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Abstract: In this paper, a new type of convexity is defined, namely, the left-right-(k,h-m)-p IVM (set-
valued function) convexity. Utilizing the definition of this new convexity, we prove the Hadamard
inequalities for noninteger Katugampola integrals. These inequalities generalize the noninteger
Hadamard inequalities for a convex IVM, (p,h)-convex IVM, p-convex IVM, h-convex, s-convex in
the second sense and many other related well-known classes of functions implicitly. An apt number
of numerical examples are provided as supplements to the derived results.
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1. Introduction

From the time when Gauss, Cauchy, Chebyshev, to mention the most important, gave
a theoretical background on the approximative methods, the big theory of inequalities
started to develop. At the end of the 19th century and the beginning of the 20th century, a
large number of inequalities were proven, and some of them became the classics we know
today, while the rest of them remained isolated results. The first book to connect all the
inequalities and make them formally as the field we know today is the book Inequalities,
written by Hardy et al. [1]. The book Inequalities was the first of its kind to be dedicated
solely to inequalities and therefore was an instrumental book to the field. This paper
concerns itself with convex inequalities, the ones using the notion of convexity introduced
by Jensen. Since Jensen discovered the first convex inequality [2], various inequalities
have been discovered as a consequence of Jensen’s inequality [3]. A variety of applications
of convex inequalities exist in, for example, the fields of numerical analysis, physics and
optimization problems. The following books can be referred to for more information [4-12].

Hadamard [13] gave the following:

Let £: T — R be a convex function on I'in R and wq, w; € I such that wy < wy, then

1 w
2 Wy — W1 Jwn 2

Various generalizations have been reported over the years [14-16]. The Hermite—
Hadamard inequality has been obtained using many different convex generalizations of the
Jensen’s inequality, see [17-19]. We apply the set-valued function setting (IVM) in tandem
with convexity properties along with noninteger integral operators.

In 1695, I'Hopital sent a letter to Leibniz. In his message, an important question about
the order of the derivative emerged: What might be a derivative of order %? That letter
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sparked the interest of many upcoming mathematicians to investigate further into the mat-
ter of noninteger derivatives. Then, in 1822, Fourier suggested an integral representation
in order to define the derivative, and his version can be considered as the first definition
of the derivative of an arbitrary positive order. Abel in 1826 solved an integral equation
associated with a tautochrone problem, which was the first application of FC (noninteger
calculus). After Abel, many mathematicians proceeded to work in the field such as Rie-
mann, Griinwald and Letnikov, Hadamard, Weyl and many more. In the late half of the
20th century, Caputo formulated a definition, more restrictive than the Riemann-Liouville
one but more appropriate to discuss problems involving noninteger differential equations
with initial conditions. Noninteger calculus was found to be useful in physics as well; for
example, Whatcraft and Meerschaert (2008) described a noninteger conservation of mass,
acoustic wave equations for complex media and many others. Different types of noninteger
integrals and derivatives have been defined throughout the years; we refer the interested
reader to the following books [20,21] for more information on the matter. Generalizations
and the usage of the noninteger calculus in the field of inequalities is also widespread,
see [22-28] for more information.

One of the highly influential papers in the last year was the paper written by Khan et al. [29],
which brought the notion of fuzzy convex inequalities and as such is worth to mention.
The notion itself is a broad field which can be investigated further on. See the cited paper
for more information thereon.

The motivation behind this paper is to introduce a new class of IVM, namely left-right-
(k,h-m)-p-convex inequalities. The defined IVM inequality generalizes previously defined
IVM convex inequalities. Namely, it contains in itself a previously defined p,h-convex IVM.
For more information about noninteger calculus, see the following [20,21,30,31].

2. Preliminaries

We require the following definitions and monograph in the sequel:
The following notion of IVM is used, which contains sets in itself .

K. = {[64,6%]: 646" € Rand 6, < &™}.
The range [S., G| is a positive range if G, > 0 and is given as follows
K ={[6,,6%:6,,6" € Rand &, > 0}.
The elementary operations for [T, T*], [6,, &*] € K. and we € R are defined as follows:
[To, T + [64, 6] = [T + &4, T + &7,

[T,, T - [64,6%] = [min{T,6,,T°6,,T,.6%, T6*}, max{T,, 6., T°6,,7,6, T°6*}]

and
[w6‘5*,w6‘5*}, (w6 > 0),

we - [T+, T = ¢ {0}, (we = 0), :
[(4)63*,(063*}, (w6 < 0)

respectively, and the difference is given by
T-6=[%,T]-[6,6"=[3% -6",%FT -6,
The mathematical notion & D ¥ gives us
S D Tifandonlyif[Sy, &% D [Z,, T if and only if [T, > &,, & > TF]
Remark 1 ([32]). The relation “<,” defined on K. by

5., ] <5 (64,67
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— T, < 6,T < & forall [T,,T],[64, &*] € Ris a pseudo-order relation; for more
details, see [32].

The integral given by Moore [32] is introduced as:
Theorem 1 ([32]). Given £: [p1,p2] C R — K, a set-valued function such that

£(¢s5) = [L«(v5), £ (¢5)]-

Then, £ is Riemann integrable over [p1, 0] <= £, and £* are both Riemann integrable over
[plr pZ]

(1R) [ e(ys)igs = |(R) [ 2. gs)ays, () [ & p)iys)

1 01 01

Definition 1 ([33]). For the set Y* in R, a function § : Y* — R is convex on Y* if

F(wstps + (1 — we)e) < weS(P5) + (1 — we) f(s)

for all ¥5,1s € Y* and we € [0,1] holds and is a concave function if the inequality is of the
opposite sign.

Khan et al. [34] proposed the following:

Definition 2. The set-valued function £ : W* — K7 is left-right-convex set-valued on a convex
set W* in all casespy, p2 € W* and we € [0, 1], we have

ZL(wep1 + (1 — we)p2) <p weZL (1) + (1 — ws)L (p2)-

If the inequality is of the opposite sign, then £ is left—right-concave on #*. Moreover, £ is affine
on W* <= itis both left—right-convex and left—right-concave on #'*.

Now, we introduce the concept of the Katugampola noninteger integral operator for a
set-valued function.

Definition 3. Let g > 1, ¢ € Rand x!(u,v) be the set of all complex-valued Lebesgue integrable
set-valued functions Q on [ips, Wg) for which the norm ||Q||x? is introduced by

v d 1
1QIIx! = (/u InCQ(n)Iq:>q < +oo

forl < g < +co and
1QIIx™ = ess sup n|Q(n)].
usn<ov

Katugampola [35] presented a new noninteger integral to generalize the Riemann—Liouville and
Hadamard noninteger integrals under certain conditions.

Let p, & > 0and § € L{is, ps] be the collection of all complex-valued Lebesgue integrable
IVMs on 15, e]. Then, the set of left and right Katugampola noninteger integrals of § € L[5, 1Pg)
with order ¢, > 0 are introduced by

1-Cx  px
]Z;E*S(x) - ﬁ(é‘*) /%(xp — )T P S (wydp (x> ys),

plt

23
]5';*3(96) T T(E) /x (P — xP)o TP (u)dp (x < )

where (&) = O+°° e~ *x%~1dx is the Euler gamma function [36]
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Zhang and Wang [37] established the concept of p-convex functions given below.

Definition 4. Lef p € R with p # 0. Then, the set Y* is p-convex if

1
[ox" + (1= p)y"]7 € Y
forall x,y € Y*,p € [0,1], where p = 2n + 1and n € N or p is an odd number.

Definition 5. Let I be a p-convex set. A function § : I — R is a p-convex function or belongs to
the class PC(1), if

s(w - p)y*’)?) <p8() + (1— 0)f (W)

forall x,y € [¢5,9¢], p € [0,1]. If the inequality is of the opposite sign, then § is called a
p-concave function.

The following definition is utilized by Khan et al. to produce generalizations of the
HH inequality [38—40].

Definition 6. The IVM £ : [y5, Ps] — K is a left—right-p-convex IVM in all cases 1y, 73 €
(5, 6] and p € [0, 1] and we have

2<[m§ - p)ré’ﬁ) < 02() + (1 - p)2(1s).

If the inequality is of the opposite sign, then £ is left—right-p-concave on [is,e]. The set of all
left-right-p-convex (left—right-p-concave) IVMs is denoted by

Left — RightSX([s, 6], K, p)  (Left — RightSV ([s, we], KT, p)).

Definition 7. Let | C R be a set having in itself (0,1) and let T : ] — R be a positive function,
including zero. Let T C (0, 400) be a set and p € R — 0. A function £ : I — Ris (k,h-m)-p
convex, if

z(wc* Fm(1- @)y*’]?) <T(@)2(x) + mr(1— )2 (y)

holds provided [xP¢, + m(1 — C*)yp]% e€lforall ¢, € [0,1] and (k,m) € [0,1]. If the inequality
is of the opposite sign, then £ is said to be (k, h-m)-p-concave. The set of all (k, h-m)-p-convex
(concave) functions is denoted by

KHMPX(I, p), KHMPV (I, p),

respectively. The set of all (k, h-m)-p-convex (concave) functions defined on closed, positive and
bounded sets of R is given, respectively, by

KHMPX([s, 6], K", p), KHMPV ([ys, 6], K", p).

The motivation behind defining the (k, h-m)-p-convex IVM is the definition given
by [41] above.
Now we define a new type, namely a (k, h-m)-p-convex I-V-F.

Definition 8. Let | C R be a set containing (0,1) and let T : ] — R be a positive function

including zero. Let 1 be a positive subset of R and p € R — 0. The IVM . : [i5,s] — KT isa
left—right-(k, h-m)-p-convex IVM if

ﬁ(wa (- @)vﬂ]i) < (@) F () + mr(1— )7 (o)



Fractal Fract. 2022, 6, 726

50f19

holds, provided [uP ¢, +m(1 — g*)vf’]% € lforall &, € [0,1] and (k,m) € [0,1]. If the inequality
is of the opposite sign, then .7 is a left—right-(k, h-m)-p-concave IVM. The set of all left—right-(k, h-
m)-p-convex (left—right-(k, h-m)-p-concave) IVMs is denoted by

Left — Right SKHMPX ([ys, 6], KT, p)  (Left — Right SKHMPV ([y5, 6], K, p))-
F is left—right-(k h-m)-p-affine <= it is both left—right-(k,h-m)-p-convex and left—right(k,h-m)-

p-concave.
The set of all left—right-(k,h-m)-p-affine IVMs is denoted by Left-RightSKHMPA

([ws, ¥e], K&, p)).

Remark 2.
e Setting k,m =1, we get the p,h-convex IVM introduced by Khan et al. [42] given by

F(W7e+ 1= ) < 4E)F (@) +90-E)F ),
e Settingk,m =1,q(t) = t, we get a p-convex IVM.
e Settingp,m =1,q(t) = t,k = 1 we get a convex IVM, namely we obtain
F (wep1 + (1 — we)p2) <p weF (1) + (1 — we)-F (p2)-

In the following, we obtain new HH type inequalities and as a consequence of the said
generalization in the IVM sense, we obtain the results reported in the recent literature.

3. Main Results

Theorem 2. Let | C R bea set containing (0,1) and let T : ] — R be a positive function including
zero. Let I C (0,4o00) beaset, p € R—0and .7 : [P5,96] — K be an IVM introduced by
F(x) = [Zy, F¥|, forall x € (s, Pg). Then, F € Left — Right SKHMPX ([¢s, 6], KT, p)
<, F., F* € KHMPX([ys5, 6], K, p).

Proof. Assume that %, 7* € KHMPX([s,¥s],KS, p). Then, for all x,y € [i5,1s],
¢« €[0,1] and (k,m) € [0,1], we have

7. (w@a Fm(1— @)y”ﬁ) < T(E) 7. (x) + mr(l - ) Z(),

and
7 ([xpa* m(1— @)yﬁ]?ﬂ) <T@ 7 () + mr(1— )77 (y).

From the inequality defined in Definition 8 and the order relation <p,we have
1 1
7 (e m - ), 2 (e m - gwl? ) |

<p [T(C’i)%(@ +mt(1—5)Fu(y), T(65) F* (x) + mT(1 - éli)y*(y)],

= (&) [Fu(x), 7 (x)] + mT(1 = E)[Fu(y), F*(y)],
thatis

Z (8 +m(1=2)y?]7) <p (@) F () +mr(1 = E5).F(y), for all x,y € [y, 96, & € [0,1].

Hence, Z € Left-Right SKHMPX ([¢s, 6], KT, p).
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Conversely, let # € Left-Right SKHMPX ([y5, P6], K, p). Then, for all x,y € [¢5, P¢),
&e €[0,1] and (k,m) € [0,1], we have

ﬁ([xpa* Fm(1 - «:*Wﬁ) < (@) F () + mr(1 - 5.7 (y),

that is
{% ([x’”c;‘* +m(1 - é‘*)y’”]’l’),ﬁ* ([xpé& +m(1 - C*)y’“]’l”)} <p

TGO [Fu(x), F* ()] + mt(1 = ) [Fu(y), ¥ (y)]
= [T(C’i)%(@ +mt(1 =) Fu(y), T(65) F* (x) + mr(1 - Ci)«?*(y)} :

Hence, we have
7. (w@* Fm(1- C*)y”]'1’> < (@) 2 (x) + mr(1— E) B (),

and
7 ([xpa;* w1 @)yﬂ%) < (@) F*(x) + mr(1 - 5.7 ().

O

Remark 3. If #, = % then the left-right-(k,h-m)-p-convex function becomes a (k, h-m)-p-
convex function.

If k,m =1, then the left—right-(k,h-m)-p IVM becomes a left—right-(p,h)-convex IVM [42].

If Zo = 7%, m,p,k=1,h(C) =5 and s € (0,1], then the left—right-(k,h-m)-p-convex
IVM becomes an s-convex function in the second sense, see [43].

Ifm =1,k =1and h(g,) = . we get a p-convex IVM.

If #. = F*withm =1,p = 1,8« = 1, then the left—right-(k,h-m)-p-convex IVM reduces to
an h-convex function, see [44].

If . = 7" withh(¢x) = land m = 1, p = 1, then the left—right-(k,h-m)-p-convex IVM
reduces to the a p-convex function, see [45].

If Z. = F* withk,p,m = 1and h(&,) = s, then left—right-(k,h-m)-p-convex IVM reduces
to the classical convex function.

Theorem 3. Let Z : [a,b] — K be an IVM that is left-right-(k, h-m)-p-convex. Then, the
inequality holds in one of the cases:

1. a>0b>a0<m<g
2. a>0,b<ald<m<l1

9([MJ %) <p m (xfiﬁy(mb)f(zlfk) + m”f‘*”f(l - %)Xf’fﬁ(@)
<p Bp- (T(Zl—k>37(a) + mF’T(l - %)ﬁ(b)) /01 PP =1 (5P dt
sy (x(5 )z @+ (1- 5 )2 @) [ #rtea -

Proof. From the statement of a left-right-(k,h-m)-p-convex IVM, we have

f(wc* Fm(1— cm%) < (@) F () + mr(1 - ) F ().
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Setting . = %,m — mP, we obtain
xP +mPyP 1 1 1
Setting x? = mP (1 — tP)bP + tPaP,y? = (1 — t7) & 4 bPt?, we obtain
P ppr
g/:([” —i—zm b ﬁ)

<p T(é{)ﬁ([mp(l — tP)bP +t”a”]’1’) —|—m”'r<1 — ;)9([(1 — t”);—i +bptp]fl7>.

It follows from the statement of the IVM

P+ mPhP
y*([” +mb]1)
2
Z. p PYBE & PP 7 p L\ 2 LTS
<T o | F [mP (1 —tP)bP + tPab]? | +mPt 1—? T [(1—t)W+ v,

b
p PpP 1
g*<[ﬂ +m ]p>

=

1 * 1 1 " aP 1
co(3)5 (Iwa-ow o) s we(1- 1) (0 -m o),
Multiplying the inequalities with t#P~1 and integrating with respect to the variable
used, we get
1
£ (jms)
<
Pp

1 1 (1 1
/ tPr- r<2k>%<[mp(1tP)bP+tPaP]P>dt
0

1 1 P 1
Bp—1_.p p P+p
+/i‘ m1<|—l>f*([(|—t)—i—bt]p)dt,

and
F* ({aF’Jr;nF’hP};)
<

Bp h
1 1 1
/ tﬁp—lr<2k)9* ([m”(l — V)P + tPaP | F’)dt
0
Lo 1 N aP 1
+/O thp 1m”1’<1—2k>§ ([(1—t1’)mp+bptﬂv>dt.

Focusing towards the right and setting (1 — t7)mPbP + tPaP = kP in the first integral and
(1- t”)% + bPtP = kP in the second integral, we obtain

1
T\ 2 a
oF o
B W—(mp)bf’)ﬁ mb?*(k)(kp_mlﬂbp)ﬁ =14k

T(1 _ %)mrﬂrr)ﬁ o

m

(aP —bPmP)B  Jp

al p-1
+ F (k) (mP - kP> kP~ 1dk,
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and ( )
1
T\ 5% a
2* -
=——=2_ [ Z*(k) (kP — mPbP)P kP Lk
(aP — mPbP)P Jmp () (k" = mP57)
(1= L \mp+rB B—1
o(1-2) (k) Ktk
(aP — bPmP)P mp
What we get when we recognize it in terms of a Katugampola integral is
__TBPP (g 1 pB+p ek
= (ap —mrpr)p \ M Fulmb)7| g ) FmIT(1 = o y*(m) '
and

_ T PB o 1 pB+p L\ pBosx(8
~ (aP — mPbP)P Ko~ Z(mb)T{ g¢ ) HmET\ L= o )2 7 (E) '

which together yields

o (aP +mPbP 1N aP + mPbP 1
7 () 7 () =
r(ﬁ)pﬁil B o 1 pB+p 1 PB g (4
(o gy (Ko7 e ) 4w ere (1 2 )t ()

r(ﬁ)pﬁil PB g 1 pB+p T\ rp a a
(a? — mppryf \ Mo~ (mb)T{ 3¢ ) +mIT\1= 5 )1t 7 (E) ’
from which we get the original left part of the inequality.

Now to obtain the upper inequality, we use the left-right-(k,h-m)-p-convexity and
apply the IVM property to the following expression

r(zlk>9<[mp(1 — V)P + tPa] 37)
—|—m’”T<1 - 21k>32([(1 — t”)% +b”t’f’]:’)

and multiply it with t#7~1, while integrating the expression; hence, we obtain

r(g)pP-1 . 1 1 L4
T E <Xs’ﬁﬁ’ (mb)r(zk) —i—m’”ﬁﬂ’r(l - 2())(5;59’ (m)) <

(ap — mPbpP

<T(21k>35*(a) + m"’T(l - 21]()55*(19)) /1 PP (t5+F)dt
—l—(r(zlk)m”ff*(b) <1—> )/ 1 (1 157 ),
(al;(_ﬁ)niib:)ﬁ (Xgﬁ «(mb)T (zlk) +’”pﬁ+p7(1 - ;)Xﬁy"(;)) S
( (;k>ﬁ*( )+m”r(1—21k>ﬁ*(b)> /01 I
+(T(21,c>mpﬁ’*(b)+r( >ﬁ*( )) /01 tﬁp‘lh(l—tg*i”)dt,

and
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From which we get the original right-hand side inequality. Connecting the left- and right-
hand side inequalities, we obtain the original inequality

() < B0 (i) P (1 ;T)X;’fﬂ(%))
<op-(e(%) 7@ +me(1- ) 7)) [ irie)
+Bp- (T(;k>m7’37( )+ (1—%)@( )) /01 P 1(1 — 5t

O

Setting p = 3,k = } in the theorem, we obtain a new inequality of the left-right-(k h-
m)-p-convex type.

Corollary 1.

(2> +mid 1 T(B+1)3F [ 3p .
J([f]s) <p m(% ‘BJ(THb)h

<36 (h(z%)fi(a)+m3h(1—2% _
+38- (h(zi%)m%‘(b) + h(l — 2%)9‘(«;)) /: 3B (1 — 36 dt.

Theorem 4. If the conditions are the same as in Theorem 3, then, the inequality holds in the
following case with a > 0,b >a,7 <m <1

A(30) () o 7

e 2k — 1\ mPBHP2PT (B +1) N
ok p—ﬁ(ml’bl’—al’)ﬁ ((%+hn,np)%>

<p Bp (r(zlk)fi(a) + mpr<2k2; l)fi(b)) /01 h<<i>6*>tﬁpldt
+p (x5 )70 +T<2k2;1>9‘(a)) / 1h<1 - <t;>é*>tﬁpldt.

Proof. From the statement of the left-right-(k,h-m)-p-convex IVM, we have

9([#@* (- @)yﬂﬁ) < (@) F () + mr(1 - )2 ().

Setting ¢, = %,m — mP, we obtain

B

. at
Setting x¥' = =
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+mp,_[(1_21k)<97<[(b;)p+ (2—2tP) (;)pﬁ)

It follows from the statement of the IVM that

2 () < <) 2 (15 )
o=z ) (157 + 552 ()1
W([W];) gT<21k>3ﬂ<[<a;>ﬁ+mr’<22— tp>b,,];)
(1= )2 (K57 + 2 ()

Multiplying the inequalities with t#P~1 and integrating with respect to the variable
used, we get

and

Z, ( [ ab +2mpbn
Bp

(-3 (B

P ([mmw ) [ (L) ({8 W)
+/0 tﬁp—lmpr(lzlk)f*o(b;)p +@(m) ]fl’)dt

Focusing on the lower end point function .%, and introducing the following substitution to
the first integral k¥ = # + Mbp while nothing that mb > a, we get

/oupﬁ1T<;k>%([<a;>umﬂ<g— Dy

Fo (k) (mPbP — kPP~ kP~ dk

15)</

0

1 tpﬁlr(21k>% <[(a?p + mP(zz tp)b”} ;>dt

and

- (mpbp —ai” B /al’+br’ml’ L

_ 2P e

= Fu(bm).
(meP —ap).B ((ap+gzphp)%)+ ( m)

Introducing a substitution to the second integral, namely, k¥ = (b% + 552 (4P, we get
in a similar manner

/01 tﬁp—lmr’r(l - ;,()9 ([(b?p + (Z_th) (%)p} ‘1”>df

1

+z‘fv ’ a? \F1 1
_/ k)(k”mp> K 1dk~7(£_ﬂ)ﬁ

2 2mP

BL(B)2P
= plg/l(iiglgf)_zap)lgxﬁ(z up +b,,);,)y*(:1>'

2mP T2
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We obtain similar equalities with the upper end function, namely,

(o)

F* (k) (mPbP — kPP~ kP~ 1dk

N W /ﬂp+bp;np
B p-1
_ 2T pp (o).

o (mpbp—gp)ﬁ ((np+72npbp)%)+

e 3 (1 B3

% 2mP
__ mPT(E2P gy 7 (2)
p'=P(mPbp —ar)P ( WP %)7 m/
(27 +%)
Hence, we obtain
ﬂr*([a”-&-;npbf’];) y*([a”-&-;npb?’];)
( , )<
Bp Bp
1 pPIT(B)2F By 7 (8
(T<2") p P (mrby — a”)’fX((mb;)%)J* ()
2m
21\ mrPPr(p) g,

’ F.(mb),
+T< 2k >p—ﬁ+1(mpbpap)ﬂ <(“zp+b’”§””)‘l’>+ (mb)
<1) PT(B)2® gy 7 (L)
2k p—ﬁ+1(mpbp_ap)ﬁ <<i+ﬂ)%>i m

2m 2
2 —1\_ mPrPr() gy
7 y* b
+T< 2k >pﬁ+1(mePaP)ﬂX<(a;+b,,gl,,)}7>+ (rm ))

and the left inequality follows.
Using the definition of the left-right-(k,h-m)-p-convex function towards the right

(3) (12 2202

1 (bt)P (2—1tP) faNpqL
p _ _\ A _
o T(l zk)‘/<[ 2 T2 (m) ")
while using the definition of the IVM property, multiplying with tPP—1 and integrating with
respect to the variable used, we obtain

! (21k) p~P+1 (n(ﬁiyz:— up)ﬁXﬁ('z 2 1) %) -7 (%)

omP "2
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261\ 2PmPPHIT(B) gy 7
+T< ok ) p P (mpPbP — gP)ﬁX W PP\ P +F(mb)
(TJFT)

< (T(zlk)f(a) +mPT<2k2;1>3f<b)) / 1h<(’;”)§*>tﬁp—ldt
+<r<21k)m”f(b)+T<2k2;1>ﬁ(a)> /01h<1— <tzp>(:*>t5pldt.

Now, connecting the left- and right-hand sides, we obtain the original inequality. [J

Setting p = 3,k = %, we get a new IVM noninteger inequality.

Corollary 2.
a® +mPb3 1 1 T(B+1)2F g3 a
2 b 2% 3_5(m3b3—a3)/3 <(%+§>%> (m)
1
22 =1\ m*¥P32T(B+1) 43
h b
" ( 23 )3 P> — a?) X( N %)* Zmt)

1

<p 3ﬁ<h(21%>ﬂ‘(a)+m3h<222%_1>ﬂ(b)> /()1h<(§)§*>t3l31dt
+3B(h<21%>m3f(b) +h<2;— 1)%)) / 1h<1 - (t;)g*)t?’ﬂ_ldt.

Corollary 3. Setting ., = F*,h(t) = t,m,k, &, = 1, we get a classical noninteger p-convex
inequality, namely,

al + mPbP 1 T(B+1)28 g
y([ 2 p) S2 *(ﬁﬁbp_) P ﬁxﬁp -7 @
pP( ar) <<§+§)p>

2671 (B +1) P
p_/g(bp—ap)ﬁ <<azp+bp£np>’17>+

< ﬁp(;fz(a) + ;fi(b)> /01 (f)tﬁv—ldt
(3704 37@) [[(1-(5) ) e

Example 1. Settingk = 1,h(t) = t,m = 1, we recover a left—right-p-convex IVM, which is also a
left-right-(k,h-m)-p-convex IVM.
Using a similar construction as in the paper [23] and setting p = 1,5 = %, k¢, =1:

() ey 7

Z(b)

2mP 7)
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2

Ix

. 2k 1\ mPEP2PT (B +1
2k p*ﬁ(mpbp — ap)

2 2’
1\ TBE+128 5, 1
N , 7ﬂ*
T<2"> p~—F(mrbp ﬂ”)ﬂx<(“”+”’);> (m)
2mP 2
2k 1\ mPBTPRBT(B 41 1
+T< 2F > L + Fu(mb) =3,

pF(mpbP — ﬂ”)ﬁx<<auw>%>
2 2

(@)oo o) [4((3) )
+Pp (r(é{)mr’%(b) +r<2k2; 1)9‘*(01)) /01h<1 - (Z})g*)tﬁpldt = %

Therefore, we get

Now evaluating the top point function, we achieve

P4 mPbP
j<[a+2mb};> — 1.648,
T(Zk) X (%)

p*.B(meP—aP)B <(%+%>%>

k_ pB+pop
+T<2 1) mPPTP2PT(B+1) gy F(mb) = 1.712,

2k p~P(mPbP — aP)P ((%wénp);)*
ﬁ;v(T(zlk)y(a) +mpr<2k2;1>y(b)> /()1h<(f)§*>tﬁp1dt
+Bp (T(zlk)mp?(b) +T<2k2k1>f/“(a)) /Olh<1 - (Z)§*>tﬁ”_1dt — 1.859.

Hence, we achieve

1 1 1
[5.1:648] <p [5,1712] < [5,1.859)],

which verifies our result.
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Theorem 5. Using the same conditions as in Theorem 3 and a > 0,b > a, % < m < 1resultsin

the following inequality:
p PHP 1
()

T(z%)zeiﬂef(eﬂ) o
(bPmp — ar)? X T (
<(%(al’7mrhp)+%+w)p>

r(l—%)mwenzeper(w—l) 0 (9., a P\
(bPmP — aP)? X w7 =)+
((%(bﬂf;—in%%)”)

<p <<T<2§*>35(a) + T<1 — zé)ml’ﬁz(b)) /01 h((q—;ﬂ]>k> tepldt> Op
(o) 7ome (-4 )7@) [ (1 (1) Jer-tan

Proof. Since .# is left-right-(k ,h-m)-p-convex, we have the following inequality

1
Db — pPyp pppr )P
2(11 bm)+mb)

Jr

ﬁ((tx” +m(1— t)yp)ll’) <p h(t5)F (x) + mh(1 — ) F ().

. P P P P
Setting t = 1,m — m and xV = %aﬁ + (1 - %)bpmp,yp = %b” —+ ( — #)

al . . . .
-7 in the inequality, we achieve

al +~mPbP 1 1\ . (,q9+tF p q—+tP p. py3

1 q—+tP g+t a? 1
_ p 475 v _ el
rolim Y (5l (1-5) 2 0),

It follows from the statement of the IVM that

af +mPbP |1 1 qg+tP q+tF 1
g (7 < I p _ PP
‘/*<[ 2 ”)”(z@) *<< 2 " +< 2 )bm)p>
1 q-+tP g+tP\ af 1
_ p 475 4p Y LN DL
+T(1 2@)’” 32*<( 7 b +<1 2 ) p)p)’

P4+ mPbP p P
y*([” + mPb ];17> <T< 1 >y*<(q—l—t o 4 [+t )b”mp)rli)

and

2 28« 2 2

1 q+t° g+tP\ al 1
_ _— \mPae (I pp _ il
ref1m (L (1 LE) 20

Multiplying the inequalities with t°7~1 and integrating with respect to the variable used,
we get

P PpP
%([“ S

1
}") 1
_ 1 +tP g+t 1
< -1z, (1 p _ AT N ppp
o \/0 t T<2€*>J (( 54 +<1 7 )b m )P)dt

1 1 4t + P\ ab 1
po—1 I q p B I
+/O t T<1 25*)171 ﬂ"*(( 5 b +( 5 )mp)ri)dt,
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<=

1
P
_ 1 + tP + tP
< po-1_( L N gx[(1TE p AT \pp,p
\/Ot T(2§*>§ (( 7 a+(1 5 >bm)
1 + 1P + P 1
po— l mP T+ q p q
+/t < g) Rz <( 5 b +< > )mp)r’>dt.

Introducing the substitution zF = M117" +(1— M)b"’ml" in the first integral and z¥ =

p
%b’” +(1— {Ht JaPmP in the second integral, we get for the first and second integrals,

respectively,
p p
/tpﬁ 1 < > *<(‘izf p_,_(l_q_;t)bpmp)}a)dt:

)dt

(%(an mPbP) +bpmp)n _ q 0 20
P = L(gpP — pPP) — 2PV 1,145 .
/(g(aﬁ br’mp)+a”+mpbp>% J*(Z)(b me 2(a bm ) )Rz (meP —aP)o
(55 )20T (6 1
_ 1525*) ( ) 9X9,p ) +3Z* <(q(ap o bpmp) + mpbp) P)
prt(brmy —a) ((%(uﬂ—wbﬁ)+§+%)?> 2

and

1 1 +tP +tP\ af (1
pp—1 | q 14 q “
/0 ! T<1 2@‘*)’” ‘/*<( b < 2 )mp)p>dt

1
B /(SW%)“{:" ) Zu(2) (Z” A ”p>z ' <26mep
2

p P p — e
(bp_%>+%)l’ 2 m m mPbP aP)

60,,,p0 14 p v
S i C +ff*<<q(bp—a)+a>p>'

1-0(ppmpP — gP)o 1 p P
p (b m a ) (( (bP— )+ af +b2P)P> m m
Using a similar technique leads us to the equalities for the upper end point functions,
Lo 1 +tP + tP 1
R I W L _ AT ppp
/0 " r<2€*)ﬂ (( Sa +(1 - >bm )P)dt

/(% (aP —mPbP) +bpm”)
(4¢

1
ar— meP)Jr"p +me ) P

29

Z* PP+ D(gp — pPaPy — P e—op—1g, . &
F*(z)(bPm +2(a bPmP) —zP) k= 2P~ dz GPmP —aPy?

()2re)
= T (prmp — ap)o X !
R (e S Ol

v oop— 1 + tP +tP\ af 1
ph—1r(1— — \mPrz*( (1 p q ar
/0 t T<1 26*)711 F <( 7 b +< 5 )mp)p>dt

(%(bpi ) 2mP+bp>% X q al ab 7 201,0p
/<z 7@ =307 55 35) G =

m
(bLL’;> mp) 2 mP mP mpPbP — ap)b

mrT(O) NI A AY
= -0 g X/ w7 <(bp_)+> :
P (bpmp =) <(%<w-i>+"p+ )'1’> 2 mm?

1
+9"‘((%(&”—b”m”)—|—m7"b’7)”),

and

2m
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Hence, we achieve

(3&([“”*5"*””10 f*({””*&"”b”]i))

op ! Op

(55 )2p? 11 (8) l
<p< <2§p)p A [\ P (<%<aﬂ—br’m”>+m"b”)">

+T<1—2%)7;1!%(91729;76711"(9)7(%9 5 <ﬁ(br’—ﬂ)+ﬂ>ﬁ
PP — ar)? (o)) 20w ) )

2mP

(25* )zepe 1r(g) .

1
p «( (4 v
X LT ( ~(aP — bPmP) + mPbP )
(bPmP — ab)b ((%(ﬂp—mPhP)Jr%Jr%)%) (2 )
+T(1 - 2%>mp+6p29}7971r(9)xp9 . (ﬂ(bf’ a, ap);
(bPmP _ap)e <( ()1 p+bp)%> 2 mP mP ,
m 2m

from which we achieve the left inequality.
Now, we obtain the right side. Using the definition of the left-right-(k,h-m)-p-convex
function towards the right, we achieve

(A ()
+T<12;)m’”§((q—;t b”+( q—;tp>mp)’l7) <p
<<T<2;)ﬁ<a>+r<1_2}:)mwb))h((“z”’)k) )
+((T(2;),/(b)ml’+r(1— é)y(@)h(l — <6]+2fp>k> tﬂp—l).

Multiplying the inequality with 1?7 ~! and integrating the expression, then using the IVM
property, we obtain the right-hand side. Now, taking the product with the constant from
the left part, we achieve the original inequality

aP +mPbP 1
y([z} ”) <p

29T (0 +1) 1
Cx
e )
(e =0 (a1 )
1 +60pn0.,0 1
N (15 )mr nzpr(9+1)xp/9 I EAAY
(bPmP — ap)? (( (br— 2yt 1 )%)7 2 mp = mb
T mP 2mP

<p <<T<2§*)3‘\(0) + ’l’<1 — 22*);11!’35(17)) /01 h<<q+2tp>k> tepldt> Op
(o) 2ome o1 )7@) [ (1 (1) Jer-tan
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Corollary 4. Setting p = 3, = 3, we achieve a new noninteger HH type inequality

3 31,3
y<[a + m>b

2
1) 50,0
h(f)23r(9+1) 03 gl (9,3 13,3 3.3)
(B — )0 X N7 (E(a —bm)+mb)
((s6m-mersg02)))
h(1— g )me¥02030r (0 +1) ( 0.5 . @\
+ X _F (—(b ——)+—)
3.3 _ 3)0 1 3 3
(b3m3 — a3) ((%(b37%)+%+§)3> 2 m m

<p ((h(zﬂ)ﬁ(a) +h<1 — 213>m39‘(b)) /()1h<<‘7;t3)3) t391dt>39
+(<h(213><9’(b)m3+h<1— 213>9‘(a)> /01h<1— <q—;t3)3>t391dt>36.

4. Conclusions

We introduced a novel type of IVM, namely the left-right-(k,h-m)-p-convex function,
which generalized the previously defined p,h-convex IVM given by Khan et al. As a
consequence of the generalization, many new inequalities followed. We achieved new
variations of the Hermite-Hadamard inequality in combination with noninteger operators
which generalized the previous HH type results. Because of the IVM environment, by
letting the upper and lower bound be the same, we recovered previous results from the
(k,h-m)-p-convexity to the classical convexity.
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