw=0, x€cR",
w=0, x & R

= (x1,--+,xy) and

Then there is a constants ¢g > 0 such that for any two points x

y=(y1, -, yn) in R’ we have

(y giaZ 2 ¢ (;igi}Z'

Consequently, we have either

w(x) =0, x € R",

or there exists a constant ag > 0, such that

w(x) > ag(xn)*?, Vx € RL.

Furthermore, we need the following maximum principle in the proof of Theorem 1

Proposition 2 ([1]). Let Q) be a bounded open set in R", and assume that f is a lower semi-

continuous function on Q) satisfying

then f > 0in R™.

We also need another result of Silvestre, to ensure that f is lower semi-continuous

Proposition 3 ([1]). If f € Ly, and (—A)3f > 0 in an open set Q, then f is lower semi-

continuous in Q).

For the Green function G (x, 1) in (5), it has the following properties.

Proposition 4 ([25]). If ¢ is sufficiently small, then Vx = (x',x4),y = (y',yn) € R, one can

derive that P /2
Cna  t* Cpa t*
Ry Geo(%,y) < S(1—w)/2 ga/2’
that is
ttx/2
(10)

G (x,y) ~ 172’
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where
t=4x,yn, s=|x— y|2,

Cna and Cy, o stand for different positive constants and only depend on n and a.

Now, it is sufficient to prove Theorem 1.

Proof of Theorem 1. Assume that u is a positive solution of (2). We first show that

/Rn Goo (X, Yy (y)dy < co. (11)

+

Set xg = (O,' .- ,O,R), BR(XR) = {x\ \x — xR| < R}. And let

= TuP
or(x)= [ Grlxyyi )y

where

n-2
s t 2
Apu By % (1 - ib)
n—ua 1- n—2 /2 db (12)
x =y <1+LR)T 0 b¥2(1+Db)
SR

is the Green’s function on Bg(xg), and

Gr(x,y) = |

s :|x—y|2 fo = an_ﬁ zﬂ_w
K Rz~ R R R J\R RrR)

From the locally bounded assumption on u, one can see that for each R > 0, vr(x) is
well-defined and continuous. Moreover

{ (—=A)*2vp(x) = xjuP(x), vr(x) >0, x € Br(xgr),
vr(x) =0, x & Br(xg).

Let wg(x) = u(x) — vg(x). Then wg satisfies

{ (—A)* 2wy (x) =0, x € Br(xR),
ZUR(X) >0, x ¢ BR(XR).

Now from Proposition 2, we have
wR(x) >0, Vxe BR(XR).

Set w(x) = u(x) — v(x), where

v(x) = lim vg(x) = /R” Geo (%, y)ynuf (y)dy.

+

Then, we derive

(—=8)*"%v(x) = xuP(x), v(x) > 0, x € R,
v(x) =0, x ¢ R” ,
and
(—A)*?w(x) =0, w(x) >0, x € R%,
w(x) =0, x ¢ R

By Lemma 1, we have either

w(x) =0, Vx e R",
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or there is a constant ay > 0, such that
w(x) > ag(xn)*?, Vx € RL.
If w(x) > ag(x,)*/?, we have
u(x) = w(x) +o(x) > o(x) +ag(x,)*? > ag(x,)*/2.

And therefore,

> > [ Gelx,y)ylal v ?dy > C Geo ap/24 g
u(x) > o(x) > /M (x, y)ynagyn  “dy > BB (%, ¥)Yn Yy

Denote x = (¥, xn), y = (v, yn) € R x (0,+00), 1? = [x' —y/|* and a* = [x, —

Yn|%. When R sufficiently large, for each fixed x € Bg(0), one can derive that £ is sufficiently
small. Then, from (2) and (10), for each fixed x € Bg(0) and for sufficiently large R,
we derive
2 p /ot
x) > C W
ux) 2 R \Bg (0) 51727 Y
(p+1)+
> C/ ]/n ’y
R AVRUNEE — Y
+o0 lx(p+l)+ +o00 rl’l—2
7 Y
= C/R I ./R (r2 +a2)n/2drdy”
+o0 a(p+1 +’Yl h—2
_ C/R e /R Ty (13)
+oo alp+l)
> C/ yu 2y, = oo, (14)
R

One can derive (13) by letting T = 7, and our assumption 7 > —a verifies (14).
Obviously, (14) contradicts the locally bounded assumption on u. Therefore, we must
have w(x) = 0, that is

u(x) = o(x) = [ Golx,)ylu’ )y < e

Next, we prove that if u(x) solves the integral equation, it also solves the differential
equation. For any ¢ € C3°(R"} ), we have

<A Pugs = < [ Guluyyin iy, (<A1 9(x) >
/. { xyyw%y)dy}(—m“”«p(x)dx
= [ { L Cutun - ot biur )y
/. { VPRl ()dy

- [ v

= <ynu’7(y) P(y) >

This shows that u(x) satisfies (2). Hence Theorem 1 is proved. [
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3. Liouville Theorems for Equations (2) and (4)

In this section, we prove the non-existence of positive solutions under global and local
integrability (or local boundness) assumptions respectively and thus establish
Theorems 2—4.

Let A be a positive real number and let the moving plane be

Ty ={x e Rl|x, = A}
We denote X, the region between the plane x, = 0 and the plane x, = A, that is
)= {X = (X1,~ o /xnfllxn) S RT_HO <xp < /\}.

Let

x/\ = (xlf' o /xn—1/2)\ - xn)

be the reflection of the point x = (x1,--- ,x,_1,x,) about the plane T).
Set
r{ =RY\Z,,

which is the complement of 25, and write

and
wr (%) = (%) — u(x).

From [25], one can express the Green’s function of the operator (—A)*/? with Dirichlet
conditions on the upper Euclidean space as

_ Aua Bua i (s—th)n-2/2
Goo(x/]/) - s(n,a)/Z [1 B (S+ t)(n72)/2 /0 b“/z(l +b)

db], x,y € RY,

where
s = |x —y|2 while t= 4xyyn,

and have the following lemma which establishes some properties of this Green’s function.

Lemma 2.

(i)  Forany x,y € ¥), x # y, we have

Goo (XM, ) > max{Geo (¥}, 1), Goo(x,y")}, (15)

and
Goo (6", ") = Gea(,y) > |Gea (6, y) = Gol, ). (16)

(ii) oranyx € X, y € X5, it holds

Goo(x*,y) > Geo(x,y).- (17)
(iii) Forany x, y € R”, it holds
% <0, o >0, (18)

where s = |x — y|* while t = 4x,yy.

The following lemma is a key ingredient in our integral estimate.
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Lemma 3. Forany x € X, it holds
u(e) ~wi(x) < [ [Gl ) = Geoloy)] [ () — )" )y, 19)
where y)} =2\ — yy,.
Proof. Let £, be the reflection of ¥, about the plane T). Obviously, we have
u(e) = [ Guluylyint )y
+ [, Gela Wiy + [ Gyt )y,
and
u) = [ Gale yl (r)dy
+ [, Golt M dy+ [ Gl pvind iy
By Lemma 2, we have
ue) ~ue) = [ [Gulry) ~ Guld ) i ()
+ [ : [Geolx,) = G, )| () 70, () ly
+ feis, [G0) = Gl |t )y
/ZA [Gealx, ) = G, y™) | b (y)dy
+ [ ) [Geolx, ) = G, )| () 70, ()

= [, [ ) = Gl [ ) = 7 ).

IN

This completes the proof of Lemma 3. [

We also need the following key lemma, which states an equivalent form of the Hardy-
Littlewood-Sobolev inequality.

Lemma 4 ([26,27]). Assume 0 < &« < nand Q) € R". Let g € L (@) for 2 < p < oo,
Define

Tg(x) := /Q x_;w_,,ég(y)dy-

Then

< n .
ITlioior < Conpllsl o, @)

From the following lemma, one can see that a nonnegative solution u of a super-
harmonic function is either strictly positive or identically zero in R".

Lemma 5 ([1]). Let Q) be a bounded open set in R", and assume that f is a lower semi-continuous
function on Q) satisfying
{ (=A)If>0, inQ,
f>0, on R"\Q),
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then f > 0in R™. Moreover, if f(x) = 0 for some point inside Q), then f = 0 in all R".
By virtue of this lemma, without loss of generality, we may assume that u > 0 in R",
and get a contradiction.

Proof of Theorem 2. We carry out the proof in two steps. Firstly, we start from the very
low end of our region R" , i.e., near x, = 0. We show that for A sufficiently small,

wr(x) =uy(x) —u(x) >0, ae. Vxe€X. (21)

In the second step, we will move our plane T, up in the positive x; direction as long
as the inequality (21) holds to show that u#(x) is monotone increasing in x, and thus derive
a contraction.

Step 1. Define

Y = {xeX)lwa(x) <0}

We show that for A sufficiently small, ¥, must be measure zero. In fact, for any

x € X, , by the Mean Value Theorem and Lemma 3, we have

0 < u(x)—uy(x)

< Geo ?\/)\
a3 /ZA[ (% y%)

Goo(x", y1) — Geo (x,

v () — ()" () dy

[y (y) = ()" () ]y

4
)

IA
o

< /2, Geo ) [yt (v) =yl (y) | dy
=y /Z Goo (X, v )9} ()2 [(y) — a(v)]dy
< p [ Gl M () — 1 ()ldy, 22)

where ¢, (y) is a value between u(y) and u, (y). Hence on ¥, we have

0 <upr(y) <valy) <uly).

By the expression of G (X, ), it is easy to see that

Anzx
(x ]/) = W
Now (22) implies
1
0 <u(x)—uy(x) < C/Y Ty W1y | () — ua (y)|dy )
1
: C/EA ey 0l ()l (24)

Notice that now A is only a little larger than 0, so within X', y,; is bounded, i.e., there
exists a positive number C such that 0 < y, < C. And since y > 0, we get |yZ| < C, hence
we derive (24).

We apply the Hardy-Littlewood-Sobolev inequality (20) and Holder inequality for (24)
to derive, for any q > -2,

leoallzage ) < Cllu?™? <l o ol s 25)

q
+aq Z;)



Fractal Fract. 2022, 6, 738 11 of 22

_n_
n—u’

Note here we can choose g = @ we have

g > - and w, € L1(R").

n—o
n(p—1)
14

, then by our assumption p >

Sinceu € L (R ), we can choose sufficiently small positive A such that

_ n(p—1) 1
Cllu? 1”%(2;) - C{/Z u (y)} < 5 (26)

A

By (25) and (26), we derive
lally ;) =0,

and hence Y\ must be measure zero. Then
wy(x) >0, ae. x € %,. (27)

This provides us with a starting point for moving the plane.
Step 2. Now we start from such small A and move the plane T, up as long as (27)
holds.
Define
Ag =sup{A|wy(x) >0, p <A VxeX}

We will prove

Suppose in the contrary that Ag < +o0, we will show that u(x) is symmetric about the
plane T) , ie.,
wy, =0, ae.Vx €L, (29)

This will contradict the strict positivity of u.

Suppose (29) does not hold, then for such a A9, we have w), > 0, but w), # 0 a.e. on
2),- We show that the plane can be moved further up. More precisely, there exists an € > 0
such that for all A € [Ag, Ag +€),

wy >0, ae.onX). (30)

To verify this, we will again resort to inequality (25). If one can prove that for e
sufficiently small such that for all A in [Ag, Ag +€),

c{/): uw(y)} <

A

2=

, (31)

N —

then by (24) and (31), we derive ||w, ||, =) = 0, and therefore ¥, must be measure

zero. Hence for this values of A > Ay, we have (30). This contradicts the definition of Ag.
Therefore (29) must hold. Here, we also need to verify that we can get (24) from (23). Notice
that Ag < 400, A € [Ag, A9+ €), and obviously we have 0 < y, < A, then there exist a
positive constants Cy such that |y,;| < Cy. And hence we can derive (24) from (23) .

We postpone the proof of (31) for a moment.

By (29), we obtain that u(x) = 0 on the plane x,, = 2\, the symmetric image of the
boundary dR’} with respect to the plane T,. This contradicts our assumption u(x) > 0in
R’ . Therefore (28) must be valid.

Now we have proved that the positive solution of (4) is monotone increasing with

. . n(p—1) - .
respect to x,, and this contradicts u € L C (R") . Therefore the positive solutions of (4)

do not exist.
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Now we verify inequality (31). For any small # > 0, we can choose R sufficiently large

so that .
C{/ un(pail) (y)}” <7 (32)
R \Bg '

We fix this R and then show that the measure of ¥, (1 By is sufficiently small for A
close to Ag. Firstly, we have

wyy(x) >0 (33)

in the interior of ¥ .
Actually, we can immediately derive (33) by the following fact:

Upg () — u(x)

> [ (Gl ) = Guoln )| [(20) 7, 1) = i ()] y

e g [Gay) = Gua ) [yiu )y
> /2 ¢z, [Goo(x“,y)—Goo(x,y)}yzu”(y)dy (34)
> 0. (35)

We can easily get (35) by (34), Lemma 2 (ii) and our assumption u > 0 € R’}

By the well-known Lusin Theorem, for any 6 > 0, there exists a closed subset Fs C
(£, N Br) satisties p((X, N Br)\Fs) < ¢ such thatw,,| , is continuous about x. Therefore,
when A is sufficiently close to Ag, w, |, is continuous about A. By (33), there existsa € > 0
such that for any A € [Ag, Ag+€) we have

wy(x) >0, Vx € F.

And therefore, for such A we have

(5 N Br) < p((Za\Es) () Br) + #((Ea\Za,) [ Br) < 6 +e.

Similar to Step 1, we can choose J, € sufficiently small such that

n(p—1) "
C / u <. (36)
{ S (y)} U]

Then, from (32) and (36), set # sufficiently small (smaller than }I)/ we derive (31). Hence
completes the proof of Theorem 2. O

Next, we will use proper Kelvin-type transforms and obtain the non-existence of
positive solutions in R’} under much weaker conditions, i.e., the solution u is only locally
bounded or, in the critical case and a part of the subcritical case, only locally integrable.

Without global integrability assumption on u, we are not able to employ the method
of moving planes straight forward. To circumvent this difficulty, we apply the Kelvin
type transforms.

For z0 € oR",, let

_ 1 x—2° 0
0(x) = |x20"—"‘u(|x202 +z ) (37)

be the Kelvin type transforms of u centered at z°.
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Through an elementary calculation, we get

- 1 x—20 0 Y P (N d
io(x) = m/n Geo m+2’y ynu? (y)dy
_ /nGoo(x, y)|y” °gy|; Vx € RT\Be(2'), € > 0, (38)
+

where p < 7,7 ="2E8 g2y 4 2 — (n—a)(p+1) > 0.

n—u

n+a n+ua n+2y+a
iy and the case ;=7 < p < — =,

Proof of Theorem 3. We consider the case 1 < p <
separately.
(i) We first consider the case of 4 < p < "HVH‘ In this case we assume u €
n(p=1)
L, (R%)only.
If u(x) is a solution of

u(x) = [ Golx, i’ (r)dy, (39)

+

n(p=1)
then 7,0 (x) is a solution of (38). Sinceu € L, * (R’ ), for any domain ) that is a positive
distance away from z°, we have

n(p—1)

e
/ 20 Ey )1 —dy < co. (40)
Q |y — Z0n-

Here, we consider two possibilities.
Possibility 1. There is a z° = (2(1),~ . ,zgfl, 0) € dR". such that i70(x) is bounded near
z0. Then by (37), we obtain

) = et (i + ). )
And we further have
uly) = 0( s ) aslvl > @)
n(p-1)

Sincep > & > __andu €L R ), together with (42), we have
p= 24

loc

n(p=1) 1
/n u-« (y)dy<C Hi"“dy < oo (43)
* w1y

In this situation, we still carry on the moving planes on u. By exactly the same
argument as in the proof of Theorem 2, we obtain the non-existence of positive solutions
for (4).

Possibility 2. For all 20 = (z(l),- . ,2271,0) € JR", ii,0(x) are unbounded near 20,
Then for each z°, we will carry on the moving planes on i,0(x) in R"~! to prove that it
is rotationally symmetric about the line passing through z° and parallel to the x,-axis.
From this, we will deduce that u is independent of the first n — 1 variables x1, -+, x,,_1.
That is u = u(x,), which as we will show, contradicts the finiteness of the integral

/Rn Geo (x, )y 1P (y)dy. (44)

+
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In this situation, since we only need to deal with i, for simplicity, we denote it by i.
For a given real number A, we define

Tya={x=(x1,-,xn) €ERY|x; <A}, (45)
and in the following of this section, we let
XM= (20 —xq, %0, 0+, Xn).
Forx, y € ), x # y, by (18), itis easy to see that
Geo(x, ¥) = Goo (2", ¥) > Guo(2", y) = Geo(x, ). (46)

By (38), obviously we have

Y ap Y 7P
7 ynit? (y) / Ay Yni) (v)
= Goo , 711 Goo ’ 7d 4
1) = [, Gl )P Sy [ Gy sy
and y 12 (y)
_ 2P (y) Yni\ Y
M= [ Ge(xh, y) L) 4 Geo (2}, y) LAYy,
A7) = [ Golx )y o G ) sy
By (46), we get

i(x) —i(x")

/m [Ges(x, ¥) = Guo(x, )] mdy

+ . |:Goo(x/ }/A)—Goo(x)‘, y/\)} yzﬁz(y) d

) ly* —201P
_ S I B () I ()
= /EA [Goo(x, y) — Geo (27, y)}yn l|y20|*3 [y — 0P dy. (47)

Then, we continue in two steps. In step 1, we will show that for A sufficiently negative,
wy(x) =) (x) —ii(x) >0, ae. Vxecl,. (48)

In step 2, we deduce that T can be a move to the right all the way to z°. And furthermore,
we obtain wy = 0, Vxe iz(f'
Step 1. For any € > 0, define

£5 = {x € L\B(()M)]wa(x) < 0}, (49)

where (z°)" is the reflection of z° about the plane T) = {x € R"|x; = A}.
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We prove that for A sufficiently negative, 2/{ must be measure zero. In fact, by (46),
(47) and Mean Value Theorem, we derive, for x € EALX,

0 < (x)—in(x)
: /A Gl )~ Gl w]%mg’gw - W%Qﬁ]@
< / y”zolﬁ |7 () — ()| ay
= /EA Geo(, y)W[a(y) — i (y)ldy

Y izp—1
yn’ " (y) -
< Goo ’ —fH~.a - d
< 7 Gulo R ) —mw)ldy
1 |y ()], 3

< C / _ dy. 50

= ﬁ./{ |x_y|n_lx |]/_Zo‘ﬁ |u(]/) u)\(y)l y ( )
On the one hand, by our assumption p > %, we have

zn_wgo_

a
Then by (40) we get
(p D ﬁ”(ﬁ;l)( )
[ way < c W)y <o (51)
f9) Q |y . Zo|2n7%

for any domain Q which is a positive distance away from z°.

On the other hand, since v > 0, we can easily obtain that y, is bounded in each

n(p=1)
(R"),ie., uP~t €

bounded domain (3 C R’.. Therefore, by our assumption u € L; *

LZ%C(Rﬁ), we get

yyub~l e Ly (RY). (52)

Hence, we obtain

/[ yai" 1 (y) R :/ [Wl(y)} dy < oo (53)

ally =200 | Jy— y— 20)F

for any domain Q which is a positive distance away from z°.

From (51) and (53), we are able to apply the Hardy—Littlewood—Sobolev inequality (20)
and Holder inequality for (50) to obtain, for any g > .=

IX’

. )
HwA”Lq(z)T) > || |y Zo|ﬁ wH HL%(E;)
||y1’l_ (y)

| 0|,B ||L0<(2 )Hw)\HL‘I ) (54)

Notice that we can choose g = @, then our assumption p > %% ensures that
92 5% > 5

By (53) we can choose N sufficiently large, such that for A < —N,

o

- Tylarl(y)]* 1
C{/%[ e dy} =7 )
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Now inequality (54) and (55) imply
lwall, ) =0
and hence ﬁl; must be measure zero. Then we get
wy(x) >0, ae x €. (56)

Step 2. (Move the plane to the limiting position to derive symmetry.)

Inequality (56) provides a starting point to move the plane T). Now we start from the
neighbourhood of x; = —oco and move the plane to the right as long as (56) holds to the
limiting position.

Define

Ao =sup{A < 2wp(x) >0, p <A, Ve, ) (57)

We prove that Ay > z0 — €. If not, suppose that Ay < zJ — €. We will show that i1(x) is
symmetric about the plane T/\O, ie.,

w),(x) =0, ae.Vxe iAO\Be((zO)/\O). (58)
Suppose (58) is not true, then for such Ay < z(l) — € ,we have
w),(x) >0, butw,,(x) #0a.e. on ﬁAO\Be((zO)AO).

We show that the plane can be moved further to the right. More rigorously, there exists
a{ > Osuch that forall A € [Ag, Ag+ (),

wy(x) >0, a.e.on £, \Be((z0)1).

This will contradict the definition of Ag.
By inequality (54), we have

Y op—1 & "
Yn”(y)
Hw/\HLq(ﬁ;) < C{/i‘A {W_ZOW} d.‘/} ||w/\||m(ﬁ;)- (59)
Similar to the proof of (31), we can choose { sufficiently small so that for all A €
[)\0, Ao + g)/ .
o[ [ [Emw) L <1 )
slly—=2p ] Y[ =2

We postpone the proof of this inequality for a moment.
Now by (59) and (60), we have ||w, || sy = 0. Therefore £ must measure zero.
A

Hence, for these values of A > Ay, we have
wy(x) >0, ae.Vx € £)\Be((z°)4), Ve>o0.

This contradicts the definition of Ay. Therefore (58) must hold. That is, if Ag < z(l) —€,
for any € > 0, then we must have

i(x) =1y, (x), ae.Vxe ﬁAO\Be((zo))‘O).

Since 7 is singular at z°, # must also be singular at (z°)*. This is impossible because
z0 is the only singularity of ii. Hence we must have Ag > zJ — €. Since € is an arbitrary
positive number, we have actually derived that

wo(x) >0, ae Vxc

21
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Entirely similarly, we can move the plane from near x; = oo to the left and derive that
wzfl)(x) < 0. Therefore we have

wzfl)(x) =0, ae Vxed

Now we prove inequality (60). For any small 7 > 0, V € > 0, we can choose R
sufficiently large so that

Y ap—1 i %

yail (y)}
c Yn7 W)\ "4 <n. 61
{/<R1\Be<z0>>\BR[ ly — 20 y} =7 "

We fix this R and then show that the measure of 2/{ (N Br is sufficiently small for A
close to Ag. By (47), we have
w),(x) >0 (62)

in the interior of £\ Be((z%)%).

The rest of the proof is similar to the proof of (31). We only need to use .\ B¢((z°)%)
instead of £ and %\ Be((z°)"0) instead of £, .

(i) Now we consider the case of 1 < p < Z—fz In this case, we assume u is locally
bounded in R’} only, and we only need to carry the method of moving planes on &1 = i,
to show that it must be axially symmetric about the line passing through z° and parallel to
X, axis.

On the one hand, since u is locally bounded in R", and yZ, v > 0is also locally

bounded in R}, similar to (52) and (53), for any domain () which is a positive distance

away from z°, we have
¥ p—1 i
Ynll (y)}
T dy < oco. 63

A [ y—2F | YT ©9

On the other hand, by (38) and u is locally bounded, one can deduce

_ 1

i(y) = O(W), as |y| — oo. (64)
Then, for any domain () which is a positive distance away from 20, we have

[ #w)dy < o, (65)

aslongasg > .
From (38) and (46), similar to (47), we can derive that

i(x) —a(x) = /

- P
5 [Gw(x, y) — Geo(x%, y)}%[ () i) 1011/. (66)

y—20F |y} — 0[P

The proof of Theorem 3 in this case also consists of two steps.

Step 1. For any € > 0, define ﬁ)f as (49). We show that for A sufficiently negative, ﬁ;
must be measure zero.

Similar to (50), by (46), (66) and the Mean Value Theorem, we obtain sufficiently
negative values of A and x € £,

1
[

yaiP(y)

ly— 20/F i(y) — ax(y)|dy. (67)

0<ﬂ(x)—ﬁ/\(x)§C/>i7 -

By (63) and (65), for any g > -, we can apply the Hardy-Littlewood-Sobolev

n

inequality (20) and Holder inequality for (67) to obtain (54).
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Then, similar to the previous argument, we can also derive that ﬁ/{ must be measured
zero, and hence obtain
wy(x) >0, ae.Vx €X). (68)

Step 2. (Move the plane to the limiting position to derive symmetry.)

Inequality (68) provides a starting point to move the plane T). Now we start from
the neighbourhood of x; = —co and move the plane to the right as long as (68) holds
to the limiting position. Define Ay as (57), the rest is entirely similar to the case when

e < p < n+27+“ . We can also conclude

w),(x) =0, ae.Vxe 2?\0/ Ao =2,

This implies that 7 is symmetric about the plane To.

Since we can choose any direction that is perpendicular to the x,,-axis as the x; direc-
tion, we have actually shown that the Kelvin transform of the solution ii(x) is rotationally
symmetric about the line parallel to x,-axis and passing through z° either in Possibility 2
of the case when % < p < 270X o1y the case when 1 < p < 2. Now for any two
points X! and X?, with X = ( , Xy) € R %[0, ), i=1,2, let zO be the projection

of X = xXlex2 on dR". Set Y = XI —z0 +2Y, i = 1,2. From the above arguments, it
2 + |XT—20]2

is easy to see @1(Y!) = @(Y!), hence u(X') = u(X?). This implies that u is independent
of x = (x1,--+,x,_1). Thatis u = u(x,). Then we show that this will contradict the
finiteness of the integral

/Rn Goo (x, Y)yuut? (y)dy.

+

Recall the Proposition 4 which provide the estimate of G (x, y) while ¢ is sufficiently
small, again set x = (x/,x,),y = (v, yn) € R" 1 x (0,+00),72 = |x' —y/|? and a® =
|xn — yn|? I u(x) = u(x,) is a solution of
u(x) = [ Geolx, vy’ (v)dy, (69)
M

then for each fixed x € R, letting R be large enough, by Proposition 4, we have

+oo > u(x,) = /0 y;’ui’(yn)/nil Geo(x,y)dy'dy,

00 1
> C/R ]/Zup(]/n)]/z/z /]R"*l\B © Wdy/d]/n
R
00 v )2 o ;,an

> . _drd
> C/R Yt (Yn) ¥y /R (T ) Ern

1 ) TH—Z
> C / THa/2,p _dd
- Yn )|xn yn| R/a (T2—|—1) Yn
> C [ e )y, (70)

(70) implies that there exists a sequence {y,} — o0 as i — oo, such that
P (3,) ()27 = 0. (71)

Similar to (70), for any x = (0, x,) € R", we derive that

+o00 > u(x,) > CO/ yZup(yn)yﬁ/zﬁdyn “/2. (72)
0

|Xn
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Let x, = 2R be sufficiently large. By (72), we deduce that

1 1
o> ) = Co [yl () Ay

|0 — Ynl
> S0 (oRy2 / " P (g 2y
il 2R 0 n n n n
> Cl(ZR)a/Z—l

= Cx/27 1, (73)

Then by (72) and (73), for x,, = 2R sufficiently large, we also obtain

R 1
> C / Yo w/2 d w/2
u(xn) = 0 R/zl/n” (]/")]/n |xn*yn| YnXy

v

R
/2-1 1
Co /R YACTYE el

v

_ 2 R
COCpr(zx/Z l)+’y§(2R)a/2 /R/zl‘/ﬁ/zd]/n

ARP@/2=1)+a+y
Alxﬁ(“/271)+“+7.

= (74)
Continuing this way m times, for x,, = 2R, we have
(s 1)+ B (art
u(xa) = Alm,p o)y 0T, 75)

For any fixed « and v in their respective domain, we choose m to be an integer greater
a2 .
than —“=%1t7%3 and 1. That is

a+y

2

mzmaxﬂ & “7+7+3J+1,1}, (76)
oty

where [a] is the integer part of a.
We claim that for such a choice of m, it holds

T(p) = {p’"(g -+ 5 —Hat 7)] P50 77)

We postpone the proof of (77) for a moment. Now by (75) and (77), we derive that

up(xn)xﬁ/zJH’ > A(m,p,a, 'y)xz(p) > A(m,p,a,v) >0, (78)

for all x,, sufficiently large. This contradicts (71). So there is no positive solution of (69).
Now we are left to verify (77). In fact, if we let

fp)=1(p)(p-1) = P’””(% -1) +P’”“(% +7+1) - %p— % -1 (79

then

fp)=p"[m+2)(5-1)p+m+1)(5+7+1)] -3 (80)

We show that
n+a+2y

/!
<
f'(p) >0, for 1T<p< pr—

Since p > 1, it suffices to show

(m+2)<%—1)p+(m+l)(%+7+l) >

N R
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)= /)i {Goo(x’ y) - Goo(x/\’ y)} [ ly —zO|l3’ N |y)\ —20|ﬁ’

Due to the fact % —1<0,n>3,andp < %, we only need to verify that

)3+zx+2'y

(m+2)(g—1 3 a

> +m+1)(F+r+1) 23,

2
which can be derived directly from (76).
Then we complete the proof of Theorem 3. [

Proof of Theorem 4. Similar to the previous argument, without the global integrability
assumptions on the solution u, we again apply the Kelvin transform above-mentioned
which is centered at z° € oR”.

The proof is similar to the case when 1 < p < 2%2 in the proof of Theorem 3. The only
difference is that in this case, ¥ may not be non-negative, but it doesn’t matter since our
assumption yjuf~1 € LZZ; (R'}) ensure that (63) still holds. Hence, we are still able to apply
the Hardy-Littlewood-Sobolev inequality (20) and Holder inequality and finally derive that

u = u(x,). But this still contradicts the finiteness of the integral

/Rn Goo (x, y)yut” (y)dy.

+

And the proof of this contradiction is entirely similar to the corresponding section in the
proof of Theorem 3. Hence, we complete the proof of Theorem 4. [

4. Liouville Theorems for More Generalized Equations

In this section, we mainly prove the non-existence of positive solutions for a more gen-
eralized Equation (8) under global and local integrability (or local boundness) assumptions
respectively and thus establish Theorem 6 and 7.

Similar to the above, we will first establish Theorem 5, i.e., the equivalence between
Equation (8) and integral Equation (9). The proof of the equivalence is almost the same as
section 2, we only need to apply the local boundness of f(y,), here we omit the details.

Because f (1) is positive and monotone nondecreasing, so just as v, it's also locally
bounded. And since we only used the monotonicity and local boundness of y,, in the proof
of Theorem 3, the proof of Theorem 6 is similar to Section 3, we only need to use f(y,)
instead of v,).

As for the proof of Theorem 7, we need to exploit the same type of Kelvin transform
as (37), and through an elementary calculation we get

" (y)

_ _ Yn 0 0
uzo(x)—/Ri Geolts W (L) 2 s VX R, €20, (81)
wherep <7, 7= ' =2n— (n—a)(p+1) > 0.

For simplicity, we denote #i,0 by ii. From (81) and (46), similar to (47), we can also
easily derive

f(wf#m”(y) f(yAy_"Zoz)ﬁK(y)]dy )

Define 2; as (49). Since f(y,) is monotone nondecreasing, then for any y € %, we
have f( Iy—yQOIZ) < f( \yAy— "ZO‘Z ). Hence by (46), (82) and Mean Value Theorem, similar to (50),

we have, for x € 2.},

1
lx —y[n—*

f( Yn ) gP*l (y)

|y—ZO|2 |y720|ﬁ/ |L_l(y)—11/\(y)|dy. (83)

0 < ii(x) —a(x}) < c/

2

A
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The rest of the proof is entirely similar to Section 3. By the local boundness of f(y,)
and the conditions in Theorem 7, we can also derive u = u(x;,). This will still contradict
the finiteness of the integral

[, Geolt )£ () ().
R+

And the proof of this contradiction is entirely similar to Section 3, we only need to use
the local boundness of f(y,), here we omit the details. Hence, we complete the proof of
Theorem 7.

5. Conclusions

In this paper, we obtain Liouville-type theorems for the following Dirichlet problem
involving the fractional Laplacian equation

(—A)*2u(x) = xpuP(x), u(x) >0, x € R,
u(x) =0, x ¢ R,

where v > —a, 0 < & < 2. We employ a direct method by studying an equivalent integral
equation
u(@) = [ Galx, )y’ (y)dy.
R

Applying the method of moving planes in integral forms, we prove the non-existence
of positive solutions under very weak conditions. Furthermore, we also extend the results
to more general f(x,) instead of x,. This type of equation is also closely related to the
o—curvature problem in conformal geometry. The Liouville-type theorem is closely related
to the priori estimates of the semi-linear fractional Laplacian equation. We believe that the
method and results in this paper will give some interesting ideas to treat some problems,
for example, the priori estimates of solutions to sign-changing fractional Nirenberg problem.
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