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Abstract: Fractional g-calculus plays an extremely important role in mathematics and physics. In
this paper, we aim to investigate the existence of triple-positive solutions for nonlinear singular
fractional g-difference equation boundary value problems at resonance by means of the fixed-point
index theorem and the g-Laplace transform, where the nonlinearity f(t, u,v) permits singularities at
t =0,1and u = v = 0. The obtained theorem is well illustrated with the aid of an example.

Keywords: fractional g-difference equation; positive solutions; resonance; fixed-point index theorem;
g-Laplace transform

1. Introduction

Quantum calculus (or g-calculus) is calculus without limits, which was initially defined
by Jackson [1], and has demonstrated applications in a variety of subjects such as quantum
mechanics, hypergeometric series, particle physics and complex analysis (see [2—4]). In
the development of g-calculus, fractional g-calculus was first proposed by Al-Salam and
Agarwal in the 1960s (see [5,6]). Fractional g-calculus is widely used in physics, mathematics
and other fields. It is well known that many practical problems can be reduced to fractional
g-difference equations. In recent years, the solvability of boundary value problems (BVPs)
for fractional g-difference equations has attracted much attention as a new research direction
(see [7-11] and the references therein).

As is well known, fractional calculus has the characteristics of time memory and long
distance spatial correlation. It is better than integer calculus at describing the properties
of a polymer. It can also reflect the properties of viscoelastic materials with elastic solids
and viscous fluids. In particular, it can describe the viscoelastic medium damping in the
forced vibration equation well. To the best of our knowledge, the discussion of resonant
problems is indispensable in the theoretical study of vibration equation, and many scholars
have explored the resonant fractional BVPs by using various methods and techniques
(see [12-16] and the references therein). Recently, in [17], Wang and Liu found the existence
and uniqueness of positive solutions for a class of non-local fractional 3-point BVPs at
resonance by means of the fixed-point index theory and iterative technique. In [18], Wang
and Wang studied the existence of three positive solutions to a class of resonant fractional
BVPs by using the fixed-point index theorem in a cone. In [19], Feng and Bai studied a class
of nonlinear Caputo fractional differential equation BVPs at resonance in R" and gave the
sufficient conditions for the existence of solutions in different kernel spaces by using the
Mawhin coincidence degree theorem.

It is worth noting that although there have been many rich results on the solution of
the non-resonant fractional g-difference equation BVPs, limited work has been performed
on the nonlinear g-difference equations at resonance. To fill this gap, we establish the
existence of triple-positive solutions for a fractional g-difference equation BVP at resonance:
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DEu(t) +f(t,u(t),Dgu(t)) =0, tej,
= )
u(0) = Dyu(0) =0, Dju(1) =Y o;Dyu(n;),
i=1
where] :(O 1),9€],2<p<30<a<pB—-20>00<nm<--<nu<land
" 0'1'17 ' o, D/S is the fractional g-derivative of the Riemann-Liouville type and of
the order . The nonhneanty f(t,u,v) permits singularitiesat t = 0,1 and u = v = 0. It is
clear that A = 0 and ctP~! solve the fractional g-difference equation Dg u(t) +Au(t) =0
with the boundary conditions in Equation (1), and thus, the fractional g-difference equation
BVP in Equation (1) is resonant.

Inspired by the work mentioned above, we are concerned in this paper with the
existence of triple-positive solutions for the nonlinear singular fractional g-difference
equation BVP at resonance in Equation (1) via the fixed-point index theorem and a g-Laplace
transform. This paper is organized as follows. In Section 2, we give some definitions and
lemmas which are used to prove the main theorem of this paper. In Section 3, the main
theorem is established and proved. In Section 4, an example is given to demonstrate the
validity of the results.

2. Preliminary Results

To begin with, we recall some necessary definitions and results of fractional g-calculus.
Definition 1 ([20]). The Mittag-Leffler function is defined by

(o] Zn

eap(zq) = n;]m (Jz(1—=g)%| < 1).

Definition 2 ([6]). Let « > 0and f be a function defined on [0, 1]. The fractional q-integral of the
Riemann—Liouville type is (Igf)(x) = f(x), and

1 X
« - _ (a—1)
AW = /O (x—qt) @D f(Hdgt, >0, x € [0,1].
Definition 3 ([6]). The fractional g-derivative of the Riemann—Liouville type of B > 0 is defined by
1—
(DGf)(s) = (Dgly PA)(s), p>0, s€(01],
where [ is the smallest integer greater than or equal to B.

Next, we introduce the g-Laplace transform of the Riemann-Liouville fractional g-
derivative and solve the fractional g-difference equation using the g-Laplace transform.

Lemma1 ([20]). Ifn —1<a <nand [J7*f(x) € Cg") [0, a], then the g-Laplace transform of
the fractional g-derivative is given by

n mel
quD{Xf( ZDrx mJ( 0+ —q’
where p = ﬁ
Lemma 2 ([20]). Let o, B,a € R™ and k € N. Then, the identity
x—p 1
L (tku¢+/3 1 (k)(iat“,q)) 14 k! |P|“ >

T—q (pFa)l’
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is valid in the disk {t € C : a|t(1 —g)|* < 1}.

Lemma 3. Forn —1 < a < n, the general solution to D f(t) — af (t) = h(t) is

f(t) = /Ot G(t —qt, 0, 0)h(T)dyT + il D;‘*mf(OJr)Dg“lG(t,a,oc),

where
G(t,a, B) = tﬁflearﬁ(at"‘;q), D;”ilG(t, a,B) = t’g*mea,ﬁ,mﬂ({zt”‘;q).

Proof. By combining Lemma 1 and the g-Laplace transform of both sides of this equation,
we obtain

n pm 1
Z g‘ 0+ 1_ aF(s) = H(s)
m=1
Thus, we have
Z” DIX mf(0+)p !
=1 _
plX —a pIX —a
Then, let
Y Dy my(0)E -
1 m=1 "4 —q
C(s) = gLsc(t) = sy Z(s) = 4Lsz(t) = s .
Hence, F(s) = C(s) - H(s) + Z(s).
From Lemma 2, we can obtain
n
c(t) = (1-q)G(t,a,a), Z D" F(0T) DGt a, ).

According to the convolution theorem (see [20]) and the inverse of the g-Laplace
transform, we obtain

JL (€0 H() = c(t) <h0) = 1 [ B(E)elt = ge)dy.
Consequently, we obtain
£t = L/th( Je(t —qr)dgT+ Y DI (0T )DI LG (L 0, a)
_/ (t—qr,a,0)h(T)dgT+ Y Di"f(07)D Gt a, ).

The proof is completed. [

Denote an increasing function

+Z°° PG+ 1) (B —a) — 2)4[(i+ 1) (B—a) — 3],

& LG+ D (B —a) SRR

g(t) =
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It is easy to know that g(t) is well-defined and continuous on [0, +-0). By a simple
calculation, we have D;g(t) > 0 on (0, +00), and

5= p—2gle— B3] |
rq(uf— B) t <0 lim g(h) = oo

g(0) =

Therefore, there exists a unique positive root a* > 0; that is, g(a*) = 0. Thus, we
obtain the following lemma.

Lemma 4. Let u(t) = Iju(t). Then, the fractional g-BVP in Equation (1) is equivalent to

—Df*o(t) +av(t) = £(t, 120(t),0(1)) +av(t), te],

I§0(0) = Dy~ *0(0) =0, o(1) = im(qi), @
i=1

where2 < B—wa < 3and a € (0,a*) is a constant.

Proof. From Definition 3 and u(t) = I?

4 v(t), we obtain

Dfu(t) = Dy “o(t), Dgu(t) = DY *o(t), Dfu(t) =o(t).
Then, Equation (1) is equivalent to

DE"o(t) + f(t, I80(t),0(t) =0, te],

£(0) = DI*0(0) = 0, wnzimwm. ®

Obviously, Equation (3) is equivalent to Equation (2). Therefore, Equation (1) is
equivalent to Equation (2). O

Lemma 5. Let h € L; [0,1]. Then, the linear fractional q-BVP

—DE™"o(t) +av(t) = h(t), te],

=h
I§¥0(0) = Dy~*0(0) =0, o(1) = fmv(m), @)
i=1

has a unique solution
1
o(t) = / W(t, qs)h(s)dgs,
0
where
X721 oill (173, 45) G (1)
G(1) = X% aiG (i)
G(t)=G(t,p—a,B—u),

1 G(t)G(1—gs), 0<t<gs<1,
G(l){ G(t)G(1 —¢gs) —G(1)G(t—gs), 0<gs<t<1.

W(t,qs) = U(t,gs) +

Uft,qs) =

Proof. According to Lemma 3, we know that the solution to Equation (4) can be ex-
pressed by

o(t) = — /Ot G(t —qs)h(s)dgs +c1G(t) + 2D G(t) + C3D$G(t),
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where ¢y, ¢z and c3 are some constants to be determined. By Ig‘v(O) = D;’“U(O) = 0, there
is c3 = ¢p = 0. Then, we obtain

o(t) = —/OtG(t — gs)h(s)dys + c1G(1).

m
By the boundary value condition v(1) = } _ o;0(77;), we obtain
i=1

- fol G(1—gs)h(s)dgs — 21 . / h(s)dys
T G(1) - Yy o <m> |
Therefore, the solution to Equation (4) is
: Jo G ()dgs =Y, 0 /17, )h(s)dgs
o(t) = —/O G(t — qs)h(s)dys + O (171) G(1)
fo G(1—gs)h( quG(_lifo G(t —gs)h(s )dqs fo G<1) )dqsG(t)
fo (1—gs)h(s)dgs — 21 . /771 )dqsG(t)

G(1) =Y ", oiG(n:)

El/ (13, 35)(5)dys
G(1) - Zl"mcm

:/1 U(t, g5)h(s)dys +

—/ (t,gs)h qs

The proof is completed. [

Lemma 6. The function U(t, gs) has the following properties:
(1) U(t,qs) > 11(qs)(1 —gs) P2 (1 — )tb=2=1, Wt gs € J=1[0,1];
(2) U(t,qs) < 1a(gs)(1 —gs) P21, Vit gse],

where

1 __ [DGO)P
COI,B-w)2 * 6

Proof. The proof is similar to Theorem 3.1 in [21]. O

T =

Lemma 7. The function W(t, qs) has the following properties:
() W(t,gs) > p1(gs)(1 —gs) P VFe=1 Wi gs € J;
(2) W(t,qs) < pa(gs)(1—gs) 271, Vigse],

where

m(l =Y, oy ) I [ C0) Y
L(B—a)G) -y oG] =l +c<1>—27;1mc<m>]'

Proof. The proof is similar to Lemma 2.3 in [18]. O

P1=

Finally, we give the fixed-point index theorems, which are the key tools for our main
results.

Lemma 8 ([22]). Let P be a cone in a Banach space E, €} be a bounded open set in E and 6 be the
zero element of (0. A : QN P — P is a completely continuous operator:



Fractal Fract. 2022, 6, 689

6 of 10

(1) If 3xg € P\ {60} such that x — Ax # Axg, VA > 0, x € dQ NP, then i(A, QN
P,P) = 0;
(2)If Ax # Ax, VA >1, x € 00O NP, then i(A,QNP,P) = 1.

Lemma 9 ([23]). Let A : P, — P be a completely continuous operator. If there exist a concave
positive functional w with w(x) < ||x|| (x € P) and numbers k3 > ko > ki > 0 satisfying the
following conditions:

(1) P (w, ky, ko) # @, and w(Ax) > ki if x € P(w, kn, ka);
(2) Ax € Py, if x € P(w, ky,k3);
(3) w(Ax) > ky forall x € P(w, kq,k3) with ||Ax|| > ko.

Then, i(A, P (w,ky,ks), P,) = 1.

3. Existence Theorem of Positive Solutions

Let the Banach space E = C(J) with the norm ||u|| = maxg<;<1|u(t)|. Define a cone
P={ueE:u(t) > Ay(t)|ul|, te]}

Setb € ], denote A* = min,¢;, 1) A2(t) and w(u) = minyeppq u(t), u € P.Vk* > k>0,

and let P(w,k,k*) = {u € P : k < w(u), |lu] < K}, P (wkk) = {u € P:k<
w(u), lull <k*}and P, = {u € P: |ju|| < k}. Define the height functions such that

k*
) : <u< s
Po(t, k,k*) max{f(t,u,v)+av tkA(F) <u < T(ar1)

gr(th) = min{f(t, u,0) 1 kAq(t) <u < Ij,(lzil)’

kAs() <o < k*},
kAz(l‘) <v< k},

(t,k,k*) = min f(tuv)+av'L< <k*7t”‘ k<ov<k*
IIDZ 77 - Vel Fq(DC+1)_ = = 7

were 1) = 4L and ) = 0

Theorem 1. Suppose that there exist numbers ky, ko, k3, ky and ks with 0 < k1 < kp < k3 <
ks <ksand kz < kg A* such that the following are true:

(Hy) f is continuous, and (0,1) x (0 (0, ks) with f(t,u,v) +av > 0.

(Ha) $o(t, k1, ks) € Lg[0,1].

(H3) tpll(t,kl) > 0.
(Ha) fy $o(s k2 ka)(qs) (1 — qs) B~ Vidgs < kap; .
() 1 9a(s ks k) (991 — g5) =ity > ka[A%pa)

() ol ks ks) (1)1 - 15) B~V < ks

Then, the resonant fractional g-difference equation BVP in Equation (1) has at least three
positive solutions.

ks
) X

Proof. Set

To(t) :/01W(t,qs)v(s)dqs, Av(t) :/01 W(t,g5) [ (5 120(s), 0(s) ) +av(s) | dys.

Clearly, T : P — P is a completely continuous linear operator. By Lemma 2.3 in [24],
we know the first eigenvalue of T is Ay = a, and ¢(t) = t#~%"! is a corresponding
eigenfunction; that is, aT¢ = ¢. For any v € P \P,, we have kiAy(t) < o(t) < ks
and k1A (t) < Ijo(t) < % Combining (H1) and (H2), we have A : P \P,, — P
being completely continuous. (The proof is similar to Lemma 2.6 in [25]). By applying the
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extension theorem of a completely continuous operator, A can be extended to a completely
continuous operator A : P — P. For simplicity, write A as A.

Next, we will prove A has two fixed points on 1CS (w, k3, ks) and Pks\(lg (w, k3, ks) U Py,).
(1) It is easy to show that 1% (w, k3, ks) # @. For any v € P(w, ks, ky), we have

ks < v(t) < kg and Fqlaiil) < [Fo(t) < K fort € [b,1]. By Lemma 7 and (H5),

T;(a+1)
we have
w(Av) = trerbi,rh Ao(t)
1
> i p—a—1 — (B—a—1) o
> trerbﬁ] p1t /0 (g5)(1—gs) [f(s, qu(s),v(s)> +av(s)]dys

1
> N'p2 /a (75)(1 = q5) P~ Vps (5, k3, ks)dgs > ks.

) (2) For any v € P(w, k3, ks5), we have k3Ay(t) < v(t) < ks and ksAq(t) < [Fo(t) <
5t

T, (atT) for t € J. By Lemma 7 and (H6), we have

1
Av < o /0 (q5) (1 — gs) B~ Do (s, ks, ks)dgs < ks.

Therefore, Av € Py,.
(3) For any v € P(w, k3, k5) with ||Av|| > k4, we have

w(Av) = min (Av)(t) > min A ()[|Av|| = A*||Av| > A*ky > k3.
te(b1] te(b1]

It follows from Lemma 9 that

i(A, P (w,k3,ks),P,) = 1. 5)

For v € 0P, we have kpAs(t) < v(t) < ky and kpAq(t) < Ifo(t) < Fqlgit—il)' By

Lemma 7 and (Hy4), we have

1
Av(t) < p2/ (gs)(1 — qs)(ﬁ_"‘_l)lpo(s,kz, ko)dgs < ko,
0
which implies that Av # Av, VA > 1. Then, it follows from Lemma 8 that
i(A, P, P) =1 (6)

Similarly, for v € 0Py, by Lemma 7 and (H6), we obtain

1
Av(t) < pz/o (gs)(1 — gs) P=2"D g (s, ks, ks)dgs < ks.
Then, we obtain
i(A, P, P) =1. )
It follows from Equations (5)—(7) that

l(A, Pk5\(P ((/J,kg,, k5)) U Pk2/P7k5) =-1. (8)
Equations (5) and (8) yield that A has two fixed points v Elg (w, ks, ks5) and v, €

P \(P (w, k3, ks) U Py,).
Finally, we need to show that A has another positive fixed point on P\ P, .



Fractal Fract. 2022, 6, 689

8 of 10

Suppose there exist A, > 0 and v € 9P, such that
v — Avp = Ape.

Then, v; > Az¢. By having A* = sup{A : v1 > A}, we can obtain v; > A*¢.
According to (H3), we have

1 1
Avy(t) = / W(t,gs) [f(s, I"‘vl(s),vl(s)> +avl(s)}dqs > a/ W(t,qs)v1(s)dgs = aTv;.
0 0
Therefore, we obtain
01 = Avy + A29 > aTvy + A > aT(A @) + Ao = (A" + A2) 9.

This is a contradiction to the definition of A*. Therefore, condition (1) of Lemma 8 is
satisfied, and we have
i(A, P, P) =0. ©)

Therefore, by Equations (6) and (9), we find that A has a fixed point v3 € Py, \Py,.
Clearly, Ijv;(t), i = 1,2,3 are three positive solutions to Equation (1). The proof is
completed. O

4. Application

Consider the resonant fractional g-difference equation BVP

{ D2%u(t) + f(t,u(t), DY1u(t)) =0, te], (10)

u(0) = Dgu(0) =0, DJ'u(1) =08"15D)1u(0.8),

whereq =05, =2.6,« = 0.1 and

t6u70.5 070.5 (1 _ t)6,070.5 v
T 1
300 ' 380 300 5 (buwo) €] (0,+00) x(01],

(1 _ t)6 t6u*0.5 Z}6

(%
t,u,v) = w0 . )
flbe) 200 T 300 Tago 5 (b)) €% (0 4e0) x (1,5],
(1—1)° 165705 05156 /5 K
300 300 380 , (tu,0) € ] % (0,+00) X (5,+00).
From ‘
o) = 25 +1) —2]425(+1) - 3],
j=0 Iy(25(+1)) ’

with the help of a MATLAB calculation, we find the function image of g(t) (see Figure 1).
As shown in Figure 1, we obtain a* € (0.2,0.3). Leta = 0.2 and b = 0.8.

By simple calculations, we get G(1) = 0.8821, D;G(1) = 1.1652, 7y = 0.7997, 7, =
1.5392, p1 = 7.2864, po = 104.4550, A1 (t) = 0.0669t1°, Ay (t) = 0.0698t'°, A* = 0.05 and
N*pp = 5.2175.

Choose ky = 0.05, ky =1, k3 = 5, ks = 100 and ks = 717. It is easy to find that (H1),
(H2) and (H3) hold. By direct calculations, we have

1
P2 /O Yo(s, k2, k2) (gs) (1 — gs)1d,s ~ 04322,

e . VK
A py /0.8 P2(s, k3, kq)(gs)(1 — qs)(l-S)dqs > A*p /0.8 Kfo(qs)(l _ qs)(l.S)dqs ~ 87001,

and
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1
P2 [ Yu(s ko ks) (99)(1 — )y

)6
b2 [ Tana©] % 555+ g | 91 )5

Hstka(s)™™  (1-9)°  Kk°+5° -5 (15)
+P2/0 [ 300 300+/5 380 (g5)(1 —gs)"dgs

~716.7175.

As shown above, (H4), (H5) and (H6) hold. Therefore, according to Theorem 1, we
have at least three positive solutions to the resonant fractional g-difference equation BVP in
Equation (10).

15

0.5 F ]

705 L L L L L L 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 1. Graph of equation g(t).

5. Conclusions

Resonance problems play an important role in the study of vibration theory. However,
there is little research on g-difference equation BVPs at resonance. In this article, we ob-
tained the existence results of triple-positive solutions for a class of fractional g-difference
equation BVPs at resonance by applying the fixed-point index theorem in a cone and a
g-Laplace transform, which enriched the theories for g-difference equation resonance prob-
lems. Obviously, when the limit § — 17, the equation in our paper reduced to the equation
in the literature [18]. In the future, we will study the integral resonance problems and the
impulse resonance problems on the infinite interval, develop the numerical simulation of
the fractional g-difference equation resonance problems and explore the application of the
fractional g-difference equation resonance problems.
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